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Osman Altıntaş1 and Aslan Bahtiyar2*

1Deparment of Mathematics Education, Başkent University, Ankara, Türkiye
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Abstract

In this work we define two subclasses H(α,β ) and k
(

p,α,
1
2

)
. If g(z) is in the classes then we obtain coefficient bounds for the functions

f (z) which is majorized by g(z) and quasisubordinate to g(z).
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1. Introduction

Let A be the class of functions of the form

f (z) = z+
∞

∑
n=2

anzn, g(z) = z+
∞

∑
n=2

bnzn (1.1)

which are analytic in the unit disk

U = {z ∈ C : bzc< 1}

For two functions f (z) and g(z) analytic in U , we say that f (z) is subordine to g(z) in U and we write f (z)≺ g(z). if there exists a function
φ(z) is analiytic in U with

φ(0) = 0, bφ(z)c ≤ bzc such that

f (z) = g(φ(z)) (z ∈U) (1.2)

In particular if g is univalent in U , the above subordination, is equivalent to

f (0) = g(0) = 0, f (U)⊂ g(U)

Definition 1.1. Let H(α,β ) be the subclass of the class A, which satisfy the condition

Re

[√
g(z)

z
+αz

(√
g(z)

z

)′]
> β (1.3)

where α ≥ 0, 0≤ β < 1 and g(z) is univalent and in the form (1.1).

Definition 1.2. The function f (z) and g(z) are analytic in U, we say that f (z) is maiorized by g(z) if there exists a function w(z) is analytic
in U with w(0) = 0, |w(z)| ≤ 1 such that

f (z) = w(z) ·g(z) (1.4)

The class H(α,β ) is defined by Altıntaş in [1].

For the definitions subordination and majorization see [4]. majorization is studied by MacGregor in [6], H
(

α,
1
2

)
is studied by Altıntaş

in [1, 2].

Email addresses: oaltinta@baskent.edu.tr (Osman Altıntaş), aslan.bahtiyar@bluecortex.ai (Aslan Bahtiyar)
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2. The Class H(α,β )

Theorem 2.1. If g(z) ∈ H(α,β ) and f (z) is majorized by g(z) then we have

banc ≤ 1+4(1−β )2
[

1
(1+α)2 +

1
(1+2α)2 + . . .+

1
(1+(n−1)α)2

]
(2.1)

where α ≥ 0, 0≤ β < 1, n = 2,3,4, . . ..

Proof. We let√
g(z)

z
= P(z) = 1+ p1z+ p2z2 + . . . (2.2)

If

Re
(
P(z)+αzP′(z)> β then ReP(z)> β . (see [1]). (2.3)

Hence we have

|pn| ≤ 2(1−β ). (2.4)

Since

P(z)+αzP′(z) = R(z) = 1+ r1z+ r2z2 + . . . and ReR(z)> β (2.5)

we have from (2.3), (2.4) and (2.5)

|rn| ≤ (1+nα) |pn| , |pn| ≤
2(1−β )

1+nα
.

If α = 0, then P(z) =
1+(1−2β )z

1− z
is the sharp bound for the Theorem 2.1.

If α > 0 multiply the equality

P(z)+αzP′(z) = R(z) (2.6)

by
1
α

z
1
α
−1

. The first side of (2.6) is the derivative of z
1
α P(z).

Hence we have

z
1
α P(z) =

1
α

∫ z

0
t

1
α
−1

R(t)dt

and taking

R(z) =
1+(1−2β )z

1− z

we find

P(z) =
1
α

z
−

1
α

∫ z

0
t

1
α
−1
[

1+(1−2β )t
1− t

]
dt (2.7)

The coefficients of this P(z) satisfy

pn =
2(1−β )

1+nα
(2.8)

and
f is majorized by g in U then we have from (1.4)

f (z) = w(z) ·g(z), w(z) = α0 +α1z+ . . . and dw(z)e ≤ 1

see MacGregor (1967)

an = αn−1b1 +αn−2b2 + . . .α1bn−1 +α0bn.

