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Abstract

Soft set theory has gained prominence as a revolutionary approach for handling and modeling uncertainty
since it was proposed by Molodtsov. The concept of soft set operations, which is the major notion for the
theory, has served as the foundation for theoretical and practical advances in the theory, therefore deriving
the algebraic properties of the soft set operations and studying the algebraic structure of soft sets associated
with these operations have attracted the researchers’ interest continuously. In the theory of soft set, many
soft intersection operations have been defined up to now among which there are some differences, and some
of which are no longer preferred for use as they are essentially not useful and functional. While the restricted
intersection definition is widely accepted and used in literature, it remains incomplete, as it ignores certain
cases where the parameter sets of soft sets may be disjoint, thus not all conditions in the theorems are
considered in the related proofs, leading to inaccuracies or deficiencies in the studies where this operation
is used or its properties are investigated. There is a critical lack of comprehensive research in the existing
literature on the correctly defined restricted intersection operation, along with the extended intersection,
including their proper properties and distributions and the correct algebraic structures associated with these
soft set operations. In this study, we primarily intend to fill this crucial gap by first correcting the
deficiencies in the presentation of the definition of restricted intersection and revising it. Moreover, in many
papers related to this operation, several theorems were presented without their proofs, or there were some
incorrect parts in the proofs. In this study, all the proofs based on the function-equality are regularly
provided. Besides, the relationships between the concept of soft subset and restricted and extended
intersection operations are presented for the first time with their detailed proofs. Furthermore, we obtain
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many new properties of these operations as analogies and counterparts of the intersection operation in
classical set theory. Moreover, the operations’ full properties and distributions over other soft set operations
are thoroughly investigated to determine the correct algebraic structures the operations form individually
and in combination with other soft set operations both in the set of soft sets over the universe and with a
fixed parameter set. This study demonstrates that the restricted/extended intersection operations, when
combined with other kinds of soft set operations, form several significant algebraic structures, such as
monoid, bounded semi-lattice, semiring, hemiring, bounded distributive lattice, Bool algebra, De Morgan
Algebra, Kleene Algebra, Stone algebra, and MV-algebra but with detailed explanations. Accordingly, this
study offers the most comprehensive analysis of restricted and extended intersection operations to date. It
corrects earlier theorems and proofs, thereby advancing the theory and addressing a significant gap in the
literature. Furthermore, it serves as a guide for beginners and sheds light on future research directions in
soft set theory.

Keywords: Soft sets, Soft set operations, Restricted intersection operation, Extended intersection operation.
1. INTRODUCTION

It is difficult to explain and precisely describe many events in our daily lives, including uncertainty.
Modeling situations involving uncertainty using classical mathematics or Aristotelian reasoning is
extremely challenging. Set theory is considered a fundamental tool in mathematics, as it forms the basis for
nearly all mathematical disciplines. To address and overcome uncertainty, many scientists from various
fields have conducted research and proposed new theories. Among them, fuzzy set theory, introduced by
Zadeh (1965), is one of the most widely used methods for dealing with uncertainty. In Aristotelian logic,
the truth value of a proposition is either 0 or 1, whereas in fuzzy logic, it can be any real number within the
range [0,1]. However, despite its popularity, fuzzy set theory faces certain limitations. The construction of
the membership function is very subjective, which can lead to varying outcomes for the same problem.
These challenges created a need for a new theory to address both uncertainty and cases of certainty. As an
alternative, Molodtsov (1999) established "Soft Set (SS) Theory" as a mathematical technique to deal with
uncertainty. SS theory’s lack of a membership function construction issue makes it more practical. This
advantage has led to its rapid application in fields such as mathematics, engineering, medicine, social
sciences, and daily life situations like information systems and decision-making problems. Additionally,
Molodtsov (1999) effectively used SS theory in domains like game theory, operations research, continuous
differentiable functions, probability, measurement theory, Riemann integration, and Perron integration.

The fundamental notions of the SS were initially presented by Molodtsov (1999) in his pioneer
study, and they were further expanded upon by a theoretical study of Maji et al. (2003) which introduces
intersection and union operation with AND and OR operations, as well as the concepts of soft subset, soft
equality, soft complement, NULL SSs, and absolute SSs. In contrast to Maji et al. (2003), Pei and Miao
(2005) introduced a new intersection operation and proposed a new soft subset concept in their study on
soft-based information systems. For the intersection operation, Feng et al. (2008) proposed an alternative
concept known as “bi-intersection” (double intersection). To better understand the evolution and variations
in soft set operations, it is essential to review key contributions in literature. For instance, introducing new
definitions such as restricted union, intersection, difference, and extended intersection of SSs, Ali et al.
(2009) aimed to resolve certain limitations in earlier operations defined by Maji et al. (2003). These
foundational modifications laid the groundwork for exploring algebraic properties. Building on this, the
concept of “relative complement” was developed, and it was shown that De Morgan’s laws hold in soft set
theory under these refined operations. Subsequently, Qin and Hong (2010) introduced a new form of “soft
equality” and explored the algebraic structures of SSs, applying absorption laws to investigate whether
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these structures form lattices. In their extensive study, Ali et al. (2011) showed that some operations in the
fixed-parameter SSs form MV-algebras and BCK-algebras, and they also showed that the SS operations
defined by Ali et al. (2009) form a variety of algebraic structures, including monoids, hemirings, and lattices
in the collection of SSs over the universe as well as in the fixed-parameter SSs. Sezgin and Atagiin (2011)
introduced restricted symmetric difference for SSs and investigated its characteristics. They also further
explored the fundamental properties of restricted and extended intersection and union operation defined by
Maji et al. (2003) and Ali et al. (2009). Redefining the notion of an SS’s complement, Singh and Onyeozili
(2012a, 2012b, 2012c, 2012d) published research on SS operations, the distributive and absorption laws of
SS operations. Sen (2014) showed that restricted and extended intersection and union operations constitute
a Boolean algebra in the set of the SSs with a fixed parameter set. A new SS operation known as “extended
difference” was added to the list of extended operations in SSs by Sezgin et al. (2019) Additionally, Sezgin
et al. (2019) investigated the characteristics of the operation and its connections to other SS operations. By
proposing and examining the operation of extended symmetric difference, Stojanovic (2021) addressed a
gap in the literature about the extended operation in SS theory. Some papers, such as Neog and Sut, 2011;
Fu, 2011; Ge and Yang, 2011; Zhu and Wen, 2013; Onyeozili and Gwary, 2014; Husain and Shivani, 2018
contain incorrect assertions that must be corrected.

As we see, “restricted” and “extended” SS operations are two primary categories under which the
advancements in SS operations may be divided after a study of the research done up to this point. In contrast
to the restricted and extended operation forms, the “soft binary piecewise difference operation” was an
innovative SS operation that Eren and Calisict (2019) described and investigated the characteristics of. A
thorough investigation of the properties of the soft binary piecewise difference operation was explored by
Sezgin and Calisic1 (2024). Sezgin et al. (2023a) studied several novel binary set operations, motivated by
Cagman (2021) work on conditional complements of sets. These binary set operations were transferred to
SSs by Aybek (2024), who also defined novel restricted and extended SS operations, investigated their
characteristics, and explored how they related to other SS operations. Additionally, Akbulut (2024),
Demirci (2024), and Sarialioglu (2024) investigated a new type of SS operations known as “complementary
extended SS operations”. Yavuz (2024), Sezgin and Yavuz (2023a), and Sezgin and Yavuz (2024) defined
and thoroughly examined a number of new soft binary piecewise operations, all of which were defined
within the framework of the soft binary piecewise operation that was first presented in the study of Eren
and Calisic1 (2019). Besides, several authors (Sezgin et al., 2023b, Sezgin et al. 2023¢; Sezgin and Dagtoros,
2023; Sezgin and Demirci, 2023; Sezgin and Yavuz, 2023b; Sezgin and Sarialioglu; 2024a; Sezgin and
Sarialioglu; 2024b; Sezgin and Cagman, 2024; Sezgin and Senyigit, 2025)

An algebraic structure is made up of a set that has one or more binary operations defined on it along
with those binary operations. Classifying algebraic structures and finding, showing, and deriving results
from their common features are the goals of abstract algebra. It conducts this regardless of the sets and
binary operations that make up these structures. This is the reason abstract algebra is the name given to this
area of mathematics. Fundamentally, algebraic structures are involved in many branches of mathematics.
Mathematicians have studied algebraic structures for millennia as they offer a universal and abstract
approach to understanding and comprehending mathematical subjects. Understanding the properties of
algebraic structures enables mathematicians to solve challenging problems, create new theories, and apply
ideas to a variety of mathematical, scientific, and engineering domains. Furthermore, applications
frequently provide special examples of algebraic structures, which help to clarify specific circumstances
and make it easier to examine more general scenarios. When a particular set S is recognized as an illustration
of a well-known algebraic structure, all of the well-known results regarding this algebraic structure also
inherently hold for S. Abstraction is primarily motivated by this advantage. As a result, algebraic structures
play a significant role in abstract algebra and mathematics.
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One of the most well-known binary algebraic structures, which is a generalization of rings, is the
notion of semirings which has been a subject of study and fascination for scholars from the past to the
present. Vandiver (1934) introduced the concept of semirings. Several researchers have also studied
semirings with additive inverses (Karvellas,1974; Goodearl, 1976; Petrich, 1973). While semirings are
especially important in geometry, they are also important in pure mathematics and are critical for resolving
problems in many practical mathematics and information science applications. Hemiring is a special class
of semirings with commutative addition and a zero element. Additionally, there are several algebras related
to logic. MV algebras are suited for multi-valued logic, while Boolean algebras are connected to traditional
two-valued Aristotelean logic.

Just as the basic operations such as addition, subtraction, multiplication, and division in the set of
integers and intersection, union, difference, complement, and symmetric difference in the set of sets are
fundamental for the related theories, operations on SSs are equally vital in SS theory. SS operations serve
as the theoretical basis for several soft computing and decision-making approaches. Furthermore, a
thorough understanding of the algebraic structure of SSs may be obtained by looking at the algebraic
structures formed by SSs and operations. This improves the comprehension of applications and makes it
possible to see how SS algebra can be used in both classical and non-classical logic, which paves the way
for a number of uses, such as the development of new SS-based cryptography techniques and decision-
making processes. We refer to the study by Alcantud et al. (2024), where a comprehensive survey of SS
theory, encompassing its foundational concepts, developments, and applications are presented. As regards
the studies on soft algebraic structures for all of which SS operations have been the basis, we refer to Aktas
and Cagman, 2007; Jun, 2008; Jun and Park, 2008; Park et al., 2008; Feng et al., 2008; Sun et al., 2008;
Acar et al., 2010; Zhan and Jun, 2010; Sezer et al., 2013, Sezer et al., 2014; Atagiin and Sezgin, 2015;
Sezer et al, 2015; Mustuoglu et al., 2016; Mahmood et al., 2015; Sezer and Atagiin, 2016; Tuncay and
Sezgin, 2016; Sezer et al., 2017; Khan et al., 2017; Atagiin and Sezgin, 2017; Sezgin et al., 2017; Atagiin
and Sezer, 2018; Ullah et al., 2018; Iftikhar and Mahmood; 2018; Gulistan et al., 2018; Sezgin, 2018;
Atagiin et al., 2019; Jana et al., 2019; Karaaslan, 2019; Ozlii and Sezgin, 2020; Karaaslan et al., 2021;
Sezgin et al., 2022, Atagiin and Sezgin, 2022; Sezgin and Orbay, 2022, Riaz et al., 2023; Manikantan et
al., 2023; Sezgin and llgin, 2024; Sezgin and Onur, 2024; Sezgin et al., 2024).

In the theory of SS, many soft intersection operations have been defined up to now. There are some
differences among them, and some definitions are no longer preferred for use as they are essentially not
very useful. The intersection of SSs was first defined by Maji et al. (2003), however, it is problematic as it
is obvious from the nature of the definition of SS that the condition put in the definition is not necessarily
the case. This problematic nature of the definition was detailed by Ali et al. (2009) and Pei and Miao (2005).
Pei and Miao (2005) defined a new intersection operation for SS, which they believed would be more
functional, however in this definition it was not addressed what the result of the operation would be in the
case where the parameter sets of the SSs are disjoint. Feng et al. (2008) defined an alternative intersection
operation for SS, called the “bi-intersection” of SSs. This definition is problematic as well, as it is not
addressed what the result of the operation would be in the case where the parameter sets of the SSs are
disjoint. Ali et al. (2009) defined a new intersection operation for SSs called the “restricted intersection
operation”. Unlike the definition by Feng et al. (2008), this definition starts with the condition that the
parameter sets of the SSs whose intersection is calculated should be disjoint. Moreover, it did not address
what the result of the operation would be in the case where the parameter sets of the SSs are disjoint as
well. Ali et al. (2011) evaluated the case of the intersection of the parameter sets of two SSs being empty,
which was not considered in the restricted soft intersection operation defined by Ali et al. (2009), and
updated the definition by adding the note that if the parameter sets of the SSs whose restricted intersection
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is calculated are disjoint, then the result of the operation is the empty SS. This is the first study to provide
information on the result of the restricted intersection operation when the intersection of the parameter sets
is empty set. Although the most current and useful definition for the restricted intersection operation is the
one provided by Ali et al. (2011), in this definition, the condition that the parameter sets of the SSs should
not be disjoint to calculate their restricted intersection was included as a necessary condition; however this
is not the case, because whether the intersection of the parameter sets of the two SSs is an empty set or not,
the restricted intersection of these two SSs can be calculated in any case. The intersection of the parameter
sets of these two SSs being non-empty is never a necessary condition for their restricted intersection to be
calculated. In this sense, from a chronological perspective, although the idea of the restricted intersection
operation in SSs was first proposed by Pei and Miao (2005), as in their definition, the case where the
intersection of the parameter sets of the SSs is empty was not considered, and this was addressed for the
first time by Ali et al. (2011), the study by Ali et al. (2011) is of great importance. Besides, inspired by the
union definition of SSs by Maji et al. (2013), a similar type operation defined as the “extended intersection
operation” of SSs was proposed by Ali et al. (2009), and its properties and distributive rules were studied
by various authors (Ali et al. 2009; Ali et al. 2011; Qin and Hong 2010); Sezgin and Atagiin, 2011; Singh
and Onyeozili, 2012c).

As restricted and extended intersection operations are anyway existing concepts in the literature, the
properties of them were already studied in many studies, thus it may seem that some properties included in
this paper were already presented in the previous studies (Ali et al., 2009; Ali et al., 2011; Feng et al. 2008;
Maji et al., 2003; Pei and Miao, 2005; Qin and Hong, 2010; Sezgin and Atagiin, 2011). However, we find
it beneficial to note that the properties of the operations together with their distribution rules were not
handled in the mentioned papers by considering the important point that the parameter sets of the SSs may
be disjoint. This is due to the incomplete definition of restricted intersection operation and thus, ignoring
some of the cases in the theorems and proofs. From this perspective, there is a significant gap in the literature
for providing a comprehensive study of restricted and extended intersection operations by taking into
account these ignored cases. Moreover, as SS operations serve as both the theoretical and practical basis
for the theory, and in many studies as regards the soft algebraic structures, these basic two SS operations
are always used while exploring the properties of the soft structures, this critical gap needs to be filled
immediately beginning with a precise exposition of the definition of restricted intersection. This study aims
to encompass all the prior studies regarding these operations. Moreover, in the above-mentioned papers
together with (Neog and Sut, 2011; Fu, 2011; Ge and Yang S, 2011; Zhu and Wen, 2013; Onyeozili and
Gwary, 2014; Husain and Shivani, 2018) several theorems and propositions were presented without their
proofs, or there were some incorrect or missing parts in the proofs due to the incomplete definition of
restricted intersection; however, in this study, the proofs based on the function equality are regularly
provided, and thus all the incorrect parts are corrected. Additionally, as the definition of subset by Pei and
Miao (2005) is more functional and rational, and thus has a wide-spread usage than that of Maji et al.
(2003), and since in the existing studies, (especially in the study of Sezgin and Atagiin, 2011), the
relationships between restricted and extended intersection operations and soft subset were handled with
regard to the definition of subset proposed by Maji et al. (2003), in the literature there is a wide gap needs
to be filled in this regard as well. In this study, the relationships in this regard which were not addressed in
previous studies, are presented for the first time with detailed proofs and with their classical set counterparts
as well. We do not only correct the problematics parts in the existing papers, but also we obtain many new
properties of restricted and extended intersection operations together with their relationships with the SS
operations defined by Aybek (2024) and Yavuz (2024). By looking at the distribution rules, the algebraic
structures formed by these operations in the set of SSs with a fixed parameter set and in the set of sets over
the universe are examined and presented thoroughly with their detailed proofs. Furthermore, when a
distribution rule does not hold, unlike the studies by Ali et al. (2011) and Qin and Hong (2010), where the
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distribution rules are investigated to obtain the algebraic structures of SSs associated with the operations,
we also explore and put forward the condition(s) under which the assertions hold. In this sense, we obtain
many new algebraic structures related to SSs and restricted and extended intersection operations. Thus, this
study presents a detailed and complete examination of all the properties of restricted intersection and
extended intersection operation, which are the basic SS operations. As the intersection operation exists in
classical set theory, all of the properties of the operations together with their counterparts in classical sets
have been thoroughly investigated without omission. Additionally, the properties that were previously
handled with incorrect/lengthy proofs or without proof in earlier studies by Ali et al. (2009), Ali et al.
(2011), Sezgin and Atagiin, 2011, Singh and Onyeozili (2012c) are handled again by presenting them in
their correct forms. In order to find out whether the collection of SSs and restricted and extended
intersection operations form lattice structures in the collection of SSs over the universe and in the collection
of 88 with a fixed parameter set, the so-called absorption laws are examined with detailed their proofs.
Although the absorption laws were presented in previous works by Ali et al. (2011), Qin and Hong (2010),
Singh and Onyeozili (2012c) presented the results only with a table without proofs, and since the proofs in
other studies are element-based and relatively long proofs, they are presented in this study with their more
rational proofs. Furthermore, in this study, the absorption laws for the SSs with a fixed parameter set are
given in detail for the newly-defined operations by Yavuz (2024) and Aybek (2024) as well. Additionally,
the distributive rules are presented collectively in a table. Finally, we systematically, in detail, and
collectively present the unary and binary algebraic structures, and lattice structures formed by the restricted
intersection and extended intersection together with other SS operations both in the collection of SS over
the universe and in the collection of SSs with a fixed parameter set together with their detailed explanations
and with the corrected ones.

The stream of the paper is as follows: In Section 2, we review the fundamental concepts regarding
SSs and certain algebraic structures which are obtained to be associated with the SSs throughout the paper.
In Section 3, first of all, we give the original definitions of intersection operations of SSs proposed up now
together with the historical improvements of these operations in chronological order to indicate what
deficiencies these definitions have and to contribute to the comprehensibility of the study. Then, the revised
and updated definition of restricted intersection and all the properties of the restricted and extended
intersection operations are presented and examined in detail and demonstrated with their complete proofs.
When investigating the properties and distributive rules, the case where the intersection of the parameter
sets of the SSs is empty is always considered in the assertions and the proofs. As intersection operation
also exists in classical sets, special attention is given to show how the properties of intersection operation
in classical sets reflect these operations to obtain their counterparts and analogies in SS theory. Thus,
numerous new properties have also been added to those previously presented in this field. Besides,
previously presented properties that were either unproven or had lengthy or erroneous proofs are presented
with simplified proofs. Incorrect parts in previous studies, as regards these operations, are corrected with
detailed explanations. Additionally, in order to see which algebraic structures these basic SS operations
form, the distributions of restricted and extended intersection operations over other types of SS operations
are examined in Section 3, and the absorption laws are investigated in detail in Section 4, and it is observed
that these SS operations individually and together with other types of SSs form a wide variety of algebraic
structures in the set of SSs over the universe and in the set of SSs with a fixed parameter set, such as
monoid, bounded semi-lattice, semiring, hemiring, bounded distributive lattice, Bool algebra, De Morgan
Algebra, Kleene Algebra, Stone algebra and MV-algebra, which are given collectively and with their
detailed explanations in Section 4. We also, by providing a methodical study, correct some algebraic
structures associated with the restricted and extended intersection operations obtained by Ali et al. (2009)
presenting the corrected new ones. In the conclusion section, we highlight the significance of the study's
results and their possible impact on both the SS theory, classical algebra, and real-world scenario. Taking
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all of these into account, this paper is the most comprehensive study in the existing literature of SSs as
regards the restricted and extended intersection operations which encompass all the previous studies on this
subject (Maji et al., 2003; Pei and Miao, 2005; Ali et al., 2009; Qin and Hong, 2010; Sezgin and Atagiin,
2011; Ali et al., 2011; Singh and Onyeozili, 2012¢c, Sen, 2014) and (Neog and Sut, 2011; Fu, 2011; Ge and
Yang, 2011; Zhu and Wen, 2013; Onyeozili and Gwary, 2014; Husain and Shivani, 2018) serving as a
handbook for those who start to study SS theory and advancing the theory by closing the big gap in the
literature in this regard, as such an inclusive study does currently not exist in the literature and it is quite
necessary in terms of shedding light on the future studies and preventing possible errors in the theory.

