May 2025, 2(1)

NASE

Natural Sciences and
Engineering Bulletin

Received: 14/12/2024
Accepted: 06/05/2025

RESEARCH ARTICLE

http://dergipark.gov.tr/nase

New Approaches for Evaluation Indeterminate Limits for Multivariable Functions in

Keywords

Zero divided by zero,
L Hopital rule,
Central finite
differences, Forward
finite differences,
Backward finite
differences,
Richardson
extrapolation method

Undergraduate Mathematics Courses

Cigdem DINCKAL"

Abstract — Zero divided by zero is one of the most important indeterminate forms obtained when
evaluating limits for single variable functions and series in calculus education. Well-known
method; L'Hépital rule and its generalized form have been employed to simplify and resolve the
indeterminate form such that zero divided by zero in terms of quotients of their derivatives for
single variable functions as well as for multivariable functions. Nevertheless, L' Hopital rule is
impractical for the indeterminate limit forms of two variable functions in some cases such that
isolated and nonisolated singularities, requirement of application of L'Hopital rule more than once
and complexity of taking derivative for some multivariable functions. So L'H6pital rule cannot be
preferred due to these reasons. By considering all these facts, new approaches including Finite
Differences such as Central (CFD), Forward (FFD), Backward (BFD), High Accurate Central

(HACFD), High Accurate Forward (HAFFD), High Accurate Backward (HABFD) methods, and
Richardson Extrapolation method are presented that provide efficient ways to solve these limits
instead of using L' Hépital rule. Error analysis is also performed. All these methods are compared
with each other in terms of accuracy and computational efficiency. It is observed that these
approaches will be good alternatives instead of L'Hopital rule for indeterminate form of two
variable functions in calculus courses for both instructors and their students. Numerical examples
are presented for this purpose.

1. Introduction

In calculus, the most famous and well-known method is L'Hopital rule for evaluating the limits of indeterminate
form: 0/0, for single variable functions. It has been employed comprehensively in the literature for this purpose
and also for various applications (Aczel, 1990; Cooke, 1988; Corona-Corona, 2018; Duran, 1992; Estrada and
Pavlovic, 2017; Gordon, 2017; Hartig, 1991; Huang, 1988; Muntean, 1993; Popa, 1999; Shishkina, 2007;
Spigler and Vianello, 1993; Szabo, 1989; Takeuchi, 1995; Tian, 1993; Vianello, 1992; Vyborny and Nester,
1989; Zlobec, 2012). Besides, another significant and feature topic of interest in calculus is multivariable
functions and their indeterminate form such that 0/0 (Fine and Kass, 1966; Ivlev, 2013; Young, 1910). L'Héopital
rule and its generalized form have been employed to overcome the complexity of indeterminate limit form: 0/0
by use of differentiation of both numerator and denominator (Ivlev and Shilin, 2014; Lawlor, 2020).

These methods often involve complex and lengthy processes that take derivative for some multivariable
functions, especially for isolated and non isolated singularities. So applying L'Hopital rule becomes inefficient
and impractical method in these cases. It is the first time that Zlobec (2012) used L'Hépital rule without
derivative by employing Lagrange multiplier for only 0/0 indeterminate limit form for only single variable
functions.

There is no other alternative numerical method instead of L'Hopital rule taught in calculus courses for problem
of indeterminate forms of multivariable functions in literature. This is why, new approaches including FFD, BFD,
HAFFD, HABFD, CFD, HACFD techniques and Richardson Extrapolation methods (Chapra and Canale, 2010)
are presented for the form: 0/0 of two variable functions to overcome the complexity and impossibility of
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L'Hopital rule and its generalized form in this study. For the first time in literature Dingkal (2024) introduced
and employed finite difference methods for the solution of indeterminate problems of single variable functions.

There are three ways to get more accurate results when employing finite difference methods. One of them is to
decrease step size. Other one is to employ a higher order formula which uses more points. Another one is to use
the results of these finite difference methods to get more accurate approximations. For this reason, Richardson
Extrapolation methods based on these finite difference methods are proposed, described and also compared with
other finite difference method results.

Taking derivative and using Lagrange multiplier are not required in all approaches. These numerical techniques
with proper step size here can be applied to all indeterminate limits for two variable functions conveniently.

After description of the methods proposed, numerical results from various complicated two variable functions
are presented to prove the applicability of them.

