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ABSTRACT

The problem of missing data is frequently encountered in scientific research due to various reasons such as
nonresponse in surveys, data recording errors, data loss, or limitations inherent in the study design. Missing data
mechanisms are classified into three categories: missing completely at random (MCAR), missing at random (MAR),
and not missing at random (NMAR). In the categorical data analysis, in contingency tables, the direct application of
log-linear models in the presence of missing observations in one or more variables may lead to biased or misleading
results. Therefore, in order to obtain valid statistical inferences, the missing data problem must be addressed using
appropriate methodological approaches prior to analysis. In this study, log-linear models and their closed-form
estimators are examined for two-dimensional contingency tables under scenarios where missing data occur in one
variable as well as in both variables simultaneously. An illustrative example is conducted using the Myocardial
Infarction Complications dataset, and the results are evaluated. The findings demonstrate that closed-form
estimators provide an effective and interpretable framework for analyzing contingency tables with missing data,

enabling reliable inference under different missing data mechanisms.

This article is licensed under a Creative
Commons Attribution-NonCommercial 4.0
International License (CC BY-NC 4.0)

@ (® 0009-0004-5657-8458

1. Introduction

Missing data refer to the absence of data in one or
more cells of a dataset and are a common issue in
scientific research. They can occur due to incomplete
measurements by devices, partially answered surveys,
data deletion, or data loss during preprocessing. Missing
data are frequently encountered in many scientific fields
where data collection is difficult, such as health sciences,
ecology, economics, and the social sciences. Missing data
can disrupt the randomness of the sample, lead to biased
estimates, and reduce the statistical power of analyses [1].
Moreover, a reduction in sample size increases standard
error, compromising the accuracy of the analysis results.
Therefore, it is essential to address the problem of missing
data before starting the analysis.

The most comprehensive studies on missing data were
conducted by Donald B. Rubin. In his study, classified
missing data into two categories: ignorable and non-
ignorable missing data [2]. Ignorable missing data are
further divided into missing at random (MAR) and missing
completely at random (MCAR), while non-ignorable
missing values are defined as not missing at random
(NMAR) [2,3]. MAR refers to cases where missingness
depends on other observed variables rather than the
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variable itself. In this scenario, statistical inferences can be
made based only on observed data [3]. For the MAR
condition to hold, related variables must be present and
fully observed. MCAR occurs when missingness is entirely
random and unrelated to any variable [3]. MCAR is a
special case of MAR. If the type of missingness in a dataset
is MCAR, it can also be classified as MAR [4]. If missing data
occur systematically and follow a specific pattern rather
than randomly, it is considered an NMAR situation. This
typically results from design, implementation, or
measurement errors during the research process. In
NMAR cases, missingness is related either to the variable
itself or to other variables not included in the dataset.
NMAR mechanism cannot be ignored in studies. In the
NMAR case, in order to deal with the problem of
missingness, it is necessary to construct an appropriate
model representing the missing values, which can often
be challenging [5].

The literature includes various studies on modeling
methods addressing the missing data problem. Schafer [6]
proposed several algorithms for estimating parameters in
contingency tables with missing data under log-linear
models. Baker, Rosenberger and Dersimonian presented
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closed-form estimators for log-linear models in two-
dimensional contingency tables with missing data and
discussed their effects on model fit [7]. Molenberghs et al.
demonstrated that every NMAR model has an equally
well-fitting MAR counterpart [8]. Kim, Park and Kim
discussed MAR and NMAR models in multidimensional
contingency tables with missing data [9]. Kim, Jeon, and
Kim examined log-linear models applicable to two-
dimensional contingency tables with MAR and NMAR
missing mechanisms in one variable [10]. Ghosh and
Vellaisamy explored closed-form estimation and
boundary solutions for log-linear models in two- and
three-dimensional contingency tables with missing data
[11-14]. Popovich compared deletion and imputation
methods for handling missing data [15]. In addition,
recent studies have explored methods for handling
missing data under MNAR assumptions using multiple
imputation approaches. For example, Fischer, Little, and
West incorporated response indicators into sequential
imputation procedures to address MNAR mechanisms in
predictive modeling settings [16].

