Volume 55 (3) (2026), 12031220

B Hacettepe Journal of Hacet. J. Math. Stat.
Mathematics & Statistics DOI : 10.15672/hujms.1613505

RESEARCH ARTICLE

On generalized Matsumoto metrics with a special
m-form

Amr Soleiman'®, Ebtsam H. Taha*?

! Department of Mathematics, Faculty of Science, Jouf University, Skaka, KSA
2 Department of Mathematics, Faculty of Science, Cairo University, Giza, Egypt

Abstract

We explore a generalization of Matsumoto metric intrinsically. Given a Finsler manifold
(M, F) which admits a concurrent m-vector field @, we consider the change F(z,y) =

%, where @ is the associated concurrent 7-form with F(z,y) > ®(x,y) for all

(z,y) € TM. We find the condition under which the generalized ¢-Matsumoto metric F
is a Finsler metric. Moreover, the relations between the associated Finslerian geometric
objects of F and F are obtained, namely, the relations between angular metric tensors,
metric tensors, Cartan torsions, geodesic sprays, Barthel connections (along with its cur-
vature) and Berwald connections. Further, we prove that the Finsler metrics F' and F can
never be projectively related. Also, a condition for the m-vector field @ to be concurrent
with respect to Fis acquired. Moreover, an example of a rational Finsler metric admitting
a concurrent w-vector field together with the associated change F is provided. Finally,
we find the conditions that preserve the almost rationality property of a Finsler metric F'
under the ¢-Matsumoto change.
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1. Introduction

The theory of special Finsler spaces constitutes a remarkable domain of mathemati-
cal inquiry, characterized by its profound structural depth and its wide-ranging utility in
modelling some physical and biological systems. The richness of special Finsler spaces
stems primarily from the behaviour of w-tensor fields, specifically the torsion and curva-
ture tensors (e.g., associated with the Cartan connection). When these tensors satisfy
particular geometric identities or take on certain forms, they define the various classes of
special Finsler spaces. This flexibility allows for a much broader classification of manifold
structures than is possible in Riemannian geometry, where the rigid dependence on a qua-
dratic metric restricts the variety of obtainable spaces. Historically, much of the progress
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in this area has relied on local coordinate expressions, a framework pioneered and exten-
sively documented by M. Matsumoto [7,9, 12] and his contemporaries. However, while
local methods are powerful for computation, they often obscure the underlying global geo-
metric properties. In response to this, a more modern, intrinsic approach has emerged
to treat these spaces as unified geometric objects. Although such coordinate-free inves-
tigation remain comparatively rare in the literature, the works of A. Tamim, L. Youssef,
and their collaborators (see e.g., [13-15, 26, 28,29]) have provided critical advancements,
establishing a rigorous basis for the intrinsic study of Finslerian structures.

The Randers metric is defined by F' = a4+ B, with « is defined by a Riemannian metric
and B is a 1-form on the manifold M. It named after G. Randers, 1941, who introduced a
simple Finslerian metric by this change. It is used to construct a generalized field theory
that would comprise gravity and electromagnetism. Randers metrics are important as they
represent solutions to Zermelo’s navigation problem in the case of a weak wind (see, e.g.
[1] for a wide perspective of Randers or the more general notion of a wind Finsler metric).
In 1974, M. Matsumoto studied Randers spaces in a more general setting, by assuming
that « is a Finsler metric [7]. Later, generalized Randers metrics were investigated in [20].
Another interesting metric is the Matsumoto (Matsumoto’s slope of a mountain) metric
defined by F = %, where B was originally taken to be induced by earth’s gravity. It
was introduced by Matsumoto as a realization of the idea of a slope measure of a mountain
with respect to a time measure [8,11]. A further local study of Matsumoto metric and
its generalizations can be found in [4,12,22-24]. On the other hand, the existence of
a concurrent vector field on Finsler spaces has been studied firstly by Tachibana [19].
The existence of a concurrent vector field is a very rigid property as, for example, a 3-
dimensional Finsler manifold, a Finsler surface, a Landsberg space, a C-reducible Finsler
space admitting a concurrent vector field is Riemannian [9]. Also, a generalization of a
concurrent vector field, which is called a semi-concurrent vector field, has been investigated
in [31].

In this paper, we provide an intrinsic investigation of what we called a generalized
¢-Matsumoto metric. Our intrinsic formulation and index-free proofs in the first three
sections give rise to simple compact results that hold globally on the manifold. More
precisely, in §2, we provide a coordinate-free study of a generalized Matsumoto metric
with a special m-form. By a generalized Matsumoto metric we mean the change of a
Finsler metric F' (not necessarily Riemannian) by a 1-form B, defined by, F = %,
with F(z,y) > ®(x,y) for all (z,y) € TM. We consider a Finsler manifold (M, F') that
admits a concurrent w-vector field ¥ and find the corresponding m-form ®. Thus the
associated 1-form ®(z,y) is used to define the ¢-Matsumoto change (3.5). We analyse
intrinsically some of the geometric objects associated with F namely, the supporting
form E the angular metric tensor h the Finsler metric tensor g and the Cartan torsion T.
Also, we characterize the non-degeneracy property of the metric tensor g, that is, g is non-
degenerate if and only if F(1+2¢(p,$)) —3® # 0. Then, in §3, the related geodesic sprays
corresponding to this change as well as the relation between the two Barthel connections
I and [ are obtained. As a consequence, we prove that two sprays are projectively related
if and only if p = 0, which contradicts the assumption of w-concurrent vector field. Then,
the generalized Matsumoto change of Berwald connection implies that the m-vector field
© is never concurrent with respect to the Finsler metric F. Finally, in §4, an example
of a rational Finsler metric F' that admits a m-concurrent vector field is given and its ¢-
Matsumoto change is obtained. Finally, we tried to answer the question: if F' is an almost
rational Finsler metric, under what conditions F'is an almost rational Finsler metric?
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2. Preliminaries of Finsler geometry

Let M be an n-dimensional para-compact smooth manifold and « : TM — M its
tangent bundle. The vertical subbundle V(T'M) is defined to be ker(dm). Let TM :=
TM/{0} be the slit tangent bundle, 7 : TM — M and the pullback bundle of the
tangent bundle be denoted by #~1(T M) over TM. It is called also the Finsler bundle [18].
Further, §(TM) denotes the algebra of smooth functions on TM and X(7) the F(TM)-
module of differentiable sections of #=1(TM). The elements of X(7) will be called 7-vector
fields and denoted by barred letters X.

