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Abstract. This paper focuses on the optimal policy of a classical three
warehouses inventory problem, which is modelled under some assump-
tions like the Harris-Wilson model. In this model, among three ware-
houses, one is own warehouse and remaining two are rented. Now, the
main purpose is to minimize the system’s average cost and find out eco-
nomic order quantity and cycle length using arithmetic mean-geometric
mean (AM-GM) inequality. Finally, all the findings illustrating the sys-
tem’s optimality conditions are validated by numerical examples.
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1 Introduction

A two or multi-warehouse inventory model is a strategic approach in invento-
ry/supply chain management to optimize the distribution and storage of goods
across multiple locations. In a two-warehouse model, a primary, centralized ware-
house with large capacity named as own warehouse works in tandem with a
smaller local secondary warehouse named as rented warehouse to reduce trans-
portation and other costs, improve service levels, and balance inventory. The
multiwarehouse model involves several distributed warehouses to serve differ-
ent regions, enhancing responsiveness and reducing risk by diversifying storage
locations. Both models aim to meet regional demand efliciently, but they in-
troduce complexity in coordination and cost management. These models are
essential in industries like retail, manufacturing, and e-commerce, where effi-
cient inventory management is key to maintaining a competitive edge. In the
area of inventory/supply chain management, several researchers [TI2IB45I6] ac-
complished their works on two/multi-warehouse-based inventory/supply chain
problems under different realistic scenarios.

On the other hand, numerous researchers have employed the arithmetic
mean-geometric mean (AM-GM) inequality to determine the optimal policy for
their inventory and supply chain models. Grubbstrom [7] was the first to use the
AM-GM inequality to derive the optimal policy for the classical Harris-Wilson
EOQ model. Subsequently, Grubbstrom and Erdem [8] applied the AM-GM
inequality to find the optimality conditions for an extended EOQ model that
allowed shortages. Cardenas-Barron [9] also utilized this approach to determine
the optimal policy for the classical economic production quantity (EPQ) model.
To address the EOQ model under uncertainty, Gani et al. [10] treated alluncer-
tain inventory parameters as fuzzy numbers and used the AM-GM inequality
to establish the optimality conditions. More recently, Rahman et al. generalized
the AM-GM inequality in an interval environment to study the optimal policy of
the classical EOQ model under interval uncertainty. However, till date, no one
has used the AM-GM inequality to derive the optimality conditions for three or
multi-warehouse-based inventory models.

In this work, a three warehouses-based inventory model has been formulated
under some fundamental assumptions like Harris-Wilson’s EOQ model. Here,
one warehouse is own and others two are rented. The total order quantity has
been shared in the three warehouses in a given ratio. All the inventory costs
related to the model are constant and customers demand rate is uniform. Then
the corresponding average cost of the system is minimized using the AM-GM
inequality and the formulae for optimal order quantity, cycle length and other
components has been obtained. Also, the optimality formulae for several partic-
ular cases are also obtained. Finally, all the optimality conditions of the system
are illustrated with the help of a set of numerical examples.
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Notation and Assumptions

2.1 Notation

The following notations are used to formulate the model mathematically:

Table 1: Notations used in the model formulation

Notation Description

Q Order quantity

A Ordering cost per order

ho Per unit holding cost in OW

hi Per unit holding cost in RW1

ho Per unit holding cost in RW2

T Time at which stock of RW2 becomes zero
Ts Time at which stock of RW1 becomes zero
T Cycle length

2.2 Assumptions

The present work deals with multi-warehouses based EOQ type model which
has been formulated under the following assumptions:

1.

S Gt W

3

In the present model, three warehouses are considered for stocking of goods
among which, one is own warehouse (OW) and others two are rented ware-
houses named as RW1 and RW2.

The capacity of OW is the \; fraction of the total order quantity @, i.e.,
A1@Q. The amount of items occupied in RW1 and RW2 are A\2@ and A\3Q),
respectively, where A1 + A2 + A3 = 1, (A1, A2, A3 > 0).

The demand of the customer ( D ) is uniform throughout the business cycle.
Inventory planning horizon is infinite.

Shortages are not permissible.

The per unit holding cost per unit time in RW2 (hg) is higher than that of
the RW1 (h1), and the holding cost in RW1 is greater than that of in OW
(ho), due to different preservation facilities in RWs than OW.

Model formulation

The total order quantity @ of the given system is occupied in the three ware-
houses OW, RW1 and RW2. Initially, the stock level in RW2 declines due to the
customers’ demand rate D and reaches to zero at ¢ = T7. Then, the stock level
in RW1 decreases to zero at t = T, and finally, the stock of OW declines to zero
at the time ¢t = T due to the customers’ demand rate D. The variation of the
inventory of this system is depicted in the Figure
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Fig. 1: Variation of inventory of the present system.

