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Özet: Bu makalede, yar -Riemann manifoldunun isotropic altmanifoldu çal ld . Lightlike isotropic 
altmanifoldun denklem yap lar verildi. Sonra ise M isotropic altmanifoldu total geodezik yapan artlar elde 
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SEMI-RIEMANNIAN MANIFOLD 

 

Abstract: In this paper, we study isotropic submanifold of semi-Riemannian manifold. We give the 
structure equations of lightlike isotropic submanifold. Then we obtain that the condition on M lightlike  
isotropic submanifold is totally geodesic. 
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1. Introduction 

The theory of submanifolds of a Riemannian 
or semi-Riemannian manifold is one of the 
most important topics in differential 
geometry. It is well known that the primary 
difference between theory of lightlike 
submanifold and semi-Riemannian 
submanifold arises due to the fact that in the 
first case, a part of the normal vector bundle 

TM

 

lies in the tangent bundle TM of the 

submanifold M of M
~

,  whereas in the 

second case  TM TM

 

={0}. In 1992, 
Duggal and Bejancu [3] introduced a half 
lightlike submanifold M, of codimension 2 
and found geometric conditions for the 
induced connection on M to be metric 
connection. In 2004, Erol K l ç and Bayram 

ahin [5] studied coisotropic submanifold of 
a semi-Riemannian manifold. In this study 
they investigated the integrability condition 
of the screen distribution and gave a 
necessary and sufficient condition on Ricci 
tensor of a coisotropic submanifold to be 
symmetric. 
In the present paper, we have proved that the 
connection induced from semi-Riemannian 
manifold of codimension (m+n) on lightlike 
isotropic submanifold is metric. Besides we 
obtain the structure equations of lightlike 
isotropic submanifold and proved the 
theorem on M in semi-Riemannian manifold 
of constant curvature, of codimension (m+n). 

2. Preliminaries 
Let ( M , g ) be a real (2m+n)-dimensional 
semi-Riemannian manifold of constant index 
q such as 1,1 2 ,m q m and M be an m-

dimensional submanifold of M . In case g

 

is degenerate on the tangent bundle TM of M. 
We say that M is a lightlike submanifold of 

M
~

 

[2]. Throughout this paper we denote the 
algebra of smooth function on M by F(M) 
and the F(M) module of smooth section of a 
vector bundle E over M by (E). The 
following range of induced is used : 

, , 1,...,i j k r and , , 1,...,r n . 

For a degenerate tensor field g on M, there 
exists a locally vector field ( )TM , 

0

 

such as ( , ) 0g X

 

for any 

( )X TM . Then each tangent space 

xT M we have 

, 0,x x xT M u T M g u v v T M

 

which is degenerate (m+1)-dimensional 

subspace of xT M . The radical (null) 

subspace of xT M , denoted by xRadT M , is 

defined by 

, 0, .x x x x x x xT M T M g X X T M

 

The dimension of xRadT M

 

depends on 

x M. The submanifold M of M is said to be 
r-lightlike submanifold if the mapping  

RadTM : x M 

 

RadTxM 
define a smooth distribution on M of rank 
r>0, where RadTM is called the radical 
(null) distribution on M [2]. In this paper, we 
study lightlike isotropic submanifold where  

{0} 1RadTM and r m . 

Therefore, ( ) {0}S TM . Thus we can write 
(2.1) 

( ) ( ( ) ( ).
M

TM TM tr TM TM ltr TM S TM

 

According to the decomposition (2.1), we 
choose the field of frames 1{ ,..., }m and 

1 1{ ,..., , ,..., }m m nN N W W

 

on M and M , 

respectively. 
Example 2.1 Suppose that ( , )M g

 

be a 

surface of 5
2R  given by equations 

3 1 4 1 5 2cos , sin ,x x x x x x . 

We choose a set of vectors 1 2 1 2{ , , , }u u

 

given by              

1 2 5 , 1 1
2 1 3 4sin cos ,x x

 

1
1 1 3sin ,u x

 

1
2 1 4cosu x

 

so that 1 2{ , }RadTM TM sp , 

1 1 2{ , , }.TM sp u u

 

Therefore M is an 
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isotropic lightlike submanifold. Construct 
two null vectors  

1
1 1 52 { }N

 
and 

1 11
2 1 3 42 { sin cos }N x x

 

such as ( , )i i ijg N

 

for , {1,2}i j

 

and 

1 2( ) { , }.ltr TM sp N N

 

Let 1 1
3 4cos sinW x x

 

be a spacelike 

vector such that ( ) { }S TM sp W . Thus 

1 2 1 2{ , , , , }N N W is a basis of 5
2R  along M. 

From (2.1), there exist ,i xW T M

 

such 

that ( , ) 0, ( , ) 0, .i xg u g W W u T M

 

Above relation implies that i TM and 

hence i xRadT M . Thus, locally there 

exists a lightlike vector fields on M, it is also 
denoted by i such as  

( , ) ( , ) 0, ( ), ( )i ig X g Y X TM Y TM

 

Consequently, the m-dimensional radical 
distribution RadTM of lightlike isotropic 

submanifld M of M is locally spanned by 

i . We choose such a non-degenerate 

distribution on the screen transversal vector 

bundle ( )S TM of M. Thus we have the 
following orthogonal direct decomposition 
(2.2)  

TM  = Rad(TM)  S(TM ). 
Thus we choose W as a unit vector field and 

put ( , )g W W

 

where 1 . 