We have the short exact sequence [3,27]

0— 7 YTM) L TIM L5 # Y (TM) — 0,

where « is the natural injection (v : #71(TM) — V(TM) is an isomorphism) and p :=
(7, dm). The vertical endomorphism J is the map J : TTM — TTM defined by J = ~yop.
For all f € §(TM), W € X(TM), J satisfies:

W, J) = FW.J) + df Aiwd —dsf @ W, (2.1)

where df is the exterior derivative of f, the derivative dj := [ij,d]| =ij0d—doiy and iy
is the interior product with respect to W defined by iy f = 0, iwJ = J(W). Moreover,
we have:

ieJ =0 and [C,J]=—J, (2.2)
where the vector field defined by € := 7 is called Liouville vector field and 77(u) = (u, u)
for all w in TM. Moreover, a spray on M is a smooth vector field G on TM such that
JG =Cand [C,G] =G.

For a linear connection D on 7 }(TM), we have K : TTM — 7 1(TM) which is
defined by K (W) = Dyw7. Thereby, the horizontal space at u € TM is H,(TM) :={W €
Tu,(TM) : K(W) = 0}. The connection D is said to be regular if for all u € TM, we
have T, (TM) = V,(TM) & H,,(TM). For a regular connection D, the vector bundle maps
Pl and K|y () are isomorphisms. In this case, the map 3 := (p|H(7M))_1 is called
the horizontal map of D. A famous regular connection is the Berwald connection which
is defined by [3], [25, Proposition 4.4]

VD% W = 0[hZ, JW),  D° 5 pW = plnZ, 5TV, (2.3)

where h := o p is the horizontal projector of D and v := I — o p is the vertical projector
of D.

A nonlinear connection on M is a vector 1-form I' on T'M which is smooth on TM and
continuous on 7'M such that JI' = J and I'’J = —J [3]. Consequently, the horizontal and
vertical projectors associated with I' are given, respectively, by

- %(14-1“), vim é(I—F), (2.4)
Moreover, the curvature of I' is defined by R := —%[h, h], which can be computed using
Frolicher-Nijenhuis bracket [K, L] of two vector 1-forms K and L as follows [2]:
K,L(W,Z) = [KW,LZ]+ [LW,KZ]+ KL[W, Z] + LK[W, Z]
—K[LW, Z] — K[W,LZ] — LKW, Z] — L|W,KZ]. (2.5)
In particular, the vector 2-form Np, defined by

1
NL(W, Z) := i[L’M(W’ Z) = [LW,LZ] + L*W, Z] — L[LW, Z] — L[W,LZ] (2.6)
is said to be the Nijenhuis torsion of a vector 1-form L. For example, we have N; = 0 and
J? = 0 which give
[(JW,JZ] = JW,JZ|+ J[JW, Z]. (2.7)



1206 A. Soleiman, E. H. Taha

Definition 2.1. A Finsler structure (or Finsler metric) on M is a mapping
F:TM — [0,00)
such that:

(a) Fis C*® on TM and C° on TM,

(b) F' is positively homogeneous of degree 1 in the directional argument y, that is
LeF = F, where Lyy is the Lie derivative in the direction of W,

(c) the Hilbert 2-form dd;F has a maximal rank, where E' = 1 F? is the Finsler energy
function.

The Finsler metric tensor g induced by F on 7~ (T'M) is defined as follows [27]
g(pW,pZ) :=dd;E(JW,Z), YW, Z € X(TM). (2.8)

In this case, the pair (M, F') is called a Finsler manifold and F' is a regular Finsler metric
or simply a Finsler metric.

According to [6], the Finsler metric tensor g defined in Definition 2.1 is positive definite.
The main reference for the notion of a conic pseudo-Finsler structure is [5].

Definition 2.2. A conic sub-bundle of T'M is a non-empty open subset D C TM that
is invariant under scaling of its tangent vectors by positive real numbers and satisfies
m(D) = M. Assume that, Vo € M, D, := D € T, M is a connected set. A conic pseudo-
Finsler structure ' on M is a smooth mapping such that

F:D —0,00),

F' is positively homogeneous of degree 1 in the directional argument y and the Hilbert 2-
form dd jE has a maximal rank. The Finsler metric tensor g induced by F' on 7r51(TM )
is defined by

9(pW, pZ) = dd; E(JW, Z), YW, Z € (D).
The triple (M, D, F') (or simply, (M, F')) is called a conic pseudo-Finsler manifold.

Remark 2.3. On a conic domain D, we have again the short exact sequence (see e.g.,
[10])
0 — 7 (TM) 1 TD 25 751 (TM) — 0,

with the obvious modifications of the definitions of v and p.

Further, the normalized supporting element (or supporting form) is £ := F~liz g and
the angular metric tensor A := g — ¢ ® £. For a Finsler manifold, its geodesic spray G
satisfies i¢ ddjE = —dE. Moreover, the Barthel connection I' can be written in terms of
the geodesic spray as I' = [J, G] (see, [3]). Another interesting regular connection is the
Cartan connection V which is the uniquely determined by [25]

(1) 29(V. %Y, 2) =vX - g(Y, Z) + g(Y, p[BZ,7X]) + g(Z, o[y X, BY]),

(i) 29(VgxpY,pZ) = BX - g(Y,Z) + BY - 9(Z,X) = BZ - g(X,Y)
—9(X, plBY, BZ]) + g(Y, plBZ, X)) + 9(Z, p| X, BY]).