2. PRELIMINARIES

In this section, several algebraic structures and several fundamental concepts in SS theory are
provided. Soft set first proposed by Molodtsov (1999); however its definition was revised by Maji et al.
(2003).

Definition 1. Let E be the parameter set, NC E, U be the universal set, P(U) be the power set of U, A pair
(E,N) is called an SS over U, where ¥ is a function given by F: N — P(U) (Maji et al., 2003).

While the SS (F,N) is denoted as Fy in some papers, we prefer the commonly-held representation “(F,N)”
in this study. Besides, the definition of SS, proposed by Maji et al. (1999), has been reorganized by Cagman
and Enginoglu (2010) however, we use the definition of Maji et al. (2003) to be faithful to the original
definition of SS throughout this paper.

More than one SS can be defined with a subset N of the set of parameters E. In this case, these SSs are
denoted as (F,N) (€, N), (H, N), etc. Also, more than one SS can be defined with different subsets N,Y, ¥
etc. of the set of parameters E. In this case, the SSs are denoted as (F,N), (E,Y), (F,%), etc. (Maji et al,
2003). The collection of all 8Ss over U is denoted by Sg(U), and Sy(U) indicates the collection of all SSs

over U with a fixed parameter set N, where N is a subset of E.

The definitions of “NULL SS” and “absolute SS” were first introduced by Maji et al. (2003), where a
NULL SS (F,A) was represented by @, and an absolute SS (F,A) by A. However, it was extensively shown
by Ali et al. (2009), Sezgin and Atagiin (2011), and Yang (2008) that these definitions and notations,
unfortunately, pose certain mathematical problems. Specifically, these definitions create many problematic

situations in theorems and propositions, as the parameter set of the SS need not be a fixed set changing
from SS to SS.

To address these problematic situations, Ali et al. (2009) updated these definitions, introducing the
definitions of “relative null SS with respect to parameter set N” and “relative whole SS with respect to
parameter set N” which are all determined by the parameter set of the SS. Consequently, in several
significant studies (Ali et al. (2009), Ali et al. (2011) Sezgin and Atagiin (2011)), the mathematically correct
versions of all problematic theorems and propositions related to NULL SS and absolute SS operations
were provided. Throughout this paper, in order to avoid confusion, we use the definitions of Ali etal. (2011)
for absolute SS, null SS, and whole SS.

A function whose domain is the empty set is known as the empty function. Since the empty function is also
a function, it is evident that by taking the domain as @, an SS can be defined as F: @ — P(U). This type of
S8 is referred to as an empty SS and is represented by @y. As stated by Ali et al. (2011), the only SS with
an empty parameter set is @y. In this study, unless otherwise stated, all the SSs over U are different from

Bo.
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Definition 2. Let (E,N)€ Sg(U). If F(,)=0 for all y€ N, then (F,N) is referred to as a null SS with respect to
N, signified by @y (Ali et al, 2009). An SS with an empty parameter set is denoted as @y and is called an
empty SS (Ali et al., 2011).

Definition 3. Let (F,N)€ Sg(U). If F(v)=U for all y€ N, then (F,N) is referred to as a relative whole SS with
respect to N, signified by Uy. The relative whole SS Ug with respect to the universe set of parameters E is
called the absolute SS over U (Ali et al., 2009).

Soft subsets and soft equal relations, in the framework of SS theory, are core concepts as well. Maji et al.
(2003) were the pioneers in using a very strict definition of soft subsets. The definition is as follows:

Definition 4. Let (F,N), (€,Y)€ Sg(U). If
i. NEY¥Yand
ii. Forallw €N, F(w)=CE(w)
then (F,N) is called a soft subset of (€, ¥), denoted as (F,N) € (€, Y).

If (€, Y) is a soft subset of (F,N), then (F,W) is a soft superset of (€, ¥), denoted as (F,N) 3 (C, ¥). If (E,N)
€ (€, Y)and (€, ¥) € (F,N), then (F,N) and (€, Y) are said to be (soft) equal sets (Maji et al., 2003).

In the study by Sezgin and Atagiin (2011), the properties of restricted intersection and restricted union, and
extended intersection and extended union operations were examined according to the soft subset definition
by Maji et al. (2003). However, since the soft subset definition in the study by Pei and Miao (2005) is more
related to classical sets, and thus is more useful and functional, the soft subset definition by Pei and Miao
(2005) is used throughout this study.

Definition 5. Let (F,N), (€, Y)€ Sg(U). If N € ¥ and F(y) S €(y), for all y€ N, then (E,N) is a soft subset of
(€,Y), indicated by (F.N)E(C,Y). If (€,Y) is a soft subset of (F,N), then (E,N) is a soft superset of (C,Y),
indicated by (F,N)3(C, ¥). If (F.N)E(C,¥Y) and (C,Y)E(F,W), then (F,N) and (C,Y) are called soft equal sets
(Pei and Mio, 2005).

In the literature, various and updated definitions of soft subset and soft equal set have been introduced. For
these definitions and the relationships between them, we refer to the studies by Qin and Hong, 2010); Jun
and Yang, 2011; Liu et al. 2012; Feng and Li, 2013; Abbas et al., 2014; Mujahid et al., 2017; Abbas et al.,
2017; Al-Shami, 2019; Al-Shasi and El-Shafei, 2020; and Ali et al., 2022.

The concept of the complement of an SS was first introduced by Maji et al. (2003). In this definition, when
the complement of an SS (F,N) is calculated, the complement of N is also conducted, thus the parameter
set of the SS changes. It was shown by Ali et al. (2009) that this causes problematic situations in important
aspects such as De Morgan's laws. To overcome this confusion, Ali et al. (2009) introduced the concept of
“relative complement” of an SS which is more rational. In this definition, when the complement of an SS
is conducted, the parameter set remains unchanged, that is, it is preserved. This definition became preferred,
as it is more functional than the complement defined by Maji et al. (2003). To avoid confusion, in the study
by Ali et al. (2009), the complement defined by Maji et al. (2003) is called the “neg-complement”, and the
updated complement concept for SSs is called the “relative complement” (briefly soft complement). Below,
the concept of (relative) complement introduced by Ali et al. (2011) is presented and it used throughout this
study is provided.

Definition 6. Let (F,N)€ Sg(U). The relative complement of (F,N), indicated by (F,N)" =(F",N), is defined
as follows: F'(y)=U-F(y), for all s N (Ali et al, 2011).
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From here, (@,)"=Ua, (Up)"™=04, (Dg)'=Ug, (Ug)"™=0f, (0p)"=0y (Since the parameter set remains
unchanged and @ is the only S8 that has an empty parameter set), and ((F,N)")"=(F, N).

Moreover, it is clear that @, E(F,A) € Ua € Ug(Ali et al., 2011). Here we want to point out one issue: In
Alietal. (2011) it is stated that @y € @, S(F,A) € Ua € Ug;however it is unknown whether @ is a subset
of @, or not due to the definition of empty SS.

Cagman (2021) introduced two new complements as the inclusive complement (Here, we denote by +) and
the exclusive complement (Here, we denote by 0). For two sets N and 3, these binary operations are defined
as N +3 =N’UJ and N 63 = N’NJ’. Sezgin et al. (2023a) investigated the relationship between these two
operations and also introduced new binary operations: For the sets N and 3, N *J =N"UJ’, NyI =N'NJ,
N A3 =N U3J’. Let the set operations be denoted by "E" (that is, E can be N, U,\, A, +,0, *, A,y), then the
following definitions are applied to all forms of SS operations:

Definition 7. Let (F, N), (€,Y)€ Sg(U) such that NN ¥+ @. The restricted @ operation of (F, N) and (C,¥)
is the SS (H,¥), denoted by (F,N) By (€, Y)= (H.,¥), where ¥ = N NY and for all s}, H(s) = F(y)m € (4).
Here, if =N N Y = @, then (F,N) Br(C, Y)= @y (Aliet al., 2011; Pei and Mia, 2005; Sezgin and Atagiin,
2011).

Definition 8. Let (F,N), (€,Y)€ Sg(U). The extended & operation (F,N) and (C€,Y) is the SS (H,¥), denoted
by (F, N) B.(C,¥) = (H, ¥), where ¥= NUY, and for all s€1p,

F(Y, yEN-Y
H'(y) = C), yEY—N
FOECWH), seNNY

(Maji et al., 2003; Ali et al., 2009; Ali et al., 2011; Sezgin et al, 2019; Stojanavic, 2021; Aybek, 2024).
Definition 9. Let (F.N), (€, Y)€ Sg(U). The complementary extended & operation (F,N) and (€,Y) is the
*
SS (H,¥), denoted by (E,N) _ (€, ¥) = (H, I), where I = NU Y, and for all s€}P,
€

F'(v), YEN-Y
H'() = '), YEY—N
FOECWH), seNNY

(Akbulut, 2024; Demirci, 2024; Sarialioglu, 2024; Sezgin and Sarialioglu, 2024b)
Definition 10. Let (E,N), (C, X)E Sg(U). The soft binary piecewise B operation of (F,N) and (C, ¥) is the
SS (H, N), denoted by (F,N)(Q?, Y) = (H,N), where for all y€ N,
F(y), EN-Y

0 ={eate, seNny
(Eren and Calisict, 2019; Sezgin and Yavuz, 2023a; Sezgin and Calisici, 2024; Yavuz, 2024)
Definition 11. Let (F,N), (€, Y)€ Sg(U). The complementary soft binary piecewise ® operation of (F,N)

%

and (C, Y) is the SS (H, N), denoted by (¥, N) ~ (€, ¥) = (H,N), where for all € N,

_{ F® YEN-Y
”(9—{;@@:@, LENNY
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(Sezgin and Demirci, 2023; Sezgin et al. 2023a, 2023b; Sezgin and Yavuz, 2023b; Sezgin and Dagtoros,
2023; Sezgin and Cagman, 2024; Sezgin and Sarialioglu, 2024a)

Definition 12. An algebraic structure (S,) is said to be idempotent if s>=s for all s€ S, then. An idempotent
semigroup is said to be a band, a commutative band is called a semi-lattice, and a semi-lattice with an
identity is called a bounded semi-lattice (Clifford, 1954).

Definition 13. Let S be a non-empty set and "+" and "*" be two binary operations defined on S. If the
algebraic structure (S, +, *) satisfies the following properties, then it is called a semiring:

i. (S, +) is a semigroup.
ii. (S, %) is a semigroup,
iii. Forall b,d, z€S,bx(d+2z)=bxd+Dbxzand (b+d)*z=bxz+ dxz

Ifb+d=d+b forall b,de S, then S is called an additive commutative semiring. [f bx @ =d* b for all b,de
S, then S is called a multiplicative commutative semiring. If there exists an element 1€ S such that bx1=1
b =" for all bE S (multiplicative identity), then S is called semiring with unity. If there exists O€ S such that
for allb € S, 0% b =bx0=0 and 0+ b =b +0="D, then 0 is called the zero of S. A semiring with commutative
addition and a zero element, is called a hemiring (Vandiver, 1934).

Definition 14. Let { be a non-empty set, and let "V" and "A" be two binary operations defined on (. If the
algebraic structure. ({,V,A) satisfies the following properties, then it is called a lattice:
i. (¢, V) is a semi-lattice
it.  (C, A) is a semi-lattice
iii. ForallR,8€(, QV(QA8)=9 A2V 8) (absorption law)

A lattice with an identity element according to both operations is called a bounded lattice. In a bounded
lattice, the identity element of { with respect to the A operation is usually denoted by 1, while the identity
element with respect to the V operation is denoted by 0. If the bounded lattice ¢ has an element Q' such that
QA" =0and Qv Q=1 for all Q € {, then ( is called a complemented lattice. A lattice holding distribution
law is called a distributive lattice. A lattice that is bounded, distributive, and at the same time complemented
is called Boolean algebra. The lattice with De Morgan's law, i.e. (2 V8)'=92'A8"'and (QA8)'=9'Vv 8’
for all 9, 8 € (is called De Morgan algebra. If De Morgan algebra satisfies the condition 2 A Q '<8v 8' for
all Q, 8 € T, then it is called a Kleene algebra. For Q € , Q" is called the pseudo-complete of  if Y A Q=
0 and 8 < Q" whenever Q A8 =0. The equality Qv 9"=1 is called the Stone’s identity. A pseudo-
complemented distributive lattice satisfying the Stone’s identity is called a Stone algebra (Ali et al., 2011)

Definition 15. Let ¢ be a non-empty set with binary operation "@" and a unary operation "*" defined on ¢.
If 0 is a constant that fulfills the following axioms for each s and y in ¢, then the structure (2,,*,0) is
called an MV-algebra:

i. (¢, D, 0) commutative monoid.
i ()=
. 0@ y=0"
v. OBy O D,

The concept of MV-algebras was introduced by Chang (1959) with the aim of providing an algebraic proof
for Lukasiewicz logic, a many-valued logic introduced by Lukasiewicz in the 1920s. We refer to Pant et al.
(2024) regarding the possible applications of network analysis and graph applications on SSs, and to Ali et
al. (2015), Jan et al. (2020), Irfan Siddique et al. (2021), and Mahmood (2020) for bipolar soft sets, double
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framed soft sets and lattice ordered soft sets. For more about soft AG-groupoids, soft KU-algebras, and
picture soft sets, see Khan et al. (2015), Gulistan and Shahzad (2014), Memis (2022), and Naeem and
Memis (2023), respectively.

3. MORE ON RESTRICTED AND EXTENDED INTERSECTION OPERATIONS

In the theory of SS, which was proposed in 1999, many soft intersection operations have been
defined. There are some differences among them, and some definitions are no longer preferred for use
because they are essentially not very useful. We find it beneficial to start this section by recalling these
points. From this perspective, we first aim to present the soft intersection operations existing in the literature
in chronological order, and to indicate what deficiencies these definitions have, as we believe this will
contribute to the comprehensibility of the study.

In 2003, the intersection of SSs was first defined by Maji et al. (2003) as follows: Let (F,A) and
(€,B) be two SSs over U. The intersection operation of these SSs, denoted by (F,A)N(E,B), is defined as
(E,A)N(€,B)=(H, C), where C=ANB and H(a)=F(at) or H(a)=C(t), for all « €C (as both are the same sets)
(Maji et al, 2003). Although it was claimed in this definition that F(a) = €(«), for a € C, it is clear from the
definition and nature of the SS that such a situation is not necessarily the case. Therefore, the problematic
nature of this definition has been detailed in the studies by Ali et al. (2009) and Pei and Miao (2005).

Pei and Miao (2005) defined a new soft intersection operation, which they believed would be more
functional, as follows: Let (F, A) and (€, B) be two SSs over U. The restricted intersection of these SSs,
denoted by (F,A)N(E,B), is defined as (F,A)N(C,B)=(H,C), where C=ANB and for all a €C, H(a) =
F(a)NCE(a) (Pei and Mia, 2005). In this definition, however, it is not addressed what the result of the
operation (F,A)N(C,B) would be in the case where the parameter sets of the SSs are disjoint, and the
notation for the restricted soft intersection operation is chosen to be similar to the intersection operation in
classical sets.

Feng et al. (2008) defined an intersection operation, called the bi-intersection operation, as follows:
Let (F, A) and (€, B) be two SSs over U. The bi-intersection of these SSs, where C=ANB and for all y € C,
H: C — P(U) is defined as H'(s)=F(5)NCE(s), and is denoted by (F, A) 71 (€, B) = (H', C). In this definition,
as well, it is not addressed what the result of the operation (F,A) I (€, B) would be in the case where
ANB=0.

Ali et al. (2009) defined an SS operation called the restricted intersection operation as follows: Let
(F, A) and (€, B) be two SSs over U such that ANB+ @. The restricted intersection operation of (F, A) and
(€, B) denoted by (F,A)m(E,B), is defined as (F,A)m(€,B)=(H,C), where C=ANB, and for all « €C, H(a)=
F(a)NE(a). Unlike the definition by Feng et al. (2008), this definition starts with the condition "Let (F,A)
and (€,B) be two SSs such that ANB # @," treating this condition as a necessary condition. Moreover, it
does not address what the result of the operation (F,A)M(C€,B) would be in the case where ANB = @.

Alietal. (2011) evaluated the case of the intersection of the parameter sets of two SSs being empty,
which was not considered in the restricted soft intersection operation defined by Ali et al. (2009), and
updated the definition of the restricted intersection operation as follows: “Let (F, A) and (€, B) be two SSs
over U such that ANB=@. The restricted intersection operation (F,A) and (€,B) is denoted by (F,A)Ng(€,B),
and is defined as (F,A) Ng(€,B)=(H,C), where C = ANB, and for all a € C, H(a)=F()NE(a). If ANB=0Q,
then (F,A) Ng(€,B)= @y. “This was the first study to provide information on the result of the restricted
intersection operation when the intersection of the parameter sets is empty. Additionally, this study
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preferred to use the symbol “Ni” which is the most useful notation for the restricted intersection operation.
The letter "R" under the intersection symbol is in harmony with and meaningful because it stands for
"restricted" in English. Indeed, in subsequent studies on SS operations, this notation form was preferred
for restricted SS operations. The most current and useful definition of the restricted intersection definition
is the one provided by Ali et al. (2011). However, in this definition, for two SSs (F,A) and (€, B) over the
same universe, the condition ANB+# @ is again included as a necessary condition for the restricted
intersection of these two SSs to be calculated by adding the expression “Let (F,A) and (€, B) be two SSs
over U such that ANB+# @.” However, even if ANB= @, the restricted intersection operation of these SSs
is still defined, and in this case, (F,A) Ng(€,B)= @y. That is, whether the intersection of the parameter sets
of the two SSs to be intersected is an empty set or not, the restricted intersection of the two SSs can be
calculated in any case. The parameter sets of the two SSs being not disjoint is never a necessary condition
for their restricted intersection to be calculated.

In this sense, from a chronological perspective, although the idea of the restricted intersection
operation in SSs was first proposed by Pei and Miao (2005), as in their definition, the case where the
intersection of the parameter sets of the SSs to be intersected is empty was not considered and it is addressed
firstly in the study of Ali et al. (2011), the updated definition for the restricted intersection provided in this
section as Definition 3.1.1 will be given and used.

In this section, the algebraic properties of the restricted intersection and extended intersection
operations of SSs, updated considering the above-mentioned points, are examined in comparison with the
properties of the intersection operation in classical sets. We investigate the distribution rules so as to obtain
the algebraic structures formed by these operations in the collection of SSs with a fixed parameter set, and
in the collection of softs over the universe in the following section.

Here, we find it beneficial to note the following: Although the restricted intersection operation exists
in the literature as the restricted and extended intersection operations are pre-defined operations, many
properties included in this section have been given in previous works (Ali et al. 2009; Ali et al., 2011; Feng
et al. 2008; Pei and Mia, 2005; Maji et al, 2003; Qin and Hong, 2010; Sezgin and Atagiin, 2011), but without
considering the important points detailed in this section. Moreover, in most studies, many of these properties
are provided without proofs, or with insufficiently detailed proofs. In this study, all proofs are systematically
provided based on function equality. Additionally, the relationships between Pei and Miao's (2005)
definition of soft subsets and restricted/extended intersection operations, which were not addressed in
previous studies, are presented for the first time in this study with detailed proofs and their classical set
counterparts.

Moreover, since all properties of the fundamental SS operations, namely the restricted and extended
intersection operations, are provided together with their proofs, and since this study takes care the case
where the intersection of the parameter sets of the SSs may be empty set for each property-previously
overlooked in other studies-this work is comprehensive of all previous works. From this perspective, we
consider this study to be of significant importance, and hope it serves as a handbook for beginners in SS
theory.

3.1. More on Restricted Intersection Operation

In this subsection, the updated and revised presentation of the definition of restricted intersection defined
by Ali et al. (2011), its example, and all its properties are provided with their detailed proofs.
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Definition 16 Let (¥, J]) and (€, }) be SSs over U. The restricted intersection of (¥, J]) and (€, }P), denoted
by (F,J]) Ng (€, ), is defined as (F,J]) Ng (€, ) = (H', C), where C=J] N¥. Here, if C=J] NP+, then
H(a)=F(a) NE() for all aeC, and if C=J] N¥P=0, then (F,J]) Ng (€, ¥)=(H, C)= @.