To address the missing data problem, it is necessary to
identify the cause of the missingness and quantify the
amount of missing data [2]. Based on this information, the
mechanism of missing data can be identified, and
appropriate solutions can then be applied.

The objective of this study is to investigate log-linear
models and closed-form estimates for handling missing
data in two-dimensional contingency tables. Although
extensive studies on missing data exist in the literature,
the present study examines the missing data problem in

the context of categorical data. Specifically, it aims to
guide researchers in determining the missing data
mechanism in two-dimensional contingency tables and in
applying appropriate methods to effectively address
missing data, thereby enabling statistical inference from
contingency tables containing missing values. Section 2
presents log-linear models and closed-form estimators for
handling missing data in one or both variables in two-
dimensional contingency tables. Section 3 provides an
illustrative example based on the Myocardial Infarction
Complications dataset, covering scenarios with missing
data in a single variable and in both variables. In addition,
the effect of varying missingness rates in the single-
variable setting is examined. Finally, Section 4 provides
the conclusions and discussion.

2. Methods

Consider two categorical variables, Y1 and Y2, with R
and C levels, respectively. Two scenarios are considered:
missingness in a single variable (either the row or the
column variable) and missingness in both variables [7].

2.1 Case of Missingness in a Single Variable

Suppose there are missing values in the Y2 (column)
variable. The missingness status can be represented by a
new variable M, where M = 1 if Y2 is observed and M = 2
if Y2 is missing. In this case, the contingency table can be
structured as shown in Table 1 [9].

Table 1. Two-dimensional contingency table with one missing variable

M=1 M=2

Y2=1 Y2=2 Y2=C Missing
Yi=1 V111 V121 Yic1 Yi+2
Y1=2 Y211 Y221 Yac1 YVa+2
Yi=R YRr11 YRr21 YRrc1 YR+2

The definitions of the contingency table in Table 1 are as
follows [9,14]:

Fori=12,..,R, j=12,..,C and x = 1,2 the cell
frequencies are denoted as {yi]-x}. The vector of observed
frequencies is defined as y,ps = ({yijl}, {yi+2}) where
{yij1} represents the fully observed frequencies, and
{yi+2} corresponds to the values for cases where Y2 is
missing. The symbol "+" denotes the sum over the
corresponding index due to the missingness in the Y2
variable. The vector of sample proportions is denoted by
T = {ni]-x} and the vector of expected frequencies is
denoted as u = {ui]-x}. The total sample size is given by
n= YijxYVijx

For the Table 1, the log-linear model is defined for i =
1,2,.,R, j=12,..,C and x = 1,2 as shown in
Equation (1):

logpipe = A+ A + A7 + 0 + 2172 + 2 + 42 (1)

In this model, the parameters are subject to the usual
sum-to-zero constraints. For example, ¥;Ayy,¢j) =

Zf AY1Y2(1'J') =0.
To determine the missing data mechanism in the Y2
variable, the odds are defined as shown in Equation (2):
o PM=21Y,=iY, :j)_”ijz _ Hije
Yo PM=1Y=iY,=)) mpH Wi

b (2)

The expected frequencies (i, can be calculated using
the equation u;;; = b;ju;j; and they satisfy the condition
Xij yijl(l + bl-j) = n. The joint probabilities ;;, can be

pija(1+by5)

obtained from the equation m;;, = EE— from

which marginal probabilities can be derived.
Using Equation (1), the following expression for b;; can
be obtained:

bij = exp[—2{Ay (1) + Ay, (i, D + A, G, D} 3)
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The parameter b;; can be examined under the
following three cases corresponding to the missing data
mechanisms [9,17].

Treating A as a constant, the log-likelihood function of
w1 under Poisson sampling is given in Equation (4):

W vgoz) = Z Yijrloguj; + Z Yie2logtiv, — Z Hijx + A (4)
ij i

In the saturated log-linear models used to describe the
missing data mechanisms, the inclusion of parameters
associated with the missingness indicators increases the
total number of model parameters. In certain MAR and
NMAR structures, the number of parameters may exceed
the available degrees of freedom, which leads to an
identifiability problem. In such situations, different
parameter combinations may produce the same
likelihood, and therefore unique maximum likelihood
estimates cannot be obtained. This issue is commonly
referred to in the literature as non-identifiability or under

ijx

identification [7]. To address this problem, the models can
be reparametrized under appropriate constraints, and
closed-form representations of the parameters can be
derived. Consequently, the constrained structures
proposed for the missing data mechanisms facilitate both
the computation of parameter estimates and the
identifiability of the models.