3. ¢-Matsumoto change

In this section, we give an intrinsic investigation of what we call generalized ¢-Matsumoto
change F' — F. We find out the relation between the supporting forms (¢ and Z), the
angular metric tensors (i and h), Finsler metric tensors (¢ and §) and the Cartan tor-
sions (T and ’i‘), corresponding to this change. Moreover, the condition which makes F

non-degenerate is derived.

T?T'D is the restriction of m on D
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Definition 3.1 ([27]). Let (M, F') be a Finsler manifold. A non-vanishing m-vector field
@ is called a concurrent w-vector field if it satisfies

Vi@ = —W:D;W@ V.wp=0=D40. (3.1)

where V (respectively, D°) is the Cartan (respectively, Berwald) connection associated
with F'.

Consequently, the 7-form ¢ := i3 g associated with @ has the properties
(Vawd)(2) = —9(W,Z) = (Dypd)(Z),  (Vwo)(Z) =0=(Dpd)(Z).  (3:2)

Let us fix our notation throughout the whole paper:
— i denotes a concurrent 7-vector field with respect to F,
— ¢ is the m-form associated with 5,

Remark 3.2. For a Finsler manifold (M, F), a m-vector field Z € X(n) is independent of
the directional argument y if, and only if, nyWZ =0 for all W € X(m). Similarly, a scalar
(vector) m-form @ is independent of the directional argument y if, and only if, DF‘;WE =0

for all W € X(m). Thus, a concurrent m-vector field » and its associated 7-form ¢ are
independent of y [27, Theorem 3.7]. Moreover, we have

in J =0, djp* =0,  p*:=0(®) =9(% ) (3.3)

Lemma 3.3 ([16,27]). Let (M, F) be a Finsler manifold admitting a concurrent m-vector
field B with associated w-form ¢. Then, for all X € X(TM) and W € X(m) we have:
(2) d;@(YW) =0, ds®(BW) =d®(yW) = D2 = $(W),
4(X) = §(KX) - FUpX),
(b) dj F(YW) =0, d;F(BW) = dF(YW) = D
dF(X) = dF(vKX) = (K X),
() d B(BT) = dB(5W) = D5 & = —F ((IT),  dd(G) = —F?,
(DG ¢)(W) = —g(W,7) = —FL(W),
(d) dy F(5W) = dF (BW) = D3y F =0,
(D2 O(Z) = (V. O(2) = FT'h(W, Z), (DG 6)(W) = (Ve O)(W) =
deE(’YW,ﬁ?):g(W,Z), p[GvX] :DZ'PX—KX;

of

oy + 2 o), (3.4)

OF

Definition 3.4. Let (M, F') be a Finsler manifold admitting a concurrent m-vector field

@ with the associated m-form ¢. Consider the following change
F(z,y)

F(l‘,y) - (I)(CL‘,y)’

with @ = g(@,7) = &(7) defined on the conic domain D := {(z,y) € TM|F(z,y) >

O(z,y)}. If F' defines a conic pseudo-Finsler structure on M, then F is referred to as
generalized ¢-Matsumoto metric.

D2 f(F,®) = d; f(5) =

(3.5)

ﬁ(l‘,y) =

If, in particular, F' is a Riemannian metric and ¢ is an 1-form on M, then F is called
a Matsumoto metric. Also, when F' is a Finsler metric and ¢ is an 1-form on M, F' is
called a generalized Matsumoto metric. The geometric objects corresponding to F' will be
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denoted by hat letters such as B , Z, g, ..., etc. Thus, clearly we get

. ~ F(F —29) F? F*
- - F(F -2 F?
W.E = dF(W)= (3*”—@)2) AF W) + gy 20V, (3.7)

Proposition 3.5. Let (M, F) be a Finsler manifold admitting concurrent m-vector field
@. Under the ¢-Matsumoto change (3.5), we have:

(1) The total derivative of the Finsler energy functions dE and dE are related by

~  F*(F-29) Ft
dE = F5) dE + F o) dd. (3.8)

(2) The supporting forms  and ¢ are related by

F(F —2®) F?

GEC AR rid (3.9)

7=

(3) The vertical counterpart for Berwald connections ﬁ;WZ and D»(;W7 are related
by
Do Z = D;W7 (3.10)

(4) The angular metric tensors h and h are related by

~— 2(F — _ 4 o 22
WT,Z) = mh(w, 7)+ (FQ_FQMW) (7) + me(me(m
3
—(;tiq)y [6(W) 0(Z) + 9(Z) (W) (3.11)
Proof. Under the ¢-Matsumoto change (3.5):
(1) We have
~ 2 _ 2
dE(W) = FdF(W)= FF 3 {}zg_ qf)q;) dF (W) + (F]jq))ZdQ)(W)}
30 _ 4
- m dF (W) + (Fﬁ_jq))?) dD(W). (3.12)
(2) Taking into account Lemma 3.3 (a), (b), it follows that
(W) = dsF(BW)=d;F(BW)
_ o 2
= O o)+ O o) 2 ) o)

(3) Since the difference between the horizontal maps E and [ is a vertical vector field, that
is, 8 = B+ @, for some i € X(7). Using the facts that poy = 0, the vertical distribution
is completely integrable and DiWZ = p[YW, BZ] [17], hence we get

D22 = py W, B2) = pyW. BZ) + plyW ,vii] = p[y W, 8Z] = D2y 2.
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(4) Using items (2), (3) above, Lemma 3.3 (a), (b), (e), together with Definition 3.1, one
can show that

o~

WW.Z) = F(Dowl)(2)=F (D) (Z)

Ao (F(F-20) F? -
= FD <(F_(I))2 UZ) + F— o) ¢(Z)>

_ F(F—20)\ P2 _
_ P {(Df;w (%_q))Q)) UZ) + (D:W (F—‘I’)2> ¢(Z)}

~ [ F(F—-2®) / — F? . —
r { o Owt) D+ gy (Do) (Z)}
F? 292 — 20F
Fog (® — F)3
20F 2F?
+5 WD+ F—ap
F?2 F(F —2®)
tFoo (F — ®)?
Hence, the result follows. O

F™ (W, 7).

