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ABSTRACT.  In this paper, we calculate the value of new geometric constants for the Morrey spaces and small
Morrey spaces. The new geometric constants which were investigated are generalizations of the other new constants
Q(X) and Q(X) for Banach spaces X. The two constants are related to isosceles orthogonal type and introduced by
Liu et al in 2022. We introduce the generalizations of the constants which are denoted by Q®(X) and 6”(}() for
s > 1. We calculate the value of each of the constants for Morrey spaces M, and small Morrey spaces mf;ﬂ. The
results show that Q¥ (M) = and G”(mgﬁ) =

s+l
ST

2s+1
5s-1°
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1. INTRODUCTION

One of the important function spaces used in functional analysis is Morrey space. The Morrey spaces were first
introduced by Charles Bradfield Morrey in 1938 [9]. For 1 < p < g < oo, the Morrey space M} is the set of any
measurable function f such that the norm

Ifllye = sup |B(a,r>|4‘l( fB ( )If(y)lpdy)p

acR”,r>0

is finite, where |B(a, r)| denotes the Lebesgue measure of the open ball B(a, r) centered at a € R" and radius of r > 0.
Throughout this paper, we shall denote B(r) = B(0, r) for simplicity. If p = ¢, then Mg’ is the Lebesgue space L”.
Therefore, the Morrey Spaces can be considered as one of the extensions of the Lebesgue spaces. Meanwhile, one
of the modifications of Morrey spaces is small Morrey space m/, which is defined as the collection of all measurable
functions f on R” such that

1
1_1 r
WAy = sup  |B(a,r)le 7 (f If(y)l”dy) (L.1)
aeR”,0<r<1 B(a,r)
is finite. Here, the norm in (1.1) is generalized become the form
1
1_1 P
Wle = sup  |B(a,r)s "(f If(y)l”dy) , (1.2)
@ acR" 0<r<A B(a,r)

where 4 > 0 is fixed. It can be seen that for 4 = 1, (1.2) reduces to (1.1). For 4 > 0and 1 < p < g < oo, we then
defined a new space mf]’ , as the collection of the measurable function f such that || f ”m”A is finite. It can be seen that the
> 4>
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Morrey spaces Mf; and the small Morrey spaces m;’ , are Banach spaces. If we define the space MZ a2 for0 <A< 4eo0
and 1 < p < g < oo to be the set of all functions f for which

1
1_1 4
”f”th: sup |B(a,r)| p(f )|f(y)|”dy) < o0,
’ B(a,r

aeR",0<r<A

then MS! , generalizes My and ms gy

Let X be a Banach space. In order to investigate the geometric properties of X, some geometric constants had
been defined. Some of them are Von Neumann-Jordan constant Cy;(X) (see [4]), James constant C;(X) (see [7]),
the Dunkl-William constant Cpy (see [3]), and Zbaganu contant C; (see [12]). Moreover, some generalizations and
modifications of Von Nueman-Jordan constant also have been defined, for example: generalized Von-Neumann Jordan
constant Cl(\f)J(X ) (see [2]), modified Von Neumann-Jordan constant C}, ,(X) (see [1,5]), and generalized modified Von
Neumann-Jordan constant C_‘%(X) (see [11]).

In [6], three geometric constants for Morrey spaces, namely the von Neumann-Jordan constant, the James constant,
and the Dunkl-Williams contant, have been computed to obtain that Cy,;(M)) = C;(M}) = 2 and Cpw(M}) = 4.
Moreover, in [10], it has been obtained that

Chy M) = ChoyM)) = Gy (M) = CoMG) =2
and
Cyymy ) = Chy(mf ) = Cyyy(mf ) = Cy(mf ) =2.
Recently, some new constants for a Banach space X have been defined related to isosceles orthogonal type. The
new constants are (X) and €’'(X) which have been introduced by Liu et al [8].

