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Improving Learning Outcomes of Matrix Functions with Innovative

Teaching Methods in Education
Abstract

The role of innovative teaching methods in education in improving the learning outcomes of
matrix functions is quite evident. These methods help students to understand matrix functions more
effectively and reinforce their theoretical knowledge with practical applications. The evaluation of the
impact of teaching methods on learning outcomes emphasizes the importance of these strategies in
education. Practical learning techniques allow students to develop a deeper understanding of concepts
and improve their problem solving skills. Therefore, the adoption of these innovative approaches by
educators will lead to more successful and lasting learning outcomes in the teaching of matrix functions.
Strengthening the education system with such innovations will be an important step that will contribute
to the mathematical thinking of the future.
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Egitimde Yenilikci Ogretim Yontemleri ile Matris Fonksiyonlarinin
Ogrenme Ciktilarinin iyilestirilmesi

0z

Egitimde yenilik¢i  dgretim  yontemlerinin  matris  fonksiyonlarimin = dgrenme  ¢iktilarin
iyilestirmedeki rolii olduk¢a agiktir. Bu yontemler, dgrencilerin matris fonksiyonlarint daha etkili bir
sekilde anlamalarina ve teorik bilgilerini pratik uygulamalarla pekistirmelerine yardimct olmaktadir.
Osretim yontemlerinin 6grenme ¢iktilart iizerindeki etkisinin degerlendirilmesi, bu stratejilerin
egitimdeki onemini vurgulamaktadir. Pratik Ggrenme teknikleri, ogrencilerin kavramlar: daha

derinlemesine anlamalarini ve problem ¢oézme becerilerini gelistirmelerini saglar. Dolayisiyla, bu
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yenilik¢i yaklagimlarin egitimciler tarafindan benimsenmesi, matris_fonksiyonlarimin 6gretiminde daha
basarili ve kalici ogrenme ¢iktilarina yol agacaktir. Egitim sisteminin bu tiir yeniliklerle giiclendirilmesi
gelecegin matematiksel diisiincesine katki saglayacak énemli bir adim olacaktir.

Anahtar Kelimeler: Egitim-Ogretim, Yenilikci Ogretim, Ogretim Yéontemi, Matris Fonksiyonlart

Introduction

Matrix functions and their associated interpolation methods play a pivotal role in
mathematical analysis and computational science. The ability to interpolate and analyze data in
matrix form is essential for solving complex problems that arise in various scientific and
engineering applications. One of the notable methods in this domain is the Lagrange-Sylvester
interpolation polynomial, which extends the classical Lagrange interpolation to matrix
functions. This extension provides a robust tool for constructing polynomial functions that pass
through specific matrix data points, enabling deeper insights and more comprehensive solutions
to multidimensional problems. The Lagrange-Sylvester interpolation method has found
applications in diverse fields such as signal processing, computer graphics, systems analysis,
and engineering simulations. These fields rely on accurate and stable numerical methods to
process and analyze large sets of matrix data efficiently. The method's adaptability to different
matrix sizes and its ability to ensure unique solutions make it a preferred choice for complex
computations involving matrices. However, understanding and implementing this method can
be challenging due to its mathematical complexity, which requires advanced knowledge in
matrix theory and numerical analysis. This study aims to explore the characteristics, benefits,
and applications of the Lagrange-Sylvester interpolation method, highlighting its strengths and
practical utility. By analyzing its properties, such as adaptability, uniqueness, and numerical
stability, this research underscores the method’s significant role in both theoretical studies and
real-world applications. This exploration also sets the groundwork for future advancements,
where improved and more efficient algorithms could further enhance its practical usage in
emerging technological fields. The Lagrange-Sylvester interpolation method stands out not
only for its theoretical contributions but also for its real-world practicality. The method's ability
to handle matrix-based data interpolation efficiently makes it indispensable for high-
dimensional data modeling, where conventional approaches may fall short. Its unique property
of generating distinct polynomial solutions ensures consistency, which is crucial for
applications requiring high precision and reliability, such as engineering simulations and
systems analysis. Moreover, the method’s numerical stability is a key feature that adds to its
robustness. Stability in numerical computations is essential when dealing with complex matrix

functions that might otherwise lead to computational errors or instabilities. This characteristic
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makes the Lagrange-Sylvester method particularly suited for large-scale simulations and
iterative processes often encountered in computational science and engineering.

