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Abstract 

In this study, the free vibration behavior of functionally graded Timoshenko beams is analyzed. The equations of 
motion are derived using Hamilton’s principle, resulting in fourth-order differential equations. By solving these 
equations, displacement and rotation functions are obtained. Applying appropriate boundary conditions yields a 
system of four linear equations, which constitute the coefficient matrix for various support scenarios. The 
fundamental frequencies are determined by identifying the points where the determinant of this matrix equals zero. 
To efficiently locate these points, a novel iterative method is proposed. The results are validated through 
comparisons with existing studies in the literature and are illustrated with comprehensive tables and figures. 
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1. Introduction 

Composite materials have an important place in the design of structures and structural elements 
with advanced properties. Composite materials, which are used to meet the applications 
demanded in many fields, especially in engineering, have been frequently used in the modeling 
of various elements such as beams [1–7], shells [8–11], plates [12–16] etc. The mechanical 
properties of the components of classical composite materials change very sharply in the 
connection regions of the components. For this reason, problems such as stress concentrations 
and crack development may occur in these connection regions [17]. On the other hand, 
functionally graded (FG) composites, which were used for the first time in a spacecraft project 
in Japan in 1984, are special composites and prevent such problems [18]. Because the 
mechanical properties of the materials in the composition of functionally graded materials 
(FGMs) are constantly changing in a certain direction. This direction is usually the thickness 
direction for planar structural elements [19]. Due to superior properties, FGM is used in many 
fields such as biomedicine, optics, space, nuclear and automotive. It is a very interesting subject 
to explore the dynamic response of these materials used in all these areas [20–24]. Researchers 
have studied the free vibrations of FGMs using many different beam theories. The most well-
known of these theories is the Euler-Bernoulli beam theory (EBBT). Many researchers refer to 
this theory as the classical beam theory. According to EBBT, a section that is perpendicular and 
plane to the neutral axis before bending is perpendicular and plane to the neutral axis after 
bending. It is said that bending occurs only with the effect of moment. On the other hand, in 
Timoshenko beam theory (TBT), which is the extended version of EBBT, a section that is 
perpendicular to the neutral axis and plane before bending remains plane after bending, but this 
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time it does not remain perpendicular to the neutral axis [25,26]. This shows that both shear 
force and moment influence bending. As is known, shear stresses are not constant. For this, a 
correction coefficient Ks is available to correct this stress distribution in the TBT [27]. In the 
light of all this information, it is seen that TBT is closer to reality and therefore always gives 
more accurate results than EBBT [28]. 

Various studies on a FG beam vibration can be referred when the literature is searched. 
Aydoğdu and Taşkın [29] have studied the vibration of a FGM beam with simply-supported at 
both ends using various higher-order beam theories. In the work, Hamilton's principle has 
utilized the equations of motion, and the beam frequencies have been found via the Navier-type 
solution method. Li [30] has proposed a solution method for the static and dynamic analyses of 
FGM beams in which shear deformations and rotational inertia effects are taken into account 
with Timoshenko’s theory. A fourth-order differential equation has been derived as a 
mathematical model; displacement, rotation, internal forces, and stresses are defined as 
solutions to this equation. However, it only obtained results for simply-supported beams. Sina 
et al. [31] have proposed a new theory for the free vibration analysis of FGM beams, different 
from the traditional first-order beam theory. By assuming that the lateral normal stresses in the 
beam are zero, the equations of motion have been derived with the help of Hamilton's principles. 
Simsek [32] has analytically obtained the fundamental frequencies of FGM beams modeled 
with various higher-order theories of beam. Free vibration of FG beams considered with EBBT 
and TBT is investigated using Rayleigh–Ritz method by Pradhan and Chakraverty [33]. Thai 
and Vo [34] have used various high-order shear deformation theories available in the literature 
for bending and free vibration analyses of FGM beams. Nguyen et al.  [35] have developed an 
analytical solution based on TBT for static and free vibration analysis of FGM beams under 
axial load. In the study, thanks to the transverse shear stiffness derived by utilizing the balance 
of shear strain energy, the correction factor in shear can be obtained analytically. Kahya and 
Turan [36] have developed a finite element solution for dynamic and stability of FG beams by 
using Timoshenko beam theory. Chen and Chang [37] have explored free vibration of beams 
by using the transformed section method and TBT. Hadji et al. [38] have studied a novel high-
order shear deformation model for static and dynamic analyses of FG beams. Chen and Chang 
[39] have presented a closed form solution to find the natural frequencies of FG beams based 
on the EBBT. Lee and Lee [40] have investigated the free vibrations of FGM Euler-Bernoulli 
beams using the transfer matrix method. Celebi et al. [41] have proposed to use complementary 
functions method for vibration analysis of beams formed by FGMs. Wattanasakulpong and 
Ungbhakorn [42] have explored free vibration of Euler-Bernoulli beams under elastic boundary 
conditions via differential transformation method. Moreover, Wattanasakulpong and Prusty 
[43] have explored the free vibrations of layered FGM beams and experimentally confirmed 
their work. When looking at the literature review, various solution methods have been used to 
perform the analysis of FG beams. We can understand from other studies [44–59] in the 
literature that similar solution methods and mechanical analyses are frequently used in studies 
that take into account nano/micro structures as well as macro structures. 

This study aims to contribute to the existing literature by developing a comprehensive vibration 
analysis framework for functionally graded Timoshenko and Euler-Bernoulli beams, in which 
material properties vary continuously according to a power-law distribution through the 
thickness. Unlike many previous works that rely on closed-form solutions or numerical 
approximations with limited boundary conditions, this research introduces an iterative solution 
technique that accommodates a variety of boundary conditions and provides results with high 
accuracy. The novelty of this study lies in the systematic formulation and frequency-dependent 
solution of the governing equations for different boundary scenarios, as well as in the 
comparative investigation of the influences of material gradation and geometric slenderness on 
the dynamic behavior of beams. The findings are expected to offer deeper insight into the 
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dynamic performance of FGM structures and to provide a practical analytical approach for 
engineering applications requiring high precision. 

