Communications in Advanced Mathematical Sciences
ISSN (Online) 2651-4001

Vol. 8, No. 1, 24-35, 2025
https://doi.org/10.33434/cams.1600828
Research Article
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Abstract

In this paper, a novel generalized Hahn sequence space, denoted as i(C(p,q)), is introduced by utilizing the
(p,q)-Cesaro matrix. Fundamental properties of this sequence space, such as its completeness and inclusion
relations with other well-known sequence spaces, are explored. The duals of this newly constructed sequence
space are also determined, providing insights into its structural and functional characteristics. Furthermore,
matrix mapping classes of the form (A(C(p,q)) : 1) are characterized for various classical sequence spaces
u € {co,c,lw,t1,h}, extending the applicability of the proposed space to broader mathematical contexts. The
results obtained contribute to the ongoing development of sequence space theory and its applications in functional
analysis.
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1. Introduction

The set containing all sequences of real or complex numbers is symbolized by . Each linear subspace of ® is referred to as
a sequence space. Any complete metric sequence space ® with continuous coordinates f; : ® — C, described by f;(u) = us,
is named as an FK-space for all u = (u5) € ® and s € N, where C represents the complex field and N = {0,1,2,3,...}.
Furthermore, a BK-space is a normed FK-space. Some prominent examples of sequence spaces are ¢ (the space of convergent
sequences), ¢y (the space of null sequences), /., (the space of bounded sequences), and £, (the space of p-summable sequences).

The aforementioned spaces are BK-spaces due to the norms |[ul|,_ = [lul|, = ||u[|,, = sup,cy |us| and ||u||gp =X, |ug|P) /P
for 1 < p < co.

Consider & = (d,s)nxN as an infinite matrix with real or complex elements. It will be denoted by %, = (d,)5, the
sequence in the 7' row of & for every r € N. The Z-transform of a sequence u = (u;) € @, denoted by (Zu),, is described as
Y oo drsits, assuming that the series converges for every r € N.

Consider the sequence spaces ® and A. A matrix & is called as a matrix mapping from ® to A, if for all u € ©, the image
Pu belongs to A. The class of all such matrices that defines a mapping from @ to A is denoted by (® : A). Additionally, the
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notation ® is employed to represent the set of all sequences for which the Z-transform is contained in ®, as expressed by:
Oy ={ucw: Juc 06}

In this case, ®4 C o, too and @4 is named as matrix domain of Z.

If Qu € c for every u € c, the matrix 2 is known as conservative matrix. Moreover, the conservative matrix & that preserves
the limit is known as regular.

In the presence of a linear bijection, which preserves the norm between ® and A, these spaces are linearly isomorphic
spaces, and this situation is denoted by ® = A.

When u = (u;) € A, if v = (v;) € A for all vectors V that satisfy the condition |v;| < |us| for s € N, in that case the set
A € o is said to be normal.

Consider that the sequence e¢® whose 5™ term is 1 and remaining terms are 0 and ¢ = (1,1,1,...). For an FK-space A, it can
be given the following definitions:

1. [1] A is a wedge space if e — 0in A,
2. [2] A is a conservative space if ¢ C A,

3. [2] A is a semi-conservative space if AY C cs (equivalently co C A) for AY = {(¥(e*)) : 4 € A'}, where A denotes the
continuous dual of A.

Let the acronym y represents the set of sequences whose terms are all zero except for a finite number of them. For an
FK-space A D v, the 5" section of u € A is denoted by ul*) = Yo uge’ If ubsl = u (s — oo) for all u € A, it is said that the
FK-space A D y has AK. Moreover, if ¥ is dense in A, in that case it is said that A has AD. It should be noted that if A has
AK, then A has AD.

Studies examining new spaces obtained by the aid of special matrices and necessary basic concepts about sequence spaces
can be found in studies [3, 4, 5, 6,7, 8, 9, 10, 11].

