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On the k- Pell Quaternions and the k- Pell-Lucas Quaternions

Kiibra GUL!

ABSTRACT: The quaternions form a four-dimensional associative and non-commutative algebra over the set of
real numbers. In this paper, firstly, we give some relations for & - Pell quaternions and k - Pell-Lucas quaternions.
Then, by using Binet’s formula, we obtain their sums formulas, their the identities such as Cassini’s identity and
generating function, also derive relationships between these quaternions.
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k- Pell Kuaterniyonlar ve k- Pell-Lucas Kuaterniyonlar Uzerine

FBED

OZET: Kuaterniyonlar, reel sayilar kiimesinde dért boyutlu birlesmeli ve degismeli olmayan bir cebir olustururlar.
Bu makalede ilk olarak, k - Pell kuaterniyonlar ve k - Pell-Lucas kuaterniyonlarin bazi bagmtilarin1 verdik. Daha
sonra, Binet formiiliinii kullanarak toplam formiillerini, Cassini 6zdesligi ve geren fonksiyonu gibi 6zdesliklerini
elde ettik, ayrica bu kuaterniyonlarin arasindaki iligkileri tiirettik.

Anahtar Kelimeler: k - Pell sayilari, k - Pell-Lucas sayilari, kuaterniyonlar

! Kiibra GUL(0000-0002-8732-5718), Kafkas Unj_versitesi, Miihendislik Mimarlik Fakiiltesi, Bilgisayar Miihendisligi, Kars, Turkey
Sorumlu yazar/Corresponding Author: Kiibra GUL, k.polat85@hotmail.com

Cilt/Volume: 8, SayVIssue: 1, Sayfa/pp: 23-35, 2018
ISSN: 2146-0574, e-ISSN: 2536-4618 DOI: 10.21597]jist.407804

Gelis tarihi / Received: 10.07.2017
Kabul tarihi / Accepted: 06.11.2017



Kiibra GUL

INTRODUCTION

In recent years, number sequences such as
Fibonacci, Pell, Lucas etc. play an important role
in many fields of science (Koshy, 2001). Topics

in these sequences has attracted the attention of

several researchers (see (Everest, 2005; Cerin and
Gianella, 2006; Cerin and Gianella, 2007; Falcon
and Plaza, 2007; Bolat and Kose, 2010; Falcon,
2011; Catarino, 2013; Catarino and Vasco, 2013;
Catarino and Vasco, 2013)).

Forn € N and n > 2, the Pell numbers {P, } are defined by the recursive recurrence

PO = 05P1 = 15Pn = 2Pn—1+Pn—2’
the Pell-Lucas numbers {p,}

Po=2,P1 = 2,Pn = 2Ppn-1+ Pn-2-

It is well known that the relationship between {P,} and {p,,}

Pn = B, + P,_;(Horadam, 1971).

k-Pell and k-Lucas numbers which are the
generalizations of Pell and the Pell-Lucas numbers,
their some properties which are studied Binet
formulas, sum formulas, several identities and

generating functions and many applications have

been studies by some authors (Cerin and Gianella,
2006; Cerin and Gianella, 2007; Catarino, 2013;
Catarino and Vasco, 2013; Catarino and Vasco,

2013; Vasco et al., 2015).

For any positive real number k and n > 2, k-Pell numbers, k- Pell-Lucas numbers and

Modified k-Pell numbers are defined by
Pro=0,Pe1 =1 Penyr = 2P + kP p1,
Pko = 2, Pkt = 2, Pin+1 = 2Pk + KDkn-1

ko = L g1 = 1, Qrne1 = 2qkn + kqin-1,

(1
)
A3)

respectively. The relationship between these numbers is presented by

Qkn = Pxn + kPgpn—1 and py, = Z(Pk,n + kPk,n—l) since 2qyn = Prn (Vasco et al,,

2015).
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We now summarize some properties given
for the k-Pell and the k-Pell Lucas numbers

in literature. For more details about these

On the k- Pell Quaternions and the k- Pell-Lucas Quaternions

sequences, see (Catarino, 2013; Catarino and
Vasco, 2013; Catarino and Vasco, 2013; Vasco
et al., 2015).