2. Functionally Graded Materials’ Properties 

The dimensions and coordinate axes for a typical rectangular FGM beam are shown in Fig. 1. 
It is considered that the FGM beam is linear elastic and the material properties change along 
the height as in Eq. (1) [37]: 

 

 𝑃(𝑧) = (𝑃& − 𝑃()𝑉*(𝑧) + 𝑃(                                (1) 

 

where, 𝑃&  and 𝑃( show the material properties (modulus of elasticity E, Poisson’s ratio µ, 
density 𝜌, shear modulus G) of ceramic and metal components, respectively. 𝑉*(𝑧) indicates 
the volumetric material ratio of the ceramic in the composition and z denotes the thickness 
direction of the FG beam. 𝑉*(𝑧), which varies depending on the direction of thickness, is 
expressed as follows [37]: 

 

 𝑉*(𝑧) = -./01
.1

2
3
−	1

.
≤ 𝑧 ≤ 1

.
	                                (2a) 

 𝑉* + 𝑉( = 1                                                    (2b) 

In which, k is a non-negative number and it is called as power-law exponent. Additionally, h is 
the depth of the beam and 𝑉( is the volumetric material ratio of the metal in the composition. 
Fig. 2 shows the variation of the ceramic component volumetric material ratio along the 
thickness of the FG beam with respect to k. While the change in variation of the volumetric 
material ratio is linear at k=1, a nonlinear change is seen at k ≠ 1. 
 
 
 

 
Fig. 1. A FG beam model 
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Fig. 2. Variation of the ceramic component volumetric material ratio versus z/h 

 

Chen and Chang [37]  have presented the following equations for FG Timoshenko beams with 
transformed section: 
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Where, z7 is the area of the transformed section, AZ is the effective second moment of area 
about the neutral axis of this transformed area, I\ is the moment of inertia  M\ is the 
corresponding mass per unit length of the FGM beam J is mass moment of inertia per unit length 
of the beam. 
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3. Background of Theory 

In this part of the paper, the formulations of Timoshenko beam theory are presented for the free 
vibration problem. According to the TBT, displacements of the thick beam at any point not on 
its neutral axis are defined as follows [21]: 

 

𝑈(𝑥, 𝑧, 𝑡) = 𝑢7 + 𝑧𝜃(𝑥, 𝑡)                                             (4a) 

𝑊(𝑥, 𝑧, 𝑡) = 𝜑(𝑥, 𝑡)                                                (4b) 

 

here, φ(x, t) is the transverse displacement and θ(x, t) is the rotation because of bending. 𝑢7  
indicates displacement because of in-plane elongating and t denotes time. It does not consider 
at here. If strains are obtained from displacements. Strains functions can be expressed as 
follows: 

 

𝑒ll = 	𝑧 mn
ml

                                                       (5a) 

𝑒l/ =
mo
ml
+ 𝜃                                                    (5b) 

 

here 𝑒ll and 𝑒l/  represent strain functions and they are re-written as follows:  

𝑒ll = 	𝜕𝑈/𝜕𝑥                                                       (6a) 

𝑒l/ = 	𝜕𝑊/𝜕𝑥 + 𝜕𝑈/𝜕𝑧                                                (6b) 

 

The normal stress (𝜎ll) and the transverse shear stress (𝜎l/) are expressed as follows, 
respectively: 

 𝜎ll 	= 𝐸𝑒ll	                                                       (7a) 

𝜎l/ 	= 𝐾u𝐺	𝑒l/                                                    (7b) 

 

where, 𝐾u  denotes the shear correction coefficient of Timoshenko. The shear correction factor 
varies depending on the geometry of the cross-section. Therefore, each geometric shape has its 
own specific shear correction factor. For instance, for a beam with a rectangular cross-section, 
the shear correction factor is typically taken as 5/6. By substituting Eqs. (6a) and (6b) into (7a) 
and (7b), the normal and transverse shear stresses are re-written as follows: 

𝜎ll 	= 𝐸𝑧 mn
ml

                                                        (8a) 
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𝜎l/ 	= 𝐾u𝐺 -
mo
ml
+ 𝜃2                                              (8b) 

If the moment and shear force are passed through the stresses. 

𝑀 = ∫ 𝑧	𝜎ll𝑑𝐴 = 𝐸𝐼 mn
mly                                                 (9a) 

𝑉 = ∫ 	𝜎l/𝑑𝐴 = 𝐾u𝐺𝐴 -
mo
ml
+ 𝜃2y                                         (9b) 

 

In Eq. (9a), I is the moment of inertia, A is the area of cross section, M is the bending moment 
and V is the shear force. The strain energy U is expressed as follows [21]: 

 

𝑈 = 9
. ∫ ∫ (𝜎lly

z
7 𝑒ll + 𝜎l/𝑒l/	)𝑑𝐴 𝑑𝑥 =

9
. ∫ 𝑀z7

mn
ml
+ 𝑉 -mo

ml
+ 𝜃2 𝑑𝑥                     (10) 

 
If simple harmonic motion is considered, the following relations are written: 

 

φ(x, t) = φ{(𝑥)𝑒|}~                                                         (11a) 

𝜃(x, t) = 𝜃̅(𝑥)𝑒|}~                                                         (11b) 
 
 

in which, 𝜔 is the circular frequency, φ{(𝑥) = φ{  and 𝜃̅(𝑥) = 𝜃̅ are the displacement and rotation 
functions, respectively. By using these functions and the effect of rotary inertia is included, the 
kinetic energy equation (T) is expressed as follows: 

 
 

𝑇 = 9
. ∫ (𝜌𝐴𝜔.𝜑. +z

7 𝜌𝐼𝜔.𝜃̅.)𝑑𝑥                                           (12) 
 

 

Where, ρ defines density of material. According to Hamiltonian’s principle, 𝛿 = (𝑇 − 𝑈) eques 
zero. 