2. Materials and Methods
2.1. L'Hopital rule

Well-known rule; L'H6pital rule for two variables functions has some steps and shown as follows (Dingkal, 2024;
Ivlev and Shilin, 2014; Lawlor, 2020)

f&xy) 1)

lim(x.y)*(xo. Y0) g(x,y)

where lim f(x,y) = 0 or a number and lim g(x,y) = 0. So one should take partial derivative with respect to x
()~ (x0, ¥0) (x.¥)- (%0, ¥0)
and y, at points (x,, y,) respectively (Ivlev and Shilin, 2014; Lawlor, 2020)

fx (X0, Yo)
9x(x0,Yo0) (22)
fy(x0, ¥0)
gy(Xo, Yo) (2b)
Provided that (2a) should be equal to (2b) such that
fx(*0,¥0) _ fy(Xo,Yo) — kl (3)

9x(x0,¥0)  gy(x0,Y0)

Currently, if indeterminate form is found again as a result of (3), second order partial derivatives should be taken
(lvlev and Shilin, 2014):

fxx (X0, o) — fxy (X0, Yo) — fyx (X0, Yo) — fyy (X0, ¥0) — (4)
9xx (X0, ¥0) Ixy (X0, Yo) yx(*0,Yo) 9yy (X0, Yo) 2

L'Hépital rule for multivariable functions confirms the rules of partial derivation. So this method can be
considered as being one more rule of partial derivation. However, this approach remains inadequate for isolated
and non-isolated singularities.

2.2. Numerical methods

In some cases such as isolated and non isolated singularities, taking derivative is ineffective and impractical.
Furthermore, sometimes, it is required to apply L'Hopital rule more than once to overcome indeterminate limits.
For this reason, new approaches including CFD, HACFD, FFD, HAFFD, BFD, HABFD and Richardson
Extrapolation methods are proposed in this paper, correspondingly.

The assumptions have been made by changing x variable and not changing y variable in Taylor series expansions
for all proposed methods. On the contrary, changing y variable and not changing x variable in Taylor series
expansions do not change the results.

The originating idea of CFD, HACFD, FFD, HAFFD, BFD and HABFD techniques is based on well-known
Taylor series.
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2.2.1. CFD, HACFD, indeterminate limit formulations based on CFD and HACFD

Taylor series for forward form can be formulated as follows: by defining a step size h = x;,; — x; and
expressing as

, “oxs ) (x; ) (x;
(irnd) = fOuy) + f Gy + L5020 02 ¢ L020 g3 o Gy ®)
The remainder term for variables x and y is defined as
(n+1)
R, =L~ pni1 (6)

(n+1)!
The term in (6) corresponds to O((x;11 — x)™ ", (Vi41 — y)™*1) which is O(h™) called as error.

For backward form, Taylor series in (5) can be formulated as

, "(xs, 3) o
fGtioe,y) = O y) = f G y)h + L5202 - i ps )

One of the ways to approximate the first derivative is to take differences of (7) and (5) to obtain:

, 273 0
FGiany) = F (i, y) + 2f G y)h + L5203 e ®)
This can be solved for
! i+1.Y)" i—1-. ® i,
Fx,y) = f(xig1 y)th(x ) _f SC NDp2 ... 9)

Equation (9) can be also rewritten as

f ey y) = Lo flma2) 4 o) (10)

By substituting (10) into (3), one can get the combination of L'Hopital rule and CFD. As a result, one of the
methods including CFD for solving indeterminate limit is formulated as

fooy) f("*i+1'J’)2—hf("*i—1'J/)+0(h2)

y)  9xip1¥)—g(xi—1y) |
g(xy) i+1 S =1Y)4 0(n2)

lim gy )5,y (11)

Both numerator and denominator in terms of CFD have errors which are 0(h?). This demonstrates that errors are
proportional to the square of the same step size for both f(x,y) and g(x, y). Error is of the order of h? in spite of
the backward and forward approximations that are of the order of h. Therefore, Taylor series approximations
yield the significant information that the centered formula is the most accurate demonstration of the derivative
(Chapra and Canale, 2010; Dingkal, 2024).

Level of accuracy depends on decreasing the step size and also increases the number of terms of the Taylor
series. Hence, it is possible to reconstruct more accurate formulas called as HACFD by withholding more terms.