The characteristic equation of these sequences is 72 — 2r — k = 0. The roots of this

equation are r; =1++vV1+k and r, =1 —+v1+ k. Also, There are the following

identities:

7"1+T2 =2,T1—7"2 =2v1+k,1‘17‘2 = —k.

Binet formula for n-th the k-Pell, the k-Pell-Lucas numbers and Modified k-Pell

n n
r—r

-T2

numbers is Py , =

ri+r

— N n —
5 pk,n =n + Ly and Qk,n -

n
2

, respectively.

Catalan’s identities for the k-Pell numbers and the k-Pell-Lucas numbers are

Pk,n—rpk,n+r

_ Plg,n — (_1)n—r+1kn—rplir’

Prn-rPrn+r — pl%,n = (_k)n_r(pi,r - 4(_k)r)'

The generating functions for these numbers are

X

2-2x

(P %) = e and (Prni ) = 555

There exists closely relationship between the

Modified k-Pell and the k-Pell-Lucas numbers

MATERIALS AND METHODS

The k-Pell quaternions and k-Pell-Lucas
quaternions

The quaternions of the sequences firstly
are introduced by Horadam (Horadam, 1993).
These quaternions have been investigated by
several authors. For example, some relations of
the Fibonacci and Lucas quaternions have been
defined in ( Horadam, 1963; Iyer, 1969; Iyer,
1969; Swamy, 1973; lakin, 1981; Horadam, 1993;

Cilt / Volume: 8, Say1 / Issue: 1,2018

where 2q_= p,, . Thus, we only deal with the

k

k-Pell and the k-Pell-Lucas numbers.

Halici, 2012; Ramirez, 2015), and Pell quaternions
and Pell-Lucas quaternions have been defined and
obtained some properties about these quaternions
in (Cimen and Ipek, 2016; Szynal-Liana and
Wloch, 2016). Paulo have introduced the Modified
Pell, the Modified k-Pell quaternions and their
octions (Catarino P,2016). The researches working
on quaternions of the sequences deal with Binet
formulas, the generating functions and summation

formulas for these quaternions. In this section,
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we introduce the k-Pell quaternions and k-Pell- we obtain some summation formulas for these
Lucas quaternions and in section 3, we give some  quaternions and relationships between these

properties for these quaternions. Furthermore, quaternions.

n -th Pell quaternion and Pell-Lucas quaternion numbers are defined as follow:

QB = Py + iPpy1 + jPryz + RPpys,
QPLy = pn + iPnt1 +jPn+2 + KPnss,
where P, and p,, are n-th Pell and Pell-Lucas numbers (Cimen and ipek, 2016).
In here, there exist the basis i, j, kK which satisfies the following:
i?=j2=k*=ijk=-1andij = k= —ji,ki = j = —ik, jk =i = —Kj.
A quaternion is a  hyper-complex number and is defined by
q =dqo+iqy +jqz + kqs.
q" the conjugate of the quaternion q equal q* = qo — iq; — jq — Kq3.
The conjugates of QP, and QPL,, are defined by, respectively,
QPy = Py — iPpyq = jPryp — KPpys,
QPLy = Pn = iPn+1 = jPn+2 — KPnss-
The norm of QF, and QPL,, are defined by, respectively,
QP.QP; = P? + Pi 1 +P, + Phys,
QPL,QPL;y, = pi + pii1+Diiz + Prss.
The k- Pell quaternion QPy,, is defined by
QPin = Pen + iPen+1 + jPrnv2 + KPrnys,

where Py, is the are n-th k-Pell number for n > 0. The k- Pell-Lucas quaternion

QPLy , is defined by

QPLgy = Pin + iPins1 + JPkns2 + l“<pk,n+3a

where py ,, is the are n-th k-Pell-Lucas number for n = 0.
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RESULTS AND DISCUSSION
Some identities of the k-Pell quaternions
and k-Pell-Lucas quaternions and relationships

between these quaternions

Proposition 1.
. QP{n=2PknQPin — QPinQPin
ii.  QPL}n = 2PknQPLgn+ QPLinQPLyp
iii. QPxn+ QPrp = 2Py
iv.  QPLgyn+ QPLyy = 2Pin
V.  2QPyn+1 + kQPry = QPypyo
vi.  2QPLypy1+ kQPLyy = QPLypyo-

Proof.