Since, total order quantity @ is consumed by the customer’s demand (D)
during the time [0, T, one can observe the following relation:

Q=Dr 1)

Since, the order quantities in RW2 A\2@ and in RW1 A3Q) are consumed by
the customer’s demand (D) during the time 7} and (T2 — 71), one can see the
relations

XQ = DTy (2)
M@ = D(T> —Th) (3)
MQ = D(T —T) (4)
(A3 +X2)Q = DT (5)

3.1 Cost components of the system

The cost components related to the present classical model are calculated as
follows:

Ordering cost: A.

Total holding cost in RW2 is
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HC5 = hy x area of ACEF
1
= h2 X 5)\3QT1

1
= §h2)\3QT1~

Total holding cost in RW1 is

HC; = hy x area of (UBCFH + AFHG)

= hl X ()\QQT:[ + %AQQ(TQ — T1)> .

Total holding cost in OW is
HCo = hg x area of (DOBGTy + AT>GT)
1
= ho X (AlQTQ + 5)\1Q(T — Tg)) .
Hence, total cost of the system is

1 1 1
=A+ *hz)\3QT1 + hy x (AzQT1 + 5)\2Q(T2 - T1)> + ho X (AlQTz + 5)\1Q(T - T2)>

2 2 2
- 3
A—i——)\Q (2>\)\2+)\)Q

5D - (2(A3 + o)A+ A]) Q7

Therefore, the average cost is

A ha

AC(Q) = 5DT Q% + 2DT (2A3X2 + A7) @ + 2DT (203 + A2)A1 + AT) @°
% + @/\362 + 5 (2)\3)\2 +A3)Q+ hf (2(A3 4+ A2) A1 + A7) Q

AD 1
=0 3 (2ho(A3 + A2)A1 + 2h1A3h2 + hoAT + hiA] + ha)3) Q.

Hence the corresponding minimization problem is

AD 1
AC(Q) = T +3 (2ho(A3 + A2)A1 + 2h1 32 + hoAT 4+ hiA] + ha)3) Q. (6)
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4 Optimality conditions

In this section, we have optimized the corresponding average cost @ using
the Arithmetic Mean-Geometric Mean (AM-GM) inequality-based optimization
technique.

Applying AM-GM inequality one can obtain the following:

AD 1
A0(Q) = 75+ 5 (200 (s + X2) At 2hdsds R + X +1223) Q)

{“&P + (2h0 (s + A2) At + 2 Xsdo + hoA2 + 7 A + hg)\g)Q}
2

2AD
> \/ 5 (2h0 (A3 + A2) A + 281 Asda + hoA2 + 7 A2 + thg)Q

- \/QAD (Qho (A3 + A2) A1 + 2R dsda + hoA2 + hy A2 + thg)

And using the equality condition of AM-GM inequality one can obtain the
following:

2AD
o = (2h0 (A3 £ A2) A+ 281 Aada + hoA2 + A2 + h2)\§)Q
Lo 2AD

(250 (A + A2) A+ 2 dada + hoAS + M3 + he3)

L g- 2AD
T\ (2ho (s + A2) A1+ 2R doda + hoAT + hiAd + ho3)

Hence the optimal lot size and minimum average cost of the given system
has been calculated by the following formulae:

2AD

* — 7
@ \/(2h0 (A3 4 A2) A1 + 201 A3 A2 4+ ho AT + hi A3 + ho)3) ()

AC(Q)mm = \/2AD(2h0()\3 =+ /\2)/\1 + 2h1 30 + ho)\% + hl)\% + hg/\g) (8)

Using the formula in relation , one can obtain the formula for optimal
cycle length as follows:

24
\/D (2h0 (A3 + A2) A1 + 2h1 A3 Aa + hoAT 4+ hi A3 + ho)3)

T — 9)
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Similarly, using the formula in relations and , one can calculate
the optimal values of stock-in periods in RW2 and RWTI as follows:

24
TF = A 10
! 3\/D (2ho (A3 + A2) A1 + 201 Asha + hoA2 + hy A2 + ha)2) (10)
2A
T = (A3 + A 11
2 = (st o) \/D (2h0 (A3 + A2) A1+ 2hi A3 Ay + hoA2 + i A2 + hoA2) (11)

5 Particular cases of optimal policy

In this section, the optimality conditions of the system under some particular
situations regarding the holding costs and availability of the warehouses have
been discussed.