The closed-form estimates of the models for the three
missing data mechanisms described above (NMAR, MAR,
and MCAR) are provided in Table 2 [7,18].

Table 2. Proposed models and closed-form estimates for two-dimensional contingency tables with missing data in a

single variable

Model

Closed-Form Estimates

Fori = 1 the parameter ,[;’_j satisfies };; ﬁl-jlﬁj = Yis2

ﬁin =Yij1
5 i , N Yij1Yi++Yi

2) bi]. = b; (Y2 MAR) B = zt.+2, i=12,..,R fijg = ul‘ L+'l? 1 _ Vit
A V++2 ~ ij1

3) b” b“( 2 MC ) 'B V441 Hija YVit1Y+++

The hypotheses for the three models described above are formulated as follows:

Hy: The model fits the data.
H;: The model does not fit the data.

To test these hypotheses, the likelihood ratio statistic is defined in Equation (5) [7,18].

GZ = -2 Zyijlln (ﬂijl
T Yij1

The degrees of freedom of the model are determined
by the difference between the number of independent
observed cell counts and the number of independently
estimated parameters. In the case of missingness in a
single variable, each row contains an additional “missing”
category, resulting in a total of R(C + 1) cells. Considering
the model constraints and the number of estimated
parameters p, the degrees of freedom can be expressed
as:

df = R(C+1)—-p

This expression follows the general principle that the
degrees of freedom correspond to the amount of
independent information in the observed data after

Y, i Bij R R
) + Z Yiraln (’5—’15’) - Z Ain (14 Bi) +n (5)

accounting for the parameters estimated in the model.
The G? statistic is compared with the critical value
obtained from the )((Za;df) distribution, a significance level
of a. The null hypothesis is rejected if G2 exceeds the
corresponding critical value.

2.2 Case of Missingness in Two Variables

Suppose there are missing values in both the Y1 (row)
and Y2 (column) variables. The missingness in Y1 variable
can be represented by a new variable M, where M; =1
if Y1is observed and M; = 2 if Y1is missing. Similarly, the
missingness in the Y2 variable can be represented by a new
variable M, where M, = 1if Y2is observed and M, = 2 if
Y2 is missing. In this case, the contingency table can be
structured as shown in Table 3 [7].
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Table 3. Two-dimensional contingency table with missing data in two variables

M:=1 M;=2
Y2=1 Y2=2 Y2=C Missing
Yi=1 Y111 Y121 Yic1 Yi+2
Mi=1 :Yl =2 YZ:11 3’2:21 }’2:61 3’2:+2
Yi=R Yr11 YR21 YRrc1 YR+2
M =2 Missing V121 V1221 YVic21 Vi+22

The definitions for the contingency table provided in Table
3 are as follows [7,14]:

Fori=12,..,R, j=12,..,C and x,s = 1,2 the cell
frequencies are denoted by {yijxs} The vector of observed
frequencies is defined as
({yijll}' Wis12} {J/+jz1}' Y++zz)r where
represents the fully observed frequencies.
{y+j21}: corresponds to the frequencies for cases where
the Y1 variable is missing.

{yi+12} : corresponds to the frequencies for cases where
the Y2 variable is missing.

Yobs =
{yijll}

{y4 422} : corresponds to the frequencies for cases where
both Y1 and Y2 variables are missing.

The symbol "+" denotes the sum over the corresponding
index due to missingness in the variables.

The vector of sample proportions is denoted by m =
{mjxs} and the vector of expected frequencies is denoted
byu = {,ul-jxs} . The total sample size is represented by n.