Related to the definitions of the constants, an element x € X is said to be isosceles orthogonal to y € X, denoted by
xLjy, if ||x + y|| = |[lx — y||. By the notations, the new constants Q(X) and Q’(X) are defined by

llx + 2yl + [12x + yII?
QX)=s X, VE Sy, xL
(X) up{ Sl + I X,y €Sx,xLlyy
and 5 s
, [lx + 2y[1* + |12x + |
Q(X) = sup{ xlpye,
Sllx + yII?

where Sy = {x € X : ||x|]| = 1}. For more details about the constants Q(X) and Q’(X), one may refer_to [8].
For 1 < s < oo, we extend the constant Q(X) become Q) (X) and the constant Q' (X) become Q®(X) which have
been defined by

lx + 2yF + 12 + y]*
X, yE Sy, xL
57T x + yIP YE2XASY

QY(X) = sup{

and
[lx + 2y[1° + [12x + yII*

QW(X) = sup{ ET—T : xJ_Iy} )

It is clear that,
QX)) < QYWX), s> 1. (1.3)
In this paper, we calculate the geometric constants Q) and Q) (X) for the Morrey spaces M?, where 1 < p < g <
oo. Moreover, we also calculate the constants for small Morrey space mg e where A >0and 1 < p < g < oo.

2. MAIN RESULTS

The following theorems are our main results on the new geometric constants for the Morrey space M}, and the small

P
Morrey space mg g

Theorem 2.1. Let s > 1. If1 < p < g < oo, then Q¥ (M) = ?—t: = QUMD).

Corollary 2.2. If 1 < p < g < oo, then QM) = § = '(MD).

Theorem 2.3. Let s> land A > 0.If1 < p < g < o, then Q(")(ms’/l) = gj: = fz(“)(ms’ﬂ).

Corollary 2.4. Let 1> 0.If 1 < p < q < oo, then Q(m; ) = § = Q'(m) ).
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Before proving the main results, we first state and prove the following lemmas and theorems which will be used to
prove our main results.

Lemma 2.5. Leta € R" and r > 0. Then,

Wy-1
r,

|B(a, )| = |B(r)| =
where w,_ is a constant that does not depend on a and r.
Theorem 2.6. Let X be a Banach space, then l;—,zf <Q¥X) < ?—f: fors > 1.

Proof. Let s > 1. Suppose that x_L;y. Then ||x + y|| = ||x — y||, and by using triangle inequality, we have that

e+ 2l + 2+l (3) =y =3+ 0l + (3) 138G +3) + =l

557l + ylls 557 e + yll*
< (l)x (Ilx =yl + 3llx + yID* + Gllx + yll + [lx — yID*
\2 557 Hlx + yll*
2s+1
= F

In the other hand, for y = 0 and x # 0, we have that
[l + l24(]* _ 1 +2°
5s—1||x||s 55—1 ’

and this completes the proof of Theorem 2.6. O

QvX) >

Theorem 2.7. Let X be a Banach space, then Q9(X) < g—j fors > 1.
Proof. This is a direct consequence of the inequality (1.3) and Theorem 2.6. O

Theorem 2.6 and 2.7 obviously extend the results in [8]. Next, we provide some functions belonging to M’; and
some functions belonging to ms’ Jforl<p<g<ooandd>0.

Lemma 2.8. [6] Let 1 < p < g < co. Define f(x) := |x|™/4 for x € R". If g(x) = Xon(Ix]) - f(x) and h(x) =
Xi1.00)(IX]) - f(x) for all x € R", then

| 1
~ B _ [ Wn-1\4 q \
||f||Mg—llgllM5—“”“Mé’—( n ) (q—p) '

Lemma 2.9. Let 1 < p < g < oo and A > 0. Define f(x) := X(o,/l)(|x|)|x|‘”/q for x € R". For 0 < § < A, define
8(x) = Xo,5(x]) - f(x) and h(x) = X5 (|x]) - f(x) for all x € R". Then,

oy (_a_ ) wrn\ (g V(oY FY
e = lglly = (——) |——] andlltll,y =(—) (——] [1-|~ .
My a My a n q-p M2 n q-p A

Proof. We see that f, g, and h can be considered as radial functions. We first check that for any » > 0 and s > O,
the integral fB(a,r) |x|~*dx is maximized when a = 0 by using rearrangement inequality argument. Specifically, for the
measurable set A € R” and any function f : R” — [0, ), we let A* be the symmetric rearrangement of A and f* be
the symmetric decreasing rearrangement of f, i.e.

