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Abstract

In this paper, we obtain vortex filament flow (VFF) surfaces for three classes according to Type 1-PAF in Euclidean
3-space 3. Additionally, we obtain the first and second fundamental forms, Gauss and mean curvatures of
focal surfaces generated by vortex filament flow surfaces in Euclidean 3-space E°. Furthermore , we present
focal surfaces generated by vortex filament flow for three classes according Type 1-PAF in Euclidean 3-space
[E3. Finaly, we provide examples related to focal surfaces generated by vortex filament flow surfaces for three
classes according Type 1-PAF in Euclidean 3-space E>.
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1. Introduction

In recent years, the connection between space curves and solitons have attracted significant attention from mathematicians
due to their extensive applications in physical fields. Ozen and Tosun [1] introduced the first type of position-adapted frame
{T,J,Z} (Type 1-PAF) via the Frenet frame {T,N, B} of the curve & with the arc length s as the following:

<—-a,N>N+<o,B>B
Z = ,J = ZxT. (1)
V< o,N>2+ < a,B>2

Also, they presented derivative formulas of {7',J,Z} with continious coefficients functions 1y, 13,73 as follows:

T 0 ni(s)  m(s) T(s)
Jo | =1 —m(s) 0 ns(s) J(s) |- 2)
Zy —Ma(s) —-m(s) O Z(s)

Ozen et al. [2] presented the second type of position-adapted frame (Type 2-PAF). Solouma [3] showed the characterization
of Smarandache trajectory curves of constant mass point particles as they move along the trajectory curve via PAF. Ertug [4]
investigated the change in the electric field in Minkowski 3-space according to the first type of position-adapted frame and the
position adapted frame on regular surfaces. Additionally, Ertug and Yoon [5] presented the change in the electric field for the
Type 2 and the Type 3-PAFs.

Hasimoto [6] was the first to investigate the connection between the motion of a vortex filament and elasticity. In 1972,
Hasimoto explored the relationship of the isolated thin vortex filament motion in an incompressible non-viscous flow with the
nonlinear Schrédinger (NLS) equation [7]. These vortex motions correspond to soliton wave solutions of the NLS equation.
The surface associated with the NLS equation is called vortex filament surface (VFF) [8].
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Lamb presented the first class of the curve evolution for the Frenet frame in the Euclidean 3- space [9]. The relationship
between the time evolution of a spin vector and the nonlinear Schrodinger equation was provided by Lakshmanan [10].

In this paper, we will study on focal surfaces, which are significant in physics, quantum and optics. Focal curves and
surfaces used in eye treatments achieve optimal results by focusing light rays at a common point. Knowing the distance from
the surface to these focal points is essential. Hagen et al. [11, 12] first utilized focal surfaces, known as congruences of lines, in
the field of imaging. Hagen and Hahmann [13] investigated generalized focal surfaces. Honda and Takahashi [14] studied
the focal surfaces of an immersion with a frame. Giiler [15] investigated the geometry of the offset focal surfaces of a given
parametric surface. Al-Dayel et al. [16] provided tubular surfaces according to the B-Darboux frame and the second type
Bishop frame, examining their focal surfaces.

In Section 2, we obtain focal surfaces generated by vortex filament flow for three classes according to Type 1-PAF. In the
final section, we present the conclusions.

2. Focal surfaces generated by VFF for Type 1-PAF in E>

In this section, we study focal surfaces generated by VFF for Type 1-PAF in [E3.

2.1 Focal surfaces generated by VFF with the first class for Type 1-PAF in E*
Let i be a moving space curve, and i = h(s,u) be the position vector of a point on the moving space curve where u is time and
s is arc-length parameter. The VFF equation is denoted as [17]:

hy = hy X hy. 3

The time evolution of the {7',J,Z} frame for the first class according to the Type 1-PAF is given as follows:

T, = y+wZ,
Ju = _yT+lea (4)
Z, = —wl—-mnJ

Here 71,y and w are differentiable functions for the Type 1-PAF. From equations (2) and (4), the following equations are
obtained:

T —(Mmy+mw)T + (M —mn)Jd + (M +nw)Z,

T.s = *()’771 +WT’Z)T4>(y\7""”3)‘]4»())773 +WS)Z7 (5)