Fori=12,..,R, j=12,..,C and x,s = 1,2 the
log-linear model for this contingency table is defined as
shown in Equation (6):

loghijs = A+ A + A2 + 10 + A5 + 27272 4 4721 4 42M0 4 1M 4 gi2Me 4 prate (6)

In this model, all parameters are subject to the usual sum-to-zero constraints. For example

2ilvv,ip) = Zjtnya) =0

The odds for missing values in the Y1 and Y2 variables are denoted as a;; and b;; respectively. When Yz is observed
the odds of missingness in the Y1 variable can be calculated as shown in Equation (7):

Q= P(My=2,M;=1]Y, =Y, =)) _ Tijz1 Hijea
Yoo PMy=1L,M, =1, =Y, =))  my,

Hij11

(7)

When Y1 is observed the odds of missingness in the Y2 variable can be calculated as shown in Equation (8):

_PM=1LM, =21V =0 =) Mg Bije
Y P(My=1,M, =1|Y; =i,Y, =) Tiji1 Hijia

(8)

The expected frequencies satisfy the relation p;j;; = n7m;;;,. The odds ratio (6) between the missingness indicators

M1 and Mz can be obtained from Equation (9).

0

_ PMy=1,M, =1|Y,=i,Y,=)P(My =2,M,=2|Y, =iV, =}) _ MijuaTijp2 Hijiilijez

B P(My=1,M, =2|Y; =i,Y, = )P(M; =2,M, = 1| Y, =i,Y, =) B Tj12Tij21 B Hiji2Mij21

(9)

If & = 1, the missingness indicators M1 and M: are independent.
The expected frequencies can be expressed as [;j,1 = Q;jlij11, Hijiz = Dijlijin and  Wijon = Uij11@45b;;0. Using
these expressions, the total sample size can be writtenas n = ¥, j ;j11(1 + a;; + b;; + a;;b;;6).

The joint probability can therefore be written as m;;,, =

can be derived.

Hijia (1+aj+byj+aibi;6)
n

, from which marginal probabilities

The probability of missingness in Y1while Y2 is observed can be calculated using Equation (10), and the probability of
missingness in Y2 while Y1 is observed can be calculated using Equation (11).

a..
G LN=PMy =2,My =1V, =Y, =) =——

1+ai]-
bij

¢2|1(i'j) =PM; =2,M, =11Y, =LY, =j)=

(10)

(11)
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Using the log-linear model given in Equation (6), the expressions for a;; and b;; can be derived as shown in Equations
(12) and (13).

aij = exp|—2{Au, (1) + Ay, (0, 1) + Ay, G 1) + Ay, (LD} (12)

bij = exp[—2{Au, (1) + Ay,m, (0, 1) + Ayynr, (o 1) + Aagya, (LD} (13)

The odds ratio (8) between the missingness indicators can be obtained as 6 = exp[4/1M1M2 (1,1)] .

If a;; and b;; depend only on one of the indices i orj, or on neither of them, they are represented as «;; €
{a;,a;,a }andb; € {B;,B; B}
The parameters a;; and b;; can be analyzed under the following cases according to the missing data mechanisms

[71:
1) a;; = a; :Missingness in Y1is NMAR
2) a;; = a;:Missingnessin Y1is MAR
3) a;; = a_:Missingnessin Y1is MCAR
4) b;; = B; : Missingness in Y2 is MAR
5) = B : Missingness in Y2 is NMAR

6) b;; = B.:Missingnessin Yz2is MCAR

Treating A as a constant independent of y;; the log-likelihood function of u under Poisson sampling is given in

Equation (14).

l(#: ygﬁz) = Z Yijulogpijg + Z Yir12logtiviz + Z}’+j21109l1+j21 + Yii22logpiion — Uypir TA (14)
T 7 K

Based on the six scenarios defined above, eight models can be specified. The closed-form estimates for these models
are presented in Table 4 [7].
The hypotheses for the eight models presented in Table 4 are formulated as follows:

Hy: The model fits the data.
H;: The model does not fit the data.

To test these hypotheses, the likelihood ratio statistic is given in Equation (15) [7].