By substituting first order derivative in (10) into (5), CFD representation of the second order derivative based on
error O(h%) can be found as

" S iv1.y) =280 y) +f (Xi-1,Y)
f (xi,y) — i+1 h; i-1 (12)

Third order derivative based on error O(h?) by use of CFD:

FO(x,y) = f(xi+2,y)—2f(’¢i+1,3’)2‘;';f(xi—1'y)—f(xi—z,)/) (13)

To find the high-accurate form of first derivative based on error O(h*), one should use both (12) and (13), and
substitute them into (5):
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[, y) — 26, 9) + f(xi-1, )
h?

h2

f(xiz1y) = fOxuy) + f (i, )R + T
f(xi+2,)’) - Zf(xl-“'y) +2f(xi_1,y) — f(xi—z,Y))
2h3

h 34 ...
+ 3 h3 +

(14)
So f'(x;) based on error O(h*) can be obtained from (14) which is
f'(xi’y) — —f(xi_,_z,y)+8f(xi+1,317)2;8f(xi_1,y)+f(xi_2,y) + 0(h4)
(15)

By use of (15) and put into (3), one can get the final form of transition of L'Hopital rule and HACFD. Finally,
one of the methods including HACFD for solving indeterminate limit becomes

—f (g2 W) +8F (¥ 14 1.9)-8F (6" i1 ¥) (X" i_2.¥) FO(h%)

limye ) (x* fen) > — 2k 7
Y V) gry) 90 ) +80(c* 111 3)-89(c 11 )+ _p.)
12h

(16)

+0(h*)
2.2.2. FFD, HAFFD, indeterminate limit formulations based on FFD and HAFFD

By recalling the formulation given in (5), first derivative by FFD based on O(h) can be found as (Chapra and
Canale, 2010)

f'(xl-,y) _ f(xl'+1.y’)l—f(xi.y) +0(h). (17)

By use of (3) and (17), the transition from L'Hopital rule and FFD technique can be obtained. Solution for
indeterminate limit is

fEy) _ i) i“'y;)z_f(x 2. 000

hm(X.y)-’(X*,y*) giey)  9GTip1y)-g(*iy)
h

(18)

+0(h)

By substituting first order derivative in (17) into (5), FFD representation of the second order derivative based on
error O(h?) can be obtained as

f”(xi,y) _ f(xi+2')’)—Zf(:;'+1;J/)+f(xi:)’) (19)

Third order derivative based on error O(h?) by use of FFD:

f(3) (xi' y) — f(xi+3'Y)—3f(xi+z:yz:3f(xi+1:3’)—f(xi,y) (20)

To find the high-accurate form of first derivative by FFD based on error O(h?), one should employ both (19) and
(20), and substitute them into (5):

f,(xi: y) = —f(xi+2'3’)+4f(29;1i+1J’)—3f(xi,y) + O(hz) (21)

By substituting (21) into (3), the transition from L'Hopital rule to HAFFD method can be obtained. So
indeterminate limit formulation based on HAFFD become

(2 ¥)+4f (¥ 41.9) -3 (" 1¥)

: fxy) _ 2h +0(h?)
Hm ey ety )y(x.y) —g(xtiga y)tae (i1 y) -390 yy) (22)
2h FO(h%)
2.2.3. BFD, HABFD, indeterminate limit formulations based on BFD and HABFD
By use of (7), first derivative by BFD based on O(h) can be obtained as (Chapra and Canale, 2010)
f’(xi;y) — f(xi'y)_}]:(xi—lrJ’) + O(h) (23)
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By use of both (3) and (23), final form of the proposed BFD technique with combination of L'Hopital rule can be
found for solution of indeterminate limit. It is given as

fay LR 00

lim(x,y)a(x*' ) g(xl,y) = g(X*i.Y)—g(X*i—1vy)+O(h) (24)
h

By substituting first order derivative in (23) into (7), BFD representation of the second order derivative based on
error O(h?) can be obtained as

f”(xi,y) _ f(xw)—2f(xl';l§.y)+f(xl'—z.y) (25)

Third order derivative based on error O(h?) by BFD computation:

F®(x;,y) = f(xi,J’)_3f(xi—1,Y)+::(xi—2,3’)_f(xi—3,3’) (26)