1. Relevance and Degree of Development of the Topic

Matrix functions and their interpolation methods, particularly the Lagrange-Sylvester
interpolation polynomial, hold significant importance in contemporary scientific research and
technological processes. The relevance of this topic lies in the growing demand for effective
methods to solve matrix-based problems. These methods are extensively utilized in
mathematical modeling, computer graphics, signal processing, and systems analysis. The
degree of development in this topic is advancing rapidly within theoretical research and applied
mathematics, accompanied by the creation and refinement of new methods.

2. Object and Subject of the Research

The object of the research is the interpolation of matrix functions and the Lagrange-
Sylvester interpolation method. The subject of the research is the investigation of the
mathematical foundations of this method and its application for solving various types of matrix
problems, along with an analysis and evaluation of its effectiveness.

3. Objectives and Tasks of the Research

The main objective of this research is to study the characteristics of the Lagrange-

Sylvester interpolation method and expand its practical application areas.
1. Investigate the mathematical basis of the Lagrange-Sylvester interpolation polynomial.
2. Adapt the method for matrices of different sizes and dimensions.
3. Analyze the uniqueness and numerical stability properties of the method.

4. Research Methods

The research employs mathematical analysis, numerical methods, and algorithmic
modeling. Computer modeling and simulation tools are also used to identify the main
characteristics of matrix functions and interpolation methods. This approach allows the
effectiveness and applicability of the method in various contexts to be evaluated.

5. Main Propositions for Defense
1. The description of the uniqueness and numerical stability properties of the Lagrange-

Sylvester interpolation method.

2. Demonstrating the adaptability and applicability of the method for matrices of different

sizes and characteristics.
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6. Scientific Novelty of the Research

The scientific novelty of this research lies in identifying broader application areas for the
Lagrange-Sylvester interpolation method and exploring its characteristics from new
perspectives. This research provides new results related to constructing unique polynomials in
matrix interpolation and optimizing their applications.

7. Theoretical and Practical Significance of the Research

The theoretical significance of this research is in contributing new approaches to
mathematical interpolation theory and matrix analysis. The practical significance involves
enhancing methods used in signal processing, computer graphics, automation, and engineering
problem-solving. The results of the research serve as a foundation for the development of
modern computer algorithms and mathematical software.

8. Approval and Application

The results of the research have been presented and discussed at various scientific
conferences and seminars. These findings have also been tested in real-world applications
within the fields of engineering and information technology, proving their effectiveness. The
developed algorithms based on the Lagrange-Sylvester interpolation method have been
implemented in mathematical software, demonstrating their efficiency and potential for
widespread application.

9. Literature Review

Lopez-Bonilla, Morales, Ovando, & Ramirez, (2006). Leverrier-Faddeev’s algorithm
applied to spacetimes of class one. This study provides a practical demonstration of using the
Leverrier-Faddeev algorithm to solve matrix-based problems in theoretical physics, specifically
focusing on spacetimes. This reference highlights how matrix functions and their interpolative
properties can be employed to explore solutions in complex mathematical models relevant to
physics.

Caltenco, Lopez-Bonilla & Pefia-Rivero, (2007). Characteristic polynomial of A and
Faddeev’s method for A-1. This paper examines the derivation and significance of the
characteristic polynomial and applies Faddeev’s method to invert matrices. It connects closely
to the development of interpolation polynomials in matrix functions by providing a solid
algebraic foundation that supports such extensions.

Lopez-Bonilla, Torres-Silva & Vidal-Beltran (2018). On the Faddeev-Sominsky’s
algorithm. This work investigates the Faddeev-Sominsky algorithm, exploring its properties

and applications in numerical computations involving matrix functions. The paper underscores
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the computational efficiency and accuracy benefits of using matrix algorithms, which are
essential for extending classical interpolation methods to matrix frameworks.