It is known from [12], [s], 4, the (p, g)-integer number s is described as

], = P;:f;, s=1,2,3,...,
p7q 07 S:O’

foreachs e Nand0<g<p<1.
Moreover, the g-integer number is described by

1-¢°
[S}q: l_qv (3:132737“')7 ('I7é1'

Based on the above discussion, by choosing p = 1, [s],, 4 is reduced to [s],, and it is understood that lim,_,,- lim,_,;- [s], 4, =
s. Extensive information about g- and (p, g)-calculus can be obtained from studies [12, 13, 14].
The (p,q)-Cesaro matrix C(p,q) = (c%?) is described as

r—s .8

= [r+1]p4

forO<g<p<1][15].
Due to the triangularity of C(p, q), its inverse C(p,q) ™' = ({cfs’q I l) is expressed uniquely in the form

{Cp7q 71: (—l)ris%7 (r—lSSSV),
" 0, otherwise.

The g-analogue of Cj (the first order Cesaro mean) is denoted by C(q), while the (p,g)-analogue is denoted by C(p,q). When
p =1, it is obvious that C(p,q) simplifies to C(g), which then reduces further to C; as ¢ — 1. As a result, C(p,q) is a
generalization of the matrices C(g) and Cj.

The space bv, described as the domain of the forward difference operator A on ¢y, is in the form

bv:{u:(us)ea)22|us—us+1|<oo}.

s=1
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Furthermore, bv is a BK space with the norm

oo

([uel [ = Z |uts — v 1] (Vu = (uy) € bv).

s=1

The Hahn sequence space & described in [16] is expressed by

s=1

h:{u:(us)ea): ZS|M5—Ms+1| <00}ﬂc0

and it is a BK-space with

llull =Y slug — usi1| + sup |ug| for all u = (uy) € h.
N

s=1

Furthermore, Rao [17] obtained that 4 is a BK space with AK with

llulln =Y slus — ugy1] for all u = (uy) € h.

s=1

After that, Goes [18] described the generalized Hahn space /¢ expressed by

W ={u=(u;) € ®: Z |ds||us — ts41] < oo} Neo
s=1
ford = (d;) € w and d, # 0.
A more general form of the Hahn sequence space is presented in [19] by

hg={u=(ug) € ®: Y dy|us—uygy1| <o} Nco
s=1
for an unbounded and monotonically increasing sequence d = (d) of positive real numbers. Studies examining Hahn sequence
spaces and the necessary basic concepts about this field can be found in studies [17, 18, 19, 20, 21, 22, 23, 24, 25].

In this study, primarily, a new BK-space is described as the domain of C(p,q) in the Hahn sequence space A, as an
application of (p,q)-calculus to sequence spaces. After that, in order to specify the position of the mentioned space between the
others, inclusion relations are incorporated, some algebraic and topological properties are examined, and its duals are calculated.
At the end, some matrix transformations are presented.

2. Hahn Sequence Space 4 (C(p,q))

This section focuses on constructing a new Hahn sequence space h(C(p,q)), the relevant inclusion relations, some algebraic
and topological properties of the aforementioned space, and its basis.
The sequence v = (Vv,), which is the C(p, g)-transform of any sequence u, is expressed as

v, =(C(p,qu), =Y, %M& 2.1
S:O Pq

Now, we construct the new generalized Hahn sequence space h(C(p,q)) by using (p,q)-Cesaro matrix as follows

h(C(p,q)) = {u =w)co: i r|A(C(p,q)u);| < eoand lim (C(p,q)u)r = 0}
r=1

where

A(C(p,q)u)r = (C(p,q)u)r — (C(p,q)u)r1
( PG pr+1—sqs> o qH—l
O \)

r+1lpg [r+2]pg [r+2lpq

<

U1 (reN). 2.2)

N



The New Hahn Sequence Space via (p,q)-Calculus — 27/35

We see that h(C(p,q)) = hc(p,q)- In other words, A(C(p,q)) is domain of C(p,q) in h. It can be noted that, as p — 1, the space
h(C(p,q)) is reduced to the space h(C?) presented by Yaying et al. [23].
On the other hand, it is possible to rewrite equation (2.1) as

L f iy

7 Ty, 2.3)
s=r—1

assuming that terms of sequences with negative indexes are 0.