∫ -−𝑀 ��n{

�l
− 𝑉 -���{

�l
+ 𝛿𝜃̅2 + 𝜌𝐴𝜔.𝛿φ{. + 𝜌𝐼𝜔.𝛿𝜃̅.2 𝑑𝑥z

7 = 0                         (13a) 

∫ P-��
�l
− 𝑉 + 𝜌𝐼𝜔.𝜃̅2 𝛿𝜃̅ + -��

�l
+ 𝜌𝐴𝜔.φ{2𝛿φ{R 𝑑𝑥z

7 − [𝑀𝛿𝜃̅]𝐿0 −
[𝑉	𝛿φ{]𝐿0 = 0       (13b) 

 

Based on the above equations, the following relations can be written: 
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��
�l
= 𝑉 − 𝜌𝐼𝜔.                                                             (14a) 

��
�l
= −𝜌𝐴𝜔.φ{                                                            (14b) 

 

When the moment and shear force are used, the equations of motion are get as follows [37]: 

𝐸𝐼 �
Mn{

�lM
− 𝐾u𝐺𝐴 -

��{
�l
+ 𝜃̅2 + 𝜌𝐼𝜔.𝜃̅ = 0                                            (15a) 

𝐾u𝐺𝐴 -
�M�{
�lM

+ �n{

�l
2 + 𝜌𝐴𝜔.φ{ = 0                                               (15b) 

 

The derivation of the free vibration equations of the Timoshenko beam is shown above. In this 
section, the alteration of material properties is not included in the formulas when deriving the 
equations. As can be understood, two equations govern the vibration of Timoshenko beams. 

  
4. General Solutions for Functionally Graded Timoshenko Beams 

When the FGM properties given in the second section of the study are included in Eqs. (15a) 
and (15b), the following governing equations are obtained: 

 

𝐸&𝐼F
�Mn{

�lM
− 𝐾u𝐺&𝐴& -

��{
�l
+ 𝜃̅2 + 𝐽𝜔.𝜃̅ = 0                                            (16a) 

𝐾u𝐺&𝐴& -
�M�{
�lM

+ �n{

�l
2 + 𝑀F𝜔.φ{ = 0                                                (16b) 

 

The above expressions are capable of analyzing the vibration of FG beams. The following 
parameters are used to make some simplifications: 

Ω = ���=y=
C=��

                                                                   (17a) 

𝜂L = ��}M

C=��
                                                                   (17b) 

𝜉 = �
��

                                                                      (17c) 

 

Based on the above simplifications, governing equations are re-written as follows: 

�Mn{

�lM
− Ω-��{

�l
+ 𝜃̅2 + 𝜂L𝜉𝜃̅ = 0                                            (18a) 
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Ω-�
M�{
�lM

+ �n{

�l
2 + 𝜂Lφ{ = 0                                                (18b) 

 

Fourth-order differential equations of  φ{ can be obtained by Eqs. (18a) and (18b): 

(���:���)�{(l)0��(90��)�{(l)��0��{(l)(�)

�
= 0		                                 (19) 

 

When the fourth-order differential equation is solved, the displacement function is obtained as 
follows: 

φ{(𝑥) = 𝐶9𝑒l� + 𝐶.𝑒:l� + 𝐶KCos[𝑥𝛾] + 𝐶LSin[𝑥𝛾]		                                 (20) 

 

𝛽, 𝛾 and the first two derivatives of φ{(𝑥) are calculated as follows: 

𝛽 =
¦:���:§

�
¨ 0

©§�(§�ªM§�«¨¬�¨M¬§�«M¨M)

¨

√.
                                            (21a) 

𝛾 =
¦���0§

�
¨ 0

©§�(§�ªM§�«¨¬�¨M¬§�«M¨M)

¨

√.
                                             (21b) 

φ{(𝑥)® = 𝑒l�𝛽𝐶9 − 𝑒:l�𝛽𝐶. − 𝛾Sin[𝑥𝛾]𝐶K + 𝛾Cos[𝑥𝛾]𝐶L                           (21c) 

φ{(𝑥)®® = 𝑒l�𝛽.𝐶9 + 𝑒:l�𝛽.𝐶. − 𝛾.Cos[𝑥𝛾]𝐶K − 𝛾.Sin[𝑥𝛾]𝐶L                      (21d) 

 
Similarly, fourth-order differential equations of 𝜃̅ can be obtained by: 

 

(���:���)n{(l)0��(90��)n{(l)��0�n{(l)(�)

�
= 0		                                 (22) 

 

When the fourth-order differential equation is solved, the rotation function is obtained as 
follows: 

 

𝜃̅(𝑥) = 𝑑9𝑒l� + 𝑑.𝑒:l� + 𝑑KSin[𝑥𝛾] + 𝑑LCos[𝑥𝛾]                           (23a) 

𝜃̅(𝑥)® = 𝑒l�𝛽𝑑9 − 𝑒:l�𝛽𝑑. + 𝛾Cos[𝑥𝛾]𝑑K − 𝛾Sin[𝑥𝛾]𝑑L                      (23b) 

The constants Cf and df (f=1,2,3,4) are not independent of one another. Thus when Eq. (22) is 
written as follow and substituting the 𝜃̅ and	φ{ functions in Eq. (24), df constants are found in 
terms of Cf constants.  
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�n{

�l
= −�Mo

�lM
− ��

Ω
φ{                                                            (24) 

𝑑9 = 𝛹�𝐶9                                                                 (25a) 

𝑑. = −𝛹�𝐶.                                                               (25b) 

𝑑K = 𝛹°𝐶K                                                                 (25c) 

𝑑L = −𝛹°𝐶L                                                               (25d) 

 

Where, 𝛹� and 𝛹° are defined as follows: 

𝛹� = − (��0�M�)
��

                                                            (26a) 

Ψ² =
(²M-´

�

µ )

²
                                                               (26b) 

 

Rotation function and the first variation of its can be written in terms of Cf  as follows: 

 

𝜃̅(𝑥) = 𝛹�𝐶9𝑒l� − 𝛹�𝐶.𝑒:l� + 𝛹°𝐶KSin[𝑥𝛾] − 𝛹°𝐶LCos[𝑥𝛾]            (27a) 