Since the only S8 with an empty parameter set is @y, it is clear from the definition that if
C=JJN¥P=0, then (F,J]) Ng (€, ¥)= @4. Therefore, it can be seen that there is no requirement for JJN¥+ @
for the restricted intersection operation to be defined, where (F,J]) and (€, ¥) are two SSs over U.

The reason we have not cited Ali et al. (2009), Ali et al. (2011), Feng et al. (2008), and Pei and Miao (2005)
in Definition 16 is due to the detailed explanations we provided in the introduction of Section 3, where we
updated the definition by considering the case of the intersection of parameter sets being empty. In many
studies (Ali et al., 2009; Ali et al., 2011; Sezgin and Atagiin, 2011; Singh and Onyeozili, 2012c), properties
related to the restricted intersection operation were stated overlooking this case, but throughout this study,
it has been shown that this condition is not necessary.

The symbol "Ng" used to denote the restricted intersection operation aligns well with the English word
"restricted," forming a meaningful whole. This notation form has been preferred for restricted SS operations
in other studies on SS operations as well.

Example 1 Let E={e;,e,,e3,e,} be the parameter set J] ={e;, e;} and ¥ ={e,, e3, e,} be the subsets of E
and U={h;,h,,h3,h,,hs} be the initial universe set. Assume that (F,JJ) and (€,¥) are the SSs over U defined
as follows:
(FJ)={(eq,{hz hs}).(es,{hy,hyhs )}, (CAR)={( ez, {hy,hyhs}), (e3,{ha,h3,hs}),(eq, {hahs )}
Let (FJ)NR(C¥)=(H,JJN¥), where for all a € J] N }P = {e3},
H'(e3)=F(e3)NC(e3)={hy,hy,hs}Nthyhzhyb={h,}.

Thusa (Fr}]) nR(G,:lP)Z{(E3,{h2})}.

Proposition 1 The set Sg(U) is closed under the operation Ng. That is, when (F,J]) and (€, 1) are two SSs
over U, then so is (¥,J]) Ny (G, ).

Proof: It is clear that Ny is a binary operation in Sg(U). That is,
Ng : SE(U)x Se(U)— Sg(U)
(FJD, (€. ¥)) - (F,]) ng (€ )=H.JJN¥)
Hence, the set Sg(U) is closed under the operation Ny . Similarly,
Ng: Sp(U) x S5(U)— S;(U)

((EJ, (€)= (&) ng (€, N=(K,JJN=(K.J])
That is, N is also closed in S;;(U), where JJ is a fixed subset of E.

Proposition 2 Let (F,J]), (€, %), and (H,2) be SSs over U. Then, [(F,J]]) Ng (€, ¥)] ng (H,2) = (F,J]) Ny
[(€,¥) Nng(H,2)] (Pei and Miao, 2005).
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Proof: Pei and Miao (2005) presented this property without its proof; however, we provide it in detail with
its rigorous proof. Let (FJ)Ng(C,¥)=(S,JJN¥), where for all ae]JN¥, S(a)=F(a)NC(a). Let
(S,JJN¥)ng (H, 2) =(R,(JJNWP)NZ)), where for all ae(JJN¥)NE, R(a)=S(a)NH (a). Thus,
R(a)=[F(a)NE(a)]NH (cx)

Let (CW)Ng(H,2)=(K,¥N2), where for all ae¥ne, K(a)=C()nH(a). Let (FJ)Ng (K, N2)
=(L,JJN(N2)), where for all aeJJN(WNE), L(a)=F(a)nK(ct). Thus,

L(a)=F(a)N[E(c)NH (a1)]
Here it is seen that (R,(J] N ) N 2) =(L, JJN(WNE)). That is, Ny is associative in the Sg(U).
Here, it is obvious that if JJN¥=@ or ¥N2=0 or JJNZ=9, then (R,(JJ N ) N 2) =(L, JJN(H¥NZ))= By, thus
Ng is associative under these conditions as well.

Proposition 3 Let (F,J]), (€,J]), and (H,J]J) be SSs over U. Then, [(F,J]) Ng(C,J))] Ng(H,J)=(F,J]) Ng[(E,J]])
Nr(H,J)].

Proof: Let (F,J))Nr(C,J))=(K,J]), where for all aeJJNJJ=]J], K(a)=F(a) NE(a). Let (K,JJ)ng (H,JJ) =(R,J]),
where for all aeJJNJ]=J], R(a)=K(a)NH'(a). Thus,

R(a)=[F(a)NE(a)]NH (cx)
Let (G,J])nR(H,J])=(L,J]), where for all aeJJNJ], L(a)=C(a)nH (). Let (F,J]) Ng(L.JJ)= (N,J]), where for
all aeJJNJ], N(a)= F(a)NnL(«). Thus,

N()=F() N [E(c)NH ()]
It is seen that (R,JJ)=(N,J]). That is, Ny is associative in S 7 (0).
Proposition 4 Let (F,J]), and (€,%) be SSs over U. Then, (F,J]]) Ng(C€,¥)=(C,¥) Ng(¥,J]) (Qin and Hong,
2010).

Proof: Qin and Hong (2010) presented this property without proof in their study; however, we provide it
in detail with its rigorous proof. Let (F,J]) Ngr(C,¥)=(H,JJN¥), where for all aeJJNW, H(a)=F(a)NE(x).
Let (€, ¥)Ng(F,J]))=(S,%NJ]), where for all ae¥NJ], S(a)=C(a)NF(a). Thus,

EIDNRCP)=CP) Ng (F,]).
Hence, Ng is commutative in Sg(U). It is obvious that (F,J)Ng(CJ)=(C,J)Ng(F,J]]). That is, Ny is
commutative in S;(U) as well. Here, it is also obvious that if JJN¥=@, then (H, N ) =(S, ¥N J))= By,

thus Ng is commutative under this condition as well.
Proposition 5 Let (F,J]) be an SS over U. Then, (F,J]) Ng(F,J))=(F,J]) (Pei and Miao, 2005).

Proof: Pei and Miao (2005) presented this property without proof in their study; however, we provide it in
detail with its rigorous proof. Let (F,J))Ng(F,J)=(H,JJNJ]), where for all aeJ], H(o)=F(a)NF(a)=F(ar).
Thus. (H,J])= (¥, J]). That is, Ny is idempotent in Sg(U).

Proposition 6 Let (F,J]) be an S8S over U. Then, (F,J]])Ng Uy= Uy Nr(F,J))=(F,]]) (Ali et al. 2011).

Proof: Ali et al. (2011) presented this property with the relative whole SS with respect to JJ only on the
right side, and without its proof; however, we provide the property with the relative whole SS with respect
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to J] on both the right and left sides, along with its detailed proof. Let U;=(K,JJ), where for all aeJ],
K(a)=U. Let (F,J]) ng (K, J)=(H,JJNJ]J), where for all a€ JJ, H(a)= F(a)n K(a)=F(a)nN U=F(a). Thus,
(H,JJ)= (¥,J]) implying that (F,JJ)Ng Ur=(¥,J]), and by Proposition 4, U; Ng(F,J]J)=(F,]]) as well. That is,
Uy is the identity element of Ng in S;(U).

Here, it is obvious that there is no inverse element for the operation Ny other than Uj; in S;(U). Naturally,
Uy, itself is the identity element for the operation Ng in S;(U).

Proposition 7 Let (F,J]) be an S8S over U. Then, (F,J]) Ng @;=0; Ng(¥,]])=0 (Ali et al. 2011).

Proof: Ali et al. (2011) presented this property with the relative null SS with respect to J] only on the right
side, and without its proof; however, we provide the property with the relative null SS with respect to JJ on
both the right and left sides, along with its detailed proof. Let @;=(S,J]), where for all ae JJ, S(a)=@. Let
(F,J]) Ng(S,]))=(H,J]JNJ]), where for all a€J], H(ax)=F(a)NS(a)=F(a)n @=0@. Thus, (H,J])=@;, implying that
(F,J]) Ng @;,=0;, and by Proposition 4, @; Nr(F,]])=0; as well. That is, @ is the absorbing element of
Ng in S;(U).

Theorem 1 (S;(U),Ng) is a bounded semi-lattice, whose identity is U;; and the absorbing element is @ ;.

Proof: By Proposition 1, Proposition 3, Proposition 4, Proposition 5, Proposition 6, and Proposition 7
(St(U),ng) is a commutative, idempotent monoid whose identity is Uj; and absorbing element @, that is,
a bounded semi-lattice.

Proposition 8 Let (F,J]) be an SS over U. Then, (F,JJ)Ng Ug=Ug Ng(F,JJ)=(E,J]).

Proof: Let Ug=(K,E), where for all aeE, K(a)=U. Let (¥,J]) Ng (K,E) = (H,J]] N E), where for all
aeJJNE=J], H(a)=F(a)NK(a)=F(a)n U=F(a). Thus, (H JJ)=(F,]]), implying that (F,JJ)Ng Ug=(F,J]), and by
Proposition 4, Ug Ng(F,J])=(F,]]) as well. That is, Ug is the identity element of Ny in Sg(U).

From this, we can conclude that in Sg(U), no element has an inverse element for the operation Ng other
than Ug, which is the identity element. Naturally, the SS Ug itself is the identity element of the operation
ﬂR n SE(U)

Proposition 9 Let (F,J]) be an SS over U. Then, (F,J))Ng @p=0p Nr(F,J])= By.

Proof: Let @y =(S,9). (F,J))Ng (S,0)=(H,J] N @)=(H, @), @y since the parameter set is the only SS that is
the empty set, (H, @)=04, implying that (F,JJ)Ng @y= @y, and by Proposition 4, @y Ng(F,J])= @y as well.
That is, @4 is the absorbing element of Ng in Sg(U).

Theorem 2 (Sg(U),NR) is a bounded semi-lattice, whose identity is Ug and the absorbing element is @.

Proof: By Proposition 1, Proposition 2, Proposition 4, Proposition 5, Proposition 8, and Proposition 9,
(Sg(U),ng) is a commutative, idempotent monoid whose identity is Ug, that is, a bounded semi-lattice.
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Proposition 10 Let (F,J]) be an 88 over U. Then, (F,J]))Ng @g=0g Ng (F,J])= 0.

Proof: Let @z=(S,E), where for all a€E, S(a)=0. Let (F,J])Ng(S,E)=(H,JJNE), where for all aeJJNE=]],
H(a)=F(a)NS(a)=F(a)n @=@. Thus, (H,J]J)= @y, implying that (F,J]J)Ngr @g=@;, and by Proposition 4,
@g Ng (F,J])=0; as well.

Proposition 11 Let (F,J]) be an SS over U. Then, (¥,J]) Nr(F,J]])'=(F,J])" Ng(¥,]J)= @ (Sezgin and Atagiin,
2011; Alietal., 2011).

Proof: In the studies by Sezgin and Atagiin (2011) and Ali et al. (2011), this property was presented with
the relative complement of the SS (F,J]) only on the right side, and without its proof. However, we provide
the property with the relative complement of the SS (F,J]) on both the right and left sides, along with its
detailed proof. Let (F,J])=(H,J]), where for all ae JJ, H(a)=F’(a). Let (F,J])ng (H, JJ)=(L,JJNJJ), where for
all aeJ], L(a)=F(a)nH()=F()NF’(a)=@. Thus, (L,JJ)= @, implying that (F,J]))Nr(¥,]])'=0,, and by
Proposition 4, (F,J])" Ng(F,J])= @ as well.

Proposition 12 Let (F,J]) and (€,) be SSs over U. Then, [(F,J]) Ng(C,¥)]'=(F,J])" Ur(C,¥)" (De Morgan
Law) (Ali et al., 2009).

Proof: In the study by Ali et al. (2009), the De Morgan property was presented with the condition JJN¥P+#0
and the proof was relatively lengthy. In this study, we state that the condition JJN¥#@ is not a necessary
condition for the proposition and provide a simpler proof. Let (F,J))Ng(C,¥)=(H JJN¥), where for all
acJJNW, H(a)=F(o)NC(a). Let (H,JJN¥)'=(K,JJN¥), where for all aeJJN¥, K(a)=H’(a)=F’(0)UG’ ().
Thus, (KJNW)=(F,JJ)" Ur(C€,¥)". Here, if JNW=0Q, then the equality is again satisfied since the right and
left sides will be @y. So, JNW#P is not a necessary condition for this proposition.

Proposition 13 Let (F,J]]) and (€,]]) be SSs over U. Then, (F,J]) Ng (€,J))= U; & (F,J]) = Uy and

Proof: Let (F,J]) Nng (€, J]) = (K,JJNJ]), where for all aeJ], K(a)=F(a)NE(a). Since (K,JJ)=Ur, K(a)=U,
for all aeJ]. Thus, K(a)=F(a)NE(a)=U, for all aeJ] ©F(a)=U and €(a)=U, foralla € JJ & (F,J]) = Uy
and (C,J])=Uj,.

In the study by Sezgin and Atagiin (2011), the properties related to restricted intersection and soft subsets
were examined according to the definition of soft subsets given in the study by Maji et al. (2003). In this
study, we examine the properties related to soft subsets according to the definition given in the study by Pei
and Miao (2005), which is widely accepted. Therefore, the following properties related to soft subsets have
not been included in previous studies.

Proposition 14 Let (F,J]) and (€, ¥) be SSs over U. Then, @;np S(F,J]) Ng(C¥). Moreover, (F,J])
NR(€P) € Uy, and (F,J]) Nr(€,¥®) € Uy
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Proof: The proof is evident from the fact that the empty set is a subset of every set and the universal set
includes every set.

Proposition 15 Let (F,J]) and (€,%) be SSs over U. Then, (F,J)Ng(C,¥) € (F,]]) and (F.J)Ng(C¥)
(€, %), where JJN¥=0.

Proof: Let (F,J))Ng(C,¥)=(H,JJN¥), where for all aeJ]JN¥, H(a)=F(a) NE(ct). Thus, H(a)=F(a) N C(a)
CF(a), for all ae]JN¥. Hence, (FJ)Ng(C,WP)E(E,J]). Furthermore, since F(a) N C(a) <C(a),
(FJDNR(C,¥) € (€, %) is obvious.

Proposition 16 Let (F,J]]) and (€,¥) be SSs over U. Then, (F,J))C (C,}) if and only if (F,J])
nR(Ga:lP)Z(FaJ])‘

Proof: Let (F,J])E (G, 1) and (F,J)Ng(C,¥)=(K,JJN¥=J]). Thus, JJE} and F(a)S €(a), for all ae]], and
so  K(o)=F(o)NnC(a)=F(ax), for all aeJ]. Therefore, (K,JJ)= (E,JJ) Ng(C,¥) =(F,J]]). Conversely, let
(FIPHNr(C,¥) =(F,J]). Hence, JJNW=J], implying that JJE}. Moreover, since F(a)NE(a)=F(a), for all aeJ],
this implies that F(a)SC(a). Thereby, (F,J]) € (€, ).

Proposition 17 Let (F,J]), (C,¥), and (H,2) be SSs over U such that JJN2=@. If (F,]]) € (C,3P), then
(F,J) nr (H,2) € (€¥) ng (H,2).

Proof: Let (F,J]])E (C,}). Then, JJE}P, and F(a)S C(a), for all ae]]. Let (F,J)Ng(H,2)=(K,JJN2). Thus,
K(a)=F(a)NnH (), for all aeJJNe. Let (€, ¥)Ng(H,2)=(L,¥N¢2). Hence, L(a)=C(a)NH (o), for all aePNe.
Hence, JJN¢Z € ¥N¢, and K(a)=F(a)NH (a)SC(a)NH (a)=L(a), for all aeJJNE. Thereby, (F,JJ)Ng(H,2)
S(C,¥) Ng(H,2).

Here, if N¢2=0, this would require JJNZ=0 (as JJNZSH¥N¢Z) making the proof evident once again.

Proposition 18 Let (FJ)), (C¥), and (H,2) be SSs over U such that JJNZ2#0Q.
If (F,J)) ng (H,2) € (G, ) ng (H,2), thn (F,J]) € (C,3) needs not be true. That is, the converse of
Proposition 17 is not true.

Proof: Let us give an example to show that the converse of Proposition 17 is not true. Let
E={e;,e;,e3,e4 €5} be the parameter set JJ={e;,e3}, ¥={e,,e3,e5}, ={e;,e3,6s5, €4} be the subsets of E
and U={h;,h,,h;,h,hs} be the universel set. Assume that (F,J]), (€, ), and (H,2) are the SSs over U
defined as follows:
(F"J])z{(ell {hZ' hS})a(e3a {hlahZ ahS})}a
(@’:lp)z{(el,'{hZ})a(e3a {hlahZ})a(eS’ {h3})}a
(Haa)z{ €1 ,@),(63 a(zj)a(eSr (Z))a(eGa {hll hS})}

Let (F,J))Ng(H,2)=(L,JJN¢), where for all aeJJ N ¢ = {ey, ez}, L(a)=F(a) NH' (). Thus, L(e;)=F(e;) N
H'(e;)=0, L(e3)=F(e3) N H'(e3)=0. Hence,
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(Faj])nR(Haa)z{(el ,@),(63 ,(Z))} .
Now let (€¥)Ng(H,2)=(K,¥N2), where for all aelP N = {e;,e3,es}, K()=C(a) NH(ar). Hence,
K(e;)=C(e;) N H'(e1)=0, K(e3)=C(e3) N H'(e3)=0, and K(es)=C(es) N H'(e5)=@. Thus,
(Ga:lp) nR(HaZ)z{(elaQ)a (e3 ,@),(65,(2))}.
Hence, (F,J]) Ng(H,2) E(C,¥) Ng(H,2), but (F,J]) isn’t a subset of € ).

Proposition 19 Let (EJ]), (C¥), (K,V) and (L,W) be SSs over U such that JJNV#0.
If (F,J]) € (C,3) and (K, V) € (L, W), then (F,J)) ng (K,V) € (€, ) ng (L,W)

Proof: Let (F,J]) € (C,}) and (K,V) € (L, W). Hence, for all aeJ], F(a)S €(a) and for all aeV, K(a)S
L(a). Let FEJPNr(KV)=M,JJNV). Thus, for all ae]JNV, M(a)=F(a)NK(a). Let
(CW)NR(L,W)=N,®NW). Thus, for all ae®NW, N(a)=C(ac)nL(a). Hence, for all ae JJNV,
M()=F(o)NK(a)SE(a)NL(ct)=N(at). Hence, (FJ)Ng(K,V)E(E,¥) Ng(L,W). Here, if ¥NW=0, this
would require JJNV=0 (since JJNVEPNW) making the proof clear once again.

Proposition 20 Let (F,J]) and (€, %) be SSs over U. If (E,J]) € (€, %), then (F,J]) Ng(C.¥) = @ 5. Moreover,
(E,J)) € (€,]))" if and only if (¥, J]) Nr(€,]]) = @y.

Proof: Let (F,J]) € (C,¥)". Hence, JJ € } and F(a) € C (), for all aeJ]. Let (F,J]) Ng(C,¥) =(H,
JJN¥=J]). Hence, H(a)=F()NE(a)=0, for all aeJ]. Thus, (H,J]) = @. Similarly, it can be shown that (F,JJ)
(€)' & (F,J) Nr(€,]))= @j. In other words, for the converse of the theorem to be true, the parameter
sets of the SSs must be the same. It was given without proof in Ali et al. (2011) that if (F,J]) Ng (€,]])= @
, then (F,J]) €(C,J])". However, it is also evident that if (F,J]) &(C,J])", then (F,J]) Ng (€,]]) = @j.

3.1.1. The distributions of the restricted intersection operation over other SS operations:

In this subsection, the distributions of restricted intersection operation over other SS operations such as
restricted SS operations, extended SS operations, and soft binary piecewise operations are examined in
detail and many interesting results are obtained.

3.1.1.1. The distributions of the restricted intersection operation over other restricted SS operations:

Here, the distributions of the restricted intersection operation over other restricted operations have been
examined. First, the left distributions, and then the right distributions were investigated. It is worth
mentioning an important point here. Although Sezgin and Atagiin (2011) showed that the restricted
intersection operation distributes over the restricted union and restricted difference from both the right and
the left, their proofs repeatedly emphasized that the intersections of the parameter sets of the SSs involved
in the restricted operations should be non-empty. However, even if the intersections of the parameter sets
of the SSs involved in the restricted operations are empty, these distributions still hold. Besides, in the
study by Alietal. (2011), only the left distributions were presented in a table and without proofs. Therefore,
in this subsection, considering all these conditions, detailed proof is provided for the distributions.

a) LHS distributions of restricted intersection over other restricted SS operations:
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Let (F,J]), (€, %), and (H,2) be SSs over U. Then, we have the following distributions:
) EIDNRIEP)UR(H.2)IIET) Nr(EP)] Ug [(EJ]) Nr(H.2)] (Sezgin and Atagiin, 2011).