Proposition 3.6. The Finsler metric tensor g associated with the generalized ¢-Matsumoto
metric F' is given by

am.2) = L2 v,z oo + S am )
m S(W)U(Z) + 6(Z) (W) }. (3.13)
Proof. From the definition of the angular metric tensor i := j—F/®7 and using Proposition
3.5 (2), (4), we obtain
9iw.2) = L2+ oW o)
P W) Z) — 22 (W) 42 + (2 (7))
S ]
(s i)+ g 00|
= D0 7) 4 o) + B i o
EE 2 (o) 02) + 2 47}
Consequently, for any 7-vector field 77 and W € (TM), we get -
ot ow) = LSy o)+ EES o ) -+ o) )
@ o) + = o ), (5.14)
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Theorem 3.7. Let (M, F) be a Finsler manifold admitting a concurrent m-vector field
@ with associated m-form ¢. The function F defined by (3.5) is a conic pesudo-Finsler
structure if and only if

F(1+2p?) — 38 #0. (3.15)

That is, the Finsler metric tensor g of F is non-degenerate if and only if the function
F(1+2p%) — 3® does not vanish.

Proof. The metric g associated with Fis non-degenerate if and only if
JW,Z)=0 VW € X(nr) = Z=0.
Assume that g(W,Z) =0, VW € X(x). Then, relation (3.13) gives rise to

 FYF-29) _ _ 3rt = U4 -F) __
0 = g 0 Z) 4 o) 9(2) + T e () 6(2)
3
L gyt o) + 0(2) 7)) (3.16)
Setting W = % in (3.16), noting that (%) = % and ¢(p) = p?, one can show that
x1UZ)+T16(Z) =0, (3.17)
where
F(4® — F) (9% — F?p?) F? (—2@% — 20F + F? (3p® + 1))
X1 = T, :=

@-F)F @—F)!

Similarly, setting by W = 7 in (3.16), taking into account £(77) = F and ¢(7) = ®, we
obtain

x2U(Z)+T29(Z) =0, (3.18)
with
_ F3(F —29) Y i
G R

The system of the algebraic equations (3.17) and (3.18), in ¢ and ¢, has a non-trivial
solution if and only if

FO(F (2p® +1) — 3®)

(@ — F)S =0
Hence, as F(z,y) = al F)( 57 7& 0 over TM, then we conclude that F (2p* + 1) —3® =
0.
Consequently,

Z#£0 <« F(2°+1)-30=0.

Therefore, Z = 0 if and only if the Finsler structure F' and the 7-form ® satisfy the
condition

F<2p2+1)—3¢>7é0.

This means that the metric tensor g of Fis non-degenerate if and only if the condition
(3.15) is satisfied. Hence, the proof is complete. O

Form now on, we consider that the generalized ¢-Matsumoto metric F , defined by (3.5),
satisfies the condition (3.15).
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Proposition 3.8. Let (M, F) be a Finsler manifold admitting a concurrent m-vector field
@. Under the ¢-Matsumoto change (3.5), the Cartan torsion tensor T of F' can be written
in terms of the Cartan torsion tensor T of F as follows

2P (W, V. 7) WT(W, Y. 7)
W [h(W,Z) (V) + K(Y, Z) (W)}
2 (7. 2)6(7) + (7. 2) (7))}
" (D;Z F(ff_qj‘l’)) o(W.Y) + D ((ﬁ;ﬂ o(W) ¢<Y>>
" <932W> (W) (V)

3 _ . _ .
+ <D32w> {6(W) €7) + 6(V) £(7) } .

Proof. Using the expression of the metric g obtained in Proposition 3.6, taking into
account the fact that (Dfig)(W, Y)=2T(W,Y, Z), the result follows. O

4. The change of the spray and Berwald connection

Here, we find out the expression of the geodesic spray G of the generalized ¢p-Matsumoto
metric £ in terms of the geodesic spray G of F. Consequently, we prove that the two
geodesic sprays G and G can not be projectively related. Moreover, the relationship
between the two Barthel connections I' and T is obtained, as well as the relations between
Barthel curvature tensors % and % and Berwald connections D° and D° are derived. We
conclude that the m-vector field @ is never concurrent with respect to F , then we end this
section by providing a condition that makes @ concurrent with respect to F.

Theorem 4.1. Let (M, F) be a Finsler manifold admitting a concurrent w-vector field @
with associated w-form ¢. If G is the geodesic spray of F, then the geodesic spray G of
the generalized ¢-Matsumoto metric F' is given by

G=G-fiC+ e,
. F4o-F) L 2F3
where f1 = m and f2 = m
Proof. Since the geodesic spray G of F satisfies [3]
1 ~
—dE = §ZadeF ,

where dE is expressed in (3.8) in terms of dE. Due to the fact that the difference between
two sprays is a vertical vector field (i.e. G = G + v, for some m-vector field &), we get

. 1 . 1 ~ 1 .
—dB(W) = 3 ig iy dd JE2(W) = Sl dd JE2(W) + i dd JE2(W), (4.1)
Using g = G and W = hW + oW = SpW +~yKW, together with Lemma 3.3, we obtain
1. ~ 1 o 1 . . .
5 ic dd;F*(W) = §{deF2(577, W)t =3 {G dgFP(W) =W - dsF?*(G) — d; F?[G, W]}
1 PN PN PN
= 5 {¢ CFlew)) ~ W - 2Fim) - 2F 1[G W)}