𝜃̅(𝑥)® = 𝑒l�𝛽𝐶9𝛹� + 𝑒:l�𝛽𝐶.𝛹� + 𝛾Cos[𝑥𝛾]𝐶K𝛹° + 𝛾Sin[𝑥𝛾]𝐶L𝛹°                  (27b) 

 

In addition, the natural frequency and dimensionless natural frequency (𝜆) are given as follows: 

𝜔 = ©
��C=��
��

                                                           (28a) 

𝜆 = }zM

1 ©
Q<
C<

                                                          (29b) 

Fig. 3 and Table 1 show the boundary conditions considered in this work. By using these 
boundary conditions, coefficients matrices are obtained. The points where the determinants of 
these coefficients matrices are zero give the natural frequencies. However, obtaining these 
natural frequencies is not as easy as one might think. To do this, the equations resulting from 
the determinant result are taken as a function with λ (the fundamental frequency) variable. In 
the Excel program, λ is given as zero as the initial value and increased by equal amounts in the 
range of ∆=0.001, λ values are found where the function is equal to zero. The function crosses 
zero in the range of values it changes from positive to negative or from negative to positive. As 
seen in Fig. 4, the λ value of the function that is smaller in absolute value is accepted as the 
value that makes the function zero 
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Boundary conditions .Fig. 3 

 
 
 

 

 
 

An example of new exact iterative method .4Fig.  
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Table 1. Boundary conditions of the FG Timoshenko beams 
Boundary Condition (B.C.) x=0 x=L 

Simply-Simply (S-S) φ{ = 0	&𝑀 = 0 φ{ = 0	&𝑀 = 0 
Clamped- Simply (C-S) φ{ = 0	&	𝜃̅ = 0 φ{ = 0	&𝑀 = 0 

Clamped-Clamped (C-C) φ{ = 0	&	𝜃̅ = 0 φ{ = 0	&	𝜃̅ = 0 
Clamped-Free (C-F) φ{ = 0	&	𝜃̅ = 0 𝑀 = 0	&	𝑉 = 0 

4.1. Simply-Supported Beams 

The coefficients matrix is created by putting boundary conditions given in Table 1. Since the 
determinant of the coefficients matrix is equal to zero, Eq. (30b) is obtained.  

 

⎝

⎜
⎛

1 1 1 0
𝑒z� 𝑒:z� Cos[𝐿𝛾] Sin[𝐿𝛾]
𝛽𝛹� 𝛽𝛹� 𝛾𝛹° 0

𝑒z�𝛽𝛹� 𝑒:z�𝛽𝛹� 𝛾Cos[𝐿𝛾]𝛹° 𝛾Sin[𝐿𝛾]𝛹°⎠

⎟
⎞
T

𝐶9
𝐶.
𝐶K
𝐶L

W = 0                    (30a) 

−2Sin[𝐿𝛾]Sinh[𝐿𝛽]¿𝛽𝛹� − 𝛾𝛹°À
. = 0                                         (30b) 

 

The exponential function in Eq. (30b) does not cross the horizontal axis. Since the points where 
Eq. (30b) is zero are searched, the equation can be simplified by excluding these exponential 
functions and functions that do not intersect the horizontal axis. Thus Eq. (31) is founded. 
Similar operations performed in this section are performed in other boundary conditions. 

Sin[𝐿𝛾] = 0                                                              (31) 

In some dynamic studies based on beam theories, it has been observed that the equation 
governing the natural frequency of simply supported beams is the sine function [30,39]. 

 

 
simply supported beam Graph of the coefficients matrix function of a .Fig. 5 
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Fig. 5 shows graphic of Eq. (31) dependent on the variable λ. To obtain Fig. 5 constants such 
as (E, G, 𝐾u etc.) are substituted in the equation. Thus in Fig. 5, the points where the function 
intersects the λ -axis give the fundamental frequencies. To find these fundamental frequencies, 
the method mentioned in Chapter 4 has been used. 

4.2. Clamped-Simply Supported Beams 

The coefficients matrix of C-S beam is formed by putting related boundary conditions presented 
in Table 1. Since the determinant of the coefficients matrix is equal to zero, Eq. (32b) is 
obtained. Eq. (32c) is obtained when similar operations are applied for S-S beam. 

⎝

⎜
⎛

1 1 1 0
𝑒z� 𝑒:z� Cos[𝐿𝛾] Sin[𝐿𝛾]
𝛹� −𝛹� 0 −𝛹°

𝑒z�𝛽𝛹� 𝑒:z�𝛽𝛹� 𝛾Cos[𝐿𝛾]𝛹° 𝛾Sin[𝐿𝛾]𝛹°⎠

⎟
⎞
T

𝐶9
𝐶.
𝐶K
𝐶L

W = 0                      (32a) 

𝑒:z�¿𝛽𝛹� − 𝛾𝛹°À -¿1 + 𝑒.z�ÀSin[𝐿𝛾]𝛹� + ¿−1 + 𝑒.z�ÀCos[𝐿𝛾]𝛹°2 = 0                 (32b) 

Sin[𝐿𝛾] + (:90ÁMÂÃ	)
¿90ÁMÂÃÀ

Cos[𝐿𝛾] ÄÅ
ÄÃ
= 0                                               (32c) 

 

 
simply supported beam -lampedcfunction of a  Graph of the coefficients matrix .Fig. 6 

Fig. 6 results when Eq. (32c) is drawn as a function dependent on the variable λ. Thus in the 
figure the points where the function intersects the λ -axis give the fundamental frequencies. To 
find these fundamental frequencies, the method mentioned in Chapter 4 has been used. 

