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Abstract

1
In this work we define two subclasses H (o, ) and k <p7 o, 5) . If g(z) is in the classes then we obtain coefficient bounds for the functions

f(z) which is majorized by g(z) and quasisubordinate to g(z).
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1. Introduction

Let A be the class of functions of the form

f@)=z+Y and", glz)=z+ Y bud" (1.1)
n=2 n=2
which are analytic in the unit disk

U={zeC: |z <1}

For two functions f(z) and g(z) analytic in U, we say that f(z) is subordine to g(z) in U and we write f(z) < g(z). if there exists a function
¢ (z) is analiytic in U with

0(0)=0, |¢(z)] <|z] such that
f2)=g(¢(z)) (z€U) (1.2)

In particular if g is univalent in U, the above subordination, is equivalent to
f(0)=g(0)=0,f(U) Cg(U)
Definition 1.1. Let H(a, ) be the subclass of the class A, which satisfy the condition

z‘é(Z)JraZ( g(Z)>]>5 (1.3)
Z Z

where o0 >0, 0< B <1 and g(z) is univalent and in the form (1.1).

Re

Definition 1.2. The function f(z) and g(z) are analytic in U, we say that f(z) is maiorized by g(z) if there exists a function w(z) is analytic
in U with w(0) =0, |w(z)| < 1 such that

f(2) =w(2)-¢(2) (1.4)
The class H(o, B) is defined by Alnntags in [1].

1
For the definitions subordination and majorization see [4]. majorization is studied by MacGregor in [6], H <a , 5) is studied by Altintas
in[l, 2]
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2. The Class H(o, )

Theorem 2.1. Ifg(z) € H(e,B) and f(z) is majorized by g(z) then we have

1 1 1
(102 U+2e2 T T O —Day

where . >0, 0<B <1, n=234,...

lan] < 144(1—B)? [

Proof. We let

16
Z

=PR)=14+piz+p+...

If

Re (P(z) + azP'(z) > B then ReP(z) > . (see [1]).
Hence we have

pnl <2(1=B).

Since

P(z) + azP'(z) =R(z) = 1+ riz+rz> +... and ReR(z) > B
we have from (2.3), (2.4) and (2.5)

2(1-B)

< (1 o < —"
ral < (Utne) lpal. - lpal < 0

1+(1-2

If =0, thenP(z)= M
-z

If o > 0 multiply the equality

P(z) +azP' (z) = R(2)

by % o . The first side of (2.6) is the derivative of z & P(z).

Hence we have

— 1 "z i71
zOtP(z):a/OzOC R(r)dt

and taking

R(z) = 1+ (11 _—Zzﬁ)z

we find

1 1
1 — 2 ——11[1 1-2B)¢
P(Z) =—z O o {M} dt
o 0 1—1t
The coefficients of this P(z) satisfy

_2(1-pB)
1+na

Pn=

and
f is majorized by g in U then we have from (1.4)

f2)=w(z)-g(z), w(x)=0p+aiz+...and [w(z)] <1
see MacGregor (1967)

ap = Oy _1b1 + Cy_2br + ... 1 by 1 + Opby,.

From Cauchy Integral formula we write

Iy Py R

=r " z

omi Jig=r VT 2mi

and

1
an = 7/ (P(nz) . <1+b22+b222+bn2n_]> dZ.
270 Jig|=r Z

is the sharp bound for the Theorem 2.1.

2.1

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)
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Since 8() _ P2(z) and |w(z)| < 1 if we let
z

q(z) =14 piz+...+pp_12" " then

1 2m 0\ |2 0 (2.10)
lan] < W/o {q (re )J de, z=re
From parseval identity we have
1 2 2 2
<— (1 it P ) ,
lan) < g (L4 Lo P+ L2 4 L o
lan) <1+ [p1 P+ o2+ 4 Lpai )
Using (2.5) we obtain
lan] < 14+4(1-B)? Lt 5 ! (2.12)
a — it/ . .
"= (14+ )2 (1+2a)? (14+(n—-1a)?
We show that this bound is sharp for @ = 0 we let f(z) = g(z) and
1+(1-2
Pz = LHL=2P) 2.13)
1-z
for o > 0 the polinomial of ¢(z)
1 1 5 1 1
=142(1- —zt — it ——— 7" 2.14
9(z) = 1+2( ﬁ)[1+az+l+2az+ T Da’ } @19
form a stricly decreasing sequence of positive terms. Since the KAKEYA Theorem [5] g(z) does not vanish for |z] < 1, The function
Zn—lQ (l)
z
K(z) = (2.15)
9= 00

is analiytic for |z] < 1 and |K(z)] =1 for |z] = 1 and by maximum Modulo Theorem we conclude that |K(z)| <1 for |z] < 1.
In this case we may replace w(z) in theorem by K(z).
Thus