Proof: In their study, Sezgin and Atagiin (2011) provided the proof of this property under the condition that
the intersection of the parameter sets of the SSs involved in the restricted operations should be non-empty.
However, this proof will specifically indicate that this property holds even if the intersection of the
parameter sets of the SSs involved in the restricted operations is empty.

First, let’s consider the left-hand side (LHS), and let (€, ¥)Ugr(H,2)=(R,¥N¢), where for all ae¥Ne,
R(a)=C(a)UH(ar). Let (E.J]) Ng(RAPN2)=(N,JJN(PNQ)), where for all ae]JNAPNR), N(a)=F(a)NR(«x).
Hence, for all aeJJN¥Ne,
N(a)=F(a)N[(C(a)UH ()]

Now let’s handle the right hand side (RHS). Let (F,J))Nng (€, ¥)=(V,JJN¥), where for all aeJ]JNP,
V(o)=F(a)NCE(a), and let (F,J])Ng (H,2)=(W,JJNZ), where for all aeJJNe, W(a)=F(oc)NH (a). Let (V,JJN¥)
Ur(W,JJN2)=(S,(JJN¥)N(JJNE)), where for all aeJJN¥NE, S(a)=V()UW(a). Thereby,

S(a)= [F(e)NE(a) JU[F(a)NH (a0)]
Thus, it is seen that (N,J] NWN2)=(S,JJN¥NE). Here, if YN2=0 or JJN¥=0 or JJNZ=Q, then in every case,
both the left side and the right side will be @4. Thus, the equality holds in this case as well. Therefore, there
is no need to impose the condition that these sets are non-empty.

i) (F,J)) nr[(C,¥)Nr(H,Q)] = [(F.]]) Nr(E. )] Ng [(E.]]) Nr (H,2)]-
iii) (F,J]) Nr [(CP)\r(H,2)] = [(F,]]) Nr(C, V)] \r [(F.]]) Nr (H,2)] (Sezgin and Atagiin, 2011).
iv) (E,J)) Nr [(€¥) yr (H,2)] = [(F,J]) Nr(E,¥)] yr [(F.]]) Nr (H.O)]-

v) (FJ)) ng [(€,¥) Ar(H,2)1=[(F.J]) Nr(C,W¥)]AR[(F,]]) Nr (H,2)] (Singh and Onyeozili, 2012c¢).

Although Singh and Onyeozili (2012c) provided this property, their proof contains numerous mathematical

errors. Therefore, we are presenting the proof again in a structured and corrected manner. First, let’s

consider the LHS, and let (€ ¥)ArR(H,2)=(R,¥N¢Z), where for all ae¥Ng, R(a)=C(a)AH(a). Let

(E,J]) Nr(R,PNR)=(N,JJNANY)), for all ae]JN(APN2), N(a)=F(ax)NR(at). Hence, for all ae]JN¥PN,
N(a)= F(a)N[(E(a)AH ()]

Now let’s handle the RHS. Let (F,J])Ng (€, ¥)=(V,JJN¥), where for all aeJJN¥, V(a)=F(a)NCE(cx). Now let
FJHng (H,2)=(W,JJN2), where for all «ael]JNg, W()=F(o)nH(a). Let (V,JN¥)
Ar(W,JJN2)=(S,(JJN¥)NJJNE)). Hence, for all ae]JNWNE, S(o)=V(a)AW (),

S(a)= [F(e)NE(a) JA[F(c)NH (a0)]

Thus, it is seen that (N,J] NWN2)=(S,JJN¥NE). Here, if YN2=0 or JJN¥=0 or JJNZ=Q, then in every case,
both the left side and the right side will be @4. Thus, the equality holds in this case as well. Therefore, there
is no need to impose the condition that these sets are non-empty.

b) RHS distributions of restricted intersection over other restricted SS operations:
Let (F,J]), (€, %), and (H,3) be SSs over U. Then, we have the following distributions:
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i) [(F,J])Ur(C)] Ng(H,2)=[(F,]]) Nr(H,3)] Ur[(E.¥) Ny (H,2)] (Sezgin and Atagiin, 2011).

Proof: Sezgin and Atagiin (2011) presented this property without proof in their study; however, we provide
it with its detailed proof. First, let’s handle the LHS. Let (F,J]) Ur(C,¥)=(R,JJN¥), where for all aeJJNP,
R(a)=F(a)UE(a). Let (R,JJN¥) Ng(H,2)=(N,(JJN¥)N2)), where for all ae(JJN¥)NZ, N(a)=R(a)nH(cx).
Hence,
N(a)= [F(a)UE(a)|NH (cx)
Now let’s handle the RHS. Let (F,J))Ng(H,2)=(S,JJNZ), where for all aeJJNZ, S(a)=F(a)nH(a). Let
(€ ¥) nr(H,2)=(K,¥N2), where K(a)=C(a)nH'(a), for all aePNe. Let
(S,JJN)Nr(K,¥Ne)=(L,(JJN¥NE)), where for all ae(JJN2)NNZ) , L(a)=S(a)NnK (). Hence,
L(a)= ([F()nH ()] U[E(c)NH (a)]

Thus, it is seen that (N,J] N¥N2)=(L,JN¥NZ). Here, if YN2=0 or JJNW=0 or JJNZ=0, =@, then in every
case, both the left side and the right side will be @. Thus, the equality holds in this case as well. Therefore,
there is no need to impose the condition that these sets are non-empty.

i) [(F,]]) Nr (€, ¥)] N (H.,Q)=[(F.]]) Nr(H,2)] Nr[(E,¥) Nr(H 2)]-
iii) [(F,])) \r (€. ¥)] nr (H.2)= [F.JDNr(H,2)] \r [(E)NR(H,2)] (Sezgin and Atagiin, 2011).
iv) [(EJ)yr(C®)] Nr(H.Q)= [(E.]]) Nr (H.2)] Yr [((E¥) Nr (H,2)].

v) [(EJ]) Ar ()] Nr (H,2)= [EJ)NR(H.A)] AR [(E¥)NR(H )]

3.1.1.2. The distributions of the restricted intersection operation over extended SS operations:

Here, the distributions of the restricted intersection operation over extended operations have been examined.
First, left distributions were investigated, followed by right distributions. It is important to note a significant
point here. In some studies, although it has been stated that the restricted intersection operation distributes
over extended union, intersection, and difference operations from the left side, no attention has been given
to the right distributions, and all right distributions have been provided without proofs in the study by Ali
et al. (2011). In other studies where proofs are provided, emphasis has been placed on the requirement that
the intersection of the parameter sets of the SSs involved in the restricted operations must be non-empty.
However, even if the intersection of the parameter sets of the SSs involved in the restricted operations is
the empty set, these distributions are still valid. Therefore, detailed proofs are provided taking into account
these considerations, especially in the distributions under this subsection.

a) LHS distributions of restricted intersection operation over extended SS operations:
Let (F,J]), (€, %), and (H,2) be SSs over U. Then, we have the following distributions:
i) (F.J]) Nr[(€,®) U (H,2)] = [(F.]]) Nr(E¥)] U [(F.]]) Nr (H',2)] (Pei and Miao, 2005)

Proof: Pei and Miao (2005) presented this property without proof in their study; however, we provide it
with its detailed proof here. We also state and prove that the property holds even when the intersection of
the parameter sets of the SSs involved in the restricted operations is empty.
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First, let’s consider the LHS, and let (€, %) U, (H,2)=(R,¥U¢), where for all ae¥uUe,
C(a) aelP\e

R(a)=1H' () ael\W
C(a)UH (o) ae¥ne

Let (F,J]) Ng (R,PUR) =(N,(JJN(PUR)), where for all ae]JN(PU2), N(a)=F(a)NR(c). Thus,

F(o)NE(ar) ael]N(P\)=JJNWPNL’
N(o)= F(a)nH (1) aeJJNEW)=I]N¥’ N
FON[C()UH ()]  ae]]NPN)=JJN¥NL

Now let’s handle the RHS. Let (F,J))Ng(C,¥)=(K,JJN¥), where for all aeJ]JN¥, K(a)=F(a)nCE(a). Let
(F,J) nr(H,2)=(S,JJN2), where for all aeJ]Ne, S(a)=F(a)NH (). Let
(K,JJNW) u(S,JJN)=(L,JJN¥)u(JJNe)), where for all ae(JJNW)U(JJNE),

K(a) ae(JJNPNIINS)=I]NA\C)
L(a)= S(a) ae(JJNO\IJNP)=IIN(C\W)
K(US(a)  ac(JJNP)NJIJNS)=TTNAPNL)
Hence,
F(o)NC(a) ae]JN¥YNe’
L(a)= F(a)NH'(a) aeJJNP’Ne
[F()NC(a)] U[F(a)NH ()] aeJJNPNe

It is seen that (N,JJN(¥UR))=(L,(JJN¥)U(JJNQ)). Here, if JN¥P=@, then N(a)=L(c)=F(a)nNH(ct), and if
JJNe=0, then N(a)=L(a)=F(ax)NE(at). That is, in these cases, the left-hand side and the right-hand side are
still equal. Therefore, there is no need to impose the condition that these sets are non-empty.

i) (F.J]) Nr[(€¥) N (H.2)I=[(E.]]) Nr(C¥)] N[(F.]]) Ng (H,2)] (Singh and Onyeozili, 2012c).
iii) (F,J]) Nr[(C,¥) \e(H.OI=[(ET]) Nr(E®)N\[(F,]]) Nr (H.2)] (Sezgin et al., 2019).

iv) (£.J]) Nr[(E,¥) ye(H.QI=[(F.]) Nr(C¥)] Ye[(F.]]) N (H,2)]-

v) (E.J)) Nr[(€,¥) A(H ) JH(E.T]) Nr(EAR)] A[(E,]]) Nr (H,2)].

vi) (E.J]) Nr[(C %) +¢ (H.Q)] = [(F,]]) Nr(C,P)] +¢[(F.]]) N (H,2)], where JJN¥N2=0.
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vii) (E,J)) Nr[(€) Ae (H,2)] = [(F.]]) Nr(CP)] A[(F,]]) Nk (H,2)], where JJNPN2=0.
viii) (E,J]) Nr[(C.¥) * ¢ (H,2)] = [(F.]]) Nr(C,¥)] * :[(F,]) Nr (H,2)], where JJNPNZ=0.
ix) (F.J]) Nr[(€,¥) 6, (H.2)] = [(F.]) Nr(C,¥)] 6[(E,]]) Nr (H,2)], where JJN¥NZ=0.

b) RHS distributions of restricted intersection over extended SS operations:
Let (F,J]), (€, %), and (H,2) be SSs over U. Then, we have the following distributions:

DIE D Ve (CP)] nr (H,2) = [F ) nr (H,2)] Ve [(GAP) Nr (H,2)].

Proof: First, let’s consider the LHS, and let (F,J]) U.(C€,¥)=(R,JJUIP), where for all ae JJUIP,
F(a) acJ]]\¥

R(a)= C(a) aeP\JJ
F()uC(a) aeJJN¥P

Let (RJJUIP) Ng(H,2) =(N,(JJUIP)N2), where for all ae(JJUIP)NZ, N(a)=R(a)nH(ct). Thus,

F(o)NH () ac(JP\WP)NR=IJN¥’N2
N(a)7 E(a)NH (o) ac(P\)NR=I’N¥N2
[F(OUC()]NH(e)  ae(JN®)N2=]]NPN2

Now let’s handle the RHS. Let (F,J))Ng(H,2)=(K,JJN¢), where for all aeJJNZ, K(a)=F(a)NH'(ax). Let
(€, %) Nng(H,2)=(S.%¥N2), where for all ae¥PnNe, S(a)=C(a)NH (). Then, let
(K,JJN2) U (S, PNe)=(L,(JJN2)u(¥Ne)), where for all ae(JJN2)u(¥Ne),

K(a) ae(JJN\WPNS)=UJ\W)NE
L(o)= S(a) ae(PN\IJNS)=A\])NE

K(@UuS(a)  ae(JJN)NHFPN)=(IJN¥)NE
Hence,

F(a)NH'(a) aeJJNP’Ne
L(a)= C(a)nH () ael]]’N¥Ne

[F()NH()]U[C()NH(a)]  ae]NPNR

It is seen that (N,(JJUWP)NR)=(L,(JJNQURNR)). Here, if JNW¥=@ and ae]JN¥’NZ, then
N(a)=L(a)=F(a)nH(); if JJNg=0 and ael]]’N¥PNe, then N(a)=L(a)=C(ax)nH (). If ¥N=@, then
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N(a)=L(a)=F(a)NH(r). Since the right and left sides are equal in these cases, it is not necessary to impose
the condition that these sets must be non-empty.

i) [(F,]]) N(CAP)] Nr(H,2)= [(F,]]) Nr(H2)] Ne [(C, 1) Nr (H,Q)].

iii) [(F,])) \e(C.¥)] Nr(H.Q)=[(F.]]) Nr(H,&)\e[(€,¥) Ng (H',2)] (Sezgin et al, 2019).

iv) [(E.J]) ve(€ )] nr(H,2)= [(F.J]) Nr(H,&)] Ye [(€.¥) Nr (H,2)]-

V) [(EIDA(C)] ng(H,2)= [(F,]]) Nr(H2)] A¢ [(€.¥) Nr (H,2)] (Sezgin and Cagman, 2025).
vi) [(F,]D+:(C.¥)] Nr(H,2)= [(F,]]) Nr(H,2)] +¢ [(E¥) Ng (H',)], where JJNPNE=0.

vii) [(E,J])A(C )] nr(H,2)= [(F,]) Nr(H,2)] 4¢ [(€,¥) Nk (H,2)], where JJNPNZ=0.

viii) [(F,])B:(C,¥)] nr(H.,2)= [(F.]) Nr(H',2)] B¢ [(€,¥) Ng (H,2)], where JJNPN2=0.

ix) [(E,]]) * (€. ¥)] nr(H,2)= [(.]]) Nr(H',2)] * ¢ [(C,¥) Ng (H,2)], where JJNPN2=0.

3.1.1.3. The distributions of the restricted intersection operation over soft binary piecewise
operations:

In this subsection, the distributions of the restricted intersection operation to soft binary piecewise
operations have been examined. First, left distributions were investigated, followed by right distributions.
It is worth noting here that these distributions are satisfied even if the intersection of the parameter sets of
the SSs involved in the restricted operations is the empty set.

a) LHS distributions of restricted intersection operation over soft binary piecewise operations:
Let (F,J]), (€, %), and (H,2) be SSs over U. Then, we have the following distributions:

DE) MR [(€) | (2] = [E D) g €] | [(E D) Ng (T, 2)].

Proof: First, let’s consider the LHS, and let (G,JP)G (H,2)=(R,¥), where for all a€}p,
&(at) aelP\2

R(a)=

C(a)UH (o) ae¥ne

Let (F,J]) Ng(R,¥) =(N,JJN¥), where for all aeJJN¥, N(a)=F(a)NR(at). Hence,
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F(o)NE(a) acJ]JN(P\2)
N(w)
F(o)Nn [C(a)UH ()] ae]JNAPNE)
for all aeJ]JN¥. Now let’s handle the RHS. Let (F,JJ) Ng (€, )=(K,JJNW¥), where for all aeJJN,

K(a)=F(a)nC(a). Let (F,JJ) ng(H,2)=(S,JJN¢), where for all aelJJNZ, S(a)=F(a)NH' (). Assume that
(K,JJ mP)G (S,JJN2)=(L,JJN¥), where for all aeJJN,

K(a) ae(JJNPNIINE)
L(a)

K(a)US(a) ae(JJN¥)NJIJNE)
Hence,

F(a)nC(a) ae(JJNP)NIJN)= JJN(P\2)
L(a)=

[F()NC(a)JU[F()NH ()]  ae(JJNW)NIJN2)=TJN(PN2)
It is seen that (N,JN¥)=(L,JJN¥). Here, if JJN¥=0, then (N,JN¥)=(L,JN¥)=04, and if JJN2=0, then
N(a)=L(a)=F(a)NE(x). Since the right and left sides are equal in these cases, it is not necessary to impose
the condition that these sets must be non-empty.

ii) (E.J]) N[(E.) 1 (HR2)IHEDNREP)] | [EDNNR(H.)L

i) (F.]1) NR[(€P) | (H.QIEDNREP)] | [EDNR(T.R)]

iv) (F.J0) NR[(€AP) |, (.)I=[F.DNR(EP)] |, [EIDNR(T.R)]

V) (B.J]) 0R[(E) ) (HIF[EDNR(EP)] § [(EDNR(H.2)].

vi) (EJ]) NR[(€) | (HIF[EIDNRER)] | [(EIDNR(H )], where JNPN2=0.
vii) (£.J]) NR[(E¥) 5 (HI=[EDNREP)] 5 [(F.]) Ng (H.2)], where JNPN2=0.
viii) (E.J]) NRI(EH) o (H.R)I-(EDNR(EP)] g [(EDNR(H.2)], where JOPN2=0.

ix) (E.J]) NR[(CW) 4 (HIF(EDNREP)] 4 [(ENNR(.Q)] where JNPN2=0.
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b) RHS distributions of restricted intersection operation over soft binary piecewise operations:
Let (F,J]), (€, %), and (H,2) be SSs over U. Then, we have the following distributions:

i) [(ED]) [(€)] Ng(H.2)= [(F.]) NR(H.2)] |, [(€P) Ng (H.2)].
Proof: First, let’s consider the LHS, and let (F,J]) G (€, ¥)=(R,J]), where for all aeJ],

F(a) aceJ]]\W

R(a)=
F()uC(a) aeJJN¥P

Let (R,J]) Nr(H,2) =(N,J]JN2), where for all aeJ]JN2, N(a)=R(a)NH(cr). Thus,
F(a)NnH (o) ae(JJ\W)Ne

N(a)—{

[F(UC()]NH(«)  ac(JNP)N2

Now let’s handle the RHS. Let (F,J))Ng(H,2)=(K,JJNZ), where for all ael] ﬂ2,~ K(o)=F()NH'(cx). Let
(€, %) ng (H,2)=(S,¥N¢), where for all ae¥Ne, S(a)= C(a)NH'(a). Let (K,JJNE) u(SHN=(L,JJN2),

where for all aeJJNe,

K(o) ae(JJN\WNE)
L(a)=
K(a)UuS(a) ae(JJNe)NHPNE)
Thus,
F(a)nH () ae(JJNH\PNS)=(]\W)Ne
L(a)
[F(e)NH()]U[C()NH ()]  ae(JJN2)NAPN)=(JNP)NE

It is seen that (N,JJN2)=(L,JJN2). Here, if JJN2=@, then (N,J]JN2)=(L,JJN2)=Dy, and if ¥N2=0@, then
N(a)=L(a)=F(a)nH (). Since the right and left sides are equal in these cases, it is not necessary to impose
the condition that these sets must be non-empty.

i) [(F,]]) ;(@JP)]HR(H,ZF [(F,]DNr(H,2)] ; [(€.®)NR(H.Q)].

iii) [(F,J]) :(@JP)]HR(H,ZF [(F,]DNr(H,2)] :[(@,%O)HR(H,Z)]~
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) [(E.]]) | (CP)INR(H.2)= [(FDNR(H2)] y [(E€P)NR(H )]

V) [(F.J]) 5 (CP)]NR(H.2)= [(ENNR(H.2)] 5 [(CP)NR(H.2)]

vi) [(EJ])  (€.AP)] NR(H.2)= [(E.J]) Ne(H.2)] . [(€.P)Ng(H.2)], where JJN¥PN2=.
vii) [(E.]]) 5 (€P)] Nr(H.2)= [(E.]]) Np(H.2)] 5 [(EP)Ng(H.2)], where JN#PN2= 0.
viil) [(E.J]) o (€.4P)] Np(H.2)= [(E.]) Nr(H.2)] g [(€.AP)NR(H.2)], where JNPN2= 0.

ix) [(EJ]) 5 (€)] N(H.2)= [(F.J]) Nr(H.2)] 4 [(C.P)Ng(H.2)], where JNPN2= 0.
3.2. More on Extended Intersection Operation

To further clarify the conceptual expansion, this subsection is inspired by the extended union definition for
SSs by Maji et al. (2003), a similar operation defined as the extended intersection operation of SSs by Ali
et al. (2009) is examined in detail. Its properties similar to the intersection operation in classical sets,
distributive rules, and relationships with other operations are thoroughly investigated. Since the extended
intersection operation for SSs is not a new definition, some of its properties and its distributive rules have
already been studied by various authors (Ali et al. (2009), Ali et al. (2011), Qin and Hong (2010), Sezgin
and Atagiin (2011)) However, in most studies, these properties have been presented without their proofs.
From this perspective, we want to emphasize the importance of this study, as it includes all the properties
of the extended intersection operation with their proofs, and provides detailed proofs of many new
properties, especially those relating to their counterparts in classical set theory as regards intersection
operation.

