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MINKOWSKI 3-SPACE.
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ABSTRACT

In this paper, we obtained the distribution parameter of a
timelike ruled surface generated by a timelike straight line in Frenet
trihedron moving along a space-like curve. We show that the timelike
ruled surface is developable if and only if the base curve is a helix
(inclened curve). Furthermore, some theorems are given for the special
cases which the line is being the principal normal and binormal of the
bagse curve. In addition, it is shown that when the base curve is the same
as the striction curve, the ruled surface is not developable.

OZET

MINKOWSKI 3-UZAYINDA FRENET EKTORLERININ HAREKETI VE
TIME-LIKE REGLE YUZEYLER

Bu ¢alismada bir space-like egri boyunca, Frenet ii¢ yiizliisiin-
de alinan sabit bir dogrunun hareketiyle olusan time-like regle yiize-
yin dagilma parametresi hesaplandi. Regle yiizeyin dayanak egrisinin
helis olmasi halinde yiizeyin agilabilir oldugunu gisterdik. Ayrica, sa-
bit dogrunun; dayanak egrisinin tegeti, normali, binormali v.s. olmasi
halinde bazi teoremler verdik. Daha fazlasi, dayanak egrisinin,
striksiyon ¢izgisi olmasi halinde, regle yiizeyinin agilabilir olmadigin
gosterdik.
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Introduction

-

A surface in the 3 dimensional Minkowski space
IR} = (IR}, dx’ +dy’ —dz’) is called a timelike surface if the induced metric

on the surface is a Lorentz metric (Beem,1981) A ruled surface is a surface swept
out by a straight line X moving along a curve O.. The various positions of the
generating line X are called the rulings of the surface. Such a surface, thus, has a
parametrization in ruled form as follows,

o(t,v) = o(t) + vX(t)

We call O to be the base curve, and X to be the director curve. If the tangent
plane is constant along a fixed ruling, then the ruled surface is called a developable
surface. The remaining ruled surface are called skew surfaces (Hacisalihoglu,1997).
If there exists a common perpendicular to two preceding rulings in the skew surface,
then the foot of the common perpendicular on the main ruling is called a central
point. The locus of the central points is called the curve of striction

The timelike ruled surface M is given by the parametrization

@:IXIR—— 1R}
(t,v)—0(t, v) = o(t) + vX(t)

in IR: where O0:JR ——> IR? is a differentiable spacelike curve paremetrized by its

arc-length in IR that is, (< o' (t),0t' (t) >= 1) and X(t) is the director vector of the
director curve such that X is orthogonal to the tangent vector field T of the base curve

o. {T, N, X} is an orthonormal frame field along O in IR? where N is the normal

vector field of M along O, N and T are space like and X is timelike. Thus
<T,T>=<N,N>=1, <X, X>=-1
The curve of striction of a skew timelike surface is given by

<T,D;X>

—X(t 1.1
<D.X.D.x> W Gl

a(t) = ot) -

and O is a spacelike curve (Hacisalihoglu,1997). Let P, be distribution parameter of
timelike ruled surface, then

 det(T,X,DyX)
** <D,;X,D;X>

(1.2)

(Hacisalihoglu,1997). Where D is Levi-Civita connection on IR'?
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Theorem 1.1. A timelike ruled surface is a developable surface if and
only if the distribution parameter of the timelike ruled surface is zero
(Hacisalihoglu,1997).

2. The Frenet Vectors for Spacelike Curves

If the principal vector field N of a spacelike curve 0((t) is timelike and the
binormal vector field B is spacelike, then we have the following Frenet formula
along 0((t):

a’(t)=T
dT
D, T'= i k, ()N
dN
DTN=E=k,(t)T+k2(t)B 2.1)
dB
D.B= & k,(t)N

(Tkama ,1985).

If the principal vector field N of a spacelike curve 0((t) is spacelike and the
binormal vector field B is timelike, then we have the following Frenet formula along

oft):

D, T=kN
- D;N=-kT+k,B (2.2)
D;B=k,N

(Ugurlu ,1996).

3. One-Paremeter Spatial Motion in IR?

Let O: I———)IR? be a spacelike curve and {T,N,B} be Frenet vector

where T,N and B are the tangent, Principal normal and binormal vectors of the
curve, respectively. T is spacelike and N or B is timelike vectors.

The two coordinate sytems {O;T,N,B} and {0’;51,62,63} are orthogonal

coordinate sytems in IR’: which represent the moving space H and the fixed space
H’, respectively. Let us express the displacaments (H / H”) of H with respect to

H’ . During the one paremeter spatial motion H/ H”, each fixed line X of the
moving space H, generates, in generally, a timelike ruled surface in the fixed space

H.
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Let X be a unit timelike vector and fixed.Thus
Xe Sp{T,N,B} and X=x,T+x,N+x,B
such that
<X, X>=-1 andall Xj,1<i<3, are fixed (3.1)

We can obtain the distribution parameter of the timelike ruled surface
generated by line X of the moving space H. Let N be a timelike vector. T and B are
spacelike. From (3. 1)
DX =xT +x;N"+x,B’ (3.2)
Substituting (2.1) into (3.2)

DX =x,k, T+ (x,k, +x3k,)N+x,k,B

From (1.2) we obtain

_ det(T,X,D,X)
¥ <D.X,D;X>
—kzxg +k2x§ + %KX

2 2 2
- , X;—X,+x;=-1 (3.3)
k}zxg - (kx, +kzx3)2 +k§x§ ' ’ ’

P = Xlklxz_k2(1+x|2)
T x3(K+k2) - (x,k, +x,k,)?