1 /[Z K(Z) 6]2 (Z)dZ

ay = — e
"omi Jiger 2

1 1 1
an==— —q(-)-q9@)dz
" 27ri(/[z[:rzq(z) 7

1 2 ] . . .
=gy o)l ) e

ap = %/0277 q(eie)‘zde

an=1+|p1>+|p2)*+...4 |ps_1|* and we obtain

1 1 1
(ra2 T 22 T T v D2

Consequently for o > 0 we take g(z) = 2P%(z) in the equality £(z) = w(z) - g(z) replace P(z) in (2.7) and replace w(z) by the function K (z)
in (2.15) and then obtain the function f(z) for the sharp bound. The proof of the theorem is completed. O

an=1+4(1-p)? (2.16)

1
Corollary 2.2. Ifgc H <Ot , E) and f is majorized by g in U. Then we have

1 1 1

lanl <1+ e Y irar T T T r Do)

(see [1])

Corollary 2.3. Ifg€ H <0, %) and f in majorized by g in U.Then we have |a,| < n.
We let oo = 0 in Corollary 2.2 (see [1])

Note :

IfgeH <0, %), then g is starlike inu  (see [4])

If g is starlike and f is majorized by g, then |a,| <n  (see [6, Theorem 2])

Corollary 2.4. Ifg € H(0,0) and f in majorized by g in U.
Then we have

lan| <1+4(n—1)
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3. The Class K (p, a, %)

Definition 3.1. f(z), g(z), s(z) are in the form equation (1.1)

g(z)ek(p,oc,%) @Re{ i’((;)+az<’ fg) }>;

where p € INT,a > 0,5(z) is starlike and univalent in U.

Definition 3.2. Suppese that f(z), g(z), w(z), ¢(z) are analytic in U,
w(0)=¢(0)=0, |w(R)[ <1, [#(z)] <lef and

if the condition

f(2) =w(2) 2(0(z))

is satisfy then we say that f(z) is quasi-subordine to g(z) in U and we write
f(2) ?g(z). (see [3])

It is clear that
If¢(z) =z= f(z) < g(z), fissubordinato g.
Ifw(z) = 1= |f(2)| < |g(2)], f is majorized by g.
1
Theorem 3.3. Ifg(z) € K (p, o, E) and f(z) is quasi-subordine to g(z) in U then we have
(p+2)(p+3)...(p+n)
(n—1)! '

Proof. It ge K p705,1 , then Re @>1 (see [1]).
2 s(z) © 2

1 1
We let 8(2) = h(z), since Reh(z) > 3 h(z) < T If we let

5(z)

‘an| <

H:{h:h< %} then
H? ={h’ :heH}

ex COHP — {P(z)  P(2) = ﬁ} .

where exCOHP means the set of extreme points of the closed convex hull of H”.

If we set 8(2) = K(z), then we have from Definition 3.2.

5(2)
fz) =w(z)-5(¢(2) - K(¢(2)).
Letus R(z) = K(¢(z)) and O(z) = w(z) - s(¢(2))

1
(1—2)P’

IfR(z) = 1 +riz+rz> +... then we have

plp+1)...(p+n—1)
n!

R(z) <K(z), R(z)=

lrn| < n>1.

0(z) =w(2).5(¢(2)) = 0O(z) P s(2).

If O(z) = q1z+ q22> + . .. since s(z) is starlike in U, then we have
lgn| <n  see[3]

and from

f(z) = O(2)R(z) we find

ap =qn+qn-171+qn-2r2+...+qir,—1 and

p(p+1) +m+p(p+1)-~(p+n—2)

3.1)

3.2)

(3.3)

34)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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Using the induction method on the right-hand side in this inequality (3.10). We obtain

(P+2)(p+3)...(p+n)

lan < (n— 1)1

(see [3]) (3.11)

and the proof of Theorem is completed. The sharp bound for the Theorem we have in the equality

w(z)=1,0(z) =
and
f(2)=s8(x) = ﬁ (3.12)

Corollary 3.4. If

8(2) 8(2)
Re @ +az < s(z)>

and
f(z) < g(z) inU. Then we have
q

/

\%
N =

456...(n+2)
< 29D AT )
lanl < =01,
For the sharp bound f(z) = g(z) = < T
(1-2)
Corollary 3.5. If
/ 1
Re | ¢ g<>+< g<>> } 1
Z z 2
and
f(z) < g(z) inU. Then we have
q
+1)...(p+n-2
lan] < plp+1)...(p )
(n—1)!
For the sharp bound f(z) = g(z) = G _Zz)p,
Corollary 3.6. If
/ 1
Re {\/g’(z)Jrz(\/g’(z)) } >
and
f(z) < g(z) inU. Then we have
q
lan| < 1.
for the sharp bound f(z) = g(z) = ]L (see [2])
-z
Note:

On the other hand, if CV is the class convex functions in U, then
1
Re\/f'(z) > 5= /€CV  (Goodman 1.129 pr.13)

g € CV and f(z) is majorized by g(z) then |a,| < 1. (see [6, Theorem 2])
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