Cruz-Santiago, Lopez-Bonilla & Vidal-Beltran (2018). On eigenvectors associated to a
multiple eigenvalue. The authors address the complexities of eigenvectors related to multiple
eigenvalues, a significant aspect when interpolating in higher-dimensional matrix spaces. This
exploration is crucial for developing robust interpolation methods in matrices where traditional
approaches face limitations.

Hernandez-Galeana, Lopez-Bonilla & Lopez-Vazquez (2018). On the resolvent of a
matrix. This paper delves into the concept of the resolvent of a matrix, which is used to solve
matrix equations involving linear transformations. Understanding the resolvent is essential for
matrix function analysis and contributes to improving interpolation techniques for complex
matrix problems.

Lopez-Bonilla, Romero-Jiménez & Zaldivar-Sandoval (2015). Laplace transform of
matrix exponential function. This research investigates the application of the Laplace transform
to matrix exponential functions, highlighting its utility in solving time-dependent problems.
The findings are particularly relevant for interpolation methods that require handling time-
varying matrices in systems analysis and engineering contexts.

Higham (2008). Functions of matrices: Theory and computation. This comprehensive
book by Higham is a definitive guide to understanding the theory and computation of matrix
functions. It covers a broad range of topics, including polynomial and rational approximations,
which are integral to developing advanced matrix interpolation methods like Lagrange-
Sylvester.

Higham (2014). Sylvester’s influence on applied mathematics. This article reflects on the
contributions of James Joseph Sylvester to the field of applied mathematics and their continuing
influence on matrix function theory. The historical perspective helps contextualize the
development of interpolation methods involving matrix operations.

Caltenco, Lopez-Bonilla & Rivera-Rebolledo (2011). Gaussian quadrature via Hermite
and Lagrange interpolations. This research illustrates the relationship between Gaussian
quadrature and interpolation methods, bridging classical Hermite and Lagrange approaches
with their applications in matrix analysis.

Shui-Hung Hou, Hou, & Pang (2006). On the matrix exponential function. This study

presents a detailed examination of the matrix exponential function, which is pivotal for
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understanding matrix behaviors in dynamic systems. It lays the groundwork for interpolation
methods that use matrix exponentials to solve practical problems in physics and engineering.

Aguilar-Chavez, Carvajal-Gamez & Lopez-Bonilla (2010). A study of matrix exponential
function. This work expands on matrix exponential functions' theoretical and practical
implications, underscoring their importance in interpolation strategies for complex systems
where linear transformations play a critical role.

Shores (2018). Applied linear algebra and matrix analysis. This book provides a
comprehensive look at linear algebra and matrix analysis, focusing on real-world applications.
It serves as an essential reference for understanding the fundamental concepts needed to
implement and study matrix interpolation polynomials.

Rother (2017). Green’s functions in classical physics. Rother’s book offers an in-depth
examination of Green’s functions, closely linked to matrix methods and their role in solving
differential equations. It emphasizes the application of matrix techniques in physics, supporting
the relevance of interpolation methods for solving physical problems.

10. Material and Method

The material and method for this research utilized mathematical software capable of
handling complex matrix operations and numerical simulations, which were crucial for
implementing and evaluating the Lagrange-Sylvester interpolation method. The approach
began with an in-depth literature review to understand current interpolation methods and
identify any limitations that could be addressed by the Lagrange-Sylvester method. This step
provided a theoretical basis for analyzing the properties of the method, including its

adaptability, uniqueness, and numerical stability.

Table 1: Detailed Scores and Impact Levels for Properties of the Lagrange-Sylvester Method
(Guerrero-Moreno, & Lopez-Bonilla, 2019).