Hij11 Z#11b fii1 @ Y, H1105b9
=2 Zyl}llln( > ) Zyz+1zln< L U) ZY+121Z < ) u) + Visz2ln <%
Yim Yirrz Yj21 YVi+22

—Zﬁ”n(l + @ + by + @;b;;0) +n

ij

(15)

The degrees of freedom for these eight models are calculated as:

df = R+1)(C+1) —p

where p denotes the number of independently estimated parameters in the model. The G? statistic is compared
with the critical value obtained from the )((za;df) distribution, a significance level of a. The null hypothesis is rejected if

G? exceeds the corresponding critical value.
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Table 4. Proposed models and closed-form estimates for two-dimensional contingency tables with missing data in two

variables
Model Closed-Form Estimators
@ = Lz B =442 =12 R
a B YV++11 Mt
2 Pi
M1 (Y: MCAR and Y2 MAR) b= Vit11V+422 iy = Yij11V+j+1Y++11
YV++12Y++11 y11 Y+j11V+++1
I y 5 o ~ 5
a == B j satisfies ¥; ;118 = Yit12
a..’[)’.j YV++11
M2 (Y1 MCAR and Y2 NMAR) g = Yrri1Ye+az i _ YijuY4je1V++11
YV++12YV++11 11 Y4j11Y+++1
@ satisfies ;i1 @ = Y1j;1 B, = S
a; ,ﬂ Y++11
M3 (YiNMAR and Y2 MCAR) § = YrruYisz [y, = LUmYinieYsin
YV++12Y++11 11 YVit11V+++1
&i.. satisfies Ziﬁijn&i_ = y+j21 ﬁi. = M, i= 1,2, ,R
a; ﬁi Yit+11
M4 oot A
_ YV++22 A _
(Y1 NMAR and Y2 MAR) g = m Aij11 = Yijin
8 @;. satisfies Y.; f;j11@;. = Y4 j21 pj satisfies i 1,118 = Vit12
a. .
M5 v A Y++22 ~
9 = .. = V..
(Y1 and Y2 NMAR) XijYijaibj Hij1a YVij11
a; =22 j=12,.,C p = 22
a.j’ : Htj Y++11
M6 (Y1 MAR and Y2 MCAR) g = Vi+11V++22 fiing = Yij11Yi+1+Y++11
YV++12Y++11 111 YVi+11Y++1+
a; =22 j=12,..,C B =22 =12 R
a; B Hijia YVit11
M7 viand Y2 MAR) 5= _ Ve fine = Vi
YijYij+11QiBi i il
~ V+j21 . 5 . e ~ 5
8 aj= ?;11: Jj=12,..,C B ;. satisfies Xj flij115.j = Vit12
a . .
M8 g ~
(Y1 MAR and Y2 NMAR) 0 = —Yit22 Qoo = Vi,
ZjJ/+ja.j5Aj Hull yl.]ll

3. lllustrative Examples

In this section, the log-linear models introduced in
Section 2 for analyzing two-dimensional contingency
tables with missing values are illustrated using a real
dataset. In health studies, missing data frequently arise for
various reasons, such as patients' unwillingness to share
information, incomplete reporting, failure to attend
follow-up appointments, or interruptions in treatment or
monitoring. For this study, a health-related dataset was
chosen to illustrate the methodology.

Table 5. Myocardial Infarction x Hypertension table

The Myocardial Infarction Complications dataset,
which includes missing values in different variables, was
obtained from the University of California, Irvine (UCI)
Machine Learning Repository [19]. The dataset contains
information from 1700 patients. Using the variables
myocardial infarction and hypertension, a contingency
table was constructed and is presented in Table 5. It was
observed that some patients had missing values for
myocardial infarction, some for hypertension, and others
for both variables.

Hypertension

Myocardial Infarction

Present Absent Missing
Present 446 187 3
Absent 640 416 4
Missing 0 2 2
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3.1. Case of Missingness in a Single Variable

In the Myocardial Infarction x Hypertension contingency table, the case where missingness occurs only in the
hypertension variable is considered. The three models proposed for two-dimensional contingency tables with missing

values in a single variable (see Table 2) were applied to the data, and the results are summarized in Table 6.

Table 6. Model results for the Myocardial Infarction x Hypertension table with missing values in the hypertension

variable

Model Parameter Estimates G? df

) By = 0.0047 0 0
, = 0.0038
3, = 0.0076

b ; Bxl 0.0003 0

) £, =—0.0021

(b)) B. = 0.0041 0.0850 1 0.770

The (b)) (Y1 MCAR) model presented in Table 6 was found to fit the data (G? = 0.085; df = 1; p = 0.770).
According to this model, the missingness in the hypertension is completely independent. The expected frequencies for

the (b)) model are presented in Table 7.