Definition 17 Let (¥, J]) and (€, }) be SSs over U. The extended intersection (¥, J]) and (€, P) is the SS
(H,C) denoted by (F,J]) N (€, ) = (H', C), where C=JJUI and for all aeC,

F(a) aeJ\P
H(a)= () aeP\J]
F(o)NE(a) as]JNy
(Ali et al., 2009).

Here note that the letter "e" written below the symbol " N” which represents the extended intersection
operation, forms a meaningful and consistent whole with its English meaning "extended”. In other studies
on SS operations, extended SS operations are also represented in this form. From the definition, it is
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obvious that if J]=@, then (F,J))N(C,¥)=(C,¥); if ¥=0@, then (F,J))N(C,¥)=(F,J]), and if JJ=¥=0, then
(Faj])ns(ga:lp)z (Z)(D

Example 2 Let E={e;,e,,e3,e,} be the parameter set J] ={e;, e;} and ¥ ={e,, e3, e,} be the subsets of E
and U={h;,h,,h3,h,,h:} be the initial universe set. Assume that (F,JJ) and (€,¥) are the SSs over U defined

as follows: (F’J])z{( el, {hZ,hS})a (63, {hlahZ ahS})}a (@,%P):{( €2, {hlahél-ahS})a
(e3,{hy,h3,h,}),(e4, {hs3,hs})}. Let (FJ]) N(C¥)=(H,JJUP), where for all aeJJUIP,

F(a) aeJ]]\W
H(a)F C(a) aeP\J]
F(o)NE(a) aeJJN¥P

Since  JJu¥P={e;.,e;.e3.e4}, JJ\W={e;}, W\J={eye,}, and JJN¥P={e;}, H(e;)=F(e;)={hyhs},
H}fez)=@(e2)={h1,h4,h5}, H(e,)=C(es)=1{h3,hs}, H(e;)=F(e3)NC(e3)={hy, hy,hsin {hy, hs, hy}={h,}.
Thus,

(Faj])ns(@a:lp)z{(ela{hZ,hS})a (eZa{hlahél-ahS})a (63, {hZ})a (64,{ h3’h5})}'

Note 1 The restricted intersection and extended intersection operations in S4(U) are coincident, where A is
a fixed subset of E. That is, (F,A)N¢(C,A)=(F,A)Ng(C,A).

Proposition 21 The set Sg(U) is closed under the operation N.. That is, when (F,J]) and (€,¥) are two SSs
over U, then so is (¥,J]) Nn: (€, ).

Proof: It is clear that N, is a binary operation in Sg(U). That is,
N¢ : SE(U) x Sg(U)- Sg(U)
((BJ]), (€9)) > (F,J) N, (6, P)=(H, Jup)
Hence, the set Sg(U) is closed under N, . Similarly,
Ne: Sj(U) x Sp(U)- S;(U)
((EJ)), (€,]])) = (1)) ne (€, N=(KJJU)=(K,J])

Let (F,J]) and (C,J]) be elements of the set St(U), where JJ is a fixed subset of the set E. Then, (F,J]) N,
(C€,J]) is an element of the set S;;(U). That is, the operation Ng is also closed in St(U).

Proposition 22 Let (F,J]), (€, ¥) and (H,2) be SSs over U. Then, [(E,J))N: (C¥)] N, (H,2) = (F,J]) Ng
[(C,¥) N, (H,2)] (Qin and Hong, 2010).

Proof: Qin and Hong (2010) presented this property without proof in their study; however, we provide it
with its detailed proof. First, let’s consider the LHS, and let (F,J])N:(C,¥)=(S,JJU}P), where for all aeJJUIP,

F(a) aeJ]J\WP
S(a)=| C() aeP\J]
F()nC(a) ael]]N¥



Natural & Applied Sciences Journal Vol. 8 (1) 2025 71

Let (S,JJUIP) N (H,2) =(N,(JJUIP)UR)), where for all ae(JJUIP)UZ,

S(a) ae(JJu)\2
N()5 H(a) ae\(JJUIP)

S(NH (o) ae(JUP)NE

Thus,
" F(a) ae(JJ\W)\e=JJN¥’ N’
E(a) ae(P\])\e=]’N¥Ne’
F(a)NE(a) ae(JJNWP)\e=JJN¥Ne’
N()y H(a) ac\(JJUP)=TI NP N
F(a)nH () ae(JJ\P)N=JJN¥’ N2
E(a)nH () ae(P\IPDNR=J"N¥PN2
| [F(NC(@)]NH (@)  ae(JN®)N=]JN¥NL

Now let’s handle the RHS, and let (€,¥)N.(H,2)=(R,¥U¢Z), where for all ae¥Pug,
C(a) ae\e

R(a)F H() ae\W
C(a)NH () ac¥Pne

Let (F,J))N (R, HPU2) =(L,JJU(PU?2)), where for all aeJJUIPUZ,

F(a) aceJ\(WYue)
L(a)= R(a) ae(PuUe)\JJ

F(a)NR(a) aeJ]JN(PuUe)

Thus,
" F(a) ae]\(WPUR)=TJN¥’ N’
C(a) ae(P\\J=I°NPNL’
H(a) ae(\WP)\J=J]’N¥’ N2
L(o)= C(a)NH(ax) ae(PNNJ=J"NWPNE
F(o)NE(a) ael]N(P\)=JJNWPNL’
F(a)nH () ae]JNRW)=JJN¥ N
F(oN [C()nH(a)]  ael]NPNR2)=JN¥N2

It is seen that (N,(JJUWP)UR)=(L,JJU(PUR)). That is, N, is associative in Sg(U).
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Proposition 23 Let (F,J]), (€,J]) and (H,J]) be SSs over U. Then, [(F,J]) N:(C,J)H] N (H,J]) = (F,J]) Ng
[(E,]]) n(H.JD].

Proof: The proof follows from Note 1 and Proposition 3. That is, N, is associative in S;(U), where J] is a
fixed subset of E.

Proposition 24 Let (F,J]) and (€,%) be SSs over U. Then, (F,J]) N (C,¥)=(C,¥) N, (F,J]) (Qin and Hong,
2010)

Proof: Qin and Hong (2010) presented this property without proof in their study; however, we provide it
with its detailed proof. Let (F,J]) N (€, ¥)=(H,JJUIP), where for all aeJ]JUIP,

F(a) aceJ]]\¥
H(a)=s C(a) aeP\J]
F()NC(a) ael]]N¥
Let (€, ¥)N(F,JJ)=(S,¥UJ]), where for all aePUJ],
C(a) aeP\J]
S(a)= F(a) ae]]\W
C(a)NF(a) ae¥PNJ]

Thus, (F,J]) N:(€,¥)=(C,¥) N (F,J]). Moreover, it is evident that (F,J]) N (CJ))=(C,J))N(F,J]). That is, N,
is commutative in both Sg(U) and S(U).

Proposition 25 Let (F,J]) be an SS over U. Then, (F,J]) N(F,J])=(F,J]) (Qin and Hong, 2010)

Proof: Qin and Hong (2010) presented this property without proof in their study; however, we provide it
with its detailed proof. The proof is obtained from Note 1 and Proposition 5. That is, N is idempotent in
Se(U).

Proposition 26 Let (¥,J]) be an S8S over U. Then, (F,J]) N, Uz=Uj; N (F,J))=(F,T]).

Proof: The proof is obtained from Note 1 and Proposition 6. That is, U; is the identity element of N, in
Sy(U).
]

Theorem 3 (S;(U), N¢) is a bounded semi-lattice, whose identity is Uy;.

Proof: By Proposition 21, Proposition 23, Proposition 24, Proposition 25, and Proposition 26, (S;(U),N¢)
is a commutative, idempotent monoid whose identity is Uy, that is, a bounded semi-lattice.
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Proposition 27 Let (F,J]) be an SS over U. Then, (F,JJ)N; @y=(F,]]) (Ali et al., 2011).

Proof: Ali et al. (2011) presented this property without proof in their study; however, we provide it with its
detailed proof. Let @y=(S,0) and (F,J]) N<(S, @)=(H,JJud), where for all aeJJUP=]],

F(a) aeJ\@=J]
H(a)yF S() acd \JJ=0
F(o)NS(a)  ael]JNO=0

Thus, H(a)=F(a), for all a€J], and (H,J])=(F,J]).
Proposition 28 Let (F,J]) be an SS over U. Then, @4 N (F,J))=(F,]]) (Ali et al., 2011).

Proof: Ali et al. (2011) presented this property without proof in their study; however, we provide it with its
detailed proof. Let @y =(S,®) and (S,0) N.(F,J]])=(H, @uJ]), where for all ae@UJ]=J],

S(a) ae@\JJ=0
H(a)= F(a) aeJ]]\@=J]
S(a)nF(a)  ae@NJ]=0

Thus, H(a)=F(a), for all a€J], and (H,J])=(F,J]).
By Proposition 27 and Proposition 28, the identity element of N, is the 8S @y in Sg(U).

In classical set theory, it is well-known that AUB=0 if and only if A=@ and B=@. By this fact, there does
not exist (€, K) € Sg(U) such that (F,JJ)n, (€, K)= (€,K) N, (F,J]]))= @y, as this requires JJ] UK=@, and so
J] =@ and K=0@. Since @ is the only SS with an empty parameter in Sg(U), there is not any element in
Sg(U), except the identity element @, which has an inverse with respect to N.. Of course, the inverse of
@y, which is the identity element, is itself, as usual.

Proposition 29 Let (F,J]) be an SS over U. Then, @ N (F,J))= (F,J]]) N, O =0k.

Proof: Let @z =(S,E) ve (S,E) N(F,J])=(H, EUJJ=E), where for all aeEUJJ=E,
S(00), aeEJJ=T)’

H(a)= F(a), aeJ\E=0

S(a)nF(a), aeENJJ=]]

Hence, for all aeEUJJ=E,
?, aeE\JJ=JJ’
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H(a)= F(a) a€]]\E=0
?, acENJ]=J]
Thus, H(a)=0, for all ae E, and (H,J])= @g. That is, @ is the absorbing element of N in Sg(U).

Theorem 4 (Sg(U), N;) is a bounded semi-lattice, whose identity is @y and the absorbing element is @ .

Proof: By Proposition 21, Proposition 22, Proposition 24, Proposition 25, Proposition 27, Proposition 28,
and Proposition 29, (Sg(U),N,) is a commutative, idempotent monoid whose identity is @y, that is, a
bounded semi-lattice with the absorbing element is @ .

Proposition 30 Let (F,J]) be an SS over U. Then, (F,J]]) N(F,J]])= (F,J])'n: (F,]])= @, (Sezgin and Atagiin,
2011).

Proof: Sezgin and Atagiin (2011) presented this property without proof; however, we give it here with
proof. The proof is obtained from Note 1 and Proposition 11.

Ali et al. (2009) used the negative complement defined by Maji et al. (2003) for De Morgan's laws for
extended intersection and extended union. On the other hand, Qin and Hong (2010) adopted the more
commonly used relative complement defined by Ali et al. (2009) for the complement operation and
provided De Morgan's laws accordingly. Their proofs were element-based in Qin and Hong (2010), while
we present a simpler proof using function equality as follows:

Proposition 31 Let (F,J]) and (€,%) be SSs over U. Then, [(F,]]) N (C,¥)]=(F,J])" U(C,¥)" (De Morgan
Law) (Qin and Hong, 2010)

Proof: Let (F,J))N (C,¥)=(H,JJUIP), where for all aeJJUIP,
F(a) ae]]\W
H(a)= (o) aeP\J]
F(o)NC(a) asJ]JN¥
Let (H,JJUI)" =(K,JJU}P), where for all aeJJU}P,
F’(a) ae]]\¥
K(a)=| G’(a) aeP\JJ
F(UG’ ()  ae]]N¥

Hence, (KJJUIP)=(F,J])" U (C, )"

Proposition 32 Let (F,J]) and (C,¥) be SSs over U. Then, (F,J]) N¢ (€, )= U uyp if and only if (F,J])=
Ujand (G, 1) = Uyp.
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Proof: Let (F,J]) N, (C, ) =(H,JJUuip),

F(a), ae]]\¥W
H(a)=C(), aeP\JJ
F(a)NnC(a), asJ]JN¥

Since (H, JJU )= Uy, H(a)= U, for all aeJJUIP. Hence, if ae]]\W, then F(a)=U, if ae ¥\J], then
C(a)=U, and if ae]JN¥P, then F(a)NCE(a)=U, implying that F(a)=C(a)=U. Thus, F(a)=U, for all aeJ], and
€(a)=U, for all a€lf. Hence, (F,JJ) = U; and (C,1P) = Uyp.

Conversely let (F,JJ)= Ujand (G, 1) = Uyp. Then, F(a)=U, for all aeJ], and €(a)=U, for all a€}f. Then,

U, aeJ]]\W
H(o)=U, aeP\JJ
unu, asJ]JN¥

for all aeJJU3P. Therefore, (H, JJUIP)=(F,J]) N (€, )= Ujusp-

Proposition 33 Let (F,J]) and (€,¥) be SSs over U. Then, @ E(F,])N(C,¥), B E(F,J]) N, (€, ¥). Also,

Proof: The proof is obvious since the empty set is a subset of every set and the universal set includes every
set.

Proposition 34 Let (FJ) and (C€J]) be 8Ss over U. Then, (¥, J) N (CJ]) S(,J) and
(F, ) N (€ E (€.

Proof: The proof is obtained from Note 1 and Proposition 15.
Proposition 35 Let (F,J]) and (€, J]) be SSs over U. (F,J]) € (€, J]) if and only if (F,J]) N, (€, J]) =(F, J]).

Proof: The proof is obtained from Note 1 and Proposition 16.

Proposition 36 Let (F,]]), (€,J]), and (K,V) be SSs over U. If (F,J]) € (C,J]), then (FJ)N(K,V)
(€, )N (K,V). However, the converse is not true.

Proof: Let (F,J]) € (C,J]). Hence, F(a)SC(a), for all aeJ]. Let (F,J])N.(K,V)=(H,JJUV), where for all
aeJJUV,

F(a) ael]\V



Natural & Applied Sciences Journal Vol. 8 (1) 2025 76

H(a)= K(a) aeV\J]
F()NK(a) ael]JNV

Let (€,J)N (K, V)=(S, JJ UV), where for all aeJJUV,

C(a) ae]]\V
S(a)= K(a) asV\JJ
C()NK(a) ael]JNV

If ae]]\V, then H(a)=F(a)SF(a)=S(a), if aeV\J]], then H(a)=K(a)SK(a)=S(a), if a€JJNV, then
H(a)=F(a) NK(a) € C(a)NK(a)= S(a). Thus, H(a)SS(a), for all acJUV, implying that (F,J]J)N.(K,V)
S(C,J)) Ne (KV).

Let’s give an example to show that the converse is not true. Let E={e;,e,,e3,e4, €5} be the parameter set,
JJ={es,e3}, V={eq,e3,e5} be the subsets of E and, U={h;,h,, h;,h,, hs} be the universel set. Assume that
(F,J]), (€,J) and (K, V) are the SSs over U defined as follows:

(Faj])z{(el,'{hZ' hS})a(e3a {hlahZ ahS})}a(@aJ])z{(el,'{hZ})a(e3a {hlahZ})}a(KaV)z{ €1 ,@),(63 ,@),(65,{

hy, hs})}.

It is obvious that (F,J])ﬂSK,V)={(el,(Z)),(e3 ,@),(65,{}11, hS})} and (@r}])ns(KaV)z{(elaQ)a(e3 ,(Z)),(
es,{hy, hs})}. Hence, (F,J)N(K,V)E(C,J)N(K,V); however, (F,J]) is not soft subset of (€, J]).

Proposition 37 Let (F,J]), (€,]]), (K,V), and (L,V) be SSs over U. If (F,J]) € (C,J]) and (K, V) € (L, V),
then (E,JJ) N, (K, V) € (G, 1) N (L, V).

Proof: Let (F,J]) € (€, J]) and (K,V) € (L, V). Hence, F(a)SE(a), for all a€J] and K(a)SL(«), and for all
aeV. Let (F,J]))N (K,V)=(H, JJ UV), where for all aeJJUV,

F(a) ae]]\V
H(a)= K(a) aeV\JJ
F(o)NK () asJJNV

Let (€,J))N<(L,V)=(S, JJ UV), where for all aeJJUV,

C(a) ael]]\V
S(a)= L(a) aeV\J]
C(a)NL() ae]JNV

If aeJ]\V, then H(a)=F(a) €C(a)=S(a), if aeV\]], then H(a)=K(a)SL(a)=S(a), and if ac€J]JNV,
H(a)=F(a) NK(a) € €(a)nL(a)= S(a). Thus, H(a)< S(a), for all aeJJUV, implying that (E,J]) N, (K,V)
S(C,J]) ng (L,V).
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Proposition 38 Let (F,J)) and (€,J]) be SSs over U. Then, (¥,J]) € (C,J)" if and only if
(F,JD ne (€,]) = 2y
Proof: The proof is obtained from Note 1 and Proposition 20.

3.2.1. The distributions of the extended intersection operation over other S8 operations:

In this subsection, the distributions of the extended intersection operation over restricted SS operations,
extended operations, and soft binary partition operations have been examined.

3.2.1.1. The distributions of the extended intersection operation over restricted SS operations:

Here, the distributions of the extended intersection operation to restricted operations have been examined.
First, distributions from the left, followed by distributions from the right, have been investigated. It is worth
noting an important point here. In the study by Ali et al. (2011), the distributions of the extended intersection
operation over the restricted union from the left were examined without proof, and demonstrated with an
example that the extended intersection operation does not satisfy the property of distributions over the
restricted intersection from the left. Singh and Onyeozili (2012c) showed that the extended intersection
operation does not satisfy the property of distributions over the restricted difference from the left. Sezgin
and Atagiin (2011), although showed that the extended intersection operation distributes to the restricted
union from both the right and the left, they overlooked some points in their proof. In this study, the
distributive properties are presented with detailed proofs, considering the cases where the intersection of
the parameter sets of the SSs involved in restricted operations is empty as well. Additionally, for those that
do not satisfy the distributive property, the conditions under which they do satisfy the distributive property
are also provided with detailed proofs.

a) LHS distributions of extended intersection over restricted SS operations:
Let (F,J]), (€, %), and (H,2) be SSs over U. Then, we have the following distributions:

i) (E.J]) N:[(€,3P) Ur (H,OI=[ET]) Ne (€, ) JUR[(FE.J]) Ne(H',2)] (Sezgin and Atagiin, 2011).

Proof: In the proof by Sezgin and Atagiin (2011), a case in the parameter partitioning on the right-hand
side was overlooked. Moreover, the proof emphasized that the intersection of the parameter sets of the SSs
involved in restricted operations must be non-empty. However, even if the intersection of the parameter
sets of the SSs involved in restricted operations is empty, this distributive property still holds. Therefore,
in our proof, these cases are specifically considered and addressed by taking these situations into
consideration.

First, let’s consider the LHS, and let (€, ) Ur(H,2)=(S,¥N¢2). Hence, for all ae¥P’Ne, S(o)=C(a)UH (av).
Let (F,J)N:(S,¥NR)=(N,JJU(¥PNQ)), where for all aeJ]JU(PNR),

F(a) aceJ]\(¥Ne)
N(o)= S(a) ac(PN\JJ
F()NS(a)  aelJN(¥NR)
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Hence,
F(a) ae]\(PNE)

N(a)=1{ €(a)UH () as(PNI\VJ=I N¥PNe
F(ON[C(a)UH(a)]  ael]]N@APN)=I]N¥PNe

Now let’s handle the RHS, and let (F,J])N (€, })=(W,JJUIP), where for all aeJJUIP,
F(a) aeJJ\WP

W(a)= €(a) aeP\J]
F(o)n C(o) aeJJN¥P

Let (F,J]) ne (H,2)=(K,JJu?), where for all aeJjue,
F(a) ael]\e

K(a)= H(x) aeeM]J
Fla)nH(a) aeJJNe

Let (WJJUP)UR(K,JU)=(Y,(JJUIP)NJJUZ)), where for all ae(JJUP)NJJUZ), Y(a)=W(a)UK(a).
Thereby,

" F(a)UF(ar) ae(J]W)NIN\)=IJN¥’ N’
F(a)UH () ac(JJ\WP)N(\J])=0
F(a)U[F(a)NH ()] ae(J]W)NIINS)=JJN¥ N2
E(a)UF(a) ac(P\HNJIJ\)= @

Y(o)7 C(a)UH (o) as(P\NEV]) =" NPNe
E(o)U[F(a)NH (o0)] ae(P\INNUTNR)= @
[F(a)NE(a)]UEF() as(JJN¥)NIN\)= JJN¥Ne’°
[F(a)NE(a)JUH (o) as(JJNY)NEV])= 0

- [F()NE(o)JU[F()NH ()] ac(JJN¥)NJIJNS)=JJN¥NE

Thus,

F(a) ae]]NP’ N’
F(a) ae]]N¥P’ N

Y(a)= C(a)UH (o) ael]’N¥PNR

F(a) ae]JNPN’
LF(o)N[C()UH ()]  ael]JN¥NR
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Here, let’s consider JJ\(¥N¢) in the function N. Since J\(WNZ)=JJN(WPN2)" and if an element is in the
complement of (YN¢2), it is either in W¥\¢, in 2\ or in the complement of WYUZ, thus if a€JJ\(¥NZ), then
a€JJNPNR' or aEJ]JNW'NR or a€JJNW¥'NE'. Therefore, N=Y.