On the k- Pell Quaternions and the k- Pell-Lucas Quaternions

In this section, we mainly focus on the
k-Pell and k-Pell-Lucas quaternions to get some
important results. We give some relations about

these quaternions as in the following.

i Qplg,n = Plg,n - Plg,n+1 - Plg,n+2 - Plg,n+3 + Zi(Pk,nPk,n+1) + ijk,npk,n+2 +

2RPI",,nPlR’,,n+3

= ZPk,n(Pk,n + iPk,n+1 +ij,n+2 + kPk,n+3) - Plg,n - Plg,n+1 - Plg,n+2 - Plg,n+3

= 2Pk,nQPk,n - QPk,nQPI:,n

ii. QPgn+QPr, = (Pk,n + iPrns1 T jPrnsz + kPk,n+3) + (Pk,n —iPrns1 —

JPin+2 — KPin+3) = 2Py

V. 2QPgn41 +kQPxy = 2(Pins1 + iPensa + jPin+s + KPinsa) + k(Pin + iPinyr +

ij,n+2 + kPk,n+3) = Pk,n+2 + iPk,n+3 +ij,n+4 + kPk,n+5 = QPk,n+2-

The proofs of the others similarly have been done.

Proposition 2.
. 1
1. QPk,n+1 + kQPk,n = EQPLk,n+1

.. 1
11. QPk,n+1 - QPk,n = EQPLk,n

Cilt / Volume: 8, Say1 / Issue: 1,2018
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iii.  (2k+2)QPgy + QPLin = QPLypsn.
Proof
i.  Since pyrp = 2(Pxyn + kPipn—1), we get
QPyni1 + kQPyxyn = Pypir + iPupiz + jPinss + KPpia + k(P +
iPeps1 + JPinsz + KPipas)-
QPins1 + kQPim = (Pnsr + Picnsz + JPinss + RPines) = 5 QPLinsr.
ii.  Since G = Pgnt+1 — Prn (Horadam, 1971), we get
QPrn+1— QPkn = Prny1 + iPrns2 + jPrn+s + KPenya
~(Pim + iPins1 + jPimsz + RPinsz) = 5 QPLyp.
iii.  From 2(k + 1)Py,, = Prn + kDrn—1 (Vasco et al., 2015) and
Pkn+1 = 2Pkn + KPgn-1, We have
2(k + 1)QPyp + QPLyp, = 2(k + D)(Pyn + iPin+1 + jPin+2 + KPin+3) + Pen +
iDines + JPemrz + KDignes = 20k + DPpy + 1y, + 1 (20k + DPjopsr +
Prensr) ¥ (206 + DPpia + D p) + K(20k + DPrpas +Pppys) =

QPLk,n+1-

In (Catarino, 2016), the author obtained some  the following results. We give the following
properties for the modified k-Pell quaternion. theorem (Catarino, 2016) by adapting our using

Now, as a different approximation we will prove  symbols.

Theorem 1. (Binet’s formula)
Binet’s formula for QPy, and QPL, , respectively, are as the following equations

Pyr{ =Ty

QPyn = and QPLy, = 1 + #1), where # =1+ ir +jrf +kr{ and
fy =1+ir, +jr2 + kr).
Proof

The characteristic equation in (Catarino, 2013) is 72 — 2r — k = 0. Morever, the initial
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On the k- Pell Quaternions and the k- Pell-Lucas Quaternions

values are QPyo = (0,1,2,k +4) and QPy, = (1,2,k + 4,4k +8). Thus, QPy, =
Ar{* + Bry'. Then, we have QPy o = A + B and QPy ; = Ary + Br,. We obtain that