Theorem 2.1. 1(C(p,q)) is a BK-space with
leellnce ZrIA )| < oo. 2.4)

Proof. Tt seems reasonable to suggest that since the matrix C(p, q) is triangular and & is BK-space with || - ||, according to
Theorem 4.3.2 of [2, p.61], h(C(p,q)) is BK-space with (2.4).

Theorem 2.2. h(C(p,q)) = h.
Proof. For all u in h(C(p,q)), describe the mapping 7 : h(C(p,q)) — h as Tu = C(p,q)u = v. In this case, T is linear and

one-to-one. Assuming that u = (u) is defined as in (2.3), then v = (v,) can be any sequence in /.
Given that v € h, by taking into consideration (2.2) and (2.3), it is reached that

llullnec ZVIA )|

( pr—sqs pr+1—sqs> . qH—l -
- S T, A1 Yr+
[r+1pg [r+2pg [r+2]p4

r=1 |s=0
0 r r—s .8 r+l—s_ s s =il 1
~Yly ( P P g > y (—1y-i? [J:L ]p,qvj
S S\l 2/ (50 q
_ qr+] ﬂrzl(_l)r+17spr+l—s[s+2]p7qv
[r + 2]17:‘1 s=r qr+1 '
= Z rlAvV,| = ||v]|n < oe.
r=1
Consequently, we understand that u € h(C(p,q)) and 7 is onto and preserves the norm. 0

Theorem 2.3. The following inclusion relations hold:

1. hC h(C(p,q))

2. h(C(p,q)) C t1(C(p.q))

Proof. 1. Let 0 < g < p < 1. It is obvious that the inclusion # C h(C(p,q)) holds. Besides, let us consider the sequence

f=(fs)sen= (%). In that case,

lim f, = lim (Q[H Upg —p[S]p,q)

s—ro0 s—y00 gpst!

el (-C))-i0-6))

1 1 2g—p
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s
Thus f is not a sequence in &. On the other hand, C(p,q)f =b = (bs) = [(q) } € h. This follows from the following
N

p

illustrations: We ensure that Y s|bs — by 1| < oo, because <q) — 0 for s — 0. We have
p

2
Zs|bs—bs+1| = ‘q - %
s p p

z\p 61|+2 Ip q\+3

P
R (1+2q+3q

p

q 1
<S(p-9)——=

N

p
P—q

y (12t b
j=s—1 qs

for each s € N. Since,

¢ q
p2 P}
Ip ql+-

)

r p *SqS r pr7 q N pS j[ +1:|
(C(p7q)u) = 7]/{ fr— —_— ( l)S / 7\ v —v,
’ S;O[Hl]p,q T a1, j:;,] q S

we obtain C(p,q)u =v € £1\h and thus v € £, (C(p,q))\h(C(p,q)).

Theorem 2.4. h(C(p,q)) has AK.
Proof. Consider that u = (u,) € h(C(p,q)) with

s

(C(p,q)u), =Y. [(C(p.q)u),— (C(p.q)u) 4] -

S

r

Then, it is reached that

[ (C(p.q)u), | < Y s|(C(p,q)u), — (C(p,q)u) 4|
s=r
and consequently
lim r|(C(p,q)u)r| = 0.
r—yo0

By the relation (2.5), we obtain that

Hu—u[’]llcmm: | r+1|+ Z S|
s=r+1

which tends to zero, as r — oo.

(2.5)

—(C(p,q)u),,|
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Since every space that has AK also has AD, it can be given the next result:
Corollary 2.5. h(C(p,q)) has AD.
Theorem 2.6. 1(C(p,q)) is not normal.