Jsu - _(nlu+n3W)T_(n1y+n3y1)J+(n3u_n1W)Za

Jus = —s+nn)T = Om+rnm)J + (s —ym)Z.
From T, = Ty,, J.s = Js, We obtain:

NMu = Ys TN — w3,

N = YN3—MN +Ws, (6)

N3 = Mw—YN+Ys.
The velocity of the curve for the Type 1-PAF is given by:

hy, = AHAT+diJ+q1Z. 7
Via equation (7), it is given by:

hs = (fis—diy—qn)T + (fim +dis—qm3)J + (fim2 +qis +din)Z. 3
If hy = T is substituted in equation (3),

hy = an - 1"2.]. 9
From hy, = h,;, it can be derived:

fis = diytaqm,

ds = y+aqnz—fim, (10)

qis = w—fim—dn.
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From equations (7) and (9),

=0, di=-m, q=m. an
If equation (11) is rewritten in equation (10), it is given by:

y = —(M+mm),  w=ms—mns. (12)
From equation (12),

W = Miss — (n2n3)s7 Ys = _(nZSS + (n3n1)s)« (13)

If equations (12) and (13) are rewritten in equation (6), we obtain:

N = Mm% —M2ss— (MM1)s — M3(M1s — M2M3),
Mu = MNiss—M3(M2s+13M) — My — (M213)s, (14)
Mu = Yis+MNis +MN2M2s-

If equations (12) is rewritten in equation (4), the time evolution of the frame {T,J,Z} is derived:

T, = —(Ms+mm)J+(Ms—mm)Z,
Juo = (Ms+mm)T+nZ, (15)
Z, = (Mmm—-—my)T —nJ.

The unit normal vector field of the VFF surface with respect to the Type 1-PAF for the first class is given by:

__771]+772Z o 2 2
Np= S o= npnd. (16)

Respectively, the first and second fundamental forms with respect to the Type 1-PAF for the first class associated with VFF are
obtained:

[ = ds*+cdu?,
(22 2 2 2 a7
I = (c“ds”+2(m3(c” + mMas +MsM2)dsdu+ 1 (™ — MMy — MuN2)du”).
Here, the coefficients of the first and second fundamental forms for the Type 1-PAF of the first class are
E=1, F =0, G=c¢?, (18)
N3¢+ MMy — MisT2 NE + MM — MM 1
I=—c m= Lo - (19)

c c

Respectively, the Gauss and mean curvatures of the VFF surface for the Type 1-PAF for the first class with the aid of equations
(18), (19) are given by

K —cz(yl(nf+n22)+m772u—lelhu)+(771772s+77302+7715n2)2, (20)
C
2 4
B = AC MMMt @1
2c3

Respectively, the principal curvatures k1 and k, of the Type 1-PAF for the first class associated with the VFF with the aid of
equations (20), (21) are obtained:

Yic? — MiMou — M Miu + ¢
26‘3

N =M —MmMu+c*\> A1+ MM — M) — (MM + N3¢ + Mig2)?
+ 263 * 4

ki (22)

3 Vol. 7, No. 1, 1-14, 2025



HSIG

Hagia Sophia Journal of Geometry

2 _ 4
= ne—ninNoy —MeNiu+c¢ (23)
2¢3
N — MM — M+ \? A + MM — MaMia) — (M Mas + N3¢ + M1s12)?
B 203 + 4 '
Let
Yii(s,u) = h(s,u)+k; ' (s,u)Ni(s,u), i=1,2 (24)

be the focal surfaces of the Type 1-PAF for the first class be generated by the VFF. From equation (22), (23) and (24), we obtain

Tie = ‘. mkre? + (s + nzﬂ;)kic + M1 (kics — kisc)J N n3kc? — (M5 + nmzs)kic + o (kics — kisc)Z, (25)
ki k#c? k?c?
- Mash =23 = Mt - (112 = Nadkic + (M3 — Mg )kFe? + 1 (kicu — ki) |
Liu kic k[ZCZ 26)
(Ms—M2m3)k? e — (M3 + 11 ) kic + Ma(kicy, — kiyc)
+ 2 Z.
i

The normal vector field of the focal surface generated by the VFF with respect to the Type 1-PAF for the first class in E is
given by:

< MT +AoJ +A3Z :
N, = % b= A7 +A2 12340 @7)