QP —1QPco 1+ +jrf + kif

A
rn—n 2V1+k
B = _QPk,l_TlQPk,O _ _1+iT2 +]T22 +f(7‘23
n—n 2V1+ k
1 : £ .2 3 n : -2 3 n
QPyn = ﬁ((l +ir +jry + k)t — (A +iny + jry + kry)ry )
(@ +iry g + R — (L + iy + )+ ke)ry
n—n

f'l Tln - f'z rzn

T‘l - TZ
Similarly, the initial values are QPLyo = (2,2,2k + 4,6k + 8) and
QPLy1 = (2,2k + 4,6k + 8, 2k? + 16k + 16) for k-Pell-Lucas quaternion. Then, we

have QPL, o = A+ B and QPLy,; = Ar; + Br,. We obtain that

A= QPLy1—12QPLgo _ (ri—12)(1+irg+jri+&rd) _
r-r L4 S ]

1+ ir + jr? + kr,

PLy, —1QPL r, —r)(1 +ir, + jr + krj
_QPLia mmQPLio __ (pmr)U i 4in +K15) e s
H—" rn—-r

B =

and QPLk,TL == 7”\‘17"{1 + f‘zrzn.
Theorem 2. (Catalan’s identity) We have the following equations:

_ A (rr_rr)z _ A A
QPk,n—rQPk,n+r - Qplg,n = (_1)n r+1kn rrlrz m = (_1)71 T+1kn rrlrzplg,r'

QPLk,n—rQPLk,n+r - QPL%c,n = (_1)n—r+1(4 + 4k)kn_r1"‘11"‘2PI€r_

Proof: By using the Binet formula and r;, = —k, we obtain

A - A - A +r A n+r A n A n 2
Pr] T =Pr T (P T =P Prt—Fo1]
QPyn—rQP, - QP ——( -
Nn—r kn+r kn

-T2 r1—T2 -T2

_ e n A (rr_rr)z
— (_1)11 r+1kn T‘rl.r. 12

e | n—‘r+1kn—‘r1¢\. 7 PZ .
2 (rl_rz)z ( ) 17240 k,r

Similarly, we get
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QPLyy—+QPLy iy — QPL?c,n = (Hr "+ fzrzrl_r)(fﬂﬁn” + f'27'2n+r) — (At +
forg)? = ()™ (4 + 4k)K™ TR P PR
Theorem 3. (Cassini’s identity) Forn > 1,
QPin—1QPxns1 — QP = (=1)"k" 177y,
QPLin—1QPLyny1 — QPL, , = (=1)" 1 (4 + 4k)k™ 174 7,.
For r =1 in the above theorem and using the initial conditions of these sequences, we
hold the Cassini’s identity for the k- Pell quaternions and k- Pell-Lucas quaternions.
Theorem 4. If m > n, then we get
QPimQPrn+1 — QPim+1QPin = 12 (k)" Pim—n,
QPLk,mQPLk,n+1 - QPLk,m+1QPLk,n = (_1)n+14_,a1,a2kn(1 + k)Pk,m—n-

Proof

-y m Py m -y n+1 Y n+1 5 m+1 Y m+1 Y n Y n
_ (T —TeT nry T ™ —T27 T 12T,
QPimQPins1 — QP QPrn = ( ) (=) - ( )( )

ri—r - - ri—r

A A n rt o n
= Pt (r)"(r —12) (W)

m-n_.,m-n
= f‘lf'z (_k)TL (‘r1 7'2 )

-T2

= ?1?2 (_k)npk,m—n-

Similarly, the identities QPLynQPLg 41 — QPLims1Q@PLyn = (—1)" 1477, k™(1 +
k) Py ;—n are proved by using Theorem 1 and Theorem 2.
Theorem 5.

QPL%, — QPEn = (3 + 4K)QPZ,, + 4F, 7, (—IO™

Proof

o N 2
QPLZ _ QPZ — (_’f,\. rt 44 _rn)Z _ (rlrfl—rzrzn)
kn kn — \f171 212

r1—T2

(ry=12)2 (FEr2n 42y Por St + 7212 ) =2 4 2y For Pt — 72137

(ry—-12)?