Proof. Let us take sequences u = (u,) = (1,—1,0,0,0,...) and v = (v,) = (1,1,0,0,0,...) such that |u,| < |v,| for each positive
integer r. Then, one can see that

oo

= q(p—q)° rp'q’
rIA(C(p,q)u), | = < oo
r:zl | ) | p Z (pr+1 _ qr+1)(pr+2 _ qr+2)

that is, u € h(C(p,q)) by D’ Alembert’s Ratio Test and

iad = rp’ 1y r+2 r+1
2p 2 —g g p
rlA(C(p,q) =
; ; r+1 _ qr+1)(pr+2 _ qr+2)

Thus, it is obtained that v ¢ h(C(p,q)). O
Theorem 2.7. h(C(p,q)) is a wedge space.

Proof. For 0 < g < p <1, from the equation

Hem _O”C(p,q) = Z r|A(C(p7Q)em)r|

m

_q
= + r|A(C ")l
[m"‘lpq rzm
1 oo r+1 m
_q"(m—1) (r+m) pg"  pTg

= —+ r
(m+1]p4 r;)

_ qm(mfl)(p7Q) +i(r+m)prqm
0

[r+m+1],, [r+m+2],,

[r+m+2p,—plr+m+1]p,
r+m—+1]p4r+m+2],,

Do) B g
(2 Bl ran e
_ (m—l)(p—Q)+i (r+m)p"q" " (p —q)?

» <§>m —y = (pr+m+l _ qr+m+1) (pr+m+2 _ qr+m+2) ’

we obtain that e” — 0 as m — oo in h(C(p,q)), as desired.

O
Theorem 2.8. h(C(p,q)) isn’t a conservative space.
Proof. By choosing u = e € ¢, we have
lim (C(p, q)u)y — lim 29— — (‘I)x”_q £0.
L M, \p) p
Consequently, u ¢ h(C(p,q)). O

Theorem 2.9. h(C(p,q)) isn’t a semi-conservative space.

Proof. Take the sequences u = (u,) = (1,1,0,0,0,...) € ¢o with the limit point 0. Then, one can see that

o fd r 1o yr+2 r+2 r+
P~ —q9 "—q P

rlA(C(p;q) =

r:Z] ; r+1 _ r+l ) (pr+2 qr+2)

Thus, u & h(C(p,q)). )
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A matrix domain ®4 has a basis iff ® has a basis for a triangle & ([26]). It can be inferred that the Schauder basis of
h(C(p,q)) is formed by the inverse image of the basis of 4. This fact leads to the following outcomes:

Theorem 2.10. Consider a sequence b¥) = {b"")} ey of the elements of the space h(C(p,q)) as
(= P s+ 1lpy

by = Y
0 ,  otherwise.

s<r<s+1,

In this case, {b')} e is a basis for h(C(p,q)), and any u € h(C(p,q)) has a unique representation of the form

u=Y Ab", (2.6)

where As = (C(p,q)u)s (s € N).
Proof. From the relation
C(p,q)b™) = ¢* € h, 27

we reach that {6*)} C h(C(p,q)). For u € h(C(p,q)) and n € N, consider
W =Y AbY. (2.8)

In that case, it is obtained by applying C(p,q) to (2.8) by the aid of (2.7) that

n n

C(p,q)ul" = Y A,C(p,q)b") = Y (C(p,q)u)se’,

N N

and

. 0, 0<k<n,
{C(p,q) (u _yl ]) }k _ {(C(pmu)k’ 5 i n’<

for all k,n € N. Foran € >0, Inp € N>
€
(C(p,qu)s| <5 (Vn=n).
In that case,

=

€
= sup|(C(p, r| < sup [(C(p, A<z <e€
h(C(p,q)) r25|< (p.0))] rz;E)K (p.a))] 2

for all n > ng, which proves that u € h(C(p,q)) given by (2.6).