Here, if ¥Ne=@, then N(a)=W(a)=F(a), and thus equality is satisfied again. Similarly, when
JuiP)NJJU)=JJu(PNR)=0, ie. JJ=@ and WNZ=@, then (NJJUWPNZ))=(Y,(JJUP)NJJUL))=Dy.

Therefore, there is no need to require these sets to be different from the empty set.

i) (F,JDNe [(€, ) Nr(HLDIE[FEDNe (€ INR[(F.T]) Ne(H,2)] (Ali et al., 2011), however
EJD Ne[(C,) nr (H,DIEIET]) Ne (€, INR[F,]]) Ne(H )], where JJNGPA 2)=0.

Proof: Since the proof of the left distributive property of the extended intersection over the restricted
intersection is very similar to (i), it is not repeated here. However, it is worth mentioning the following
point. In classical sets, the intersection operation is left-distributive over the union operation. However, for
extended intersection and restricted union operations, this situation does not hold, as shown by Ali et al.
(2011) with a counter-example. In this study, we show that the distributivity can be achieved under the

condition JJN(APA 2)=0.

In classical sets, the intersection operation is left-distributive over both the difference and the symmetric
difference operations. However, for extended intersection and restricted difference and restricted symmetric
difference operations, this situation does not hold, as shown below:

iii) (F.])Ne[(C, P)\r(H.OIF[(FIDNe (€ P)\r[F.JDNe(H,2)] (Singh and Onyeozili, 2012c).

iv) (EJDN[(C ) Ar(H.O1F[(E]Ne (€, ) [AR[F.IN(H Q)]

b) RHS distributions of extended intersection over restricted SS operations:
Let (F,J]), (€, %), and (H,2) be SSs over U. Then, we have the following distributions:

i) [(F,]]) Ur(C,®)IN(H.)= [(E.])N(H,2)] Ur [(E¥) Ne (H,2)] (Sezgin and Atagiin, 2011).

Proof: Sezgin and Atagiin (2011) presented this property without proof in their study; however, we provide
it with its detailed proof. First, let’s consider the LHS and let (F,JJ) Ur(C,¥)=(R,JJN¥), where for all
acJ]]N¥, R(o)=F()UC(a). Let (R,JJNW) N (H,2)=(L,(JJN¥)U2), where for all ae(JJNP)Ue,

R(a) as(JJN¥)\e
L(a)5 H(a) ael\(JJN¥)
R(o)NH(a) ae(JJN¥P)Ne

Hence,

F(o)UG() ac(JJN¥)\e=J]N¥N’
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L(a)= H(a) ael\(JJN¥)
[F()UC(a)]NH (o) ac(JJN¥Y)N=]JN¥NE

Now let’s handle the RHS, and let (F,JJ)n, (H, 2)=(S,JJue), where for all aeJjue,
F(a) ael]\e
S(a)= H(a) aeeM]J
F(@)nH(a) aelJNe
Let (€. %) N, (H,2)=(K,¥U2), where for all aePUg,
C(a) aeP\e
K(a)5 H(a) ae\W
C(a)nH (o) ae¥ne

Let (S,JJUR) Ur (K,3UR)=(W,(JJU2)N(¥PUR)), where for all ac(JJu2)N(¥UR), W(a)=S(a)UK(r). Thus,

" F(a)UE(a) ac(P)NAP\R)=IJNPNL’
F(a)UH () ae(]\2)N@R\W)=0
F()U[E()NH ()] ae(J\)N(PN2)=0
H(a)UG(at) ac(@UNNAP\2)= ¢

W(a)= H(a)UH (o) ae(VPNEW)="NP°Ne
H () U[E(a)NH (ar)] ae(J)NAPN)=I"NPNE
[F(a)NH (o)) ]UC() ae(JJN2)NAP\2)=0
[F()NH (o) JUH () ae(JJNS)NEW)=JJNP°NE

| [F(e)nH () ]U[E(c)NH ()] as(JJNNAPNS)=JN¥NE

Thus,
F(a)UG(a) ae]]NPNY’
H(«) ael’ NP’ N2
W(a)+ H(a) ael’ PN
H(«) aelJN¥° N2
[F()NH()]U[C(@NH(@)]  «e]]NPN2

Here, let’s consider 2\(JJN¥) in L. Since 2\(JJN¥)=2N(JJN¥)', if an element is in the complement of
(JJN¥), it is either in J]\WP , either in ¥\JJ or in the complement of JJU Z. Thus, if a€2\(JJN¥), then
ae2NJJN' or a€ 2NWPNJ]" or a€ 2NJJ'NP". Hence, L=W.
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Here, if JJN¥=@, then the equality will still be satisfied, since L(a)=W(a)=H(a). Similarly, if
JuNHU)=(JJN¥)u2=0, that is, JJN¥P=0 and 2=0, then (L,(JJN¥)U2)=(W,(JJu2)N(¥U2))= @y. That
is, in the theorem, there is no need to require these sets to be different from the empty.

i) [(F,]]) Nr(E¥)]Ne(H,O)=[(EJ)N:(H,2)]Nr [(€.¥) N (H,2)], where (JJAP)NZ=0.

Proof: Since the proof of the right distributive property of the extended intersection over the restricted
intersection is very similar to (i), it is not repeated here. However, it is worth mentioning the following
point. In classical sets, the intersection operation is right-distributive over the intersection operation.
However, for extended and restricted operations, this situation does not hold, but we state that the
distributivity can be satisfied under the condition of (JJAWY)NZ=0.

Similarly, in classical sets, the intersection operation is right-distributive over both the difference and the
symmetric difference operations. However, for extended intersection and restricted difference and restricted
symmetric difference operations, this situation does not hold, as given below:

iii) [(F,])) \r(C,P)]N(H, &) #[(F.JDN:(H.2)\r [(E¥) N (H.Q)].

iv) [(F,J]) Ar(E¥)]Ne(H, &) #[(E DN (H,O)]AR [(E,¥) Ne (H,2)].

3.2.1.2. The distributions of the extended intersection operation over other extended SS operations:

Here, the distributive properties of the extended intersection operation over other extended operations are
examined. First, left distributivity is considered, followed by right distributivity. It is important to note the
following: In the study by Ali et al. (2011), the left distributive property of the extended intersection over
the extended intersection was considered without proof, and it was shown with an example that the extended
intersection does not satisfy the right distributive property over the extended union. In this study, these
distributive properties are presented with detailed proofs. For those that do not satisfy the distributive
property unconditionally, the conditions under which they do satisfy the distributive property are also
proven.

a) LHS distributions of extended intersection over other extended SS operations:
Let (F,J]), (€, %), and (H,2) be SSs over U. Then, we have the following distributions:
i) (FJ]) N [(€%) N (H.DIFIFJ]) N(C )N [(FI)Ne (H,2)] (Ali et al., 2011).

Proof: Ali et al. (2011) presented this property without proof in their study; however, we provide it with its
detailed proof. First, let’s consider the LHS, and let (€,%) Nn.(H,2)=(R,}¥U?), where for all ae U,

C(a) aetf\e
R(a)5 H() ael\P
C(a)NH (o) ae¥PNe
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Let (F,J]) N:(R,PU2) =(N,(JJU(®UR)), where for all aeJ]JU(PUR),

F(a) aceJ]\(Yue)
N(o)= R(a) ae(P U]
F(a)NR(a) aeJ]JN(PuUe)

Hence,
F(a) ac]\WU)=JJN¥’Ne’
C(a) ac(P\)\JJ=]]’ NPNe’
H(a) as(]W\JJ=J" NP’ N

N(a)= C(a)NH (o) as(PN)\JJ=I’ NN
F(ao)NnC(a) acJJNAP\)=]JN¥Ne’
F(a)NH'(a) aceJ]JNE\W)=]JN¥’Ne
F(ao)N[C(a)NH'(a)] aeJ]JNAPN2)=]JN¥YNe

Now let’s handle the RHS and let (F,J]) N (€, ¥)=(K,JJUIP), where for all aeJ]JUIP,
F(a) ae]]\W
K(a)F C(a) aeP\J]
F()NC(a) asJ]JN¥
Let (F,J]) n:(H,2)=(S,JJuZ), where for all aeJJue,
F(a) ael]\e
S(a){ H() aeeM]J
F(@)nH(a) aelJNe

Let (K,JJUIP) N(S,JJu)=(L,(JJUP)U(JJu?)), where for all ae(JJUP)U(JJU?),

K(a) as(JJUP)\(JJue)
L(a)= S(@) ae(JJU\JJUIP)
K(@)nS(a)  as(JJUP)N(JUe)

Hence,
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[ F() as(JJ\W)\(JJu)=0
C(a) ae(WPID\JJu)=J]’ N¥nNe’
F(o)NnC(a) as(JJNP)\(JJue)=0
F(a) ae(JJ\O\JJUP)=0
H(a) ag(D\JUP)=" NP Ne
F(o)nH (o) as(JJN\IJUP)=0
F(a)NF(a) ac(JJ\W)NIN\)=JJN¥ Ne’
L(a)= F(a)nH (o) ae(J]W)N(\V])=0
F(a)Nn [F(o)NH ()] ac(J]\W)NJIN)=]JN¥ Ne
C()NF(a) ae(P\PNJJ\C)=0
C(a)NH (o) ac(P\J)HNE\V])=J N¥Ne
C(e)n [F(a)NH (a0)] as(P\J])NJIJNS)=0
[F(a)NCE(a)]NF(a) ac(JJNWY)NJIN\)=]JN¥NE’
[F(c)NE(o)]NH (o) as(JJNP)NEV])=0
_[F()NE(a)] N [F(a)NH ()] ae(JJNY) N(JNS=JNPNE

Hence,
" C(a) ael]’N¥PNe’
H(a) ael]]’N¥’Ne
F(o) ae]JN¥Y’ N’
L(a)= F(a)NH(a) ae]JN¥P’Ne
C(a)NH (o) ael]’N¥PNe
F()NC(a) aeJJN¥YNe’
 F(Nn [C(a) N H ()] aelJNPNE

It is seen that N=L.

i) (F,J]) N[(€) U(H.Q)IF[(F,]]) Ne(C. )] U [(F.]]) N (H,2)] (Ali et al., 2011), and (F,J]) N:[(C,¥) U,
(H.2)] = [(E.]]) Ne(E)] U[(E,]]) N (H,2)], where JJN(APA 2)=0.

Proof: Since the proof of the left distributive property of the extended intersection over the extended union
is very similar to (i), it is not repeated here. However, it is worth mentioning the following point. In classical
sets, the intersection operation is left-distributive over the union operation. However, for extended
intersection and extended union operations, this situation does not hold, as shown by Ali et al. (2011) with
an example. In this study, we show that distributivity can be satisfied under the condition JJN(ZAM)=0.
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iii) If JJO* N’ =JJNAPA 2)=0, then (EJ]NN[(E) \(H,OI=[(EINN(E)] \[(F.]]) N (H.2)]-

Proof: Since the proof of the left distributive property of the extended intersection over the extended
difference is very similar to (i), it is not repeated here. However, it is worth mentioning the following point.
In classical sets, the intersection operation is left-distributive over the difference operation. However, for
extended intersection and extended difference operations, this situation does not hold. We state that
distributivity can be satisfied under the condition JJN¥’Ne’=JJN(WA 2)=0.

iv) If JJO®*Ne’=J]JN(PA 2)=0, then (F,J)N[(C,¥) A (H.Q)I=[(F.J)N(EA)] A [(F.]]) N (H.2)]-

Proof: Since the proof of the left distributive property of the extended intersection over the extended
symmetric difference is very similar to (i), it is not repeated here. However, it is worth mentioning the
following point. In classical sets, the intersection operation is left-distributive over the symmetric difference
operation. However, for extended intersection and extended symmetric difference operations, this situation
does not hold. We state that distributivity can be satisfied under the condition JJN¥’NZ’=JJN(WA 2)=0.

v) IFJJN®* N’ =]JN(ZAM)=0, then (E,])N[(C,¥) y.(H.2)I=[F.JDN(C. )] ve[(F.]]) N (H.2)].

b) RHS distributions of extended intersection operation over other extended SS operations:
Let (F,J]) and (€,¥) be SSs over U. Then, we have the following distributions:

DIEJ]) Ne (€0)] N(H.2)= [(F.]]) N(H.2)] N[(C,¥) N (H,2)].
Proof: First, let’s consider the LHS, and let (F,J]) N (€,¥)=(R,JJUIP), where for all aeJJUIP,
F(a) ae]]\W
R(a)= €(a) aeP\J]
F(o)NC(a) asJ]JN¥
Let (RJJUIP)N(H,2) =(N,(JJUIP)U2), where for all ae(JJUIP)UR,
R(a) as(JJUP)\C
N(e)= H(a) ac\(JU¥)
R(@)nH(a)  ae(JJuP)Ne

Hence,

"F(a) ac(JP\WP)\e=JJN¥’ N’
(o) ac(P\])\=I’ N¥N’
F(a)NG() ac(JJN®)\e=JJN¥N’

N(a)5 Hi(a) ae\(JJUP)=I" NP N2
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F(o)NH () ac(JP\WP)NR=I]N¥’N2
C(a)NH (o) ac(P\PDNR =J’NPNR
[F(ONC()]NH(e)  ae(JN®)N2=]]NPNL

Now let’s handle the RHS, and let (F,J]) Nn.(H,2)=(K,JJuZ), where for all aeJjue,

F(a) ael]\e
K(a)= H(x) aceM]J
F(@)nH(a) aelJNe

Let (€,%) N.(H,2)=(S,%U2), where for all ac¥U,

C(a)
S(a)= H(a)
C(a)NH (o)

Let (K,JJU2)N.(S,PUR)=(L,(JJU2)U(PUR)), where for all ae(JJU2)U(PUR),

aelf\e
ael\W
aePne

K(a) ae(JJU\(¥U?)
L(o)= S(a) ag(PU)\(JJue)
K(o)nS(a)  ae(JJu)n(Pue)
Hence,
F(a) ae(JJ\)\PUR=I]N¥ N’
H(a) ag(SJ)\(PU2)=0
F(a)NH'(a) ae(JJNe)\(Wue)=0
() ae(PR\IJUR)=I PN’
H(a) ae(\W)\(JJue)=0
C(a)NH (o) ae(PNe)\(JJue)=0
F(ao)NnC(a) ae(J\)NAP\)=JJN¥Ne’
L(a)= F(o)NH () ae(JJ\e)N(\W¥)=0
F(a)N[C(a)nH ()] ae(J\NAPN)=0
H(a)NC(a) ae(\J)NAP\)=0
H(a)NH () as(JDNEW)=J"N¥’Ne
H(a)N[E(a)NH (a)] ag(@VHNAPNS)=]" NPNe
[F(a)NH (a)]NCE(a) ae(JJN)NHIP\e)=0
[F(c)NH () ]NH () ae(JJNNEW)=IJN®P NE

~[F(c)NH ()]N[E(c)NH ()]

ae(JJN)NHFPNS=JNPNE
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Thus,
CF(a) aelJN¥Y’ N’
E(a) ael]’NPN’
F(o)NE(a) ae]JN¥YNe’
L(o)= H(a) ael]’N¥Y’Ne
H(a)nC(a) ael]’N¥Ne
F(a)NH () ae]]N¥ N
[F(c)NH (o) ]N[E(a)NH (o0)] aeJN¥NR

It is seen that N=L.

i) [(F,]]) Ue (€, ¥)] Ne(H,2)= [(F,]]) Ne(H,2)] Ue [(E,¥) Ne (H,2)], where (JJAYP)NE=0.

Proof: Since the proof of the right distributive property of the extended intersection over the extended union
is very similar to (i), it is not repeated here. However, it is worth mentioning the following point. In classical
sets, the intersection operation is right-distributive over the union operation. However, for extended
intersection and extended union operations, this situation does not hold. We state that distributivity can be
satisfied under the condition (JJAY)NZ=0.

iii) [(F,])) \e(C,¥)] N(H.Q)=[(F.]]) N(H.2)\¢ [(€, ) N (H,2)], where (JJAP)N=]JNP’NE"=0.

Proof: Since the proof of the right distributive property of the extended intersection over the extended
difference is very similar to (i), it is not repeated here. However, it is worth mentioning the following point.
In classical sets, the intersection operation is right-distributive over the difference operation. However, for
extended intersection and extended difference operations, this situation does not hold. We state that
distributivity can be satisfied under the condition (JJAP)NZ=JJN¥ N =0.

iv) [(F,J]) Ae(€¥)] Ne(H,Q)=[(F,]]) Ne(H.Q)1A: [(E) Ne (H,2)], where (JJAR)NZ=IJN¥*NE’=0.

Proof: Since the proof of the right distributive property of the extended intersection over the extended
symmetric difference is very similar to (i), it is not repeated here. However, it is worth mentioning the
following point. In classical sets, the intersection operation is right-distributive over the symmetric
difference operation. However, for extended intersection and extended symmetric difference operations,
this situation does not hold. We state that distributivity can be satisfied under the condition

(JAP)N=TJNP N’ =0.

V) [(EJ] ve(EA)] Ne(H.Q)=[(FJ]) Ne(H.D]ye [(E¥) Ne (H,2)], where (JJAR)NZ=IJN¥*N’=0.