Here,
M= bifi —éié, A = érd) —dnfi, A3 =161 —bid. (28)
o C
aq = *-’
o Mmk?c + (Mis + M3 )kic + M1 (kisc — kicy)
b = Rl :
kic
. M3kic* — (Mg + MM3)kic + Mo (kics — kigea)
C1 = k2C2 s
2 ; (29)
J MasM — ¢ N3 — NisN2
1 = b
k,‘C
. = (M mma)kGE + (Yim2 — aw)kic + M (kicy + kive)
ey = 2 s
22 !
2 (s — M2m3)ki ™ — (M3 + vim )kic + M2 (kicy — Kiuc)
o= k22 .
i

The first fundamental form of the focal surface generated by the VFF with respect to the Type 1-PAF for the first class in E is
given by:

E = <Y1;i57Y1;is> = &%"’_é%—’_é%’
F = (Y Yuw = didi+biéi+éif1, (30)
G = (YrwYiw = &E+di+fi

The second fundamental form of the focal surface generated by VFF with respect to the Type 1-PAF for the first class in E3 is
given by:

- - MFU, A Fus A

I = <Y, Ny >= il #2}1 2T,
- O +0r2+D3A

m = <YrwN >= e 21 2 & 3’ 31
- M+prA+p5A

nl = <Y1;iuu7Nl >= i p2° 2 p3 3'

A
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Here,

Yiis = (dis—biny—&m)T + (@m +bis—ams)J + (@ma +bims +é1,)Z, (32)

Yo = (dia+é (2 +m3m) + fi(=Mis+ m)T + (€1 — di (s +13m) = fin)J (33)
+((ms —=mm)m+én + fu)Z,

Vi = (&1u+i91(712s+7731112 + 1 (=Mis + M) T + (1 + b1 (25 +m3m1) + E1 (=M1 + 1m2m3))J (34)
+(a1(Ms —mm3) +b1n +¢4)Z.

W= lils*l.}lom — 1Mo,

My = aimi+bis—éms,

My = aimtbinz+é,

o = di +b3(nzs+n3m)+c"1(nzn3—nu),

o = (du+bi(ms+ 7130771) +¢é1(Mms —nis), (35)

o3 = 621(n1s—772173)+b171 +°Ca'u7

p = d1u+é;1(n2s+n3771)+J§1(712773—nls),

P2 = éw—di(M+mm)—hn,

p3 = (Ms—Mn3)M+éin + fiu

From equations (27), (30) and (31), the Gauss and mean curvatures of focal surfaces for the Type 1-PAF of the first class are
given by:

7 (U M+ Ao+ 13243) (P M +pr e +p3A3) — (wl)“l"’wZM"‘wMS)z 36)
1= s . . 22 |
A(X,(a,di+bie1+é1f1) _51)

and

q J1 (P P Ao +p32s) + (G di+biéy+é1 i) (1 A+ oo 3 A8) — 2& (@) i+ B2 + B3 3) a7
= s . . . .. =2 '
2A (% (@ di+bré1+¢1f1) — &)

=8+ +8, L =8+d+f (38)

2.2 Focal surfaces generated by VFF with the second class for Type 1-PAF in E*
The time evolution of the {7, J,Z} frame for the second class, according to the Type 1-PAF is given as follows:

T, = _j-]+’y2Z7
Ju = jT+wZ, (39)
Z, = —pT—w.

Here 7», j and w; are differentiable functions for the Type 1-PAF. From equations (2) and (39), the followings are obtained:

T = —My+mp)T+ Mw—mw2)d +(mwa+nw)Z,
Tus = _(]771+Y2772)T+(]s—72n3)]+(}’2s_]n3)27 (40)
Jou = —Mu+m)T+Muj—mw)d + (M —mp)Z,
Jus = s =w2m2)T + (jm —wam3)J + (jna +was)Z.
From T, = Ty, Jus = Jsu, We obtain:
M = Maw2— js— N3,
N = YN3—MN +was, 41
N3 = Mmw2—yYN2+Ns-
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The velocity of the curve for the Type 1-PAF is given by:

he = fHT+drJ+q2Z. (42)
Via equation (42) it is given by:

his = (fas—day—qan)T + (a1 +dos — q2M3)J + (a2 + qos + o) Z. (43)
If hy = J is substituted in equation (3),

hy = mT+mZ. (44)

From hy, = h,;, it can be derived:

fas = day—qam,
drs = Jjtqns—fan, (45)
Qs = wr—frm—dp.