~

= (G-FYUpW)+FG-I(pW) — (W - F?) — FI(p[G, W]). (4.2)
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Taking into account Lemmas 3.3, Proposition 3.5 (2), Formula (3.6) and (3.7), relation
(4.2) reduces to

1 ~ F* F(F —2® F?
§igdeF2(W) = — ( ( )

F? F(F —2®) F?
-5 ( s P gy WV))

2F? F(F —-2® F?
9 ( (;_ q))z)dF(W) + Fap (I)>2d<I>(W)>

<FF_ P) (Fg _‘q?f? HpIG W) + gz G, WD)

(F'— @)
F5(F — 49) 3F°
————— (W) — ——7 O(pW
F3(F — 20) F
————==dF ———=d® . 4.
Plugging the relations (4.3) and (3.14) (which expresses % iz dd;F2(W) as §(z@, pW)) into
Equation (4.1), after some calculation, it follows that

_ F3(F - 29) F4

_l’_

F—ap dF(W) — F P de(W)

_ _me(pw) = ((;’_F;)Ll S(pW) — m dE(W) = (Flib)3 i)
+mg(u, W) + w?’_mcb(u) B(pW) + W () L(pW)
+m {6(7) L(pW) + S(pW) £(1)}

Using the non-degeneracy property of Finsler metric g, the above relation reduces to

F2(F —2®) _ FYF —4®) F*F—-4®),, F®MU4®d-F), | _
Foap "= { Foap  Foep T gy (“’}”

6 4 3
n { o Ty O~ e f(u)}% (1.4
where /(1) and ¢(@z) are determined by the following two equations
FA(F - 20)0(7) + F*o(g) = F, (4.5)
FY =49+ d F 4 3F%p?) =
F (49 — F)(®% — F2p*)l(f) + F2(29% — 20 F + F2(1 + 3p*)é(m).  (4.6)
Thus, the condition (3.15) leads to
2
i = 3<1>F— (FQ’(IEQpQF-B 1)’

F (—49% 4+ ®F + 2F?p?)
-39 +2Fp2 + F

o(m) = (4.7)

Consequently, in view of Equation (4.4) and the assumption G=0G+ Y@, it follows that
the geodesic sprays G is given by
F(4® — F) 2F3 _
2 + 2 Yp-
F(1+2p?) -3 F(1+2p?) -39

Hence, the proof is complete. ]

G=0G-

(4.8)
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Theorem 4.2. Let (M, F) be a Finsler manifold admitting concurrent m-vector field p.

Under the ¢-Matsumoto change (3.5), the geodesic sprays G and G can never be projectively
related.

Proof. Let G and G be the geodesic sprays of I’ and the generalized ¢-Matsumoto metric
F', respectively. The Finsler metrics F' and F' are projectively related means that

G=G- 2A(z,y)C,

with a projective factor A(z,y) being positively homogeneous function of degree 1 in the
directional argument y. As F' is a non-zero function, in view of the relation (4.8), we
get G and G are projectively related if and only if v = 0. Thus, A(z,y) = % f1, which
leads to @ = 0. This contradicts our assumption that the m-vector field @ is everywhere
nonzero. ]

Proposition 4.3. The Barthel connection [ associated with the generalized ¢p-Matsumoto
metric F' can be expressed in terms of the Barthel connection I' associated with F' as follows

T =0 fiJ—d;fi @y +dsf2 ®7p.

Consequently, the horizontal map B associated with the F has the form
1

BW = W — S { 1AW +dsfo(5W) 77 — dy f2(BW) 7%}
Proof. In view of Theorem 4.1 and (2.1) along with (2.2), we obtain
f = [Jaé] = [JvG_ f17ﬁ+f27¢] = [JvG] + [fl’)/ﬁ_ f2’7¢>‘]]

= [J,Gl+ filyd, J] +dfi N J — dyfr @ ¥ — fo[v@, J| — df2 Niyp J + dyf2 @ P
From (2.2) and (3.3) along with
e, JIW = e JW] = Jhve, W]
= UVie oW = Viw @} = H{Vig pW = T'(p, pW)} = 0,
we get
T=C-fiJ—d;fi®yi+dsf®P.

Consequently, using the fact that I' = 28 o p — I, the horizontal map B associated with
the generalized ¢-Matsumoto metric has the form

BW = W — % {fl YW +dy fr(BW) v7] — d g f2( BW) 7@} -
]

Corollary 4.4. The horizontal projector L and vertical projector U associated with the
generalized ¢-Matsumoto metric F' can be written, in terms of the horizontal projector h
and vertical projector v associated with F', in the form

h=h+S, t=v-S, (4.9)

where S is a semi-basic vector 1-form [3] given by
1
S:=—{AaJ+dshiom—difa @0} (4.10)

Moreover, the Barthel curvature tensor R associated with the generalized ¢-Matsumoto
metric (3.5) is determined by

R=%R—[hS]— Ns.
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Proof. The relation (4.9) follows from Theorem 4.3 and formula (2.4). Now, since the
Barthel curvature tensor of F is defined by ® = —3[h,h], the proof follows from (4.9)
and formula (2.6) together with the properties of the Frolicher-Nijenhuis bracket. More
precisely,
~ 1 1
R= 2 [h+8,h+S] = ([0 + [n,S] + [S,h] + [S,8]) = & — [1,5] - N

Proposition 4.5. For the generalized ¢-Matsumoto metric (3.5), we have:

(1) The vertical counterpart of Berwald connection can be expressed as

DOWW Z = DO»yW Z.
(2) The horizontal counterpart of Berwald connection can be expressed as

—

DO

Z = D°gyZ - %{fl DiWZ +dsfL(BW) D5 Z
—difL(BW) Z — d; f1(BZ)W — d; f2(BW) D35 Z}
+5 {dds 37, BT) 7~ dds o4 Z, W) B}
Proof. Under the ¢-Matsumoto change (3.5), we have:

(1) The vertical counterpart for Berwald connection DiWZ is invariant by (3.10).