3.2.1.3. The distributions of the extended intersection operation over soft binary piecewise operations:
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Here, the distributions of the extended intersection operation to soft binary operations are investigated. First,
distributions from the left side, followed by distributions from the right side are examined.

a)LHS distributions of extended intersection operation over soft binary piecewise operations:

Let (F,J]), (€, %) and (H,2) be SSs over U. Then, we have the following distributions:
i) (FJ)) N[(C¥) |, (H,2)] = [(EDN(CP)] [I(ET]) N (H,E), where JJNPNE =0.
Proof: First, let’s consider the LHS, and let (€, %) G (H,2)=(R,¥), where for all a€}p,

C(a) aelP\@
R(a)
C(a)UH (o) ae¥ne

Let (F,J]) N, (R,¥) =(N,JJU}P), where for all aeJ]JUIP,
F(a) acJ]]\¥

N(a)= R(a) ae\J]
F(a)NR(a) aeJJNP

Hence,
" F(a) ae]J\W
C(a) ac(P\)\JJ=]]’ NN’
N(a)== C(a)UH (o) as(PN)\JJ=I’ NPNE
F(ao)NnC(a) acJJNAP\)=]JN¥Ne’
i F(ao)N[C(a)UH (a)] aeJ]JNAPN)=]JN¥YNe

Now let’s handle the RHS, and let (F,J]) N (€, ¥)=(K,JJUIP), where for all aeJ]JUIP,
F(a) ae]]\W

K(a)+ C(a) aeP\J]
F(o)NC(a) asJ]JN¥

Let (F,J]) ne (H,2)=(S,J]Ju?), where for all aeJjue,

F(a) ael]\e
S(0)= H(a) aelMJ
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FONH(@)  aejne

Let (K.JUYP) |, (SJJUR)=(L,JJUFP), where for all aelJU¥

‘{ K(a) ae(JJUP)\(JJU2)
L(a)
K(uS(a)  ae(JJUYP)NJIJU2)
Hence,
" F(a) ac(JJWP)\(JJUR)=0
() ag(PUD\IJUS=T NPNe’
F()NE(a) ac(JJNP\JJUR)=0
F(a)UF() ac(JJ\P)NJI\)=IJN¥’ N’
L(a)# F(a)UH(a) ae(JJ\P)N(QR\])=0
| F()U [F(a)NH ()] ae(JJ\WP)NJJN)=JN¥°NE
E(a)UF(a) ac(P\HNJI]\)=0
E(a)UH () ac(P\DHNERVJ])= T’ N¥PNR
C(o)U[F(a)NH ()] ae(P\NIJNS)=D
[F(a)NE(a)JUF(a) as(JJN®)NUN)=IJN¥NE
[F(a)NE(a)JUH (o) ae(JJN¥P)NE])=0
- [F(a)NE(o)JU[F(a)NH ()] ae(JJN¥) NUINS=JJN¥NE
Hence,
- E(a) ael]’ NPN’
F(a) ae]JN¥Y’ N’
L(a)# F(a) ael]JN¥° N
| €(auH () ael’ NPNR
F(a) aeJJN¥Ne’
| F()N[E(a)UH (] ael]N¥NR

Here, if we consider J]\¥ in the function N, since JJ\W=JJN¥', if an element is in the complement of Z, it
is either in 2\ or in the complement of 2UJP. Hence, if a€JJ\P, then a€JJNZNY' or a€JJNZ'N¥'. Thus,
N=L is satisfied with the condition JJN¥N2'=0.

i) (£, ) N: [(CF) (1,2 = [(E) N ()] 4 [E) Ne (H,2)], where J 0P’ N2 = 0.

i) (F,JJ) N:[(C. %) :(H,Z)]=[(F,J])ﬂs(@ﬂf’)] ([(F,H) Ne (H,2)], where JJN¥*NE’=]JN(HPA 2)=0.
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iv) (E.J]) N[(€,¥) ; (H,2)] = [(FDN(E.¥)] ;[(F,J]) Ne (H,2)], where JJN¥*NZ’=]JN(PA 2)=0.

v) (EJ]) N:[(C.#) Z (H,2)] = [(FDN(E,¥)] Z[(F,J]) Ne (H,2)], where JJN¥*NZ’=]JN(PA 2)=0.

b) RHS distributions of extended intersection operation over soft binary piecewise operations:
Let (F,J]), (€, %) and (H,2) be SSs over U. Then, we have the following distributions:

D) [(E]) | (€P)] N (HR=EDN(T2)] | [(€P) N, (H.2)], where JNP"N2=0.
Proof: First, let’s consider the LHS, and let (F,J]) G (€, ¥)=(R,J]), where for all aeJ],
F(a) aceJ]]\¥
R(a
F()UC(a) asJ]JN¥
Let (R,J]) N, (H,2) =(N,JJu@), where for all aeJJue,

R(a) ael]\e
N(o)= H(a) aed\J]
R(NH(a)  ael]Ne

Hence,
" F(a) ae(JJ\W)\e=JJN¥>Ne’
F(a)UG(a) ae(JJN¥)\e=]JN¥N’
N(a)= H(a) aed\J]
F(o)NH () ae(J\WP)NR=IIN¥’ N2
[F()UC(a)]NH (o)  ae(JJN¥)N2=]]N¥NR

Now let’s handle the RHS, and let (F,J]) N, (H,2)=(K,JJuZ), where for all aeJjue,
F(a) ael]\e

K(a)r H(x) aeeM]J
F(a)NH (o) aelJNe

Let (€, %) N, (H,2)=(S, Y¥Ue), where for all aePuUe,

(o) aeP\2
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S(a)= H() acl\W
C(a)nH (o) ae¥ne

Let (K,JJu?) J (S,2u2)=(L,(JJu2), where for all ae(JJue),

{K(a) ag(JJuR)\(¥uR)

L(a

K()uS(a)  ae(JJu2)N(FPu?)

Hence,
(F(a) ae(J\)\PUR)=JN¥ N’
H(a) ag(@V])\(¥ue)=0
F(a)NH (a) ac(JJN)\(PU2)=0
F(a)UG(x) ae(J\R)N\R)=]JNPNL’

L(a)= F(a)UH () ae(J\2)NR\¥)=0
F(a)U[E(o)NH ()] ae(J\)NAFN)=0
H(auE(a) ae(VHNAF\C)=0
H(a)UH () aeRUDNE@\P)=J’N¥ N2
H(a)U[C(a)nH (a0)] aeUDNAPNR)=’N¥PNR
[F()NH () ]UC(ax) ae(JJNANH\C)=0
[F(c)NH () ]UH (o) ae(JJN)NEW)=]]N¥’Ne
[F(c)NH () ]U[E(a)NH ()] ae(JJNNFN=IJN¥PNE

Hence,
F(a) aeJJN¥P’Ne’
F(o)UC(a) aeJJN¥YNe’
L(a)F H(x) ag]]’N¥P’Ne
H(a) aeJ]’NPNe
H(a) aeJJNP’Ne
| [F(a)UE(a)]NH (o) asJJNPNe

Here, if we consider ¢\J] in the function N, since 2\JJ=¢NJ]’, if an element is in the complement of J], it is
either in ¥Y\JJ or in the complement of ¥UJ]. Hence, if a€Z\J], then a€ 2NWNJJ” or aeZNW¥’NJJ’. Thus,
N=L is satisfied with the condition JJN¥’N2=0.

i [(F, ) (€] ne 1,2 = [ED ne BT [CP) N, (H2)] where ' n P ne = 0.
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iiii) [(F,J]): (C¥)] Ne (H.Q=[(FJ)N(H,2)] : [(€) N (H,2)], where ]I NZ=(JJAP)NC=0.
iv) [(F,J]); (CP)] ne (H.O=[(FNN(H,2)] ; [(€) N (H,2)], where J]"N¥*NZ=(JJAP)NC=0.

V) [(F,J])Z (CP)] ne (H.Q=[(F. )N (H,2)] Z [(€) N (H,2)], where J]N*NE=(JJAP)NC=0.

4. ABSORPTION LAWS FOR SOFT SETS AND ALGEBRAIC STRUCTURES OF SOFT SETS

In this section, in order to find out whether the collection of SSs and restricted and extended intersection
operation form lattice structures in Sg(U) and S;;(U), firstly the so-called absorption laws are examined with
detailed proofs. Although the laws of absorption in Sg(U) have been presented in previous works (Ali et
al., 2009; Ali et al., 2011; Qin and Hong, 2010; Singh and Onyeozili, 2012c) presented the results only with
a table without proofs, and since the proofs in other studies are element-based and relatively long proofs,
they are presented here with simpler proofs. In addition, in this study, the absorption laws in Sa(U) for the
newly-defined operations by Aybek (2024) and Yavuz (2024) are given in detail as well. Additionally, the
distributive rules obtained from Section 3.1.1 and Section 3.2.1 in Sg(U) and S;(U) are presented
collectively in a table. Finally, we systematically, in detail, and collectively present the unary and binary
algebraic structures formed by the restricted intersection and extended intersection together with other types
of SS operations in Sg(U) and S;(U). We believe that this comprehensive study will fill a gap in the
literature, as such an inclusive study is currently absent.

4.1. Absorption laws for SSs

4.1.1. Absorption laws in Sg(U):
Let (F,J]) and (€, %) be SSs over U. Then,

i) (EJDNR [(F,JD) U, (€,4P)]= (F.J]) and (F,]]) U, [(F,]]) Nk (€,3)] = (F,]]) (Qin and Hong, 2010;
Singh and Onyeozili, 2012c).

Proof: Here, these absorption laws are proved with a simpler proof than the proofs given in Qin and Hong
(2010) and Singh and Onyeozili (2012c) First, let’s handle the LHS, and let (¥, J]) U(C, I)=(Q,J]JUIP),
where for all ae JJU}P,

F(a) acJ]]\¥
Q(a)= &(a) astP\J]
F()UC(a) asJ]JN¥
Let (E,J]) Nr(Q.JJUP)=(M,JJN(JJ U ))=(M.,J]), where for all aeJ], M(a)=F(a)NQ(a). Hence,

F()NF(a) ae]JNUINP) =]\
M(a)= F(a)NCE(a) asJJNAP\J])=0
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F(o)N[F(a)UC(a)] asJ]JNJJNW)=J]]N¥
Thus,

F(a) ae]]\¥W
M(a)
F(a) aeJJN¥P

HCHCC, (FaH)nR[(Fl j]) Us ((S, )[P)] = (Fa'H)

Now, show that (F,J]) U, [(F,]]) Ng (C,)]) = (F,J]). Let (F,]]) ng (C,P)=(L,JJN¥), where for all
asJ]N¥, L(a)=F(a) NE(a). Let (F,J]) U(LJJNP)=(W, J UJJN¥))=(W,J]), where for all ae J],

F() ae I\ JJNP)=I]\P
W(a)= L(a) ac(JJNP)\JJ=0
F()UL() ae JJ n(IJNP)=IJN¥

Thus, for all ae JJ,

F(a) aceJ]]\W
W(a
[F()U[F()NCE(a)] asJJN¥P

Hence, for all aeJ]

F(o) aceJ]]\W
W(a
F(a) asJ]JN¥

That is, (F,J]) Ug [(F,]]) Ng (€, )] = (F,J]]). Thus, the absorption law is valid for the operations U, and
Ng in Sg(U) as well. Here, even if JJNP=@, the equality still holds in every case because W(a)=F(a) for all

ael]].

i) (F,J) Ur [(F,]D N (€,3P)] = (F,J]) and (F.JDN, [(F,]]) Ur (€, )]= (F.]]) (Qin and Hong, 2010;
Singh and Onyeozili, 2012c).

Remark 1 Absorption laws do not hold for the following cases. Here note that these cases and their proofs
were given in Singh and Onyeozili (2012c¢); however, we present here once again, since there are some
mathematical typos in the proofs of Singh and Onyeozili (2012c).
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i) (F9J])nR [(F, j]) UR ((S, )[P)] § (F' j]) and (F, j]) UR [(F, j]) nR ((S, )[P)] § (F, j]) (Sll’lgh and OnyeOZﬂia
2012c).

Proof: First, let’s consider the LHS, and let (F,J]) Ur(C,¥)=(Q,JJN¥), where for all ae]JNP,

Q(a)=F(a)uC(ax). Let (EJ) Nr(Q,JNP)=(M,JJNn (JJ N P))=(M,JJN¥), where for all ael]JN¥P,
M(a)=F(a)NQ(a). Hence, for all aeJJn¥, M(a)=F(a)N[F(x)UC(a)]=F(«). Thus, (M, JJn¥) € (F,J]).That
is, (E,J)Ng [(F,]]) Ug (G, ) € (F,]]). Here, note that (F,J]J)Ng [(F,]]) Ug (C,3P) can not be soft equal to
(F,J)), as they have different parameter sets. Similarly, one can show that

(F, j]) UR [(F, j]) nR ((S, )[P)]) § (F, j])

Hence, the absorption law does not hold for the SS operations Ug and Ny in Sg(U).

ii) (EJDE (8,1) Ne [(E, 1) U (6,3)] and (£,J)) € (F,J]) U [(F,]]) N, (G, 3)] (Singh and Onyeozili,
2012c).

Proof: Let us show that (F,J])E (F,J]) Ng [(F,]]) Us (C,3P)]. Let (F,J]) U(C,¥)=(Q,JJUI), where for all
ae JJUP,

F(a), ae]]\¥W

Q(a)= &), aetP\JJ
F(a)uC(a), as]JNP

Let (F,J]) No(Q,JJUIP)=(M,JJU(J] U }))=(M,JJUIP), where for all aeJJUIP,
F(a), acNJJUP)=0

M(a)= Q(), ac(JJUPI\J =
F@NQ(),  ae]JNUJUP)=J]

Thus,
| F(a), ae(JJ\W)\JJ=0
M(a)= (), ae(P\J)\JJ=¥\JJ
F(a)UC(a), as(JJNP)\JJ=0
| F()nF(a), ael]NTJ\WP)=J]\WP
F(a)nC(a), asJJNAP\J))= 0
F@ONF@UE()],  acJNIJNP)=JNP

Thereby, for all aeJJUIP,
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(), aetP\JJ
M(a)= F(a), ac]]\W
F(a), aelJJN¥P

Thus, (F,J)Ng [(F,]]) U (C,3)] # (F,]]). Since F(x)EM(a), for all ael], it is evident that (F,J])C
(FJDn, [(F,]]) U, (€, 3)]. Similarly, one can show that (F,J])E (F,J]) U, [(F,]]) N (€, 3P)]. Thereby, the
absorption law does not hold for the SS operations U, and N in Sg(U).

When the absorption laws in Subsection 4.1.1 are considered, the following absorption laws exist in Sg(U).
In the table below, 1 indicates that the absorption law is satisfied, while 0 indicates that it is not.

Ng Ur N U,
Nk |10 0 0 1
Ug |0 0 1 0
n. |0 1 0 0
U, |1 0 0 0

Table 1 Absorption Laws in Sg(U) (Ali et al., 2011)

In the study by Ali et al. (2011), this table was provided without proving any of the absorption laws. In our
study, before presenting the table, we have detailed the properties with thorough proofs.

4.1.2. Absorption laws in S;(U):
Let (F,J]), (G, ) be soft sets over U. Then,

1)The following absorption laws are valid for N in S ,]( U):

* (FaH)nR [(F, j]) UR ((S, j])]: (Faj]) and (F, j]) UR [(F, j]) nR ((S, j])] = (F, j]) .
* (FaH)nR [(F, j]) UE ((S, j])]: (Faj]) and (F, j]) UE [(F, j]) nR ((S, j])] = (F, j]) .

o BN EID ) (€ D] (F])and (5,1 ) [F.1) ng (6] = (51D,

o (DN [(FI,(C,D]= EJ]) and (F, ) [(F.]) Ng (€, )] = (. ).

Proof: Since the operations of restricted union, extended union, complementary extended union, soft binary
piecewise union are coincident, and these operations are commutative in S;(U), the proof follows the
Subsection of 4.1.1.
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11) The following absorption laws are valid for N, in S ,]( U):

* (FaH)nS [(F,j]) UR ((S, j])]: (Faj]) and (F, j]) UR [(F,j]) ns ((S, j])] = (F, j]) .
o EDN[E D e (€,D]=(EJ]) and (F, ) U [(F,D N (€] = F,]]) .

o DN €D ED and D ) [ 0 (€D] = ED.

o EIN [F D (CDI=EJ) and () [(F D) e (€, )] = (D).

1i1) The following absorption laws are valid for Ug in S ,](U):

* (FaH)UR [(F, j]) nR ((S, j])]: (Faj]) and (F, j]) nR [(F, j]) UR ((S, j])] = (F, j]) .
* (FaH)UR [(F, j]) ns ((S, j])]: (Faj]) and (F, j]) ns [(F,j]) UR ((S, j])] = (F, j]) .

o (EIURIED | (€D]= (F])and (5D | [(F,1) U (6,1)] = (..

e (EJDUR [ (€ D]= (E.J]) and (F, ) 5 [(F. D) Ug (€, )] = (F, ).

1v) The following absorption laws are valid for U, in S ,]( U):

* (FaH)US [(F, j]) nR ((S, j])]: (Faj]) and (F, j]) nR [(F, j]) Us ((S, j])] = (F, j]) .
o (EJUe [(FD e (€)= FJ]) and (F,]) N [(F,]D U (€] = F]]) .

o EIUED | (€)= F5) and ) | [ Ue (€D] = F,.
o (EJU, [, (€D]=FJ) and (F, ) [(F D) Ue (€, )] = ().

When the absorption laws in Subsection 4.1.2. are considered, the following absorption laws exist in Sj;(U).
In the table below, 1 indicates that the absorption law is satisfied, while 0 indicates that it is not.

~ * *
NR Ur Ng Ug NU oA o
nkl0 T 0 1 0 1 0 1
Ugr | 1 0 1 0 1 0 1 0
N1 0o o 1 0o 1 o 1
U, | 1 0 1 0 1 0 1 0
~ 10 1 0O 1 o0 1 0 1
N
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~11 o0 1 0 1 0 1 0
U
¥10 1 0 1 0 1 0 1
nE
*¥11 0 1 0 1 0 1 0
UE

Table 2 Absorption Laws in S;(U)

In addition, this table includes the latest SS operations introduced in the literature in 2023 and 2024, such
as complementary extended SS operations and soft binary piecewise operations,

4.2. Algebraic Structures of $Ss Formed by Restricted and Extended Intersection 8SS Operations

In this subsection, it is examined in detail which algebraic structures are formed by the restricted and
extended intersection SS operations together with other 8S operations in Sg(U) and Sj;(U), respectively.
First of all, algebraic structures with one binary operation (restricted intersection and extended intersection),
and then algebraic structures with two binary operations (respectively, one of them is restricted intersection
SS operation and the other is other SS operations, then one of them is extended intersection SS operation
and the other is other SS operations) are explored. In line with this aim, by considering all distributions in
Section 3.1 and 3.2, the tables for the distributive laws in Sg(U) and S;;(U) are provided.

For the algebraic structures with one binary operation, all the properties such as the identity element, if any,
the inverse element, the absorbing element, idempotent, and the commutative property of the algebraic
structures are presented in detail. For the algebraic structures with two binary operations, the properties of
the algebraic structures, such as the identity element (if any), commutative and idempotent properties for
the first and second operations, and the zero element (if any), are also presented in detail without omission.
Additionally, for the structures that form a lattice, it is specified whether the lattice is bounded or not. If it
is bounded, the lower and upper bounds are given, as well as whether it is distributive, and if it satisfies the
De Morgan properties or not. In this regard, we emphasize the importance of our study, as it is
comprehensive, covering the works of Ali et al. (2011), Qin and Hong (2010), and Sen (2014), and serves
as a handbook for those newly interested in SSs.

Now, first by considering all distributions in Section 3.1 and 3.2, we present the table for distributive laws
in Sg(U) and Sj;(U), respectively. In these tables, '1' indicates that the distributive law holds; '0" indicates
that it does not. It is important to note the following: places marked with 'l' indicate full distributivity,
meaning both right and left distributivity are satisfied; places marked with '1*' indicate only right
distributivity is satisfied; places marked with '0' indicate that neither right nor left distributivity is satisfied.

~

nRUR\RARYRnEUE\EAEYE;G:ZY

—

ng{1 1 1 1 1 1 1 1 1 1 1 1 I 1

n10 1.0 o0 o0 1 0 O0 O O 0O O 0O 0 O

Table 3 Distributive laws in Sg(U) for restricted and extended intersection operations

(*: Just right distributions)
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Here note that in the study by Ali et al. (2011), they provided this table without proving any of the
distributive laws, demonstrating only those that do not hold with examples. In our study, before presenting
the table, we provided detailed proofs in Section 3.1 and Section 3.2. Additionally, we have included the
soft binary piecewise operations, which are newly introduced in the literature in 2023 and 2024, in the first
row of this table.

~

nRUR\RARYRnEUE\EAEYE;G;ZY

ng{1 1 1 1 1 1 1 1 1 1

[a—
[a—
[a—

I 1

n,.yt 11 1 1 1 1 1 1 1 1 1 1 1 1

Table 3 Distributive laws in S;(U) for restricted and extended intersection operations

(*: Just right distributions)

4.2.1. Algebraic structures with one binary operation in set Sg(U) and Sy (U) formed by for restricted
and extended intersection operations

In this subsection, algebraic structures with one binary operation, specifically the binary operation is
restricted intersection operation and extended intersection SS operation, respectively are examined in Sg(U)
and Sx(U), respectively.

4.2.1.1. Algebraic structures with one binaryv operation in Sg(U) formed by restricted and extended
intersection operations

1) (Se(U),NnR) is a commutative idempotent monoid with the identity Ug, namely, a bounded semi-lattice
with the absorbing element Q.

2) (Se(U), n,) is a commutative idempotent monoid with the identity @4, namely, a bounded semi-lattice
with the absorbing element Q.

4.2.1.2. Algebraic structures with one binaryv operation in S,(U) formed by restricted and extended
intersection operations

1) (Sx(U), Ng) and (S(U), N,) are commutative idempotent monoids with the identity element Uy, namely,
a bounded semi-lattice with the absorbing element @ .

4.2.2. Algebraic structures with two binary operations in Sg(U) and S4(U) formed by restricted and
extended intersection operations

In this subsection, algebraic structures with two binary operations, the second binary operation of which is
restricted intersection operation and extended intersection operation, respectively are examined in Sg(U)



Natural & Applied Sciences Journal Vol. 8 (1) 2025 98

and S, (U), respectively. Additionally, four mathematically incorrect algebraic structures in the study by Ali
et al. [9] are corrected.

4.2.2.1. Algebraic structures with two binary operations in Sg(U) formed by restricted and extended
intersection operations

i) Algebraic structures in Sg(U) with two binary operations, the second binary operation of which is the
restricted intersection operation:

Let (F,A), (€, ) and (H,2) be SSs over U. Then,

1) (Se(U),Nr,NR) is an additively and multiplicatively commutative and idempotent semiring with the
identity element Ug and without zero.

2) (Sg(U),Ug,Ng) is an additively and multiplicatively commutative and idempotent semiring with the
identity element Ug and without zero.

Here, we also want to correct an error made in a previous study by Ali et al. (2011). It was stated that
(Se(U),Ug,NR) is a hemiring with the identity Ug. However, since (F,A)Up Og=0f Ur(F,A)=(F,A) and
(F,A)Ng O = O NR(F,A)# @ (since (F,A)Ng O = O Nr(F,A)= 0y), (Se(U),Ug,NR) cannot be a
hemiring.