To find the high-accurate form of first derivative by BFD based on error O(h?), one should use both (25) and
(26), and substitute them into (7). So accurate form of BFD becomes

' 3f () —4f (im0 +f (xi—2,%)
f(xi;}/)z fxpy fx2h1y f(xi—2y +0(h2) (27)

To get the final form of L'Hopital rule transition to HABFD (27) should be substituted into (3). The following
formulation can be obtained:

3f(x* 1y)—4f (1 ¥)+F(x" =2 ¥)

lim LSy _ 20 Ho(n)
Cy)=(YT) glay) — 390 ) =291y +a () o(n?)
2h B

(28)

2.2.4. Richardson extrapolation based on CFD and HACFD, indeterminate limit formulations

To improve CFD and HACFD results, Richardson Extrapolation can be employed, conveniently. Target is to get
more accurate results. For this reason, following steps are performed (Chapra and Canale, 2010):

1

C = C(hy) + 75— (C(h) — C(hy) (29)
(G2-)
where h, = % by rearranging (29), final form of Richardson extrapolation can be found. It is
C = EC(hz) —§C(h1) (30)

C(h,) and C(h,) can be obtained from the (10) for CFD based computation. If one can prefer computations
based on HACFD, then C(h,) and C(h,) can be obtained from the (15) for HACFD based computation. Final
form of transition from L'Hopital rule to new proposed method based on CFD with use of (3) and (10), one can
obtain

2e1(ny)-Lc1(hy)+o(R?
flxy) _ 3C1(h2)—3C1(h1)+0(R%) 31)

9(xy)  3C2(hy)—3C2(h)+0(h?)

lim )5, y%)

where C1 is CFD based results for function f (x, y) and C2 is CFD based results for function g(x, y).
For CFD approximations, O(h?) yield a new estimate of new accuracy O(h%).

Final form of transition from L'Hopital rule to new proposed method based on HACFD with employ of (3) and
(15) ,one can found the following formulation:

Foey) 2011(hp)-3C11(hy) +0(h*)
9@y)  jc22(ha)—3C22(h1)+0(h*)

lim )5, y%) (32)

where C11 is HACFD based results for function f(x,y) and C22 is HACFD based results for function g(x, y).
For HACFD approximations, O(h*) yield a new estimate of new accuracy O(h®).
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2.2.5. Richardson extrapolation based on FFD and HAFFD, indeterminate limit formulations

To enhance FFD and HAFFD results and get more accurate results, Richardson Extrapolation can be employed.
The steps are similar to those for CFD and HACFD based computations.

F = F(hy) + —5— (F(h;) — F(hy)) (33)

2
((G2)"-1)
where h, = hz—l by rewriting (33), final form of Richardson extrapolation can be obtained which is
F= gp(hz) - gp(hl) (34)

F(h,) and F (h,) can be computed from the (17) for FFD based computation. If one can choose computations
based on HAFFD, then F(h,) and F(h,) can be obtained from the (21) for HAFFD based computation. Final
form of transition from L'Hopital rule to new proposed method based on FFD with use of (3) and (17), one can
obtain

fy) _ %Fl(hz)—éFl(hlﬂo(h)
9(xy)  2F2(hy)~2F2(h)+0(h)

1im ey 5, y7) (35)

Where F1 is FFD based results for function f(x,y) and F2 is FFD based results for function g(x, y).
For FFD approximations, O(h) yield a new estimate of new accuracy O(h?).

Final form of transition from L'Hopital rule to new proposed method based on HACFD with employ of (3) and
(21) ,one can obtain the following formulation:

Foy) §F11(h2)—§F11(h1)+0(h2)
9y)  FF22(hp)-3F22(hy)+0(h2)

My ) x, y) (36)

Where F11 is HAFFD based results for function f(x,y) and F22 is HAFFD based results for function g(x, y).
For HAFFD approximations, O(h?) yield a new estimate of new accuracy O(h?).