(2) Using the facts that v := v o K, h := 8 o p, the Berwald v-curvature 5o =0,
together with formulae (2.3), (2.5) and (2.7), we obtain

BW

vDowwpz = oiw.iz] "2 0 - 9)[(h+ W, 2]
= o[hW, JZ] + v[SW, JZ] — S[hW, J Z] — S[SW, J Z]
4.10 o =
g YD wwZ

— S AN K[IW,JZ) + ds fu(W) K37, T Z) = ds fo(W) K[, T 2]}
22 F1) oW + (JZ - ds fuW)) 7T = (JZ - dy fo(W)) B}
5 L1 (W, T 2) + dy (W, TZ))T = d fo[WW, T 2)) B}
=  yD°wwpZ — %{fl Diw pZ +d; f1(W) D35 pZ
—djf1(W) pZ — d; f1(Z) pW — dj fo(W) D35 pZ}
3 {dds fu(TZ,W)7] — ddy f2(TZ, W) B}
Consequently,
DosnZ = D°ypZ - %{ fiD3 Z +dsf1(BW) D3y Z
—d [1(BW) Z —d; L(BZ)W — d f2(BW) D35 Z}
+3 {dds 12, 577 — dds o0 7, 6W) 7}
(Il

Corollary 4.6. Let (M, F) be a Finsler manifold admitting a concurrent w-vector field
@. Under the ¢p-Matsumoto change (3.5), the w-vector field @ can not be concurrent with

respect to the Finsler metric F.
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Proof. 1t follows directly from Definition 3.1 and Proposition 4.5 as
DOBW Z #+D WL
O

Nevertheless, the following result gives a condition under which the property of the
m-vector field @ being concurrent is preserved under ¢-Matsumoto change.

Theorem 4.7. Let (M, F) be a Finsler manifold admitting a concurrent mw-vector field p.
Let F be the generalized ¢-Matsumoto metric defined by (3.5). A necessary and sufficient
condition for @ to be concurrent with respect to F is that

[ds f1(BX) — dd; f2(v2, BX)]@ — dy f1(BP)X + dd f1(v%, BX) = 0 (4.11)
Proof. In view of Proposition 4.5, we have
Do x%=D° %% (4.12)

and

—

1
D%x® = Dyx?+5 {1 Dix®+dsfi(X) D% — dsfa(FX) D) (413)

1 _ — _ _
+5 {0 A1 (BX)P — ds fu(BR)X + dd s f1 (4%, 5X) ] — dds fo (%, 5X) B}
Now, assume that the condition (4.11) is satisfied, then (4.13) reduces to

Doﬁx¢ = D/BXSO_‘_ {fl ,stO—i_del(BX) n@ deQ(BX) 7}(414)

Since P is a concurrent mw-vector field with respect to F', i.e., D° 5XP = —X and D07X¢ =

0, then, by (4.14), DOﬁX » = —X. This, together with (4.12), imply that © is a concurrent

m-vector field with respect to F.

Now, if @ is concurrent 7-vector field with respect to F , i.e.,
5%}@ =0 and De

then, by (4.12) and (4. 14)
A DB +dsf1(BX) D35 — dsf2(BX) D% = 0.

5. Preservation of (almost) rationality

Now, we give an example of a conic non-Riemannian Finsler metric that admits a
concurrent w-vector field and find F.

Example 5.1. Let M = R? and F be a conic Finsler metric defined by

2292 49 2
F(z,y) = F(x1,22,73;y1,Y2,Y3) = \I$§ <1y2y1y1y2 + 3 (5.1)

on the domain Dp = {(x1, 22, 73;Y1,y2,y3) € TR3 |z1 # 0,23 # 0,1 # 0,2 # 0}.
By straightforward calculations or using the Maple Finsler package [30], the non-vanishing
components of the Finsler metric tensor g;; are given by

a3 a7t y2(3$1?/2 + 4y1) 223 a1y3 (22 y2 4+ 3u)
g11 = ) gi2 = — 3 ;
3/1 Y1
223 (3aty3 + 6xiy1y2 + 2u7) B
922 = , gss = 1.

Y3
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The non-vanishing components g* of the inverse metric tensor are the following:

g = (3x1y3 + 627y192 + 247) yi
w3223 (283 + 6atyiy3 + 1223ydys + 8y3)’
g2 = (2212 + 3y1) v}
w3y2 (20y3 + 621y1y5 + 1227yiy + 8y7)’
1 3z 4 2
s (3zTy2 +4y1) ¥ = 1.

243 (2fy3 + 6iyiy3 + 1227y7y2 + 8y7)
Consequently, the non-vanishing components of the Cartan torsion Cyji, are

6 x% $§ yg(ﬁw + 1)

_ 6$% 95% y%(if%?n + 1)
= =
Y1

yt

Cinn=— , Ci12

621 23 yo(2Ty2 + 1)
o 3
Y1

Moreover, the geodesic spray coefficients are given by

627 23 (z1y2 + y1)

Cio2 =
yi

; Cooo =

ol @ myy e ey a_ wa(aiyd + ety + 4y7)

)
173 x3 2y}

Some of the coefficients of Cartan connection are

1 1
Ig=—, I3=—, Iig=0.
13 T3 ’ 23 T3 ’ 33
__ One can choose a concurrent w-vector field @ = ©'(2)0; = w305 with respect to F', where
i are the basis of fibres of w1 (T'M). Clearly, ¢'Cyj, = 0 and

Plp =09 +¢' T+ ¢ Ti+ ¢ T = 1.