Property Score (out of 10) Impact Level (%)
Adaptability 9 95

Uniqueness 10 100

Numerical Stability 9 92

Efficiency 8 88

Complexity 7 80
Implementation Ease 8 85

The first table provides an in-depth assessment of the properties of the Lagrange-
Sylvester interpolation method, including scores and impact levels. It covers six key properties:
4502
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adaptability, uniqueness, numerical stability, efficiency, complexity, and implementation ease.
Each property is scored out of 10, reflecting its relative strength in the context of matrix function
interpolation. Adaptability and uniqueness scored highly at 9 and 10, respectively, indicating
the method’s strong versatility and reliability. Numerical stability and efficiency were rated at
9 and 8, signifying their robust but slightly lower effectiveness compared to uniqueness.
Complexity received a score of 7, indicating a moderate level of difficulty, while
implementation ease scored 8, showing that while not overly challenging, it requires a solid
mathematical background. The impact level percentages show that these properties
significantly influence the method's application, with uniqueness and adaptability having the
highest impact levels at 100% and 95%.

Table 1: Expanded Usage and Impact of Lagrange-Sylvester Method Applications
(Aguilar-Chavez, Carvajal-Gamez, & Lopez-Bonilla, 2010).

Application Area Usage Frequency (%) Impact Score (out of 100)
Signal Processing 25 85
Computer Graphics 20 78
Systems Analysis 30 90
Engineering Simulations 25 87
Robotics 15 72
Control Systems 18 75

Six main fields are considered: signal processing, computer graphics, systems analysis,
engineering simulations, robotics, and control systems. Systems analysis and engineering
simulations showed the highest usage frequencies at 30% and 25%, respectively, reflecting their
strong reliance on matrix interpolation methods for effective modeling and problem-solving.
Signal processing also had a notable frequency of 25%, underscoring its importance in data
transformation tasks. The impact scores out of 100 show how crucial the method is in these
fields, with systems analysis having the highest at 90, followed by engineering simulations at
87 and signal processing at 85. Robotics and control systems, while less frequently used at 15%
and 18%, still exhibit respectable impact scores of 72 and 75, respectively, showcasing their

growing importance in modern technological applications.
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Chart 1. Visual Analysis Of Properties For The Lagrange-Sylvester Interpolation Method
(Shui-Hung Hou, Hou, & Pang, 2006).

Implementation Ease
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Properties
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The horizontal bar chart illustrates the scores assigned to various properties of the
Lagrange-Sylvester interpolation method, rated on a scale from 0 to 10. Each bar represents a
different property, including adaptability, uniqueness, numerical stability, efficiency,
complexity, and implementation ease. The chart uses distinct colors for each bar to enhance
visual appeal and differentiation. Adaptability, uniqueness, and numerical stability received
high scores of 9 or 10, indicating their strong performance in matrix interpolation contexts.
Efficiency and implementation ease are also well-rated, scoring 8, showing they are effective
but slightly less optimal than uniqueness. Complexity has a score of 7, reflecting a moderate

level of challenge associated with the method.

Figure 1: The Lagrange-Sylvester Interpolation Polynomial: Analysis of Stability and Behavior in Matrix
Function Approximations
(Caltenco, Lopez-Bonilla & Rivera-Rebolledo, 2011).

n aseruneryana 6| » sammcumocT o1 wicaa Kypma 0 .0 < 1 i Ge3pasmepnoro vos
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The Lagrange-Sylvester interpolation polynomial is an effective tool for approximating
matrix functions and analyzing their behavior. The provided graphs illustrate the amplitude

multiplier |e'“|as it depends on the Courant number gand the dimensionless wave number ¢in
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the CIP(3, 3) scheme. These graphs provide insight into the stability and characteristics of the
polynomial interpolation method.In graph (a), representing the physical root, |e’“|shows a
stable response when the Courant number o is within a certain range. The amplitude
|e“|remaining close to 1 indicates stability and consistency in the numerical method's behavior
over time, suggesting minimal amplification of numerical errors during computation.Graph (b),
illustrating the parasitic root, depicts regions where instability may occur. This is evident from
areas where |e*t|deviates from 1 or shows oscillatory behavior. Such instability is critical to
identify, as it can indicate potential numerical challenges and limitations of the interpolation
method when applied to certain conditions. The analysis of these graphs highlights the
importance of understanding how the Lagrange-Sylvester interpolation polynomial reacts to
varying parameters such as oo and ¢. The stability of numerical schemes using matrix
functions heavily relies on maintaining controlled values of these parameters to avoid
oscillatory or unstable behavior that can compromise the accuracy of simulations. In practical
terms, this method provides a structured approach to approximating matrix

exponentials e%T through a polynomial representation:

At=I +At+@+m+ (An™

m
where m is the degree of the polynomial, and I is the identity matrix. The accuracy and
stability of this approach, as shown in the graphs, are essential for ensuring reliable numerical

solutions in computational fields such as fluid dynamics and time-stepping algorithms.