2.2.6. Richardson extrapolation based on BFD and HABFD, indeterminate limit formulations

To upgrade BFD and HABFD results, Richardson extrapolation can be used, conveniently. Main aim is to get
more accurate results. For this reason, following steps are executed (Chapra and Canale, 2010):

B = B(h,) + —— (B(h,) — B(hy)) (37)

2
(G2)-1)
where h, = % by rearranging (37), final form of Richardson extrapolation can be obtained as
B =2B(h;) = B(h) (38)

B(h,) and B(h,) can be obtained from the (23) for BFD based computation. If one can prefer computations
based on HABFD, then B(h,) and B(h,) can be obtained from the (27) for HABFD based computation. Final
form of transition from L'Hopital rule to new proposed method based on BFD with use of (3) and (23), one can
get

fxy) _ gBl(hz)—éBl(h1)+0(h)
9Cxy) %Bz(hz)—iBz(hl)m(n)

1im ), %) (39)

where B1 is BFD based results for function f(x,y) and B2 is BFD based results for function g(x, y).
For BFD approximations, O(h) yield a new estimate of new accuracy O(h?).

Final form of transition from L'Hopital rule to new proposed method based on HABFD with employ of (3) and
(27), one can found the following formulation;
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Fooy) _ 3B11(h)—3B11(h1)+0(h?)
9(xy)  3B22(hp)—3B22(h1)+0(h?)

M e, ) e, %) (40)

where B11 is HABFD based results for function f(x,y) and B22 is HABFD based results for function g(x, y).
For HABFD approximations, O(h?) yield a new estimate of new accuracy O(h?).

3. Error Analysis

The condition and stability analysis of a problem relates to its sensitivity to changes in its input values. It is clear
that a computation is numerically unstable if the uncertainty of the input values is over exaggerated by the
numerical method (Chapra and Canale, 2010). Taylor series for two variables without second order and higher
order terms can be written as:

[ Vier) = fpy) + 'O ) (K — %) + 106 y) i — i)+ (41)

Where estimates of the errors in x is (x;,; — x;) and y is (y;.1 — y;), respectively. These are assumed to be
equal and denoted as h.

Equation (41) can be rearranged as
f i1 Yier) — fy) = (f'(xi:J’) + f’(x;}’i))h +.. (42)
In (42),
f(Xiv1, Yir) — fxpy) = Af (X, 9)
For all examples, the function values are equal to 0 to become indeterminate limit condition.

An algorithm is stable if the following equality holds:

_ v Yir ) fpyi)
h= (f o) +f (2 yD) (43)

If the numerator in (43) converges to 0, the problem becomes stable and well conditioned. This also leads to
indeterminate limit form. For this reason, h is selected as very small values closer to 0.

This situation also fits with smaller step size selection in Taylor series.

Dropping the second and higher-order terms and rearranging (42) yields:

Af (&, 7) = (f'Ceuy) + f'(x,y:))h. (44)
It is possible to determine bounds for exact solutions of finite difference approaches by use of (44)
i1, Vier) = f v yis) £ (F O y) + £/ (x,y))h (45)

Since, f(x;41,Vi+1) = 0 to make the limits indeterminate, upper and lower bounds should involve 0. So h
should be selected as minimum as possible to involve exact solution for higher accuracy and sensitivity. As a
result h should converge to 0. For this reason, h=10 is selected as tolerance amount for step size choice such
that h less than this amount, it is accepted that exact results can be always obtained.

4, Numerical Results and Discussion

Examples for indeterminate limit form: g is presented in Table 1. A general code is generated for application of

the proposed methods in Matlab R2022a. Numerical results are analyzed in terms of accuracy, error and
computational time. These are presented in following subsections, respectively.
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Table 1. Examples for indeterminate form: %

Example Limit
1 : 3+y*%)
MG y)a,-1 ",
2 . (x2-y?)
lim e gy~ 52y~
3 (x* — y%)
lim —————
xy)~11) (In(x) — In(y))
4 . (x-»
lim —————
(x¥)~(0,0) (sin(x) — sin(y))
5 ) (x — sin(y))
lim ———=
(x)~(0,0) (sin(x) — y)
6 i (x+y)

im ——
y)~1-1) (x? —y?)

4.1. Accuracy

For the examples presented in Table 1, indeterminate limits are computed by each method and displayed in
Figures 1-6.