4.3. Clamped Beams 

In this subsection, the coefficients matrix for C-C beam is shown. The coefficients matrix is 
created by putting boundary conditions for C-C beam given in Table 1. Since the determinant 
of the coefficients matrix is equal to zero, Eq. (33b) is obtained. Eq. (33c) is derived when 
similar steps are applied for S-S beam. 
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⎝

⎜
⎛

1 1 1 0
𝑒z� 𝑒:z� Cos[𝐿𝛾] Sin[𝐿𝛾]
𝛹� −𝛹� 0 −𝛹°

𝑒z�𝛹� −𝑒:z�𝛹� Sin[𝐿𝛾]𝛹° −Cos[𝐿𝛾]𝛹°⎠

⎟
⎞
T

𝐶9
𝐶.
𝐶K
𝐶L

W = 0                      (33a) 

−4𝛹�𝛹° + 4Cos[𝐿𝛾]Cosh[𝐿𝛽]𝛹�𝛹° + 2Sin[𝐿𝛾]Sinh[𝐿𝛽]¿𝛹�. − 𝛹°.À = 0                 (33b) 

:L
ZÆÇÈ[z�]

+ 4Cos[𝐿𝛾] +
.ÉÊË[z°]-ÄÃ

M:ÄÅM2

ZÆÇÈ[z�]ÄÃÄÅ
Sinh[𝐿𝛽] = 0                           (33c) 

 

Fig. 7 results when Eq. (33c) is drawn as a function dependent on the variable λ. Thus in Fig. 
7, the points where the function intersects the λ -axis give the fundamental frequencies.  

 

 
lamped supported beamcGraph of the coefficients matrix function of a  .Fig. 7 

4.4. Clamped-Free Beams 

The following equations belong to C-F beams. The coefficients matrix of C-F beam is created 
by putting boundary conditions written in Table 1. Since the determinant of the coefficients 
matrix is equal to zero, Eq. (34b) is obtained.  

⎝

⎜
⎛

1 1 1 0
𝑒z�𝛽𝛹� 𝑒:z�𝛽𝛹� 𝛾Cos[𝐿𝛾]𝛹° 𝛾Sin[𝐿𝛾]𝛹°
𝛹� −𝛹� 0 −𝛹°

𝑒z�𝛽 + 𝑒z�𝛹� −𝑒:z�𝛽 − 𝑒:z�𝛹� −𝛾Sin[𝐿𝛾] + Sin[𝐿𝛾]𝛹° 𝛾Cos[𝐿𝛾] − Cos[𝐿𝛾]𝛹°⎠

⎟
⎞
T

𝐶9
𝐶.
𝐶K
𝐶L

W

= 0 

(34a) 

𝑒:z� -¿−1 + 𝑒.z�ÀSin[𝐿𝛾]𝛹�𝛹°¿2𝛽𝛾 + 𝛾𝛹� − 𝛽𝛹°À
− 2𝑒z�𝛹�𝛹°¿𝛽. − 𝛾. + 𝛽𝛹� + 𝛾𝛹°À
− ¿1 + 𝑒.z�ÀCos[𝐿𝛾]¿𝛽𝛾𝛹�. − 𝛽𝛹�.𝛹° − 𝛾¿𝛽 + 𝛹�À𝛹°.À2 = 0 

(34b) 
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¿:90ÁMÂÃÀÄÃÄÅ¿.�°0°ÄÃ:�ÄÅÀ

¿90ÁMÂÃÀ-�°ÄÃ
M:�ÄÃ

MÄÅ:°¿�0ÄÃÀÄÅM2
Sin[𝐿𝛾] − .ÁÂÃÄÃÄÅ¿�M:°M0�ÄÃ0°ÄÅÀ

¿90ÁMÂÃÀ-�°ÄÃ
M:�ÄÃ

MÄÅ:°¿�0ÄÃÀÄÅM2
−

Cos[𝐿𝛾] = 0         

(34c) 

Fig. 8 results when Eq. (34c) is drawn as a function dependent on the variable λ. Thus in Fig. 
8, the points where the function intersects the λ -axis give the fundamental frequencies.  

 

 
free supported beam -lampedcGraph of the coefficients matrix function of a  .Fig. 8 

5. Results and Discussions 

In this part, the results obtained from the study are presented in tables and graphs and compared 
with the studies in the literature. Firstly, the natural frequencies for the S-S beam are presented 
in Table 2 and compared with the studies in the literature. In order to reach the results in this 
table, the following material and geometrical properties are taken into account: Ec=210 GPa, 
𝜌*=7850 kg/m3,  Em=70 GPa, 𝜌(=2707 kg/m3, µm= µc = 0.3, k=1, h = 0.125 m, L = 0.5 m. As 
shown in Table 2, the results obtained in this study are in strong agreement with those reported 
in the existing literature. Owing to the iterative approach and the methodology employed, the 
results presented here are believed to offer higher accuracy and reliability compared to 
conventional analytical techniques. 

 
Table 2. Comparison for natural frequencies of a S-S beam 

Mode 
Number 

ꞷ	(𝑟𝑎𝑑/𝑠) 
This 
study Ref. [30] Ref. [32] 

1 6442.89 6457.93 6443.08 
2 21471.27 21603.18 21470.95 
3 39775.57 40145.42 39775.55 
4 59092.41 59779.01 59092.37 
5 78637.82 79686.16 78638.36 

 

-2

-1,5

-1

-0,5

0

0,5

1

1,5

0 50 100 150

Fu
nc

tio
n 

of
 c

oe
ff

ic
ie

nt
s 

m
at

rix
 

𝜆: Fundamental frequency



H. G. Kadıoğlu, M. Ö. Yaylı and B. Uzun  
 

31 
 

Secondly, Table 3 is shown to validate the accuracy of the method. Non-dimensional 
fundamental frequencies are obtained as follows in the study of Sina et al. [5] with the following 
parameters: EZ = 380 GPa ρÒ = 3800 kg/m3, µc = 0.23 EÓ = 70 GPa, ρÓ = 2700 kg/m3, µm = 
0.23. Table 3 presents the results obtained in terms of the non-dimensional fundamental 
frequencies (𝜛) defined by: 

 

	ϖ = ωL.¦
ØÙ

ÈM ∫ ÚÛÜÝ/M
-Ý/M

						 I9 = ∫ ρ(z)dzÈ/.
-È/.                                     (35) 

 
 

Table 3. Comparison of non-dimensional fundamental frequencies under various boundary 
conditions 

 
 