Table 7. Expected frequencies for the (b)) model

Hypertension

Myocardial Infarction Observed Missing
Present Absent Present Absent
Present 446.2642 187.1108 1.8495 0.7754
Absent 640.3791 416.2464 2.6540 1.7251

The expected frequencies for the final Myocardial Infarction x Hypertension table is presented in Table 8.

Table 8. The expected frequencies for the final Myocardial Infarction x Hypertension table

Hypertension

Mpyocardial Infarction

Present Absent
Present 448.1137 187.8862
Absent 643.0331 417.9715

The odds ratio derived from the expected frequencies is:

448.1137 x 417.9715

0 = 1878862 x 643.0331

Indicating that the odds of myocardial infarction are approximately 1.55 times higher among individuals with

hypertension compared to those without hypertension.

3.2. Case of Missingness in Two Variables

In the Myocardial Infarction x Hypertension contingency table, the structure that accounts for missing values in both
variables is considered. To compute the G2 statistics for the models, the cells corresponding to cases without missing
values were coded as "2" following the approach in [14]. The eight models proposed for two-dimensional contingency
tables with missing values in both variables (see Table 4) were applied to the data presented in Table 5, and the results

are summarized in Table 9.
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Table 9. Model results for the Myocardial Infarction x Hypertension table with missing values in both variables

Model Parameter Estimates G? df p AIC BIC
& =0.0024
B, = 0.0047
M1 (a,B:) A 0.340 1 0.560 -1.660 -7.100
,. = 0.0038
6 = 120.6429
& =0.0024
£ =0.0076
M2 (a.,B;)) A 0.340 1 0.560 -1.660 -7.100
B, =—0.0021
6 = 120.6429
&, = —0.0068
&, = 0.0079
M3 (i, ) A 2.094 1 0.148 0.094 -5.346
B. = 0.0041
6 = 120.6429
@, = 0.0018
&, = 0.0033
M4 (@), B) X 0.085 1 0.771 -1.915 -7.355
B =0.0041
6 = 120.6429
&, = 0.0079
&, = —0.0068
M5 (ai, Bi) B1. = 0.0038 0 0 -
B, = 0.0047
6 =178.5714
&, = 0.0033
&, = 0.0018
M6 (@, B)) B, =—0.0021 0 0 -
B, = 0.0076
6 = 181.8182
&, = 0.0079
&, = —0.0068
M7 (@i, B)) £ =-0.0021 0 0 -
B, = 0.0076
6 = 179.4489
@&, = 0.0033
@&, = 0.0018
M8 (a;,B:) B, = 0.0038 0 0 -
B, = 0.0047
6 = 121.0424
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The (a_j,ﬁ__) (Y1 MAR, Y2 MCAR) model, which has the smallest AIC and BIC values, is identified as the best-fitting
model (G2 = 0.085; df = 1; p = 0.771). According to this model, the missingness in the myocardial infarction variable
depends on the hypertension status, whereas the missingness in the hypertension variable is completely independent.
The expected frequencies for the best-fitting model are presented in Table 10.

Table 10. Expected frequencies for the (a j, 5.) model

Hypertension

Myocardial Infarction Observed Missing

Present Absent Present Absent
Present 446.2642 187.1107 1.8495 0.7755

Observed
Absent 639.7727 415.8522 2.6515 1.7235
o Present 0.8218 0.6206 0.4109 0.3103

Missing

Absent 1.1782 1.3794 0.5891 0.6897

Expected frequencies for the final Myocardial Infarction x Hypertension table, considering missing values in both
variables, is presented in Table 11.

Table 11. The expected frequencies of final Myocardial Infarction x Hypertension table with missing values in both
variables

Hypertension

Mpyocardial Infarction

Present Absent
Present 449.3465 188.8172
Absent 644.1915 419.6448

The odds ratio computed from the expected frequencies is
449.3465 X 419.6448
188.8172 x 644.1915

This result indicates that the odds of myocardial infarction are approximately 1.55 times higher among individuals
with hypertension than among those without hypertension.