From equations (42) and (44)

L=m, d&=0, q@=mn. (46)
If equation (46) is rewritten in equation (45), it is given by:

J=M3s — MM, w2 = Mg+ Mns. (47
From equation (47)

Js = M3ss — (nan)Sa Was = Miss + (n2rl3)s- (48)

If equations (47) and (48) are rewritten in equation (41), we obtain:

Mu = MWHRFMNsN2) — (Mss+ (M2N1)ss
Mu = Ps—Mm(Ms—MN2) + M1 (M3 — Mis)s (49)
Mu = M(M3s— M) +MmP+ N+ (M2102)s-

If equations (47) is rewritten in equation (39), the time evolution of the frame {7,J,Z} is derived:

T, = (Ms+mm)J+nZ,
Jo = (Ms—mn)T + (M +MmM)Z, (50)
Z, = —pT—(Mms+mns)d.

The unit normal vector field of VFF surface with respect to the Type 1-PAF for the second class is given by:

mr —mz
No=——o——  O=yni+ni 1)

Respectively,the first and second fundamental forms with respect to te Type 1-PAF for the second class associated with the VFF
are obtained:

I = ds®+0%du?, 52)
I = §(©%ds*+2(mi (3 —mn2) — N3(Mis + N2m3))dsdu — (1O + MM + N3 )dud?).
Here, the coefficients of the first and second fundamental forms for the Type 1-PAF of the second class are
E=1, F=0, G=nl+ni=0% (53)
- ®2 y 3 ®2 - u u
=0, — v +77é)713s Mis™3 n Thg3 + M3 (54
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Respectively, the Gauss and mean curvatures of the VFF surface for the Type 1-PAF for the second class, with the aid of
equations (53), (54) are given by:

K — ®%ny‘ﬂ1nw+ﬂmnﬁ‘Wﬁg®lﬂhnh+nmn92’ 55
@4
2 4
H, = (771773:4—3/2@ _nlun3)+® ) 56)
20°

Respectively, the principal curvatures k and k, of the Type 1-PAF for the second class associated with the VFF equation with
the aid of equations (55), (56) are given by:

(M M3u—7120%—11,m3) +©°

k=

203
(57)
1 (M M3u — 1O — Nuum3) + ®4)2_ O%(—1®% + MiM3u — Mu3) + (MO — MMz + M1sM3)?
203 o4 ’
o _ M@ -n,m) + 6
> 20°
(58)
B ((nmzu —10% — Nums) +®4)2_®2(—}’2®2 + M M3u — Niat3) + (1207 — MiMss +Mis13)?
203 o4 ’
Let
Yo.i(s,u) = h(s,u) +ki_1(s,u)N2(s,u)7 i=1,2 (59)

be the focal surfaces of the Type 1-PAF for the second class be generated by the VFF. From equation (57), (58) and (59), we
obtain:

Y. — MO+ (11, 412M)kO — 1, (k@ —ki®y) . O M3k @+ (13, +1 M)k +13(k,,© — ki)
A -

Z, (60
k@2 ki k}©2 €0

(m;mnz)k?®2+(n1u+yzns)k,-®+m(kiCzrkm(@)T O’ Mo+ N3, M +M3M1s

20R2 + . J

k?® ki®

(M1,~N2M3)K; O+ (V.11 —13,)k,© — n3(k;, 0 — k;®,)
202

YZ;iu =

(61)

+ Z.

The unit normal vector field of the focal surface generated by the VFF with respect to the Type 1-PAF for the second class in
[E3 is given by:

- MT +AsJ+AeZ .
N, = Ml ASIF A6 Ao = \JAZ+A2 422 #0. 62)

VAT AT HAE
Here

A =bofo — &2, As = éady — dn o, Ae = a6y — bads, (63)
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MO +(11,+1M,13)k;0 — 1, (k;, 0 — k;O;)
1262

bl

S}

—
i

M3k; @+ (13,411 M2)k,O + 13 (k;, 0 — kO

s

202
i 64
(M3,— M M) O+ (1, +721m3)k,0 — 0, (k;, © — ki©,, 4
2@? |
iR E R EUIT
E
(n ls— 772773)ki ®2+(_n3u+7’2n1 )ki® + n3(ki®u_kiu®) )
1202

The first fundamental form of the focal surface generated by the VFF with respect to the Type 1-PAF for the second class in E?

is given by:

QT
|

<T2;iS7T2§iS> = &% j—i}%j—(‘%,
(Yo, Youu) = C‘iozdz + b2€°°2 +é /2, (65)
(Yo, Youu) = di+&+f3.