= (3 + 4k)QPZ,, + 47 7 (—k)™.
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On the k- Pell Quaternions and the k- Pell-Lucas Quaternions

Theorem 6. Suppose that the generating function for the k-Pell quaternion

is G(ka,n; X) — Z?lozo QPk,nxn- Then, G(QPk,n; X) _ QPro+QPy1X—2QP) 0X (Catarino,

1-2x—kx?2

2016).
Corollary 1. Let be G(QPk,n; x), H (QPLk,n; x) the generating functions for the k-Pell

and k-Pell-Lucas quaternions, respectively.

x+i+ Q24xk)j+ (4+k+ 2kx)k
1—2x — kx? ’

G(QPk,n; X') =

1—-x+Q+xk)i+ (k+2+xk)j+ (xk(k+2) +3k+4)k

H(QPL"’”; x) =2 1—2x — kx?

Proof: The generating function for {QPk,n}:::O is
G(QPin; x) = QP + QP 1Xx + QP px? + -+ 4 QP ppx™ + +--.
Multiplying both side of equation with 2x and k, we obtain
2XG(QPyn; x) = 2QPyoX + 2QP1x? + 2QP;2x% + -+ + 2QP iy x™ 1 + -,
kx2G(QPyn; x) = kQPyox? + kQPy1x3 + kQPjpx* + -+ + KQPjyx™*2 + -,

And then, adding these equations, we get

(1 = 2x — kx?)G(QPn; x) = QPyo + QPycsX — 2QPyox

QPro + QP 1x — 2QPy ox
1—2x — kx?

G(QPyn;x) =

_x+i+ @2 +xk)j+ (4+k+ 2kx)k
B 1—2x — kx? '

Similarly, we obtain H (QPLk,n ; x) as follows;
H(QPLypn;x) = QPLyo + QPLi1X + QPLy5x? + -+ + QPLj px™ + -
2xH(QPLyn; X) = 2QPLygoX + 2QPLy 1X2 + 2QPLi 3% + - + 2QPLi g x™ 1 + ---
kx?H(QPLyn; X) = kQPLyox? + kQPLi1X? + KQPLypx* + -+ + KQPLy ™2 +...

(1 — 2x — kx*)H(QPLy ;%) = QPLyo + QPLy1x — 2QPLyox

QPLyo + (QPLyx 1 — 2QPLyg)x

H(QPLR’"; x) - 1 —2x — kx?

Cilt / Volume: 8, Say1 / Issue: 1,2018
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x+(1+xk)l+(k+2+xk)]+(xk(k+2)+3k+4)k
1—2x — kx?

H(QPLyyn;x) = 22

Theorem 7. For the k-Pell quaternions QPy, ,, and the k-Pell-Lucas quaternions QPLy ,,,

(—K)™QPrmn+j=QPkmn+m+j+QPkj+(=K) QPym—;
(k)™ -prm+1

(=)™ QP mn+j—QPkmn+m+j+QPk j—(=K)™ QP j_m
(—k)m_pk,m+ 1

, ifj<m;
iz QPimivj =

, otherwise

(=K)™QPLy mn+j=QPLimnama+j+QPLi j—(=K) QPLy m_j
(—k)m_pk,m+1 ’
(=k)™QPLy mn+j—QPLimn+m+jtQ@PLy j—(=K)™ QPLy j—m
(—k)m_pk,m"'l

if j<m
Yico QPLymisj = .
, otherwise

Proof.
n no. mi+ A _mi+ n n
17 g 21, g 1 A ] j
QP mi+j nr rlml - ?Zrz TZml
’ M — T 1\
=0 =0 1 2 2v1l+ k =0 =0
1 . 7,.17717”L+1n 1 . T2mn+m 1
= 171 m —nnn m
2V1+k nt—=1 =1
1 1 mn+m+] m mn+m+j j.m
= ot — T — i+
2V1+k (ryrp)m= (" +r]t )+1( 11 2 11 1172
A A _mn+m+ mn+m+
tir] — o1 N Tt #yrdrm — #,1))
1 1 A _mn+m+j_m A mn+m+j_m
= i T, — 1T T-
2V1+k (—k)m—pk‘m+1( 1 2 272 1
A _mn+m+j A _mn+m+j A _J.m A _J.m ~
T1T1 - 1‘21‘2 ) - (T‘lT‘l rz - 1‘21’2 T1 ) + (7‘17‘1 T2T2 ))

?11”]1 Tgn—?z‘ré rf

_ CR)™QPrmn+j=QPkmn+m+j+QPkj 2Vi+k
(—k)m_pk,m"'l (—k)m_pk,m+1 '

In addition to Pyrdry =ty )l — {_(_k)j QPem—j» if j <m;

2V1Hk (=k)™ QPy j_m, otherwise’

Then,
(—k)mQPk,mn+j—QPk,m:1+m+j+QPk,j+(—k)j QPk,m—j, if j <m;
n o QPk i = (=K) _pk,m+1
= M) (™ QPR mn+j QP QP — ()™ QPy,j .
L AR A Chn, L B2 T otherwise.