0= 1.55

3.3. Comparison of Different Missing Value Rates

When missing values were ignored, the estimated odds ratio was identical to the odds ratio obtained from the log-
linear model. This may be due to the relatively small number of missing values compared to the total number of
observations in the dataset. To investigate whether increasing the proportion of missing values would affect the results,
hypothetical datasets were generated with missing value percentages of 5%, 10%, 15%, and 20% in the hypertension
variable of the Myocardial Infarction x Hypertension contingency table, and the models were analyzed. The hypothetic
datasets were summarized in Table 12.

Table 12. Myocardial Infarction x Hypertension table with different percentages of missing values in the hypertension

variable
Percentage of Missing Values :
g g Myocardial Hypertension
Infarction Present Absent Missing

5% Present 446 187 38
0 Absent 640 416 51
Present 446 187 81

0,
10% Absent 640 416 107
15% Present 446 187 128
i Absent 640 416 170
Present 446 187 181

0,
20% Absent 640 416 241
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The three models recommended for cases with missing
values only in the column variable in two-dimensional
tables (see Table 2) were applied to the datasets
presented in Table 12, and the model results for each
percentage of missing values are summarized in Table 13.

For the tables with 5% and 10% of missing values, the
(b) (Y1 MCAR) model was found to fit the data
(p = 0.293; p = 0.089). According to these models, the
missingness mechanism in the hypertension variable can
be considered completely independent. For the tables
with 15% and 20% of missing values, none of the three

models provided an adequate fit to the data. The
deterioration in model fit as the proportion of missing
values increases can be explained by the reduction of
available information in the observed data. As the number
of missing observations grows, the direct information
about the joint distribution of variables decreases, leading
to greater uncertainty in parameter estimation.
Consequently, the expected cell frequencies deviate more
from the observed counts, which results in larger values
of the G2 statistic and poorer model fit [18].

Table 13. Model results for the Myocardial Infarction x Hypertension table under different percentages of missing values

in the hypertension variable

Percentage of Missing

H 2
Values Model Parameter Estimates G df p
B, = 0.0600
b, by 0 0 :
(bi) B, = 0.0483
5% B, = 0.0952
b; 1 1.806 0 -
®) B, = —0.0024
(b)) B = 0.0527 1.103 1 0.293
B, =0.1279
b; o 0 0 -
(bi) B, =0.1013
10% 3, =0.2078
b; 1 0 0 -
2 B, = —0.0625
(b) g =0.1113 2.896 1 0.089
B, = 0.2022
b, by 0 0 :
(bi) B, = 0.1609
15% B, = 03258
b; 1 0 0 -
) B, =—0.0926
(b) B =0.1764 4.688 1 0.030
B, = 0.2859
b; L 0 0 -
(bi) B, = 0.2282
20% B, = 0.4590
b; . 0 0 -
®) B, =-0.1268
(b) B =0.2498 6.915 1 0.009

To examine how increasing the proportion of missing values affects the distribution of cell counts in the contingency
table, the expected cell frequencies were computed under the (b ) (Y1 MCAR) model for each hypothetical dataset. The
model redistributes the missing observations across the observed categories according to the estimated parameters.
The resulting expected frequencies for both observed and missing categories are presented in Table 14.

Table 14. Expected frequencies under the (b ) model for different percentages of missing values in the hypertension

variable
. . Hypertension
Present Absent Present Absent
- Present 449.1088 188.3034 23.6653 9.92244
Absent 644.4610 418.8997 33.9591 22.0734
10% Present 452.6835 189.8023 50.3875 21.1266
Absent 649.5907 422.2340 72.3049 46.9982
159% Present 455.7719 191.0972 80.4144 33.7163
Absent 654.0225 425.1146 115.3929 75.0054
0% Present 458.8777 192.3994 114.6515 48.0713
Absent 658.4792 428.0115 164.5223 106.9395
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After allocating the missing observations according to the estimated parameters of the (b ) model, the completed
Myocardial Infarction x Hypertension contingency tables were obtained. The expected frequencies of these completed
tables for different missing value rates are presented in Table 15.