The second fundamental form of the focal surface generated by the VFF with respect to the Type 1-PAF for the second class in

[E3 is given by:

~1
Il

=
I

=
I

Here

Y2;iss

Y2;iuu

TZ;isu

Ua
Us
He
oy
s
()3
P4
ps
Pe

- Aa+psAs+
<T2;i.Y.Y7N2 >= HaZa ”5 > “6/16’

A
- _ Oy A +D05A5+D6Ag

2sisu’ 2

J
- Ay+psAs+
<o N> Pada+psAs+pehs

<Y

(66)

A

= (dos— byny — M) T + (a1 + bos — Eam3)J + (o + bams + é24)Z, (67)

= (dozue-ﬁ- & (Mas —Mam1) — 212)T + (da (M35 +Mamn) + éau — fo(Mis +mm3))J (68)

+(d2ye + (Mis +Mmm3)M2 + é(Mis + Mam3) + fou) Z,

(o + by (M35 + M) — &) T + (G2 (M35 + M) + b + 2 (M1s +1mam3))J

0 69
+(a2yo +b2(Nig +Mam3) +E2u)Z. ©

dyy — 10?20771 —éamp,

daMi + bas — éams,

axMz +bans + éas, .

dau + ér(M3s —Mmami) — L,

da(M3s + M) + éxu = f2(Mis + MaM3), . (70)
day + (Mg +M2n3) M2 + & (Mis + M213) + Sous

dou+b2(M3s + M) — éxa,

da(Mas +M2M) + bau+é2(Mis+1M2M3),

dzyZ + b2(nls + 772773) +C°'2u-
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From equations (62), (65) and (66), the Gauss and mean curvatures of focal surfaces for the Type 1-PAF of the second class are
given:

g — (Malat+1sAs+16A6) (P4Aa+PsAs+HPeAe) — (B4 As+BsAs+BeAs) an
- 2 o o 9 7 o o 2 02 ’
A fo(dyda+brér 2 f2) — &)
i - (2(PaAa+PsAs+pehs) + (dydatbréateéafo) (yAstitsAs+itghs) — 2&,(@,Aa+@sAs +Bes) 72)
b o o $ 2 o o 2 02 ’
2A 202 (GydrA-baér+érfo) — €5)
where
h=&+03+8,  &L=8+d+]3 (73)

2.3 Focal surfaces generated by VFF with the third class for Type 1-PAF in E*
The time evolution of the {7, J,Z} frame for the third class according to the Type 1-PAF is given as follows:

Tu = /}/3‘]_ j2Z7

Ju —p»T —vZ, (74)

Zi = 2T+l

Here 73, j» and v are differentiable functions for the Type 1-PAF. From equations (2) and (74) the followings are obtained:

Ty = (Mi2—my)T + (Mu+m29)J + (N2 —Mv)Z,

Tis = —(BMm+jom)T + (s +2m) + (B0 — js)Z, (75)

Zy = (My—M2u)T — (V3 +N3u)J + (M3v+M2j)Z,

Zus = (s —vm)T + (2m +vs)J + (jam2 +vm3)Z.
From T,,=Ty,, Z, = Zy, we obtain:

Mu = Vs— v+ jons,

My = mv+pyns — jos, (76)

Mu = —(MVB+j2m+vs).
The velocity of the curve for the Type 1-PAF is given by:

he = f3T+dsJ+q3Z. (77)
Via equation (77) it is given by:

hys = (fas—d3M —@3M)T + (31 +dss —q3n3)J + (f3nz +q35 +d3n3) Z. (78)
If hy = Z is substituted in equation (3),

he = mT—mJ. (79
From hg, = hy;, it can be derived:

fis = dsm+qsm+ o,

dss Ssm—v—q3ns, (80)

s = —(fsm+dsyp).
From equations (77) and (79)

f3=ns, dz =—m, q3 =0. (81)
If equation (81) is rewritten in equation (80), it is given by:

J2=M3s + M2, V=1 + M1M3. (82)

9 Vol. 7, No. 1, 1-14, 2025
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From equation (82)

Jos = N3ss + (nan)sa Vs = MNogs + (n1n3)s~ (83)

If equations (82), and (83) are rewritten in equation (76), we obtain:

N = Ys—M2(M2s+MN3) +M3(M3s +1M2M1),
N = MPB— Mss+ (MM1)s) — M (M2s +M113), (84)
Mu = —(Mss+(Mm)s) —M(Ms+Mm) — M.