A" = {x e R", wylal" < |Al}, and f*(x) = f Xy poysi(X)dt,
0

where w, = |B(1)| denotes the volume of the unit ball in R”. It can be checked that for the ball B(a, r) and the function
f(x) = |xI7%, then B(a,r)* = B(r), f* = f, and [Xpn]* = Xpi). Hence, by Hardy-Littlewood inequality, we have that

f |x|7*dx < f FO)X @ (x)dx < f S ()X py(x)dx = f |x|"*dx.
B(a,r) R R B(r)
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Therefore, the integral fB(a 3 |x|~*dx is maximized when a = 0. Thus, Lemma 2.5 yields

1 o\ 1 s
g, = swp ———( | i) = swp ([
1 geRn0<r<d |B(a, r)|p q B(a,r)NB(0,1) 0<r<i |B(r)|p q B(r)

1 1 1
1 T g 1 _ o \? et \ 4 ’
SUup ——— (Q)n—lf sTaHn 1ds) = sup (a),, 1_4 r *’") = (—w1 l)q (_q ) .
0<r<a |B(r)|» "4 0 0<r<d |B(r)|p q n q-p n q—p

For g, we may also obtain that

1 _mw » 1 _w r
lgll,y, = sup ———— |x|"dx| = sup ——— IxI"wdx| .
a4 a€R",0<r<A |B(a r)| B(a,r)NB(0,2)NB(0,5) 0<r<Ad |B(r)|P f/ B(r)NB(5)

We consider two cases as follows.
(i) If 0 < r < 8, then

1

1
1 np r 1 p v L 1
ﬁ([ Ixffdx) :ﬁ(f |x|qu) :(a) l)"
|B(r)|? "4 \JBMNBW®) |B(r)|» " \JIB( n

(i) If 6 < r < A, then

1 1 1 1_1
1 np P l np P e 1 P 6 n(; - ;)
11 (f [x| x) = (f |X|4dx) = (w l)q (—q ) (—) .
|B(r)|» "4 \JBr)NBE) |B(r)|» "« \VB@) n qg-p r

The assumption 1 < p < q < o0 then lmplles that
( q ) ’])
q p

l

1 _np r Wp-1
sup ——— |x|" v dx] = sup
o<r<d | B(r)|p q B(r)NB() s<r<a N N

From the two cases, we obtain
Wp—-1
lellg, = (<)
o n

1
q

Finally, for A,

1
1 _mw a

su _ ( f |x| " a’x)

aeR",0<r<A |B(a r)|ﬁ q B(a,r)NB(0,)N(B(0,2)\ B(0,5))

Wil

1 _mp P
sup ———— |x|” 7 dx
0<r<A |B(r)|7 "1 \JBOINB\BEG))

1
»
= ( |x| "« dx)
0<r</l | B(r)l B(M\B(S)
w \7
= |x|” 7 dx
6<r</l | B(r)lP B(r)\B((S)
1
_ (wn 1 )p (r—%m _ 6_l+n)%
b<r</l |B(r)|p q n—1 q—-p

np l
Wp-1 ( q ) ( 0 _T/HZ :
) -
s<r<A\ N q—-pr r
_(wn_l)i a V', (6)
“\n q-p A ’

It completes the proof of Lemma 2.9. O
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In proving our main results, we define functions f;, g,, and Ay, where f, = x|, 8q(x) = Xo,1)(Ix]) f5(x), hy(x)
Xi1,00) (XD f(x) for x € R". Hence, by Theorem 2.8, IIquIM[qv = ||gq||Mg = IIthIMg. We also define the function g,

ga/lfyllg and by = ho/llfyll . Then, g+ = (g + h)/fyllye = folllfyllvg. Moreover, 2.1 € S p.
For 0 < 6 < A, we define the functions f 5, 845, and h, s where f; 5 = Xo.plx™1, 84.6(%) = X0,6)(IX) f.6(x), hy5(x) =
Xio. (|3 fg.o(x) for x € R". By Theorem 2.9, [|fysll,z, = llgqoll,y  and

1
5 _%+n »
g allug, = Wgollng, (1 -(3) ] '

Next, we consider the function 8,5 = g5/ ”3%5”’”24 and hys = hys/ ”hq’ﬁ”mz./l' Then, g,h € S - By using these
functions, we are now ready to prove our main results.

Proof of Theorem 2.1. 1Itis clear that g, L ,ﬁq. We shall compute the form

1
~ = 1 o \?
I8g +2hgllpp = —— sup ———— (f (X, (2] + 2 - Xp1,00)(XD)? 2] dx) .