3) (Se(U),Ag,Ng) is an additively and multiplicatively commutative, multiplicatively idempotent semiring
with the identity element Ug and without zero.

4) (Se(U),n,,NR) is an additively and multiplicatively commutative and idempotent semiring with the
identity element Ug.

Moreover, since (F,A)N, By=0y N (F,A)=(F,A) and (F,A)Ng Op=0y Nr(F,A)=0y, Dy is the zero of
(Se(U),n,,NR), and thus (Sg(U),N,,NR) is a hemiring.

5) (Se(U),U,,NR)is an additively and multiplicatively commutative and idempotent semiring with the
identity element Ug.

Moreover, since (F,A) U, @3=0y U (F,A)=(F,A) and (F,A)Ng By=0y Nr(F,A)=0y, Dy is the zero of
(Se(U),U,,NR) , and thus (Sg(U),U,,NR) is a hemiring. (Ali et al., 2011)

6) (Se(U),A.,NR) is an additively and multiplicatively commutative and multiplicatively idempotent
semiring with the identity element Ug.

Moreover, since (F,A)A.Dy=0yA.(F,A)=F,A) and (F,A)Ng Bp=0p Nr(F,A)=0y, @y is the zero of
(Se(U),A,,NR), and thus (Sg(U),A,,Ng) is a hemiring. (Sezgin and Cagman, 2025)



Natural & Applied Sciences Journal Vol. 8 (1) 2025 99

7) (Se(U),\¢,NR) is a multiplicatively commutative and multiplicatively idempotent semiring with the
identity element Ug, where ANYNZ=0.

Although (F,A)\.0y5=0¢\:(F,A)=(F,A) and (F,A)Ng @y3=0p Nr(F,A)=@y, namely, @y is the zero of
(Se(U),\¢,NR), (SE(U),\,NR) cannot be a hemiring, since it is not additively commutative, but it is semiring
with zero.

8) (Se(U),y,,Ng) is a multiplicatively commutative and multiplicatively idempotent semiring with the
identity element Ug, where ANYN2=0.

Although (F,A)y.09=0yY:(F,A)=(F,A) and (F,A)Ng Os=0y Nr(F,A)=0y, namely, @y is the zero of
(Se(U),ye,NR), (SE(U),\¢,NR) cannot be a hemiring, since it is not additively commutative, but it is semiring
with zero.

9) (Se(U),+,,NR) is a multiplicatively commutative and multiplicatively idempotent semiring with the
identity element Ug, where ANYN2=0.

Although (F,A)+.05=0y+.(F,A)=(F,A) and (F,A)Ngp Op=0y Nr(F,A)=0y, namely, @y is the zero of
(Se(U),+¢,NR), (Se(U),+,,NR) cannot be a hemiring, since it is not additively commutative, but it is
semiring with zero.

10) (Se(U),A,NR) is a multiplicatively commutative and multiplicatively idempotent semiring with the
identity element Ug, where A N¥NZ=0.

Although (F,A)A.09=0pA.(F,A)=(F,A) and (F,A)Ng By=0y Nr(F,A)=0y, namely, @y is the zero of
(Se(U),A.,NnR), (Se(U),A,,NR) cannot be a hemiring, since it is not additively commutative, but it is semiring
with zero.

11) (Se(U),0,,Nng) is an additively and multiplicatively commutative and multiplicatively idempotent
semiring with the identity element Ug, where AN¥YNZ=0.

Moreover, since (F,A)0.04=040.(F,A)=(F,A) and (F,A)Ng By=0y Nr(F,A)=0y, namely, @y is the zero of
(Se(U),0,,nR), (Se(U),0,,NR) is a hemiring, where ANPN2=0.

12) (Sg(U), * .,NR) is an additively and multiplicatively commutative and multiplicatively idempotent a
semiring with the identity element Ug, where AN¥YNZ=0.

Moreover, since (F,A) ¥ .0y3=0y * .(F,A)=(F,A) and (F,A)Ng By=0y Nr(F,A)=0y, namely, @ is the zero
of (Se(U), * .,NR), (SE(U), ¥ .,Ng) is a hemiring, where ANYN2=0.



Natural & Applied Sciences Journal Vol. 8 (1) 2025 100

13) (SE(U),;, Ng) is an additively and multiplicatively idempotent, multiplicatively commutative semiring
with the identity element Ug, where AN’ N2=0.

14) (SE(U),G,DR) is an additively and multiplicatively idempotent, multiplicatively commutative semiring
with the identity element Ug, where ANY’NZ=0.

15) (SE(U),Z,DR) is a multiplicatively commutative and idempotent semiring with the identity element Ug,
where AN’ NZ=0 (Sezgin and Yavuz, 2023b).

16) (Se(U),U,,Ng) is a bounded distributive lattice with the lower bound @4 and the upper bound Ug.

In fact, (Se(U),U,) and (Se(U),NR) are commutative idempotent monoids with the identity element @ and
Ug, respectively (Ali et al., 2011) and restricted intersection distributes over extended intersection from
both left and right sides in Sg(U). Thus, (Sg(U),U,,NR) is a bounded distributive lattice with the lower bound
@y and the upper bound Ug. Since (F,A)U.(F,A)# Ug and (F,A)Ngr(F,A)'# @y, the algebraic structure
(Se(U),U,,NR) is not complemented, thus it is not a Boolean algebra. (Ali et al., 2011; Qin and Hong, 2010)

i1) Algebraic structures in Sg(U) with two binary operations, the second binary operation of which is the
extended intersection operation

Let (F,A), (€, %) and (H,¢2) be SSs over U. Then,

1) (Sg(U),Ugr,N;) is an additively and multiplicatively commutative and idempotent semiring with the
identity element Q.

Moreover, since (F,A)Ur Og=0g Ur(F,A)=(F,A) and (F,A)N; D=0 N.(F,A)=0f, the algebraic structure
(Se(U),Ug,N;) is a hemiring (Ali et al., 2011).

2) (Se(U),ng,N;) is an additively and multiplicatively commutative and idempotent semiring with the
identity element @y where (AAW)NZ=0 and A N(WA 2)=0.

Here, we also want to correct an error made in a previous study by Ali et al. (2011). It was stated that
(Se(U),Ng,N¢) is a hemiring with the identity @4. However, since (F,A)Ngp Ug=Ug Nz(F,A)=(F,A) and
(F,A)N, Ug = Ug N (F,A)# Ug, (Se(U),Ng,Ne) cannot be a hemiring. Moreover, since extended
intersection distributes over restricted intersection from LHS and RHS, respectively where (AA¥)N2=0
and A N(WPA 2)=0. (Se(U),Nng,N;) cannot be a hemiring.

3) (Se(U),ng,N,) is an additively and multiplicatively commutative and idempotent semiring with the
identity element @y and without zero.
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4) (SE(U),G,n ¢) 18 a multiplicatively commutative, additively and multiplicatively idempotent semiring
with the identity element @4 and without zero, where A N(WA 2)=0.

5) (SHU).
with the identity element @, and without zero, where (AAW)N2=0.

Ng) is a multiplicatively commutative, additively and multiplicatively idempotent semiring

6) (Se(U),Ug,N,) is a bounded distributive lattice with the lower bound @ and the upper bound @,. Since
(F,A)URr(F,A)'# @y and (F,A)N (F,A)# Ug, the algebraic structure (Sg(U),Ug,N,) is non-complemented,
bounded and distributive lattice; thus, it is not a Boolean algebra. (Ali et al., 2011; Qin and Hong, 2010)

4.2.2.2. Algebraic structures with two binaryv operations in S,(U):

1) Algebraic structures in S,(U) with two binary operations, the second binary operation of which is the
restricted intersection operation:

1) (Sx(U),Nr,NR), (Sx(U),N,,NR), (S A(U),;,nR) are additively and multiplicatively commutative and
idempotent semirings with the identity element U, and without zero.

2) (Sx(U),Ur,NR) are additively and multiplicatively commutative and idempotent semirings with the
identity element Uy.

Moreover, since (F,A)Ugr @x=04 Ur(F,A)=(F,A) and (F,A)Ng B4=04 Nr(F,A)=0y, namely @y is the zero
of (S§4(U),Ugr,NR), (Sx(U),Ur,NR) is a hemiring (Ali et al., 2011).

3) (Sx(U),Ar,NR) is an additively and multiplicatively commutative and multiplicatively idempotent
semiring with the identity element Uy.

Moreover, since (F,A)Ar @ =0 4Ar(F,A)=(F,A) and (F,A)Ng O4=04 Nr(F,A)=04, namely @y is the zero of
(Sx(U),Ar,NR), (Sx(U),Ag,NR) is a hemiring.

Additionally, (Sx(U),Ag,Ng) is a ring with the identity element, and since (F,A)*=(F,A)Ng(F,A),
(S4(U),Ar,NR) is a Boolean Ring. The fact that (F,A)Ar(F,A)=04 and (F,A)NR(C,A)=(C,A)NR(F,A) is a
natural consequence of the algebraic structure (Sx(U),Ar,Ngr) being a Bool ring (Eren and Calisic, 2019).

4) (S4(U), U,,NR) is an additively and multiplicatively commutative and idempotent semiring with the
identity element Uy,

Moreover, since (F,A)U, @,=04x U (F,A)=(F,A) and (F,A)Ng O,=0x Nr(F,A)= @4, namely @4 is the zero
of (Sx(U),U.,NR), (S4(U),U,,NR) is a hemiring.
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5) (Sx(U),A.,NR) is an additively and multiplicatively commutative, multiplicatively idempotent semiring
with the identity element Uy,

Moreover, since (F,A)A. Q=0 xA.(F,A)=(F,A) and (F,A)Ng Qx=04 Nr(F,A)=0y, namely @y is the zero of
(Sx(U),ANR), (Sx(U),A.,NR) is a hemiring (Sezgin and Cagman, 2025).

6) (S A(U),G,nR) is an additively and multiplicatively commutative and idempotent is a semiring with the
identity element Uy.

Moreover, since (F,A)_@x=84,,(F.A)=(F.A) and (FA)Ng 843=0; Nr(F.A)=0,, namely @ is the zero of
(S4(U), MR- (Sx(U),,,Ng) is a hemiring.

7 S A(U)’Z'nR) is an additively and multiplicatively commutative, multiplicatively idempotent semiring
with the identity element Uy.

Moreover, since (F,A) y @=84 , (F.A)=(F.A) and (FA)Ng 84=0; Nr(F.A)=0,, namely @ is the zero of
(Sx(U),0,NR). (Sx(U), 1,Ng) is a hemiring (Sezgin and Yavuz, 2023b).

8) (Sx(U),U,,NR) is a complemented, bounded, distributive lattice with the lower bound @4 and the upper
bound Uy.

In fact, it was presented that (S4(U),U.) and (Sx(U),Ng) are commutative idempotent monoids with the
identity element @4 and Uy, respectively, U, ve Ng hold distributive laws in Sx(U), and restricted
intersection distributes over extended union from both left and right sides in Sy (U).

Furthermore, since (F,A)U.(F,A)'=Uy and (F,A)Nr(F,A)'= By, (Sx (U),U,,NR,") is a complemented,
bounded and distributive lattice; thus, it is a Boolean algebra. Moreover, since it satisfies the De Morgan
law, that is, [(F,A)Ng(C,A)]'=(F,A)'U.(C,A)" and [(F,A)U.G,A)]'=(F,A)'Ng (€, A)". Thus, (S4(U),U,,Ng, )
is a De Morgan Algebra.

Additionally, (F,A)Ng (F, A)=0, S(C,A)U.(C,A)=Uy  for all (F,A),(€,A)€ Sa(U), thus (Sx(U),Ug,Ng, ")
is a Kleene Algebra.

Additionally, it is known that (F,A) Ny (F,A)= @, and if (F,A)Ng(C,A)= By, then (C,A) C (F,A)". This
shows that (F,A)" is the pseudo-complement of (F,A). Furthermore, since (F,A)'U. ((F,A)")=Uy,
(Sx(U),u,,Ng, ") satisfies Stone's unit property and thus, the algebraic structure (Sx(U),U,,Ng, ") is a Stone
Algebra (Ali et al., 2011).
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9) (S4(U),Ur,Ng ,") and (S A(U),G,nR ;) is a complemented, bounded, distributive lattice with the lower

bound @4 and the upper bound Uy, is therefore a Boolean algebra, De Morgan algebra, besides, Kleene
algebra and Stone algebra.

Additionally (S4(U),,NR) is an MV-algebra with the constant Uy (Ali et al., 2011).

To show that (S4(U),,Ng,Uy) is an MV-algebra, we need to show that it satisfies the MV-algebra
conditions.

e (MV1) (§4(U), Ng) is commutative monoid with the identity element Uy.
o (MV2) ((F,A))=(F,A).
o (MV3) (Up)'nr(E,A)= 04 Nr(F,A) = 0y = (Uy)".
o (MV4) [(F,A)'NR(C,A)] NRr(C,A)=((C,A)'Ng(F,A))'Ng(F,A). Indeed,
[(EA)Nr(E€,A)]'Ng (€,A) =[((F,A)) "Ur (§,A)] Ng (C,A)
=[(F,A) Ur (§,A)] Ng (E,A)
=[(F,A) Ng (€,A)] Ur[(€,A)'NrG,A)]
=[(F,A) Ng (€,A)] Ur [(F.A) Ng (F,A)]
= (F,A) Ng [(€,A) U (F,A)]
= (F.A) ng [(C,A) Ng (FA)I
=[(€.A)" Ng (FA)] Ng (F, A)
Thus, (Sx(U),",Ng) is an MV-algebra with the constant Uy.

11) Algebraic structures in S;(U) with two binary operations, the second binary operation of which is the
extended intersection operation:

1) (SxU),n.N.), (S A(U),;,n e), (Sx(U),Ng,N,) are additively and multiplicatively commutative and
idempotent semirings with the identity element Uy and without zero.

2) (S4(U),Ug,N,) is an additively and multiplicatively commutative and idempotent semiring with the
identity element Uy.

Moreover, since (F,A)Ug D=0 Ur(F,A)=(F,A) and (F,A)N, =04 N.(F,A)= @4, namely @4 is the zero
of (Sx(U),Ur,N;), (S4(U),Ug,N;) is a hemiring.

3) (Sx(U),ug,Nn,) is an additively and multiplicatively commutative and idempotent semiring with the
identity element Uy.

Moreover, since (F,A)U, @x=04x U (F,A)=(F,A) and (F,A)N, @,=0x N (F,A)= @4, namely @ is the zero of
(Sx(U),Ug,N.), (S4(U),Ug,N,) is a hemiring.
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4) (SA(U),G,D ¢) 1s an additively and multiplicatively commutative and idempotent semiring with the
identity element Uy.

MoreovEr, since (F,A)’\L’J(Z)A=(Z)AU(F,A)=(F,A) and (F,A)N, 0,=04 N (F,A)=04, namely @4 is the zero of
(SA(U),U,nE), (SA(U),U,nE) is a hemiring.

5) (Sx(U),uU,,N,) is a complemented, bounded, distributive lattice with the lower bound @4 and the upper
bound Uy.

In fact, it was presented that (S4(U),U,) and (S4(U),N.) are commutative idempotent monoids with the
identity element @4 and Uy, respectively, U, ve N, hold distributive laws in S4(U), and extended
intersection distributes over extended union from both left and right sides in S (U).

Furthermore, since (F,A)U.(F,A)'=Uyand (F,A)N(F,A)'= 0y (Sx(U),U,N.,") is a complemented,
bounded and distributive lattice; thus a Boolean algebra.

Moreover, since  De Morgan  law, that  is [(E, AN (C,A)]=(F,A) U (C,A) and
[(F,A)U.G,A)]=(F,A)'N, (€, A)" is satisfied, (Sx(U),U,,Ng, ©) is a De Morgan Algebra.

Additionally, (F,A)N, (F, )'=0, S(C,A)U.(C,K)=Uy, for all (F, &), (€, &) € Sx(U), thus (Sx(U),u,,Ng, ")
is a Kleene Algebra.

Additionally, it is known that (F,A)N.(F,&)'=04 and if (F,A) N, (€,K)=0, then (€,A) E(F,A)". This shows
that (F,A)" is the pseudo-complement of (F,A). Furthermore, since (F,A)'U, ((F,A))=A, (Sa(U),U,,Ng, ")
satisfies Stone's unit property and thus, (Sx(U),U.,Ng, ") is a Stone Algebra.

6) (Sx(U),Up,N, ,") and (SA(U),G,D ¢ ») are complemented, bounded, distributive lattice with the lower

bound @4 and the upper bound Uy, is therefore, a Boolean algebra, De Morgan algebra, Kleene algebra,
and Stone algebra. Additionally (S4(U),",N;) is an MV-algebra the constant element Uy.

To show that (S4(U),",N,, Uy) is an MV-algebra, we neeed show that it satisfies the MV-algebra conditions.
o (MV1) (S4U), N, Uyg) commutative monoid with Uy.
o (MV2) (FA))=(FA).
o (MV3) (Up)N.(BA)= B N(EA) = 05 = (Uy)"
o (MV4) [(F,A)'NA(CA)] N (C,A)=((C,A)N(F,A))N(F,A). Indeed,
[(E,A)N(CATN(C,A) =[((FA))U(C,A)] N (C,A)

=[(F,A)U(C,A)] N.(C,A)
=[(EA)N(CA)]U[(E,A)N, (€, A)]
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=[(F,A)N(C,A)]U[(F.A)N(F,A)]

= FEAN[(CA)U(F,A)]

= FEAN[(CA)N, (FA)]

= [(CA)N(FA)] n: (F.A)
Thus, (Sx(U),"N,) is an MV-algebra with the constant Uy.

S. CONCLUSION

This work presents a thorough examination of all of the characteristics of restricted intersection and
extended intersection operations, which are key concepts in SS theory. First of all, the intersection
operations are viewed historically, demonstrating the incompleteness of the restricted intersection definition
by Ali et al., 2009 and Ali et al., 2011. As the definition has rough edges, the claims in all papers examining
the characteristics of the concept and applying it suffer from some problematic circumstances, as it is
neglected that the parameter sets of the SSs contained in restricted intersection may also be disjoint.
Following the inadequate definition of restricted intersection, some theorems and assertions in previous
research on restricted and extended intersection operations were presented without proofs, or the proofs
were wrong or missing sections. First and foremost, the presentation of the concept of restricted union is
renewed in this study in a new manner that eliminates any incorrectness. This study typically gives proofs
based on function equality and corrects any faulty parts in these studies. When evaluating the properties
and distributive rules of restricted and extended intersection operations, the case in which the intersection
of the parameter sets of the SSs is empty is always considered in the statements and proofs. Moreover, the
relationships between restricted and extended intersection operations and the soft subset proposed by Pei
and Miao (2005) are also examined in relation to their classical set counterparts. We also add many more
properties to the properties that were previously supplied in this topic. In the set of SSs with a fixed
parameter set and in the set of sets over the universe, the distribution rules and absorption laws are
thoroughly investigated, and the algebraic structures formed by these operations individually and in
combination with other SS operations are thoroughly examined with their detailed proofs by also correcting
the incorrect parts in the literature in this regard. Boolean algebra, De Morgan algebra, MV-algebra, Kleene
algebra, Stone algebra, semiring, hemiring, bounded distributive lattice, monoid, and bounded semi-lattice
are some examples of these algebraic structures associated with restricted and extended intersection
operations. Furthermore, if a distribution rule does not hold, we specify the condition(s) under which the
assertions do. According to these perspectives, this paper represents the most comprehensive analysis of
SSs in the literature that is currently available in terms of restricted and extended intersection operations,
taking into account all of the earlier research on the topic such as Ali et al., 2009; Ali et al., 2011; Maji et
al., 2003; Pei and Miao, 2005; Qin and Hong, 2010; Sen, 2014; Sezgin and Atagiin, 2011; Singh and
Onyeozili, 2012¢ as well as Neog and Sut, 2011; Fu, 2011; Ge and Yang S, 2011; Zhu and Wen, 2013;
Onyeozili and Gwary, 2014; Husain and Shivani, 2018)), as there isn't any literature available at the moment
with such a thorough analysis. As SS operations serve as the theoretical foundation for several approaches
to soft computing, which open the door to a variety of applications, such as the development of new SS-
based cryptography techniques and decision-making processes and the studies on soft algebraic structures
have been the basis for understanding the applications of SS algebra in both classical and non-classical
logic, this paper fills a significant gap for the past and future literature by advancing both the theoretical
and practical aspects of SS theory. Future research can be employed from the perspective of this study to
address other basic SS operations, such as restricted and extended union, difference, and symmetric
difference operations.
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