If equations (82) is rewritten in equation (74), the time evolution of the frame {T,J,Z} is derived:

Tu - 731 - (n3s + n2n1)27
o = =BT —(Ms+mm)Z, (85)
Zy = (Ms+mn)T + (s +mm)J.

The unit normal field of VFF surface with respect to the Type 1-PAF for the third class associated is given by:

T +n3J
Ny = ——— {=1\/n3+n;3. (86)

Respectively, the first and second fundamental forms with respect to the Type 1-PAF for the third class associated with the VFF
are obtained:

I = ds*+02du?,
(272 2 2 2 87)
I = 7(€ds™+2(MssMa + Mil" + M3Mas)dsdu+ (Y307 + M2M3u — N3Mau)du”).
Here, the coefficients of first and second fundamental forms for the Type 1-PAF with the third class are
E=1, F=0, G=m+ni=~ (88)
2 2 .
I=—0, m= M3sT2 + M+ M3Tas i B+ MMz — M3 89)

2 4

Respectively, the Gauss and mean curvatures of the VFF surface for the Type 1-PAF of the third class with the aid of equations
(88) and (89) are given by:

2
K — —52(y3€2+n2n3u—n3n2u24+(ngmz+m€2+n3nzs)’ (90)
62 u— " £4
Hy = 7')/3 +N2M3 3713772+ . 91)
2

Respectively, the principal curvatures k; and k, of the Type 1-PAF for the third class associated with VFF with the aid of
equations (90) and (91) are given by:

Bl 3Nt

k = 2
92)
Y3€2+772773L¢—Tl3n2u+£4 5 42(’)/3[24_172173"_173172”)+(n3sn2+nl£2+n3n23)2
e 20° - 7 ,
k = _y3£2+n2n3u_n3n2u+£4
’ 203
93)

B \/(_Y3€2+772773u—n3772u+€4)2_52(Y3€2+772773u—773772u)+(773s772+711€2+713712s)2'
2£3 £4
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Let
Yai(s,u) = h(s,u)+k ' (s,u)N3(s,u), i=1,2 (94)

be the focal surfaces of the Type 1-PAF for the third class be generated by VFF. From equation (92), (93) and (94), we obtain:

(N2s=11M3)kil + 15 (Kl + kills) — k70> (N35+11M2)kil + 15 (Kl + kills) — 13k 02 ¢
Y3;is = kl2£2 T+ klzéz J+ EZ, (95)
e (M3t MM 4 (M, = V3Ma)kil + M (K, 0 +kily) (Mae MN3)K L+ (32— M3,k + 3 (K, L+ Kill) ;
3iiu = k2€2 + k2£2
_CmAns -,
kit '
(96)

The unit normal vector field of the focal surface generated VFF with respect to the Type 1-PAF for the third class in E? is given
by:

- AT + AgJ + A Z .
Ny, = 27877 da =AM+ A3+ A2 #£0, 97)
NETvERvE
Here
Ay = bsdy — &3é3, As = &3ds — s fi, Ao = 363 — bads. (98)

(Nos= M1 M)kl + Mg (kigl + kils) — 1ok ,

K20
b _ (Matmim)kl4ns (k04 kity) 05kt
ST 1202 ’
) i
6‘3 = —
ki - 99)
g = (Mt mim)ki C(na,—Y3n3)kl 4 1o (i, + kit
3T e ’
o o (n25+r’1n3)k1‘2£2+(7n3u+y3n2)ki€+n3(kiu£+ki€u)
ao= 120 ’
A= =N —N3,M+M3M2s

kil

The first fundamental form of the focal surface generated by VFF with respect to the Type 1-PAF for the third class in E3 is
given by:

E = <Y3;iS7T3;is> = 67§ Jrl;% Jrco‘%’
Fo= (Y35, Y3u) = a3dz+b3zés+é3fa, (100)
G = <T3;iuvY3;iu> = d§+é§+f32'

The second fundamental form of the focal surface generated by VFF with respect to the Type 1-PAF for the third class in E? is
given by:

- - Ar+UgAg+
[ = <1, Ky>= H7A7 #§ 8 .U97®’
: i
- W A7+ 0gAg+@
mo= <Y, Ny>= 2 ; SO0k (101)
3
- A +pAg+
A= <YKy >= p1/7 P;LS P919_
3
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Here
Yais = (des—b3m —&ma)T + (@301 + bss — &3m3)J + (d3ma + bams + é35)Z, (102)
Ysiw = (dsu— &1+ F(Mas+mm))T + (dsps +é3u+ f3(M3s +mima))J (103)

+(d3 (M35 +MmM2) — (M2 +MM3)é3 + Fu) Z,

Y = (&3u*53}’3+C°3(773s+p1773))T+(133}’3+1°73(712s+773m)+53(712s+771773))1 (104)
H(=d3 (M35 +M1M2) +D3(M2s +MM3) +E3u) 2

W7 = dgs— 530711 —&3M,

Hg = a3Mi+bes —é3ms,

Ho = d3M+bsms+ i,

@ = da =&Y+ 3(Mas+ M),

Oy = d3¥%3+&u+ 3(Mas+Mmm), . (105)

oy = d3(ﬂ3so+ Mmn2) — (Mas + NiN3)é3 + fau,

p1 = dzu—byys+E3(Ms+mms),

ps = ds¥s+b3(Ms+Mm)+E(Ms+mms),

po = C3—az(Mas+mmn2) +b3(Mas+nim3).

From equations (97), (100) and (101), the Gauss and mean curvatures of focal surfaces for the Type 1-PAF for the third class
are given by:

Z (UgA7+UgAs+1g Ao ) (P7 A7+ As+PoAo) — (657&74—&73184—&5919)2

;= O S (106)
A3 x3(azd3+b3és+ésfz) — &)

i = 73(p777 + PsAs + Podo) + (dads + bsés +é3./5) (r s + sAs + polo) — 2&3 (@1 dg + Behs + @olo) (107)

R Y
2A3(X3(a3d3+b3é3+é3f3) &)

where

=@ +h+E, G=8+d3+ 3. (108)
Example 1. Consider the VFF surface with the following parametrization:

h(s,u) = ((s) —2tanh(s), —2sech(s)cos(u),2sech(s)sin(u)).

Here, the curvature and torsion are given by: 1(s) = 2sech(s) and ©(s) = 0.

3. Conclusion

In this paper, we studied time evolutions of the Type 1-Position Adapted Frame (Type 1-PAF) connected with the Vortex
Filament Flow (VFF) and constructed focal surfaces in three distinct classes within Euclidean 3-space. Beginning with the first
class, we derived the time evolution equations of Type 1-PAF and obtained the unit normal vector field of VFF surface. This
allowed us to study the first and second fundamental forms, from which we explicitly obtained the Gaussian curvature, mean
curvature, and principal curvatures of the VFF surface.

Later, we constructed focal surfaces generated by the VFF surface with respect to the first class of the Type 1-PAF. These
focal surfaces were defined by means of the inverse of the principal curvatures. Later, we computed the first and second
fundamental forms, the Gaussian curvature, mean curvature, and principal curvatures of the surface of the first focal surface for
the Type 1-PAF in Euclidean 3-space. Then, we extended this methodology to the second and third classes, applying the same
geometric approach to obtain the respective focal surfaces under Type 1-PAF.

To verify and visualize the geometric behavior of the surfaces, we presented examples via Maple 18.

12 Vol. 7, No. 1, 1-14, 2025



IsN€

Hagia Sophia Journal of Geometry

Fig. 1. (a) 1. Focal surface generated by VFF for the first class (b) 2. Focal surface generated by VFF for the first class

(a) (b)

Fig. 2. (a) 1. Focal surface generated by VFF for the third class (b) 2. Focal surface generated by VFF for the third class

(a) (b)

Fig. 3. (a) Focal surfaces generated by VFF surface (red) for the first class (b) Focal surfaces generated by VFF surface (re(i) for the third
class [18]
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