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Abstract

In [1], Carter and the author introduced the idea of an immersion f:M — R" with
totally reducible focal set (TRFS). Such an immersion has the property that, for
allp e M, the focal set with base p is a union of hyperplanes in the normal plane to

f(M) at f(p). In this study, we show that the property of an immersion having
TREFS is preserved under inverse image of stereographic projection.

1. Introduction

Let f:M —R" be a smooth immersion of connected smooth m-dimensional
manifold without boundary into Euclidean n-space. For eachp € M, the focal set

of f with base p is an algebraic variety. In this study we consider immersions for
which this variety is a union of hyperplanes. Trivially, this holds if n=m+1 so
we only consider n >m+1.

ForpeM, let U be a neighborhood of p in M such that f|U :U—>R" is an
embedding. Let v,(p) denote the (n-m)-plane which is normal to f(U) atf(p).
Then the total space of normal bundle is N, :{ (p,x) e MxR" | x € v;(p) } The
projection map 1, : N, = R" is defined by n,(p,x) =x and the set of focal points

with base p is I';(p) = {p eR" [ (p,x)is a singularity ofnf}. The focal set of f,

I, = %Ff(p) is the image byM;. For each peM, I';(p) is a real algebraic
pe

variety in v, (p) which can be defined as the zeros of polynomial on v,(p) of

degree<m . The focal point of f has weight (multiplicity) k if
rank(jacn;)=n-k [3].

Definition 1. The immersion f:M — R" has totally reducible focal set (TRFS)
property if for allpeM, I';(p) can be defined as the zeros of real polynomial
which is a product of real linear factors [1].
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So, each irreducible component of I';(p) is an affine in v;(p), and I';(p) is a
union of (n—m—l) -planes (possible';(p)=® ). There are other ways of

describing this property, it is shown in ([2], [4], and [5]) that f has TRFS property if
and only if f has flat normal bundle, where M is thought of as a Riemannian

manifold with metric g induced fromR". We will give explicit ways of
constructing immersions with TRFS property.

In calculating focal sets it is often easiest to work with distance functions. For
x € R" the distance function L :M — R is defined by Lx(p):"x—f(p)"z.

Then x € R" is a focal point of f with base p if and only if p is a degenerate critical

a L
point of L _, where at p, %:0 and H:{aia;} is singular for
i“P;

i,j=1,2,--,m [Mi].

Proposition 1. [1] If f:M—R" has TRFS property and g:M — R"™* is
defined by g(p) =(f(p),t) e R"xR* . Then g has TRFS property.

Proposition 2. [1] Let f:M™ —S™' < R™? be an immersion. Then f has
TREFS property.

In this study it has been shown that TRFS property of an immersion, with arbitrary
codimension is preserved under composition with stereographic projection, or the
inverse image of stereographic projection.

2. Stereographic Projection

As we know that any immersion f:M™ ® R™' has TRFS property. Let
p: g \(0,L ,0,1)® R™" be stereographic projection. Then the composition of

an immersion f:M™ ® R™"' with the inverse of stereographic projection gives an
immersion p ' of :M" ® S™'I R™? with TRFS property.
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Let f:M™® S"I R™' be an immersion with arbitrary codimension and let

n n+1 n+1
xI R™" and L (p)= fi (xi— fi(p))z. We know that § f’=1. Then

i=1

n+1 f
af— 1
i=1 ﬂpr
o
x1 G;(p) if and only if
n+l
RN =4 xiﬂ—fi: , r=12L ,m
29p. = Ip
)
and det(A,)=0,
€)
L, n+1 2f
where A = - 1L, T =3 1 (the weight of the focal point x is the

29000, o1 qpAp,

number of eigenvalues of (A ) ).

Now, we give an immersion g:M™ ® R" is defined by

g2 26 [ 260

o
n+1(p) 1- n+1(p)’ 1- fn+1(p)%
where f(p)= (f,(p).f,(p),.L .f,,,(p)) and f,, (p)' 1 for all pe M. (ie. g is

g(p )_ El-

obtained by composition f with a stereographic projection from S" to R™).

Since for yI R" and L (p)— a ( - 2”")
yi G, (p) if and only if
& ° 9
LI, I‘ily-if-%' L I
4ﬂpr - n+1) ﬂpr - n+l) 9p. ; ’
7]
“4)
and det(B,)=0,
)
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2 2 a Yiliz 2
where B = 1 L ! 3 1 yo @ T o
p.Ips

IS a y
C4qpdp. (- £.0)%  Ipgp. (- f.) 'np,ﬂps“

[SIRREN I NEREEE]

(the weight of the focal point y is the number of eigenvalues of (Brs ) ).