From Cauchy Integral formula we write

an =
1

2πi

∫
|z|=r

f (z)
zn+1 dz =

1
2πi

∫
[z[=r

w(z)
zn ·

g(z)
z

dz

and

an =
1

2πi

∫
|z|=r

φ(z)
zn ·

(
1+b2z+b2z2 +bnzn−1

)
dz. (2.9)
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Since
g(z)

z
= P2(z) and |w(z)| ≤ 1 if we let

q(z) = 1+ p1z+ . . .+ pn−1zn−1 then

banc ≤
1

2πrn−1

∫ 2π

0

⌊
q
(

reiθ
)⌋2

dθ , z = reiθ
(2.10)

From parseval identity we have

banc ≤
1

rn−1

(
1+ bp1c2 + bp2c2 + . . .+ bpn−1c2

)
,

banc ≤ 1+ bp1c2 + bp2c2 + . . .+ bpn−1c2
(2.11)

Using (2.5) we obtain

banc ≤ 1+4(1−β )2
(

1
(1+α)2 +

1
(1+2α)2 + . . .+

1
(1+(n−1)α)2

)
. (2.12)

We show that this bound is sharp for α = 0 we let f (z) = g(z) and

P(z) =
1+(1−2β )z

1− z
(2.13)

for α > 0 the polinomial of q(z)

q(z) = 1+2(1−β )

[
1

1+α
z+

1
1+2α

z2 + . . .+
1

1+(n−1)α
zn−1

]
(2.14)

form a stricly decreasing sequence of positive terms. Since the KAKEYA Theorem [5] q(z) does not vanish for bzc ≤ 1, The function

K(z) =
zn−1Q

(
1
z

)
Q(z)

(2.15)

is analiytic for bzc ≤ 1 and bK(z)c= 1 for bzc= 1 and by maximum Modulo Theorem we conclude that bK(z)c ≤ 1 for bzc ≤ 1.
In this case we may replace w(z) in theorem by K(z).
Thus

an =
1

2πi

∫
[z[=r

K(z)
zn q2(z)dz

an =
1

2πi

∫
[z[=r

1
z

q
(

1
z

)
·q(z)dz

an =
1

2πi

∫ 2π

0

1
r · eiθ ·q

(
r · eiθ

)
·q
(

r · eiθ
)

r · eiθ dθ

an =
1

2π

∫ 2π

0

∣∣∣q(eiθ
)∣∣∣2 dθ

an = 1+ |p1|2 + |p2|2 + . . .+ |pn−1|2 and we obtain

an = 1+4(1−β )2
∣∣∣∣ 1
(1+α)2 +

1
(1+2α)2 + . . .+

1
(1+(n−1)α)2

∣∣∣∣ . (2.16)

Consequently for α > 0 we take g(z) = 2P2(z) in the equality f (z) = w(z) ·g(z) replace P(z) in (2.7) and replace w(z) by the function K(z)
in (2.15) and then obtain the function f (z) for the sharp bound. The proof of the theorem is completed.

Corollary 2.2. If g ∈ H
(

α,
1
2

)
and f is majorized by g in U. Then we have

|an| ≤ 1+
1

(1+α)2 +
1

(1+2α)2 + . . .+
1

(1+(n−1)α)2 (see [1])

Corollary 2.3. If g ∈ H
(

0,
1
2

)
and f in majorized by g in U.Then we have |an| ≤ n.

We let α = 0 in Corollary 2.2 (see [1])

Note :
If g ∈ H

(
0,

1
2

)
, then g is starlike in u (see [4])

If g is starlike and f is majorized by g, then |an| ≤ n (see [6, Theorem 2])

Corollary 2.4. If g ∈ H(0,0) and f in majorized by g in U.
Then we have

|an| ≤ 1+4(n−1)
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3. The Class K
(

p,α, 1
2

)
Definition 3.1. f (z), g(z), s(z) are in the form equation (1.1)

g(z) ∈ k
(

p,α,
1
2

)
⇔ Re

 p

√
g(z)
s(z)

+αz

(
p

√
g(z)
s(z)

)′>
1
2

(3.1)

where p ∈ IN+,α ≥ 0,s(z) is starlike and univalent in U.