Consider another representation of u as u = ¥, tt;6'*). From the continuity of the linear bijection T described in the proof of
the Theorem 2.2, it is obtained

(Cp.giu)r = L1 [Cp.qp] = ;ue&" =, (reN)

and this contradicts the situation (C(p,q)u), = A,. Hence, (2.6) is unique.
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3. Dual Spaces

The aim of the current part is to ascertain duals of our novel sequence space. Hereafter, we refer to the set of all limited
subsets of N as 4. Initially, let us provide a lemma which will be employed in the next results.

Lemma 3.1. [17] The following claims are true:

(i) .@ = (drs) € (l’l : 61) lﬁc

Y ldil <o, (s=1,2,..) (3.1)
r=I1
oo s
sup Z Y 4| < (3.2)
r=1|j=1
(i) 2= (ds) € (h:c)iff
l N
sup— | Y dyj| < oo, (3.3)
ns j=1
1gn dys exists (s =0,1,2,...). (3.4)
(iii) 2 = (dx) € (h:co) iff
limd,s =0, (3.5)
r—oo
and (3.3) holds.

(iv) 2 = (ds) € (h: L) iff (3.3) holds.
(V) 2= (dy) € (h:h) iff (3.5) holds and

Y rld—deprs| <eo, (s=1,2,...)

Theorem 3.2. Define the sets Y1, Y2, Y3 and Y4, as follows:
le{u:(us)EW:Z( t <oo}’
r=1

S TS ol
)

l)rfs pr—s [S + 1]17-,51
qr

<w}7
<m},

) s+1 (_l)i—spi—s[s_i_l]p’q
T4:{u:(us)6w3(n5)€waslgg; - ti:ni

r=1|j=

yy !

i=1i=s

—1)7™p S[S+1]pq

T3:{u:(u5)6w:sup

ql
foralli=1,2,.... Then the following statements hold:
1. {h(C(p,q)u))}* =Y1NY>,
2. {h(C(p,qu)}P =T3NYy,
3. {h(C(p.qu))} =T3.
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1. Let us describe the matrix G = (g,) by aid of t = (¢,) € @ by

(_ l)rfs pr—s[s + 1]17751
8rs = q"
0 , (otherwise)

t o, (r=1<s<vr)

for all 5,7 € N. By (2.3), it is reached that

r r—s 1
= ¥, (-1 Py Gy, (e (3.6)
s=r—1

It follows from (3.6), ru = (t,u,) € ¢; whenever u € h(C(p,q)) iff Gv € ¢; whenever v € h. Hence, by (3.1) and (3.2), it
is concluded that {#(C(p,q))}* =Y1NYx.

. Let us define the matrix T = (z;) using the sequence ¢ = (f;) by

SOV e, (e
I = i=s qi . e |

0 , (otherwise),

for all r,s € N. Assuming that t = (t;) € {h(C(p,q))}P, the resulting sequence tu = (t;u;) € cs converges for all
u = (us) € {h(C(p,q))}. To arrive at this conclusion, we examine the equality obtained by the r* partial sum of the
series Y1 fsus With (2.3)

s=0 i

s=0 \i=s—1 qs
L s+1],, Ds|p,
s=0 q q
s +1] pls+1] [r+1]
_ P4 Pq P4
‘( ¢ " gn >+q
r=1 [s+1 —1)i=spi—s 1 1
_ by AR 1Y IV R VYN 3.7)
5=0 \i=s q

for any r € N. Recognizing that h(C(p,q)) = h, we consider the limit that r approaches infinity in (3.7). Given that the
series .1 s is convergent, the series

s=0 \ i=s q
. 1, . . . . ..
is also convergent and the term [Hq#trvr in the right side of (3.7) must tend to zero, as r — co. Since h C ¢y this is

. . 1
achieved with [r+q,]” Lt V, € Lo, we therefore have

ad oo fs+1 (_ 1)i—5,i—s
Y =Y (Z L) i s ”"*qz,-) vy = (Tv), (3.8)
s=0

i
s=0 \ i=s q

for any s € N. Hence, T = (t;) € (h: ¢). Thus, the conditions in (3.3) and (3.4) conditions are satisfied by the matrix 7.
Hence, r = (t;) € Y3N Y4,

Conversely, suppose that # = (#;) € Y3 N Y4. Then, we again obtain the relation (3.8) by using (3.7). Therefore, since we
have T = (ty;) € (h : ¢) the series Y. tsus is convergent for all u = (us) € h(C(p,q)). Hence, t = (t;) € {h(C(p,q))}P,
that is, the conditions are sufficient.