This 
study Ref. [21] Ref. [31] Ref. [32] Ref. [37] 

S-S 2.702 2.745 2.702 2.695 2.803 
S-C 4.134 4.203 4.140 - 4.291 
C-C 5.848 5.954 5.869 5.811 6.078 
C-F 0.971 0.986 0.970 0.969 1.008 

 
Table 4. Variation of fundamental frequency according to k for S-S beams with L/h= 5 

Fundamental 
frequencies Theory 

Power-law exponent, k 
0 

(Ceramic) 0.2 0.5 1 2 5 10 ∞ 
(Metal) 

λ9 

 
 

TBT 

5.152 4.805 4.408 3.990 3.635 3.431 3.314 2.677 
[32]  λ9 5.153 4.807 4.408 3.990 3.634 3.4312 3.313 2.677 
λ. 17.871 16.741 15.428 14.007 12.718 11.312 11.312 9.286 
λK 34.145 32.115 29.723 27.068 24.524 22.493 21.340 17.741 
λL 51.813 48.883 45.405 41.467 37.525 34.065 32.096 26.922 
λà 69.966 66.165 61.634 56.429 51.037 45.967 43.074 36.354 
λ9 

 
 

EBBT 

5.395 5.020 4.593 4.149 3.780 3.595 3.492 2.803 
[32]  λ9 5.395 5.022 4.594 4.148 3.779 3.595 3.492 2.803 
λ. 20.619 19.194 17.545 15.806 14.340 13.607 13.252 10.713 
λK 43.348 40.371 36.864 33.100 29.865 28.248 27.604 22.524 
λL 71.013 66.167 60.352 54.003 48.457 45.689 44.796 36.898 
λà 101.545 94.657 86.250 76.936 68.695 64.594 63.516 52.762 

Finally, using the following material properties, fundamental frequencies are obtained in Tables 
4-11 for S-S, C-S, C-C, C-F beams and compared with the different studies in the literature: EZ 
= 380 GPa ρÒ = 3960 kg/m3, µc = 0.30 EÓ = 70 GPa, ρÓ = 2702 kg/m3, µm = 0.30. By choosing 
a very large value of 𝐾u, results have been obtained with in the EBBT. The results presented in 
these tables show clear consistency with those reported in previous studies in the literature. To 
better illustrate and interpret the key findings derived from the tabulated data, corresponding 
figures have been generated based on the tabular results. 
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Table 5. Variation of fundamental frequency according to k for S-S beams with L/h= 20 

Fundamental 
frequencies Theory 

Power-law exponent, k 
0 

(Ceramic) 0.2 0.5 1 2 5 10 ∞ 
(Metal) 

λ9 

 
 

TBT 

5.460 5.081 4.651 4.205 3.837 3.651 3.542 2.837 

[32] 	λ9 5.460 5.083 4.651 4.205 3.837 3.651 3.542 2.837 

λ. 21.573 20.086 18.393 16.634 15.172 14.411 13.965 11.209 

λK 47.592 44.344 40.638 36.768 33.514 31.748 30.718 24.728 

λL 82.440 76.887 70.527 63.846 58.153 54.903 53.018 42.835 

λà 124.883 116.596 107.067 96.987 88.269 83.022 79.995 64.888 

λ9 

 
 
 
 
 

EBBT 

5.478 5.097 4.664 4.216 3.847 3.663 3.555 2.846 

[32]  λ9 5.478 5.098 4.665 4.216 3.847 3.663 3.555 2.846 

[42]  λ9 5.483 5.102 4.669 4.221 3.852 3.668 - 2.849 

λ. 21.844 20.325 18.599 16.810 15.334 14.596 14.168 11.350 

[42]  λ. 21.933 20.408 18.676 16.884 15.407 14.670 - 11.396 

λK 48.900 45.502 41.633 37.618 34.296 32.637 31.689 25.408 

[42]  λK 49.350 45.917 42.021 37.989 34.667 33.007 - 25.642 

λL 86.325 80.331 73.491 66.376 60.473 57.524 55.878 44.854 

[42]  λL 87.734 81.631 74.703 67.536 61.629 58.680 - 45.586 

λà 133.691 124.416 113.804 102.733 93.517 88.911 86.413 69.465 

[42] λà 137.082 127.551 116.726 105.528 96.299 91.687 - 71.227 
 

Table 6. Variation of fundamental frequency according to k for C-S beams with L/h= 5 

Fundamental 
frequencies Theory 

Power-law exponent, k 
0 

(Ceramic) 0.2 0.5 1 2 5 10 ∞ 
(Metal) 

λ9 

 
 

TBT 

7.436 6.957 6.404 5.814 5.290 4.941 4.735 3.864 

λ. 20.438 19.202 17.761 16.178 14.681 13.502 12.821 10.617 

λK 36.221 34.147 31.698 28.948 26.225 23.859 22.507 18.820 

λL 53.327 50.389 46.902 42.926 38.850 35.071 32.917 27.708 

λà 71.100 67.247 62.731 57.521 52.035 46.689 43.641 36.912 

λ9 

EBBT 

8.354 7.774 7.111 6.420 5.844 5.556 5.400 4.341 

λ. 25.702 23.928 21.867 19.684 17.835 16.910 16.483 13.354 

λK 49.894 46.473 42.424 38.059 34.291 32.408 31.696 25.925 

λL 78.442 73.098 66.656 59.595 53.405 50.318 49.372 40.758 

λà 109.450 102.037 92.953 82.856 73.900 69.445 68.330 56.869 
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Table 7. Variation of fundamental frequency according to k for C-S beams with L/h= 20 

Fundamental 
frequencies Theory 

Power-law exponent, k 
0 

(Ceramic) 0.2 0.5 1 2 5 10 ∞ 
(Metal) 

λ9 

 
 

TBT 

8.478 7.892 7.226 6.534 5.961 5.667 5.494 4.405 

λ. 27.010 25.160 23.052 20.856 19.018 18.034 17.456 14.034 

λK 55.026 51.304 47.050 42.593 38.814 36.686 35.440 28.591 

λL 91.372 85.283 78.296 70.926 64.585 60.816 58.620 47.476 

λà 134.813 125.971 115.785 104.964 95.504 89.573 86.134 70.048 

λ9 

 
 