(—k)m_pk,m+ 1
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On the k- Pell Quaternions and the k- Pell-Lucas Quaternions

The second part of the proof is found in a similar way.

Corollary 2. For the k-Pell quaternions QP ,,

n
z QP i = (_k)mQPk,mn — QPxmn+m + QPxo + QPxm
i=0 o (_k)m — Pkm +1 ’

n

z 0P, = kQPyn + QPxpy1 — QPro — QPy
-~ kel k+1 '
=

Moreover, for the k-Pell-Lucas quaternions QPLy ,

n
Z QPLy i = (_k)mQPLk,mn - QPLk,mn+m + QPLk,o - QPLk’m
i=0 o (k)™ — Pr,m + 1 ’
n
kQPLk,n + QPLk,n+1 - QPLk,o + QPLk'l
@Flas = k+1 '

i=0

Theorem 8. For n > 0, we obtain the following summation formula:

n
z 0P, = QPLyys1 — 2(QPro + QPy1)
ki = :

i=0

Pk2 — Pk

KQPin+QPjns1—~QPio—QP
Proof. From Corollary 2, we know that Y7, QP; = PintQ k”;:lq ko~ QPhs1,

1
n p, . — kQPn+QPynt1—QPro—QPr1 _ 79PLkn+1—QPro—QPk1
i—OQ ki

k+1 ~(Pk2—Pk1)

_ QPLipn+1—-2(QPro+QPk,1)
Pk2—"Pk1

Theorem 9.

- —1
Z) QP ris = 20+ D) QPLy,
r:

oo

-1
ZO QPLirss = 77 (QPLis + KQPLis 1),
r=

Cilt / Volume: 8, Say1/ Issue: 1,2018 33
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Proof By using Binet’s formula, we obtain the following equations:

r+s

(9]
_ 7"\‘17‘1 - 7"\‘27‘2
QPk,r+s - r r
17 12

Hre 1 fory 1

Tl—Tzl—T'l T‘l—Tzl—Tz

1 < Furs fors )
2Vi+k\l1-n 1-n
-1

=TT 1 (QPys + kQPys_1)

_ -1
T 2(k+1)

QPLy ;.

The second sum is found in a similar manner.

Theorem 10. Let be G(x) the generating function  function for the k-Pell-Lucas quaternions. Then,
for the k-Pell quaternions and H(x) the generating  there exists in the following equation:

following equation:

2[1+kx+(kx+k+2)i+(k2x+2kx+3k+4)j+(3k2x+4kx+k2+8k+8)k]

2(k + 1)G(x) + H(x) = 1—2x—kx2

Proof.

QPyo + QP 1x — 2QPy ox
G(ka’n; x) - 1—2x — kx?

QPLy o+ QPLy1x — 2QPLy ox
1—2x — kx?

H(QPLyn;x) =

From Proposition 2 (iii) and Proposition 1 (vi), we get

_ QPyo+QP1X—2QPyoX | QPLyo+QPLy1X—2QPLyoX
2k + DG + H(x) = 2(k + 1) ———2—— t 1-2x—kx?

_ QPLk,l + QPLk,Zx - ZQPLk,lx _ QPLk,l + kaPLk,O
B 1—2x — kx? 1 —2x — kx?

2[1+kx+(kx+k+2)i+(k2x+2kx+3k+4)j+(3k2x+4kx+k2+8k+8)k]

20k + 1G(x) + H(x) = —

34 Igdir Uni. Fen Bilimleri Enst. Der. / Igdur Univ. J. Inst. Sci. & Tech.
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