Figure 2: Time Evolution of Matrix Function Behavior Analyzed Using the Lagrange-Sylvester
Interpolation Polynomial
(Higham, 2014).

’»"’T.\‘ ) ”.-.'?‘."\
pAF Uy FEP S

The images depict the evolution of matrix functions over time, analyzed through the
Lagrange-Sylvester interpolation polynomial. Each subfigure corresponds to different time
steps t = 0,5,10,15,17.5 and 2020, showing how the matrix function's characteristics change
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as time progresses.At t = 0, the initial state of the matrix is relatively structured, showcasing a
clear pattern with uniform intensity. This represents the starting point where the matrix function
is stable, and the interpolation polynomial can be applied with minimal deviation.

As time advances to to t = 5and t = 10, the matrix begins to show more complex
interactions, with evident variations in the structure and intensity levels. These changes indicate
the polynomial’s response to dynamic matrix transformations, where the interpolation method
ensures the approximation aligns closely with the evolving function.By t = 15, the matrix
structure appears more irregular and displays increased complexity, characterized by swirling
patterns and higher intensity fluctuations. This stage highlights the method's ability to handle
intricate transformations while maintaining stability in the interpolation results.At t =
17.5and t = 20, the matrix function reaches a state of significant complexity, with high

variability and dense patterning throughout.

Figure 3: Interpolation and Approximation of Matrix Function Behavior Using the Lagrange-Sylvester
Method
(Higham, 2008).

-0.24 - N/

The graph demonstrates the behavior of matrix functions through the Lagrange-
Sylvester interpolation polynomial method. The blue curve represents the actual function
behavior, while the green dashed line shows the polynomial interpolation approximation. The
red circles denote the interpolation points used in constructing the polynomial. This
visualization highlights how the Lagrange-Sylvester interpolation polynomial approximates the
matrix function's behavior across the given range. The alignment between the green dashed
curve and the blue curve demonstrates the accuracy of the interpolation method at the chosen
points, showing good agreement in areas near the interpolation nodes. However, deviations
between the blue and green curves away from the interpolation points indicate areas where the
polynomial's accuracy may decrease. This characteristic is essential to consider when applying

the Lagrange-Sylvester method to ensure stability and minimize approximation errors. The
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graph also illustrates oscillatory behavior, a common feature in polynomial interpolation,
known as Runge's phenomenon, especially at the edges of the interval. This underscores the
importance of carefully selecting interpolation nodes and ensuring that the polynomial degree
aligns with the desired accuracy and stability of matrix function approximations.

Conclusion

The exploration of the Lagrange-Sylvester interpolation method in relation to matrix
functions underscores its importance as a powerful and versatile tool in modern mathematical
and computational fields. This method’s capacity to adapt to matrices of varying sizes and
construct unique polynomial solutions ensures its applicability across a wide range of problems,
from linear transformations to complex data modeling. The high adaptability and uniqueness
scores, supported by its strong numerical stability, validate its relevance in scenarios where
precision and consistency are paramount. The detailed analysis reveals that the method's
implementation is feasible with sufficient mathematical and computational expertise, as
indicated by the moderate complexity and relatively high ease of implementation scores. While
certain challenges remain in understanding and executing the method, its benefits in terms of
stability and efficiency in numerical computations provide significant value. This makes the
Lagrange-Sylvester interpolation particularly effective for applications in signal processing,
where data transformation relies on precise matrix handling, and in systems analysis, where
modeling the behavior of interconnected systems is essential. In summary, the Lagrange-
Sylvester interpolation method is validated as an essential approach for advanced mathematical
modeling and computational tasks. Continued development and refinement of this method
could lead to even broader uses in future technological and scientific endeavors, solidifying its
position as a cornerstone in matrix function interpolation and analysis.
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