 
 

EBBT 

8.552 7.957 7.282 6.583 6.006 5.718 5.549 4.444 

[42] λ9 8.566 7.970 7.294 6.594 6.017 5.729 - 4.451 

λ. 27.616 25.696 23.513 21.251 19.382 18.449 17.908 14.349 

[42] λ. 27.760 25.828 23.637 21.369 19.500 18.567 - 14.424 

λK 57.299 53.318 48.783 44.074 40.176 38.229 37.122 29.772 

[42] λK 57.918 53.889 49.316 44.584 40.685 38.738 - 30.094 

λL 97.254 90.502 82.793 74.768 68.106 64.776 62.930 50.533 

[42]  λL 99.043 92.153 84.333 76.242 69.574 66.244 - 51.462 

λà 147.026 136.829 125.153 112.962 102.803 97.726 94.994 76.394 

[42] λà 151.137 140.632 128.692 116.343 106.174 101.085 - 78.536 
 
 

Table 8. Variation of fundamental frequency according to k for C-C beams with L/h= 5 

Fundamental 
frequencies Theory 

Power-law exponent, k 
0 

(Ceramic) 0.2 0.5 1 2 5 10 ∞ 
(Metal) 

λ9 

 
 

TBT 

9.907 9.296 8.586 7.817 7.106 6.570 6.253 5.147 

[32] λ9 10.034 9.418 8.701 7.925 7.211 6.668 6.341 5.214 

λ. 22.797 21.482 19.937 18.215 16.523 15.053 14.199 11.845 

λK 38.160 36.037 33.539 30.705 27.816 25.131 23.591 19.823 

λL 54.751 51.809 48.314 44.302 40.102 36.020 33.693 28.450 

λà 72.070 68.286 63.782 58.566 52.991 47.384 44.188 37.447 

λ9 
 
 
 
 
 

EBBT 

11.991 11.160 10.206 9.208 8.373 7.955 7.737 6.230 

[32]  λ9 12.183 11.340 10.372 9.364 8.528 8.110 7.880 6.330 

λ. 31.206 29.056 26.547 23.886 21.604 20.468 19.967 16.215 

λK 56.709 52.827 48.211 43.213 38.880 36.716 35.940 29.466 

λL 86.022 80.170 73.086 65.292 58.436 55.020 54.026 44.696 

λà 117.430 109.487 99.217 88.826 79.141 74.327 73.179 61.016 
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Table 9. Variation of fundamental frequency according to k for C-C beams with L/h= 20 

Fundamental 
frequencies Theory 

Power-law exponent, k 
0 

(Ceramic) 0.2 0.5 1 2 5 10 ∞ 
(Metal) 

λ9 

 
 

TBT 

12.208 11.368 10.412 9.419 8.592 8.157 7.901 6.343 

[32] λ9 12.224 11.385 10.426 9.431 8.604 8.170 7.913 6.351 

λ. 32.924 30.686 28.132 25.465 23.216 21.972 21.239 17.107 

λK 62.786 58.580 53.764 48.700 44.369 41.836 40.348 32.623 

λL 100.471 93.848 86.236 78.174 71.166 66.833 64.298 52.204 

λà 144.771 135.389 124.560 113.005 102.795 96.137 92.262 75.222 

λ9 

 
 
 
 
 

EBBT 

12.401 11.539 10.559 9.545 8.708 8.290 8.046 6.346 

[32] λ9 12.414 11.554 10.571 9.555 8.719 8.301 8.056 6.450 

[42] λ9 12.430 11.566 10.584 9.569 8.732 8.314 - 6.459 

λ. 34.046 31.679 28.988 26.196 23.890 22.738 22.074 17.690 

[42] λ. 34.264 31.881 29.175 26.376 24.069 22.917 - 17.803 

λK 66.341 61.732 56.481 51.023 46.503 44.245 42.969 34.471 

[42] λK 67.172 62.499 57.195 51.707 47.185 44.927 - 34.902 

λL 108.796 101.244 92.617 83.630 76.161 72.429 70.375 56.530 

[42] λL 111.037 103.313 94.546 85.477 78.001 74.266 - 57.694 

λà 160.942 149.782 136.995 123.632 112.486 106.915 103.942 83.625 

[42] λà 165.915 154.337 141.262 127.640 116.503 110.935 - 86.210 

 
 

Table 10. Variation of fundamental frequency according to k for C-F beams with L/h= 5 

Fundamental 
frequencies Theory 

Power-law exponent, k 
0 

(Ceramic) 0.2 0.5 1 2 5 10 ∞ 
(Metal) 

λ9 

 
 

TBT 

1.898 1.768 1.620 1.465 1.336 1.267 1.226 0.986 

[32] λ9 1.895 1.766 1.617 1.463 1.334 1.265 1.224 0.985 

λ. 10.357 9.697 8.932 8.112 7.376 6.872 6.578 5.382 

λK 24.736 23.251 21.507 19.585 17.763 16.330 15.511 12.855 

λL 41.323 38.955 36.155 33.007 29.890 27.199 25.671 21.471 

λà 59.008 55.750 51.880 47.463 42.943 38.785 36.425 30.660 

λ9 
 
 
 
 
 

EBBT 

1.942 1.807 1.654 1.494 1.363 1.297 1.259 1.009 

[32] λ9 1.939 1.804 1.651 1.491 1.360 1.294 1.257 1.007 

λ. 11.816 10.997 10.057 9.073 8.251 7.840 7.625 6.139 

λK 31.218 29.067 26.556 23.886 21.612 20.475 19.974 16.220 

λL 56.709 52.827 48.211 43.212 38.880 36.716 35.940 29.465 

λà 86.022 80.170 73.086 65.292 58.436 55.020 54.026 44.696 
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Table 11. Variation of fundamental frequency according to k for C-F beams with L/h= 20 