Let B be timelike vector then T and N are spacelike vectors. Substitung (2.2) into (3.2)
D, X =-kx,T+(x/k, +x;k,)N+x,k,B
from (1.2) we obtain

2 2

P, = ,
X3(k? —k3)+(x,k; +x3k,)?

X

x2+x3-x=-1 (3.4)

The ruled surface developebale if and only if P, is zero.(Hacisalihoglu,1997)
‘ k, xj- X3

From (3.3) (or (3.4)) P =0 ifand only if —=—""—"=

' k, XX,

Hence we state the following theorem
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Theorem 3.1: During the one-parameter spatial motion H/ H' the timelike
ruled surface in the fixed space H” generated by a fixed line X of the moving space
H is developable if and only if 0((t) is a helix such that the harmonic curvature h of

the base curve O(t) satisfies the equality

2 2
e K2 THs
k, XiX3

4. Special Cases

4.1 The Case X=T

The case can not be hold. Because X is timelike and T is spacelike
4.2 The Case X=N (Timelike):
In this case, X, =X; =0 and X, =1

Thus from (3.3)

P —k, 4.1)
VTR K G-
4.3 The Case X=B ( Timelike)

In this case, X, =X, =0 and X; =1.Thus from (3.4)
k, -1

P.=—2=—_ 4.2)
B k% k2
By (4.1) and (4.2) we can give the relation between P and Py

2
k P
i I O DO - 43)
k2 PN

Hence the following theorem is hold.

Theoerem 4.1 During the one-parameter spatial motion H/ H” the curve

of base Oc:I-——-—)IRf is helix (inclened curve) if and only if Py /Py is constant,

where Py and Py are the distribution parameters of the surfaces genereted by the
principal normal and binormal.
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4.4. The Case, X is in the normal plane.

In this case x; is zero. The timelike surface is developable surface since from
(3.3) (or(3.4))

k,(x3-%3)=0 (4.4)

X = x, N+x3 B and if N is timelike then — Xg + X§ =—1 if B is timelike then

Xg ~—x§ =—1. Hence, from (4.4) k, =0. Thus 0(t) is a planer curve. i.e
o(t) is a Lorentzian circle in osculating plane. Hence the following theorem is
hold.

Theorem 4.2 During the one-parameter spatial motion H/ H' the timelike
ruled surface in the fixed space H’ generated by a fixed line X in the normal plane
of the base curve QU(t) in H is developable if and only if 0(t) is a Lorentzian

circle in osculating plane.
4.5. The Case, X is in the Osculating plane.

In this case x3 is zero. Thus the timelike ruled surface is develapable since
from (3.3) (or(3.4))

kx, =10 (4.5)

if x,=0then X=x,T, x,2 = —1 which is not possible. Thus k; = 0. Hence 0((t)
is a planar curve, i.e, 0L(t) is a Lorentzian circle in osculating plane. Therefore

Theorem 4.2 can be restated as the following
4.6. The Case X is in the rectifying plane.

In this case x, is zero. From (3.3) (or(3.4)) for distribution parameter we can
write that

Pl =F— 3 (4.6)
k,x; +k,x;

Thus,Px = 0 if and only if x; is zero. Then X = x;T and X,2 = —1 which is not
possible. Thus the timelike ruled surface is not developable. Hence the following
theorems can be stated.

Theorem 4.3 During the one parameter spatial motion H / H” the timelike
ruled surface in the fixed space H’ generated by a fixed line X in the osculator
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plane of the base curve OLin H is developable iff O¢ is a Lorentzian circle in

osculator plane.

Theorem 4.4 During the one-parameter spatial motion H/H' the
distribution parameters of the timelike ruled surfaces in the fixed space H’

generated by a fixed line X in the rectifying plane of base curve in H are the same if
and only if the base curves have Bertrand couples.
Proof. If 0(S) has a Bertrand couple then
x;k;+x3k, = constant

(Hacisalihoglu,1994).Thus from (4.6) Py is constant.

If Px is constant then from (4.6), Xk, +X;k, is constant. Hence 0i(S) has a

Bertrand couple.

4.7. The Case, the curve (l(t) of base is the striction curve 0((t)
In this case, from (1.1), < T,D;X>=0
DX =%k, x,T+(xk, +x;k, )N+ x,k,B
we have k x, =0, k, #0 x, is zero.

Hence the following theorem is hold.

Theorem 4.5. If the curve 0(t) of base is the same as the striction curve
0U(t) then the director curves of the timelike ruled surfaces lies in the rectifying

plane of OU(t).

If ou(t)=00(t) then X(t) lies in the rectifying plane of O. Thus theorem
(4.3) and (4.4) can be repeated for the striction curve O((t) .Thus, in the case of that
o(t)=0(t) we can say that from (4.3) the timelike ruled surface is not
developable.
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