Theorem 2.2 Let ( , , ( ))M g S TM

 

be an 

isotropic submanifold of ( M , g ). Suppose 
that U be a coordinate neighborhood of M 
and 1{ ,..., }m be a basis of ( )uTM . Then 

there exist smooth 1{ ,..., }mN N

 

of MTM

 

such that ( , )i j ijg N

 

and 

( , ) 0, ( , ) 0,i j ig N N g N W

 

for any , {1,..., }, { 1,..., }i j m m n

 

and 

( ( ))W S TM . Suppose that 

 

be the 

Levi-Civita connection on M
~

. According to 
(2.1) we have 
(2.3)     

( , ),s
X XY Y h X Y

 

(2.4)   
s L

X N X XN A X N N , 

(2.5)  
s L

X W X XW A X W W

 

for any , ( ), ( ( ))X Y TM N ltr TM

 

and ( ( ))W S TM

 

where 

{ , , }X N WY A X A X

 

and 

{ ( , ), , , , }s s s L L
X X X Xh X Y N W N W

 

belong to ( )TM

 

and ( ( ))tr TM

 

respectively. Here 

 

is the metric 

connection on M
~

 

but 

 

and s

 

are linear 
connections on M and tr(TM) respectively. 
Besides, we define the F(M)-bilinear 
mappings 
(2.6)                   

: ( ( )) ( ( )); ( ) ( ),L L L
X X Xltr TM ltr TM LV D LV

 

(2.7)                   
: ( ( )) ( ( )); ( ) ( ),s s s

X X XS TM S TM SV D SV

 

(2.8)                    
: ( ) ( ( )) ( ( ))LD TM S TM ltr TM

( , ) ( ),L L
XD X SV D SV

 

and 
(2.9)                     

: ( ) ( ( )) ( ( ))sD TM ltr TM S TM    

( , ) ( )s s
XD X LV D LV

 

for any ( ), ( ( )).x TM V tr TM

 

Since 

{ , }i jN

 

are locally lightlike sections on 

U M , we define symmetric ( )F M -

bilinear form sD

 

and 1-forms , ,ij ip

 

and iV  on U  by  

( , ) ( ( , ), ),s sD X Y g h X Y W

 

( ) ( , ),L
ij X i iP X g N

 

( ( , ), ),s
i ig D X N W

 

( , )s
Xg W W
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and  

( ( , ), )L
i iV g D X W

 
for any , ( ).X Y TM  It follows that   

( , ) ( , ) ,s sh X Y D X Y W

 

( ) ,L
X i ij jN P X N

 

( , ) ,s
i iD X N W

 

s
XW W

 

( , ) .L
i iD X W V N

 

Hence (2.3), (2.4) and (2.5) become   
(2.10) 

1

( , ) ,
n

s
X X

m

Y Y D X Y W

 

(2.11)  

1 1

( ) ( ) ,
i

m n n

X i N ij j i
j m

N A X P X N X W

 

(2.12)  

1 1

( ) ( )
m n n

X W i i
i m

W A X V X N X W

 

for any , ( ).X Y TM

 

We call sD

 

the 
screen second fundamental form of M with 
respect to tr(TM). Both 

iNA

 

and WA

 

are 

linear operators on ( )TM . We will see by 
(2.15) that the first one is RadTM-valued, 
called the shape operations of M. Since i

 

and j

 

are lightlike vector fields, from 

(2.10)-(2.12) we obtain  
(2.13) 

( , ) 0,s
iD X

 

(2.14) 

( , ) 0,L
iD X

 

(2.15)    
( , ) ( , ).

iN i W ig A X g A X

 

Further, taking in to account that 

 

is a 
metric connection and by using (2.10) we 
obtain 

0 ( )( , )

( ( , )) ( , ) ( , )

X

X X

g Y Z

X g Y Z g Y Z g Y Z

   
1

1

( ( , )) ( , ) ( , )

( , ) ( , )

( , ) ( , )

( )( , )

X X

n
s

m

n
s

m

X

X g Y Z g Y Z g Y Z

D X Y g W Z

D X Z g W Y

g Y Z

 

for any , , ( )X Y Z TM . Denote by R

 

and R

 

the curvature tensor of 

 

and 

 

respectively. Then by straightforward 
calculation and using (2.10), (2.11), (2.12), 
(2.13), (2.14) and (2.15) we obtain   
(2.17) 

1

1 1

( , ) ( , ) { ( , )

( , ) ( , )( )

( )( , ) ( , )( )

( )( , ) }

{ ( , ) ( ) ( , ) ( ) },

n
s

W
m

s s
W X

s s
X Y

s
Y

m n
s s

i i i i
i m

R X Y Z R X Y Z D X Y A Y

D Y Z A X D Y Z W

D Y Z W D X Z W

D X Z W

D Y Z V X N D X Z V Y N

(2.18) 