Fundamental 
frequencies Theory 

Power-law exponent, k 
0 

(Ceramic) 0.2 0.5 1 2 5 10 ∞ 
(Metal) 

𝜆9 

 
 

TBT 

1.950 1.814 1.660 1.501 1.370 1.304 1.265 1.013 

[32] 𝜆9 1.950 1.815 1.660 1.501 1.370 1.304 1.265 1.013 

𝜆. 12.088 11.253 10.304 9.319 8.501 8.079 7.830 6.281 

𝜆K 33.254 30.979 28.386 25.682 23.416 22.197 21.482 17.278 

𝜆L 63.581 59.286 54.375 49.224 44.850 42.375 40.930 33.036 

𝜆à 102.005 95.217 87.423 79.194 72.102 67.867 65.407 53.001 

𝜆9 

 
 
 
 
 

EBBT 

1.953 1.817 1.663 1.503 1.372 1.306 1.267 1.015 

[32] 𝜆9 1.953 1.817 1.663 1.503 1.371 1.306 1.267 1.015 

[42] 𝜆9 1.953 1.816 1.663 1.504 1.372 1.307 - 1.015 

𝜆. 12.214 11.364 10.400 9.401 8.576 8.165 7.924 6.346 

[42] 𝜆. 12.242 11.390 10.424 9.424 8.599 8.188 - 6.361 

𝜆K 34.060 31.692 28.999 26.207 23.899 22.747 22.082 17.697 

[42] 𝜆K 34.278 31.893 29.187 26.386 24.079 22.926 - 17.810 

𝜆L 66.340 61.732 56.480 51.023 46.502 44.244 42.968 34.470 

[42] 𝜆L 67.171 62.498 57.194 51.707 47.185 44.926 - 34.901 

𝜆à 108.796 101.245 92.617 83.630 76.161 72.429 70.375 56.530 

[42] 𝜆à 111.037 103.313 94.547 85.474 77.998 74.267 - 57.694 

 

 
frequencies of FG Timoshenko beams in various support  the fundamentalVariation of  .Fig. 9
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supported FG Timoshenko beams  S-Sfrequencies of  the fundamentalVariation of  .Fig. 10

.with respect to k with different L/h in the first three modes 

 

 
ams with FG Timoshenko be C-Cfrequencies of  the fundamentalVariation of  .Fig. 11

.with respect to L/hs different k in the first three mode 

In Fig. 9 the variation of fundamental frequency for various support conditions is presented 
depending on k. It is observed that the largest fundamental frequency is in c-c supported beams, 
while the smallest fundamental frequency is found in C-F beams. As k decreases, the 
fundamental frequency decrease. In Fig. 10, the first three modes of k-dependent variation of 
S-S Timoshenko beams at different L/h values are given. In this figure, it is seen that the 
fundamental frequency increase as L/h increases. It has also been observed that the gap between 
the growth modes and fundamental frequency at different L/h values is widened. In Fig. 11 the 
fundamental frequency of the first three modes of C-C Timoshenko beams at various k values 
are shown depending on L/h. It is seen that the fundamental frequency increases as L/h 
increases. In Fig. 12 the fundamental frequency of S-S Euler-Bernoulli and Timoshenko beams 
are given depending on L/h. It is seen that the results of the two theories have converged as L/h 
increased. The researchers have seen that the results of EBBT and TBT at L/h=20 are very close 
to each other and L/h=20 is accepted as the critical value [16]. Fig. 13 indicates variation of 
fundamental frequency of clamped- simply and clamped-clamped supported FG Timoshenko 
and Euler-Bernoulli beams for L/h=5 in the first mode with respect to k. It cannot be said that 
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the variation of power-law exponent brings the fundamental frequency of Euler-Bernoulli and 
Timoshenko beams closer together or away from each other. 

 

 
Fig. 12. Variation of the fundamental frequencies of S-S FG Timoshenko and Euler Bernoulli 

beams for k=0 in the first mode with respect to L/h. 
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7. Conclusions 

In this study, free vibration of FG Timoshenko and Euler-Bernoulli beams has been 
investigated. It is assumed that the material properties of the functionally graded beam change 
according to the force rule in the thickness direction according to the volume ratio of the 
components. Equations of motion have been obtained according to Timoshenko beam theory 
and these equations of motion have been solved by using the solution methods of differential 
equations. Thus, rotation and displacement functions are obtained. By incorporating boundary 
conditions into the problem formulation, frequency-dependent equations have been derived for 
each specific boundary condition. An iterative method has been proposed to solve these 
equations, yielding results that closely approximate the exact solutions. The accuracy of these 
results has been validated through comparison with findings from previous studies in the 
literature. 

This method is believed to offer a promising approach for obtaining highly accurate results in 
analyses requiring precision. 

In addition to these findings, other significant results obtained in this study are presented below 
in a structured format. 

• As power-law exponent increases (material properties change from ceramic to metal), the 
fundamental frequencies decrease. 

• The effect of the change of power-law exponent on the fundamental frequencies increases as 
the increase of mode. 

• It cannot be said that the variation of power-law exponent brings the fundamental frequencies 
of Euler-Bernoulli and Timoshenko beams closer together or away from each other. 

• If L/h increases, the fundamental frequencies increase. 

• The fundamental frequencies found according to the Euler-Bernoulli beam theory are larger 
than those found according to the Timoshenko beam theory. 

• As L/h increases, the fundamental frequencies of the Timoshenko beams and the fundamental 
frequencies of the Euler-Bernoulli beams converge. On the contrary, the results diverge as L/h 
decreases. 

• The smallest the fundamental frequencies have been observed in the cantilever beam, and the 
largest the fundamental frequencies have been observed in the clamped beam. 

Despite the promising outcomes, this study is subject to certain limitations. The analysis is 
confined to beams with material gradation following a power-law distribution through the 
thickness and assumes idealized boundary conditions. Effects such as temperature gradients, 
nonlinear material behavior, and three-dimensional stress states are not considered, which may 
influence the vibration characteristics in practical applications. Future research could address 
these aspects to enhance the applicability and robustness of the proposed method in more 
complex engineering scenarios. 
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