Example 1 ~— L'Hopital ruke
1,5
- FFD
y S ) HAFFD
=~ ——{FD

~a— HABFD

—CFD

~

HACFO

Result

15 Richardson Extrapolatian
Based on FFD

Richardson Extrapodation
Based on HASFD

~@— Richardson Extrapolation
Based on BHD

o Richardson Extrapotation
Based on HABFD

05

Richardson Extrapoiation
Based on CFD

Richardson Extrapoiatian

0,1 um 0,001 00001 000001 0,000001
Dased on HACFD

Step Size

Figure 1. Computation results by all methods for Example 1

63



New Approaches for Evaluation Indeterminate Limits for Multivariable Functions in Undergraduate Mathematics Courses

Result

Result

Example 2
2,15

21 Y

205 \

1,9
19
1,85
18

NS > > > 5
° & 0§P efﬁP o&sp

Step Size

«@-'Hopital ruke

= FFD

— HAFFD

——BFD

—o—HABFD

e CF D

— HACFD

—— Richardson Extrapolation
Based on FFD

Richardson Extrapolation
Based on HAFFD

~@~ Richardson Extrapolation
Based on 9F D

= Richardson Extrapolation
Based on HABFD

~ Richardson Extrapolation
Based on CFD

Richardson Extrapolation
Based on HACFD

Figure 2. Computation results by all methods for Example 2

Example 3

N g > & &
) 09 0@ QFé& Qép gﬁ

Step Size

—m— 1 'Hopltal rule

—+—FFD

= HAFFD

—=—BFD

—e—HARFD

= CFD

——HACFD

~—— Richardson Extrapolation
Based on FFD

«— Richardson Extrapolation
Based on HAFFD

—&— Richardson Extrapolation
Based on BFD

s Richardson Extrapolation
Based on HABFD

Richardson Extrapolation
Based on CFD

Richardson Extrapolation
Based on HACFD

Figure 3. Computation results by all methods for Example 3
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~a&— L¥Hopital ruke

Example 4
25

—a—FFD
HAFFD
e BED)
‘\
—a— HARFD
% \
\
& —CFD
\ e HACED

- lachardson
Extrapotation

Based on FFD
Richardson

Extrapolation

Based on HAFFD
—&—fichardson

Extrapolation

Based an BED
—w Richacdscn

Extrapolation

Based on HABFD
chacdson

Extrapolation
o (5 &\ &> > N
& & & &;é’ @é’

o

Based on CFD
fschardson
Step Size

Extrapolation
Hased on HACFD

Figure 4. Computation results by all methods for Example 4

05

Example 5
1,006

—a—L'Hopital rule
~a—FFD
—a— HAFFD
1,004
——BFD
s HABFD

~a—CFD

——HACFD

0,998

Richardson

Extrapolation

Based on FFD
Richardson

Extrapodation
el

Extrapolation

Sascd n BFD
—&— Richardson

0,996

Extrapolation
d on HABFD
-c—Rfrfargson

0,994 Extrapolation
& o > >

Based on CFD
QEO °<_¢) 659 épe Richardsen

o of

Extrapodation
Step Size Based on HACFD

o &

QF

Figure 5. Computation results by all methods for Example 5
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Example 6 ~#— | 'Hopital rule
0,54
—te—FFD
0,53
HAFFD
L —==—8FD
3
2 0,51 —a—HABFD
= A
- —CFD
0.5 8= = ,
-
f -HACFD
0,49 /
/ Richardson
/ Extrapolation
0,48 Based on FFD
n/ Richardson
Extrapolation
0,47 Based on HAFFD

- Richardson
Extrapolation
Based on BFD
0,46 —&— Richardson
Extrapolation
Based on HABFD

0,45 Richardson
n S ~ A . A Extrapolation
o Q‘Q Q_é’ @Q @@ ﬁ Based on CFD
o Qb o Richardson
Extrapolation
Soup fas Based on HACFD

Figure 6. Computation results by all methods for Example 6

In common for Figures 1-6, when step size is 10, exact results can be found for all examples in Table 1. For
less amount of step size, FFD, BFD, Richardson Extrapolation based on BFD and FFD methods yield results
diverge from true values. Notwithstanding, L'Hopital rule HACFD, Richardson Extrapolation based on HABFD,
HACFD and HAFFD converge to exact results fastly, even if step size is 10™.

4.2. Error

Error is computed in terms of true percent relative error. It is given as

True Value—Approximation
Error = PP

x 100 (46)

True Value

By using the formula in (46), amount of error for each example in Table 1 can be computed. The results for each
example are displayed in Figures 7-12, respectively.
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Figure 7. Error computation for Example 1
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Figure 8. Error computation for Example 2
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Figure 9. Error computation for Example 3
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Figure 12. Error computation for Example 6

It is obvious that error is 0 when step size is 10 for all methods in Figures 7-12. Nevertheless, for h values less
than 10, there exists error amounts, especially for methods; BFD, FFD, Richardson extrapolation based on BFD
and FFD.