Case-1: If the per unit holding costs in all warehouses are the same, i.e.,
ho = h1 = he = h (say), then from the optimality formulae —, one can get
the followings:

2AD
\/ 2ho (As + A2) A1 + 2h1 A3Aa + hoA? + hi A3 + ho)3)

2AD
h(2 (A3 + A2) A1+ 2X3h2 + A2 + A2 + \3)

Q*

Il
Q&

h (A +)\2 +)\3)

Il
[N}
)

(CA X+ A3=1)

And

AC(Q)min = \/QAD(ZhO()\3 + A2) A1 + 201 A3h2 + hoA? + hi A3 + hoA2)

= \/2ADh(2(As + Ao)h + 2hada + N+ A3+ A2)
= /2ADh(A\1 + X + \3)2
=V2ADh ( /\1 + )\2 + )\3 = 1)

Similarly, the formula for cycle length, stack-in period in RW2 and RW1 can
be obtained. Therefore, the optimal values of all the unknown components for
this case are presented in the Table 2]
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Table 2: Optimal values of different known variables of the model for Case-1

Unknown Component Optimal Value

Q NeH

T N

Ty e

T3 (o +3)y/ 22
AC(Q)min V2ADh

Note 1. From the dimension in Case-1, one can say that the optimal lot-sizing
of this case is similar to that of the Harris-Wilson’s model.

Case-2: If the present system consists only one rented warehouse, i.e., if
A3 = 0, then from the optimality formulae — followings can be obtained:

0 = 2AD
V(2R A3 4+ A2) A1 + 2hi A3 o + hoA? + hiAZ + ho)2)

B 24D
V(201 A2ho + hoAZ + hiA2)

And

AC(Q)min = \/QAD (2ho(A3 + A2) A1 + 2R A3Aa + hoA? 4+ hiA3 + ha)3)

= /24D (2\1)cho + hoX} + hiA)

Similarly, the formulae for cycle length, stock-in periods in RW1 can be
obtained. Therefore, the optimal values of all the unknown components for this
case are presented in the Tabld3]

Note 2. From the discussions in Case-2, one can see that the optimal policy for
this case is actually for the two-warehouse inventory system.

Case-3: If the present system consists one own warehouse and no rented
warehouse, i.e., if Ay = A3 = 0, then from the optimality formulae (7)-(11)
followings can be obtained:
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Table 3: Optimal values of different known variables of the model for Case-2

Unknown Component Optimal Value
2AD

< V2 1 A2ho + hoA? + hiAZ
. 24
V/D(2X1A2ho + hoA? + hiA3)
T 0
24
T*
? VDX Asho + hoXZ + i A2)
AC(Q)min V2AD(2X 1 A2ho + hoA? + h1)3)

o 2AD
o (Qho()\g + )\2))\1 + 2h1 A3 + ho)\% + hl)\% + hg)\%)
_ [24p
A\ on2
2AD
= == 1
o (A =1)

And

AC(Q)min = \/2AD (2h0()\3 + )\2))\1 + 2h1A3Ao + h())\% =+ hl)\g + hg)\%)

2ADhoA2
vV 2ADh() ( )\1 = 1)

Similarly, the formula for cycle length can be obtained as,

24
T ==
Dhy

Note 3. From the discussions in Case-3, one can see that the optimal lot-sizing
of this case is nothing different from that of the Harris-Wilson’s model.

6 Numerical illustrations

In this section, we have illustrated all the optimality conditions with the help of
following examples:

Example-1. Suppose, a retailer of garments has rented two warehouses viz.
RW-1, RW-2 apart form his own warehouse viz. OW for his/her business pur-
pose. The demand of the of the customers in his/her shop is 1,000 clothes per
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year. It is observed from the previous cycle that about 40% of the total ordered
quantity can be stored in OW, and remaining 60% have to store in the RW-1
and RW-2 in the ratio 2:3.

The costs for holdings in OW, RW-1, and RW-2 are $5, $6, and $7 per unit per
year, and the fixed cost to place an order is $90.Find the optimal policy of the
retailer.

Solution. The values of system parameters for Example-1 are as follows:

A=$90, ho=85 h1 =86, hy=8$7, D=1000, X =0.4, X =0.24,

The optimal values of order quantity, cycle length, average cost and others
components are calculated using the formulae @— and obtained results are
presented in Table [4

Table 4: Optimal values of different known variables of the model for Example-1

Unknown Component Optimal Value

Q* 181.08
T* 0.18
Ty 0.065
T3 0.11
AC(Q)min 994.05

7 Conclusion

As a summary, in this study, the optimality conditions of an inventory model
based on a three-warehouse system, incorporating key assumptions from Harris-
Wilson’s EOQ model has been derived using the AM-GM inequality. The op-
timality conditions have been properly illustrated by the numerical example.
From the findings of the case study, one can observe that this study is a more
generalised study of inventory control management than the single warehouse
or two warehouse cases. From the optimal policy of this study, we can conclude
that it is optimality of Harris-Wilson’s EOQ model for three warehouses. For
future research, one can generalise the model features for n- warehouse or one
can extend the same model in uncertain environment like, fuzzy, interval /Type-2
interval, etc. environments.
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