Definition 3.2. Suppese that f (z), g(z), w(z), φ(z) are analytic in U,

w(0) = φ(0) = 0, |w(z)| ≤ 1, |φ(z)| ≤ |z| and

if the condition

f (z) = w(z) ·g(φ(z)) (3.2)

is satisfy then we say that f (z) is quasi-subordine to g(z) in U and we write

f (z)≺
q

g(z). (see [3]) (3.3)

It is clear that
If φ(z) = z⇒ f (z)< g(z), f is subordina to g.
If w(z) = 1⇒ | f (z)| ≤ |g(z)|, f is majorized by g.

Theorem 3.3. If g(z) ∈ K
(

p,α,
1
2

)
and f (z) is quasi-subordine to g(z) in U then we have

|an| ≤
(p+2)(p+3) . . .(p+n)

(n−1)!
. (3.4)

Proof. If g ∈ K
(

p,α,
1
2

)
, then Re p

√
g(z)
s(z)

>
1
2
. (see [1]).

We let p

√
g(z)
s(z)

= h(z), since Reh(z)>
1
2

h(z)<
1

1− z
. If we let

H =

{
h : h≺ 1

1− z

}
then

H p = {hp : h ∈ H}

ex COH p =

{
P(z) : P(z) =

1
(1− z)p

}
.

(3.5)

where exCOH p means the set of extreme points of the closed convex hull of H p.

If we set
g(z)
s(z)

= K(z), then we have from Definition 3.2.

f (z) = w(z) · s(φ(z) ·K(φ(z)). (3.6)

Let us R(z) = K(φ(z)) and Q(z) = w(z) · s(φ(z))

R(z)≺ K(z), R(z)≺ 1
(1− z)p . (3.7)

If R(z) = 1+ r1z+ r2z2 + . . . then we have

|rn| ≤
p(p+1) . . .(p+n−1)

n!
n≥ 1. (3.8)

Q(z) = w(z).s(φ(z))⇒ Q(z)≺
q

s(z). (3.9)

If Q(z) = q1z+q2z2 + . . . since s(z) is starlike in U, then we have

|qn| ≤ n see [3]

and from

f (z) = Q(z)R(z) we find

an = qn +qn−1r1 +qn−2r2 + . . .+q1rn−1 and

|an| ≤ n+(n−1)p+(n−2)
p(p+1)

2!
+ . . .+

p(p+1) . . .(p+n−2)
(n−1)!

.

(3.10)
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Using the induction method on the right-hand side in this inequality (3.10). We obtain

|an| ≤
(p+2)(p+3) . . .(p+n)

(n−1)!
(see [3]) (3.11)

and the proof of Theorem is completed. The sharp bound for the Theorem we have in the equality

f (z) = w(z) ·g(∅(z))

w(z) = 1,∅(z) = z

and

f (z) = g(z) =
z

(1− z)p+2 (3.12)

Corollary 3.4. If

Re

√g(z)
s(z)

+αz

(√
g(z)
s(z)

)′>
1
2

and
f (z)≺

q
g(z) in U. Then we have

|an| ≤
4.5.6 . . .(n+2)

(n−1)!
.

For the sharp bound f (z) = g(z) =
z

(1− z)4 ·

Corollary 3.5. If

Re

[
p

√
g(z)

z
+αz

(
p

√
g(z)

z

)′]
>

1
2

and
f (z)≺

q
g(z) in U. Then we have

|an| ≤
p(p+1) . . .(p+n−2)

(n−1)!
.

For the sharp bound f (z) = g(z) =
z

(1− z)p .

Corollary 3.6. If

Re
[√

g′(z)+ z
(√

g′(z)
)′]

>
1
2

and
f (z)≺

q
g(z) in U. Then we have

|an| ≤ 1.

for the sharp bound f (z) = g(z) =
z

1− z
. (see [2])

Note:
On the other hand, if CV is the class convex functions in U , then

Re
√

f ′(z)>
1
2
⇒ f ∈CV (Goodman 1.129 pr.13)

g ∈CV and f (z) is majorized by g(z) then |an| ≤ 1. (see [6, Theorem 2])
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