4.3. Computational time

For the performance of the algorithm, computational time is measured with use of all numerical methods as well
as L'Hopital rule. The results are presented in Figures 13-18 for each example.
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Figure 13. Computational time for Example 1
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Figure 14. Computational time for Example 2
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Figure 15. Computational time for Example 3
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Figure 16. Computational time for Example 4
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Figure 17. Computational time for Example 5
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Figure 18. Computational time for Example 6

For each example, less amount of step size leads to a decrease in computational time for all methods. L' Hopital
rule spends the least amount of time while Richardson Extrapolation method based on HABFD spends the most
computational time for each example. These situations are proved in Figures 13-18.

Furthermore, examples and numerical results for other indeterminate forms of small functions with isolated and
non isolated singularities are also illustrated in Table 2.
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Table 2. Numerical results for other indeterminate forms of small functions

Richardson Richardson Richardson Richardson
Extrapolation  Extrapolation  Extrapolation  Extrapolation

Example FFD HAFFD BFD HABFD Basedon Based on Based on Based on
FFD HAFFD BFD HABFD

i _xy

MGy)-00) xeratyzeye 0 0 0 0 0 0 0 0

0<ac<7

i (x2-y?)*

lim x)-0,0) 12 (sin ()2 (sinG) 2497 1 1 1 1 1 1 1 1

. xay

hm(x,y)a(o,o) x*+ysin(y) 0 0 0 0 0 0 0 0

0<a<4

According to Table 2; L' Hopital rule, CFD, HACFD, Richardson Extrapolation based on CFD and HACFD
methods are inapplicable for indeterminate limit form: %. Even so, FFD, HAFFD, BFD, HABFD, Richardson

Extrapolation based on FFD, HAFFD, BFD, HABFD techniques can be used conveniently for all step sizes
(h < 0.1). These methods give the same exact result. Computational time is in the interval such that at minimum:
0.0156 seconds and maximum: 0.1200 for the examples in Table 2.

Moreover, the effect of decreasing step size significantly causes accuracy for all methods proposed. This
situation is proved by Figures 1-12.

5. Conclusion

This paper presents alternative methods with use of CFD, BFD, FFD, HACFD, HABFD, HAFFD, Richardson
Extrapolation methods based on BFD, FFD, HACFD, HABFD and HAFFD for: 0/0 of two variable functions
with isolated and also non isolated singularities. So, there is no need to use L' Hopital rule with taking partial
derivatives. Two variable functions are selected according to the difficulty and not applicability of L' Hopital
rule. Numerical results for some two variable functions are given for proof of the purpose of this study. It is the
first time in the literature that numerical differentiation techniques are employed for indeterminate limits of two
variable functions. L'Hopital rule is impractical and complicated for evaluations of limits for some functions.

It is also shown that FFD, HAFFD, BFD, HABFD, Richardson Extrapolation methods based on BFD, FFD,
HABFD and HAFFD can be applied to: 0/0 of both functions of two variables with isolated and non isolated
singularities. According to error tolerance, step size selection should be at least 10™.

As one of the future works; functions with more than two variables can be employed for indeterminate limit
computations. These methods can be applied to these cases. This leads to additional computational effort. For
these reasons, new algorithms can be designed to simply computations. Other future work is to employ adaptive
step size such that step size can be adjusted according to error computation for each iteration with use of same
methods. This situation can also be adapted to functions with more than two variables.

Other indeterminate limit forms such as: g 0. o0 can be considered. All these numerical differentiation methods
can be applied to these forms.

As potential real-world applications, the proposed methods in this paper can be used conveniently by instructors
and students in calculus courses for all multivariable functions with also both isolated and non isolated
singularities. So these methods can be covered in lecture books and notes as a chapter in calculus lectures. New
algorithms can be designed also simplify the computation overload and minimize the computation cost and time.
These algorithms can also be an additional topic to be covered in calculus lectures and recitations. Beside well-
known methods, these methods proposed in this study will be a good contribution to calculus lectures.
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