. We see from (3.3) that tu is an element of bs whenever u in h(C(p,q)) iff Tv is an element of . for v in h. As a
consequence, by (3.3), it is deduced that {A(C(p,q))}" = Y.
O
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4. Matrix Mappings

Here, we provide some matrix mapping classes from h(C(p,q)) to it € {co,¢,,1,h}. Define the infinite matrix <7 whose
(r,5)" term a,y is given by

P9 dri

s+1 -1 i—S ,i—S s+1
o= ¥ VTP
i=s q
for all r,s € N.
Theorem 4.1. 7 = (d,) € (h(C(p,q)) : 1) iff

€ (h:p) 4.1)
1
(de) en (42)
q meN
forall ,me N

Proof. Let 2 € (h(C(p,q)) : ). Then, Pu exists for all u = (u;) € h(C(p,q)), and belongs to the space u. Thus, Z, €
{h(C(p,q))}® which confirms the necessity of the conditions in (4.1) and (4.2).

Conversely, assume that the conditions in (4.1) and (4.2) hold. Let u = (us) € h(C(p,q)). Then, Z, € {h(C(p,q))}P for
each m € N, and Zu exists. Therefore, we obtain the equality shown below:

m m s o s—1I i+1 1
M%:m< 5 (1) p[])
s=1 s=1

i=s—1 qs
m—1 [s+1 -1 i—§ i—s s+1 m+1
_ Z Z ( ) p - [ ]Pﬁqd”' vs+ [ m]p’qdrmvm (43)
s=1 \i=s q q

for every r,m € N. In the light of the condition in (4.2) and passing to limits as m — oo in (4.3), we deduce the following
equality

Z drsuty = Z ArsVs
s=1 s=1

for all r,s € N, where the matrix A = (a,y) is defined as in (4.1). Thus A maps 4 into p. This implies that Av = Qu € u is
required. -

Now, combining Lemma 3.1 and Theorem 4.1, the following result is obtained:

Corollary 4.2. The following claims are true:
() 2 € (h(C(p,q)) : co) iff

1 S
Y ar
=1

sup — < oo, 4.4)
lim a,y exists (s € N). 4.5)
r—yoo

rs S

hold, and
}Lngqa,s =0foralls €N (4.6)
also holds.
(i) 2 € (h(C(p,q)):c) iff (4.4) and (4.5) hold, and

S
Y ar
=1

lim d, exists (s € N).
r—yeo

1
sup —
rs S

< oo, 4.7

also hold.
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(iii) 2 € (h(C(p,q)) : =) iff (4.4), (4.5) and (4.7) hold.
@iv) 2 € (h(C(p,q)) : 1) iff (4.4) and (4.5) hold, and

Y Jar| < oo, (s=1,2,...)
r=1

e
L
r=

N

< oo,

s
Y aj
=

) Z € (h(C(p,q)) : h) iff (4.4), (4.5) and (4.6) hold, and

Z r|ars*ar+l,x| <eoo, (s=1,2,...)

r=1

< oo,

© | =

Yy
r=1

s
sup Y (arj—ar1)
N j=1
5. Conclusion

As an application of matrix summability methods to Banach sequence spaces, in this research, we presented a BK sequence
space h(C(p,q)), which is the domain of the conservative (p,q)-Cesaro matrix C(p,q) (the (p, q)-analogue of the first order
Cesaro mean) on the Hahn sequence space. This work is an example of the broader application of (p,q)-calculus in the
construction of Banach spaces.

As a future scope, we will study the normed and paranormed domains of the (p,q)-Cesaro matrix in some well-known
spaces.
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