1 1

( , ) { ( , )

( , ) ( , )

( ) ( ) ( ) ( )

( )( , ) ( )( , )

( ) ( )

( )( , ) ( )( , )},

i i

m n
s

i m

s s
W W

i i i i

Y X

i N i N

L L
X Y

R X Y W R X Y W

D Y A X W D X A Y W

V Y X W V X Y W

A W X A W Y

V X A Y V Y A X

D Y W D X W

 

(2.19) 

1 , 1

( , ) { ( , )

( ) ( ) ( ) ( )

( ) ( )

( )( , ) ( )( , )

( )( , ) ( )( , )

( , ) ( , )
i i

m n
L

i i
i m

i i i i i i

i W i W

Y i X i

s s
X i Y i

s s
N N

R X Y N R X Y N

Y V X N X V Y N

Y A X Y A X

A N X A N Y

D Y N D X N

D Y A X D X A Y

 

for any , , ( ),X Y Z TM
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, ( ( ))W W S TM

 
and 

( ( )).iN ltr TM

 
Consider the Riemannian 

curvature of type (0,4) of 

 
and by using 

(2.17)-(2.19) and the definition of curvature 
tensor, we derive the following structure 
equations : 
(2.20) 

1 1

( , , , ) { ( ( , ) , )

( ) ( , ) ( ) ( , )},

m n

i i
i m

s s
i i

R X Y Z N g R X Y Z N

Y D X Z X D Y Z

 

(2.21) 

1 1

( , , , ) { (( )( , )

( )( , ), ) ( ) ( , )

( ) ( , )},
i

i

m n

i Y
i m

X i i N i

i N i

R X Y W N g A W X

A W Y N V Y g A X N

V X g A Y N

 

(2.22) 

' '

1 1

' '

'

( , , , ) { (( )( , )

( )( , ), ) ( ) ( )

( ) ( )}.

m n

i i X i
i m

Y i i i i

i i

R X Y N N g A N X

A N Y N X Y

Y X

 

Theorem 2.3 Let M be lightlike isotropic 
submanifold of an (2m+n)-dimensional semi-
Riemannian manifold of constant curvature 

( ( ), ),M c g and of codimension (m+n). Then 

the curvature tensor of M and ( )M c related 
to the following equations : 
(2.23) 

1 1

( , ) { ( , )

( , ) ( , ) ( )

( , ) ( ) ( , )( )

( , )( ) ( )( , )

( )( , ) },

m n
s

W
i m

s s
W i i

s s
i i Y

s s
X Y

s
X

R X Y Z D Y Z A X

D X Z A Y D X Z V Y N

D Y Z V X N D X Z W

D Y Z W D X Z W

D Y Z W

 

(2.24) 

1 1

( , ) { ( , )

( , ) ( ) ( )

( ) ( ) ( )( , )

( )( , ) ( )

( ) ( )( , )

( )( , )},

i

i

m n
s s

W
i m

s
W i i

i i X

Y i N

L
i N Y

L
X

R X Y W D X A Y W

D Y A X W V X Y W

V Y X W A W Y

A W X V Y A X

V X A Y D X W

D Y W

 

(2.25) 

1 , 1

( , ) { ( ) ( )

( ) ( ) ( ) ( )

( )( , ) ( )( , ) ( , )

( , )} ( )( , ) ( )( , )
i

i

m n
L

i i i i
i m

i i i i W i W

s
X i Y i N

s s s
N Y i X i

R X Y N X V Y N

Y V X N Y A X X A Y

A N Y A N X D X A Y

D Y A X D X N D Y N

 

Proof. By using the definition of constant 
curvature ( )M c and (2.17), (2.18) and (2.19) 
we obtain (2.23), (2.24) and (2.25). 
Definition 2.4. A lightlike isotropic 
submanifold (M,g) of a semi-Riemannian 

manifold ( , )M g

 

is said to be totally 

umbilical in M

 

if there is a smooth vector 

field sH such as 
(2.26) 

( , ) ( , ), , ( ).s sh X Y H g X Y X Y TM

 

Corollary 2.5. Lightlike isotropic 

submanifold of ( , )M g

 

is  totally geodesic if 
M is totally umbilical , i.e., 

( , ) 0, , ( ).sh X Y X Y TM

 

Then we have 
Theorem 2.6. Let ( , )M g

 

be a isotropic 

submanifold of ( , )M g

 

of codimension 

(m+n) if M is totally umbilical in M then  
(2.27) 

( , ) ( , ) , , , ( ).R X Y Z R X Y Z X Y Z TM
Proof. By using (2.17) and Corollary 2.3 we 
get (2.27). 
Corollary 2.7.  Under the hypothesis of 
theorem we have    
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(2.28) 

( , ) ( , ) ( )( , )

( )( , ),

s
Y

X

R X Y W R X Y W A W X

A W Y

 

(2.29)  

( , ) ( )( , ) ( )( , ).i Y i X iR X Y N A N X A N Y
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