For fixedp € M, consider the hyperplanes

P, = ;(ul,uz,L ou, I R™

4 uf@- (- f,.,(p)u,., = k§,ki R, Note
i=1

that, "k R, P is orthogonal to line through f(p) and (0,0,L ,0,1) the north pole

of S", since

{(u],uz,L u,, )f R™ <(u],u2,L Ju (6L E.LLE L - 1) :0}

and the line through f(p) and (0,0,L ,0,1) has direction (f f,,L ,f.f, - l)

o . -
HE) 1 P, Cni(p). kI R,

R R X
If 0 P, and f(p)I P, (" P,) then gl

n+1
and 0T (P, Cn,(p)),k' 0.So P, Cn,(p) is an (n- m)-plane (hyperplane) in
v.(p),"kI R.

We will consider P, Cn,(p) as in Figure 1. Consider the map q:n,(p) ® n.(p)
defined by

a y,f
q(Y19y2:L ﬂyn Y1’y27 7yn5 )
- n+1

QI-\-\-I-I-j-l-\-\-l-l-lo:

Note that (y,,y,.L ,y,) satisfies equation (4) then q(y,,y,.L ,y,) satisfies

equation (2).
Further if (x,,x,,L ,x,, ) P,Cn.(p) then (x,,x,,L.x,)I n,(p) and

ax,,x,,L %)= (x,x,,L %) . S0 qin,(p)® P, Cny(p) is one to one and
onto, and v, (p) is the closure of {l x| xI P, Cn,(p),1 T R} in R™".
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Next note that q(G,(p))= P, Cn,(p) since if (y,,y,,L ,y,) satisfies equation
(4) and (5) then q(y,,y,,L ,y,) satisfies equation (2) and (3). Further the

closure of {1q(y)| yi G,(p),1 i R} in R™" is contained in G, (p)as in Figure
2.

From Equation (2), (3), (4), (5) and if y1 G, (p) with weight k then qy) i G (p)
with weightk, "1 ' 0.

Case 1. Suppose that G,(p) does not have a sheet of focal points “at infinity”, i.e.
there exists a normal line L, through g(p) in u,(p) with total weight of G,(p)CL

equal to m. Then G;(p) is equal to the closure of {1 q(y)| yi G,(p),! i R} in

d- f,.,(p)d
2

R™', since 3q(L) is the line through f(p), and the total weight of

o

5

- f o]
G; (p) C%%(m%q@) equal to m.

Case 2. Suppose that G,(p) has a sheet of focal points “at infinity”, with weight
k. So the maximum total weight of focal points in G, (p) on a normal line through
g(p) in u,(p) is m- k, and therefore the maximum weight of focal points in
G;(p) on a normal line through f(p) in P, Cn,(p) is m- k. As fM)1 s,
G;(p) cannot have sheet of focal points “at infinity” and therefore P, must be a

sheet of focal points contained in G, (p), with weight k.

More precisely if x= (x,,x,,L ,x,.,) and 3 x,f- (I- f, k,,, =k then
i=1
& &' 2 0 o]
S 2 =+
kfax, 2x, . 2x B Y5 T,k
X=—= ,—/L ,—* = _q(y)
2 k k k (1 fn+l) ﬂprﬂps: 2

x, 2 2x 0
where y= g%, Ez L, E“%.

So G:(p)= (P, Cn,(P)E fLay)| v G,(p),1 T R}.
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Hence in either case 1 or case 2, G;(p) is a union of hyperplanes in u,(p) if and

only if G;(p) is a union of hyperplanes in v, (p) .
Finally we prove of the following theorem.

Figure 2.
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Theorem.3 Let f:M™ ® S"I R™' be an immersion with arbitrary codimension
and an immersion g: M™ ® R" is defined by
_F 2 2 | 26m O
B- L. - £, - £.,0F
where f(p)= (f,(p).£,(p).L .f,.,(p)) and f,, (p)' 1 for all peM. (ie. g is

obtained by composition f with a stereographic projection from S" to R"). Then g
has TRFS if and only if f has TRFS.

g(p)
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TAMAMEN iNDiRGENEBILEN FOCAL CUMLE iLE
STEREOGRAFIK PROJEKSIYON

R. EZENTAS"

Ozet.

S. Carter ve yazar, f:M — R" tamamen indirgenebilen focal ciimleye (TRFS)
sahib immersiyon tanimini [1] de verdi. Bu immersiyon her pe M igin, p ye bagh
focal ciimle, f(p) de f(M) ye normal diizlemdeki hiperyiizeylerin bir

birlesimidir. Bu ¢alismada bu 6zelligi saglayan TRFS ye sahip immersiyonlar,
stereografik projeksiyonun ters goriintiisii altinda korundugu gosterildi.
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