Table 15. The expected frequencies of the final Myocardial Infarction x Hypertension table obtained under the (b))

model for different missing value percentages

Percentage of Missing Myocardial Hypertension d
Values Infarction Present Absent

Present 472.7741 198.2259

5% 1.55
Absent 678.4202 440.9731
Present 503.0711 210.9289

10% 1.55
Absent 721.8957 469.2322
Present 536.1864 224.8135

15% 1.55
Absent 769.4154 500.1201
Present 573.5292 240.4707

20% 1.55
Absent 823.0015 534.9510

For each percentage of missing values, the odds ratio computed from the expected frequencies remains 1.55. These
results indicate that the odds of myocardial infarction are approximately 1.55 times higher among individuals with

hypertension compared to those without hypertension.
4. Conclusion and Discussion

In this study, the log-linear modeling approach was
examined for analyzing two-dimensional contingency
tables with missing values. The models were applied to
the Myocardial Infarction Complications dataset, and the
best-fitting models were determined using information
criteria, and the corresponding expected frequencies
were calculated.

In the two-dimensional contingency table created as
Myocardial Infarctions x Hypertension, where missing
values occurred only in the hypertension variable, the
model that fit the data indicated that the missingness in
the hypertension variable is completely independent
(MCAR). When the missingness was MAR or NMAR, it was
not possible to test model fit because the number of
parameters in the model equaled the number of cells,
resulting in zero degrees of freedom. Therefore,
determining the most appropriate model among the three
types relies on the researcher's expertise in identifying the
type of missingness.

In the case where both the myocardial infarctions and
hypertension variables had missing values, the best-fitting
model indicated that the missingness in the myocardial
infarction variable depended on the hypertension variable
(MAR), while the missingness in the hypertension variable
was completely independent (MCAR). In both cases, the
model in which the missingness in the hypertension
variable was completely independent emerged as the
best-fitting model, and the odds ratios derived from the
summary tables yielded the same results.

To investigate the effect of the missing value rate on
model results, hypothetical tables were created by
keeping the observed frequencies in the Myocardial
Infarctions x Hypertension table constant and varying the
missing value rate in the hypertension variable to 5%,

10%, 15%, and 20%. For the contingency tables with 5%
and 10% missing values, the model assuming that the
missingness in the hypertension variable is completely
independent (MCAR) was found to fit the data. However,
when the missing value rates increased to 15% and 20%,
this model no longer fit the data. The model fit results for
the (b)) model across different missing value rates are
summarized in Table 16. It can be concluded that as the
missing value rate increases, the model fit decreases, and
for missing value rates above 15%, the model fit
disappears.

Table 16. Comparison of model fit for the (b)) model
across different missing value rates

Missing Value Rate G? p
%5 1.103 0.293
%10 2.896 0.089
%15 4.688 0.030
%20 6.915 0.009

Although the model fits may vary, the odds ratios
calculated under the model yield the same results as the
odds ratios calculated using observed frequencies in all
cases. This result can be explained by the missingness
mechanism corresponds to MCAR, which represents
ignorable missing data.

The models used for cases with missingness in one or
two variables are based on the types of missing values. If
the researcher can independently determine the type of
missingness, they can directly apply the model that fits the
table structure and the type of missingness, rather than
applying all models. If the type of missingness cannot be
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determined, as in this study, the researcher can apply
models suitable for the table structure and use
information criteria to select the best-fitting model among
those that fit. The structure of the best-fitting model will
also provide the researcher with insights into the type of
missingness.

Despite its contributions, this study has several
limitations. First, the analysis is restricted to two-
dimensional contingency tables, and the direct extension
of the proposed closed-form estimates to higher-
dimensional tables may not always be straightforward.
Second, the models rely on structural assumptions
regarding the missing data mechanism (MCAR, MAR,
NMAR), which cannot be definitively verified in real
datasets. In addition, higher proportions of missing data
may increase the uncertainty of parameter estimates and
weaken model fit. Future research may extend the
analysis to higher-dimensional contingency tables and
compare the proposed approach with alternative
estimation methods such as the EM algorithm or Bayesian
techniques.

As a continuation of this study, a comprehensive
simulation study could be conducted, where tables with
different structures containing missing values are
generated, and model fit is examined.
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