Similarly, g02|2 =1, @3‘3 =1 and all other components of @' i vanish identically.
Moreover, the components of the corresponding w-form ¢ are ¢1 = ¢o = 0, ¢3 = x3.
Consequently, ®(x,y) = x3ys.
We then have
2 (B33 +2my\2 | o
~ ? 3\ == ) T3
F(a:,y) — (':Uay) — ( Y1 )

F(z,y) — ®(z, 2,2 2 .
(z,y) = &(z,y) \/x:%(aw'f;fym) + y2 — x3Y3

Since F' satisfies (3.15), as it can be verified using the Maple Finsler package [30], then F
defines a generalized ¢-Matsumoto metric over D, where

2,2 1 9 2

Y1
Let us recall the following definition.

Definition 5.2. [21] A conic-Finsler metric F' on D is called an almost rational Finsler
metric if all its Finsler metric tensor components g;;(x,y) can be expressed in the form

9ij(z,y) = 0(z,y) aij(z, y),

where 6 : D — (0, 00) is a smooth function and the matrix (a;j(x, y))1<i j<n is symmetric
non-degenerate and each of the functions a;;(z, y) is rational in the directional argument y.

If in addition, 6 is a rational function in y, the Finsler metric F' is said to be a rational
Finsler metric.
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Remark 5.3. The Finsler metric F' defined by (5.1) is a rational Finsler metric since g;;
can be written as g;j(x,y) = 0(z,y) a;;j(z,y) with 6(z,y) = (Z—f)z being a rational function
in the variable y and

_ 2R y3(3aiy2 + 4y 2233223 o + 311)
a1l = 2 ) a2 = — 5 )
Y1 Y1
1
a2 = 2(333‘11y§ + Gx%ylyg + ny), a3z = (I—g)2

all are rational functions in the variable y.

This motivate us to study the following problem:
If g;; are written as g;; = 0 a;; with a;; are rational functions in y, when can g;; be written
as gij = 7 a;; with @;; rational functions in y? Or, equivalently, under what conditions the
¢-Matsumoto change preserves the almost rationality property of Finsler metrics?

Lemma 5.4. Let (M, F) be a Finsler manifold admitting a concurrent mw-vector field p.
If F is a rational function in y, then F' is a rational Finsler metric.

Proof. Suppose that the Finsler structure F is a rational function in y. It is clear that F?
will be a rational function in y. Since, the partial differentiation a?/i of a geometric object
that is rational in y remains rational in y, the Finsler metric tensor components g;;(z,y)
are rational functions in y and can be expressed in the form g;;(x,y) = 0(z,y) ai;j(z,y)
with 6(x,y) = 1 and all a;;(x,y) are rational functions in y. That is, F' is a rational Finsler

metric. OJ

Remark 5.5. The above Lemma shows that if F' is a rational function in y, then F' is
a rational Finsler metric. However, the converse is not true. Indeed, Example 1 has F
rational Finsler metric while F' is not itself a rational function in .

Theorem 5.6. Let (M, F) be a Finsler manifold admitting a concurrent w-vector field p.
If F is a rational function in y, then the generalized ¢-Matsumoto metric F' is a rational
Finsler metric.

Proof. As F is a rational function in directional argument, F' is a rational Finsler metric,
by Lemma 5.4, that is, g;;(z,y) = 0(z,y) a;j(x,y) with 8(x,y) = 1 and a;;(z, y) are rational
functions in y.

Under the ¢-Matsumoto change (3.5), the local expression of its Finsler metric compo-
nents (3.13) are given by

~ F2(F - 20) 3 F2(43 — F)
Yi = o) gij+(F_q))4¢i¢j+W€i€j
F3(F — 49)
+W {0ilj + ¢ li}, (52)
which can be written in the form
. F?
9ij m{(f’—<I>)(F—2<I>)aij+3F2¢i¢j+(1>(4<1>—F)€i€j}
F2
+mF(F —A4®) {di lj + ¢j Li} .

The following functions are obviously rational in y

00— I 9" gny oky* ey iyt ary iy
B F F F? Amsy"Y® AmsyY™Y® ’

ng = griyr = ariyr’
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Now, setting
~ F?
0= ——F—— 5.3
=R (53)
Gij = (F?+28%) a;; +3F%¢;¢j +49%0; 0; — 40 {¢; F L; + ¢; F {;}
—F®3aj; + 4 6;) + F {¢; Flj + ¢; F L}, (5.4)
imply that g;; = §aij. By Remark 3.2, the functions ¢;, for all ¢« = 1,...,n, are indepen-
dent of y and @ is linear in y. Thereby, as I’ is a rational function in y, each of the
functions 6 and @;; are rational in y. Hence, F' is a rational Finsler metric. O

The following result provides an answer to the above mentioned question.

Theorem 5.7. Let (M, F) be a Finsler manifold admitting a concurrent w-vector field p.
If F is a rational Finsler metric, then the following assertions are equivalent:
(a) F is a rational function in y. (b) F is a rational Finsler metric.

Proof. (a) = (b): It follows from Theorem 5.6.
(b) = (a): Now, suppose F is a rational Finsler metric. In fact, the Finsler metric

tensor g;j, given by (5.2), can be written as g;; = éaij with = %ﬁ

aij = {(F2 + 2‘1)2) a,-j + Sarkykyrgéi qu + 4@2% — 4P {(;51 arjyr + ¢j am-yr}}

ms
ariyrakjyk r r

—F <I)(3a¢j+ﬁ)+¢i Qriy +¢j ariy ¢ -
AmsyY™"Y

Since F' is a rational Finsler metric, the functions

ariy " apiy"
{(F2 +20%) aij + By 91 0 + 48P T 4D {6 any” + 0 amyr}} (5.5)

mys
are rational in y for all ¢, j. However, the functions
ariyrakj yk )
am.symys

are rational functions in y if and only if F' is a rational function in y. That is, @;; are rational

F {—‘1)(3 a;j + + @i arjy" + ¢, ariyr}

functions in y if and only if F' is a rational function in y. Which is equivalent to F is a rational
Finsler metric if and only if F' is a rational function in y. |

Remark 5.8. If F' is an almost rational Finsler metric, i.e., 8 is not a rational function in

y, we can not conclude anything about the almost rationality of F that can be seen from
(5.5).