* Al aerri>0 |B(a, r)|7 7 \VB@n

(i) If0 < r < 1, then

i
1 Y
sup ——— (f (Xon(xl+2- X[l,m))(lxl))p |x] 7 dx)
B(a,r)

acR" 0<r<1 |B(a’ r)| %_é

1
1 o »
Sup —— 1 ( Xo,1y(IxD ] qu)
0<r<1 |B(r)|» "« B(r)

1 np P
sup ﬁ([ |x|qu)
O<r<l |B(r)|» "4 B(r)

: 1
“’"“)"( g )”—||f||
—_— _— = M-

( n q-—p 1

(i) If 1 < r < oo, then

1
1 wp »
sup ———— (f (X0, (1x] + 2 - Xp1.00))(Ix))” %] ‘fdx)
Blar)

aeR".r21 | B(a, r)ﬁ_ q

1 _m ;
=2 sup 1 ( X[l,oo)(|-x|)|-x| qu-x)
21 |B(r)|» "4 B(r)

1 _m ,
=2 SUup ————~ f |x| 7 dx
=1 |B(r)|r "4 B(r\B(1)

1
SN

rx1 q—p
) 1
_ Wp-1\4 q r _
= 2[4t (ﬁ) = 2fllng.

n
Hence, |13, + 2ilq||MZ = 2. By a similar way, |28, + ilq“MZ = 2. Since g, + fzq = fq, we have that

llgg + 2hgll” + 11284 + hyll’ _ 2% 4 2° _ Lﬂ
5x—1||gq + hq|| 5s-1 5s-1 :

QUM >

Theorem 2.6 then implies that
s+1

- 2
QUMD = o
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In the other hand, by the choice of the functions and Theorem 2.7, we obtain that

s+1

2
(s) —
QM) = S

These prove Theorem 2.1. O

Proof of Theorem 2.3. We consider the functions g, s and fzq,(;. We first need to check if the functions are isometrically
orthogonal or not. Note that by properties of radial function,

1
" Wl acioe =
gAllm) | acR",0<r<d |B(a, r)|» "«
1

" Wfdllr ooren 1B b
q.1 mh ) 0<r<d |B(r)|l> q

||gq,6 + hq,é”m’;ﬁ

(f (X0, (xD) + X5 (1xD)” |x|_n‘fdx)
B(a,r)

( (Xo.9(xD) + X5 (xD)” le_";dx) .
B(r)

We consider two cases as follows.
(i) ForO<r< 34,

1

1
1 A 1 IRY:
sup - (f( ) (X(o,(g)(lxl) + X[5,,1)(|x|))p | x| dx) = sup - _ (f( | x|~ dx) = ||fq’1”'"54
B(r B(r ”

0<r<é |B(r)|7 "4 0<r<6 |B(r)|7 i
(ii) Foro <r < 4,

1 1

1 _np » 1 _np »

sup ——— ( f (X0.5)(1x]) + Xs.n (D) I qu) sup ——— ( f Xio.n(xDlx] qu)
d<r<a |B(r)|» "« B(r) d<r<a |B(r)|» "« B(r)

1 IRY:
sup ———— f Xisp(xDlx ™7 dx
o<r<d |B(r)|» "1 \JB0\BG)

= g sllme , = Mgl -

From the two cases, we can conclude that

1 P
( f (X012 + Xigon (D) ] qu) -1
B(r)

sup 1
fgallmy | 0<r<a |B(a, )7~

and 13,6 + ﬁq,,gllmgﬂ = 1. By the same way, we may obtain |3, — ilq’(g”mg/l = 1. Hence, §,5Lh,5. By following the

technique as in calculating the norm ||g,s + hqﬁ”mﬁ_,ﬁ we obtain

[184.6 + 2hq,§”mgﬂ =2

and
12846 + hgollur, = 2.
Therefore, ~ ~
5O ) > 1841 + th’””;i,’,,l + ||~2gq,/l + hq,A”fnSJ ) 25 48 _ LH
! 55 Zg1 + hgallug 517 5
By Theorem 2.6,

s+1

= (s 2
Q( )(mi]),/l) = S‘Y—l .
Moreover, the choice of functions and Theorem 2.7 implies that

s+1

2
) (1P ) =
QY (mq’/l) TS

These prove Theorem 2.3. O
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