Acknowledgements

This research paper is dedicated to the memory of Professor Nabil L. Youssef. Also, the
authors would like to thank Professor Erasmo Caponio for his careful reading and valuable
comments, which improved this paper.

Author contributions. The authors have made substantive contributions to the article
and assume full responsibility for its content. The authors read and approved the final
manuscript.

Conflict of interest statement. The authors declare that they have no known compet-
ing financial interests or personal relationships that could have appeared to influence the
work reported in this paper.



On Generalized Matsumoto metrics with a special w-form 1219

Funding. Not applicable.

Data availability. No data was used for the research described in the article.

1]

References

E. Caponio, M. A. Javaloyes and M. Sanchez, Wind Finslerian structures: from
Zermelo’s navigation to the causality of spacetimes, Memoirs Amer. Math. Soc. 300
(1501), 134, 2024.

A. Frolicher and A. Nijenhuis, Theory of vector-valued differential forms, 1, Ann.
Proc. Kon. Ned. Akad., A 59, 338-359, 1956.

J. Grifone, Structure présque-tangente et connexions, I, Ann. Inst. Fourier, Grenoble,
22 (1), 287-334, 1972.

M. K. Gupta, A. Sahu and S. Sharma, Cartan connection for h-Matsumoto change,
2022. http://arxiv.org/abs/2204.07298v1

M. Javaloyes and M. Sanchez, On the definition and examples of Finsler metrics,
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) Vol. XIII, 813-858, 2014.

R.L. Lovas, A note on Finsler-Minkowski norms, Houston J. Math. 33, 701-707, 2007.
M. Matsumoto, On Finsler spaces with Randers metric and special forms of important
tensors, J. Math. Kyoto Univ. 14, 477-498, 1974.

M. Matsumoto, A slope of a mountain is a Finsler surface with respect to a time
measure, J. Math. Kyoto Univ. 29, 17-25, 1989.

M. Matsumoto and K. Eguchi, Finsler spaces admitting a concurrent vector field,
Tensor, N. S. 28 (1974), 239-249.

R. Miron and M. Anastaise, Vector bundles and Lagrange spaces with applications to
Relativity, 1997.

M. Rafie-Rad and B. Rezaei, On Finstein Matsumoto metrics, Nonlinear Anal. RWA
13, 882-886, 2012.

H. S. Shukla, O. P. Pandey and H. D. Joshi, Matsumoto change of Finsler metric,
J. Inter. Acad. of Physical Sciences 16 (4), 329-341, 2012.

A. Soleiman, Energy B-conformal change in Finsler geometry, Int. J. Geom. Meth.
Mod. Phys. 9, 1250029 (21 pages), 2012.

A. Soleiman and S. G. Elgendi, The geometry of Finsler spaces of Hp-scalar curvature,
Differential Geometry - Dynamical Systems 22, 254-268, 2020.

A. Soleiman and S. G. Elgendi, An intrinsic proof of Numata’s theorem on Landsberg
spaces, J. Korean Math. Soc. 61, 149-160, 2024.

A. Soleiman and S. G. Elgendi, On generalized Shen’s square metric, Korean J. Math.
32, 467-484, 2024.

A. Soleiman and E. H. Taha, Tripathi connection in Finsler geometry, Hacet. J. Math.
Stat. 51 , 136-150, 2022.

J. Szilasi, R. L. Lovas and D. Cs Kertesz, Connections, Sprays and Finsler structures,
World Scientific, 2014.

S. Tachibana, On Finsler spaces which admit concurrent vector field, Tensor, N. S.,
1-5, 1950.

A. A Tamim and N. L Youssef, On generalized Randers manifolds, Algebras, Groups
and Geometries 16, 115-126, 1999.

E. H. Taha and B. Tiwari, On almost rational Finsler metrics, Bull. Iran. Math. Soc.
49 (8), 2023.

A. Tayebi, T. Tabatabaeifar and E. Peyghan, On the second approzimate Matsumoto
metric, Bull. Korean. Math. Soc. 51 (1) , 115-128, 2014.

A. Tayebi, E. Peyghan and H. Sadeghi, On Matsumoto-type Finsler metrics, Nonlinear
Analysis: RWA 13, 2556-2561, 2012.


http://arxiv.org/abs/2204.07298v1

1220 A. Soleiman, E. H. Taha

[24] A. Tayebi and M. Shahbazi Nia, On Matsumoto change of m-th root Finsler metrics,
Publications De L’institut Mathematique, tome 101(115), 183-190, 2017.

[25] N. L. Youssef, S. H. Abed and A. Soleiman, Cartan and Berwald connections in the
pullback formalism, Algebras, Groups and Geometries 25, 363-384, 2008.

[26] N. L. Youssef, S. H. Abed and A. Soleiman,, Intrinsic theory of projective changes in
Finsler geometry, Rend. Circ. Mat. Palermo 60, 263281, 2011.

[27] N. L. Youssef, S. H. Abed and A. Soleiman, Concurrent m-vector fields and energy
B-change, Inter. J. Geom. Meth. Mod. Phys. 6, 1003—1031, 2009.

[28] N. L. Youssef, S. H. Abed and A. Soleiman, A global approach to the theory of con-
nections in Finsler geometry, Tensor, N. S. 71, 187-208, 2009.

[29] N. L. Youssef, S. H. Abed and A. Soleiman, Geometric objects associated with the
fundamental connections in Finsler geometry, J. Egypt. Math. Soc. 18, 67-90, 2010.

[30] N. L. Youssef and S. G. Elgendi, New Finsler package, Comput. Phys. Commun. 185
(3), 986-997, 2014.

[31] N. L. Youssef, S. G. Elgendi and E. H. Taha, Semi-concurrent vector fields in Finsler
geometry, Differ. Geom. Appl. 65, 1-15, 2019.



