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1. Introduction

The theory of submanifolds of a Riemannian
or semi-Riemannian manifold is one of the
most important topics in differential
geometry. It is well known that the primary
difference between theory of lightlike
submanifold and semi-Riemannian
submanifold arises due to the fact that in the
first case, a part of the normal vector bundle

TM* lies in the tangent bundle TM of the
submanifold M of M, whereas in the

second case TMATM* ={0}. In 1992,
Dugga and Bejancu [3] introduced a half
lightlike submanifold M, of codimension 2
and found geometric conditions for the
induced connection on M to be metric
connection. In 2004, Erol Kili¢ and Bayram
Sahin [5] studied coisotropic submanifold of
a semi-Riemannian manifold. In this study
they investigated the integrability condition
of the screen distribution and gave a
necessary and sufficient condition on Ricci
tensor of a coisotropic submanifold to be
symmetric.

In the present paper, we have proved that the
connection induced from semi-Riemannian
manifold of codimension (m+n) on lightlike
isotropic submanifold is metric. Besides we
obtain the structure equations of lightlike
isotropic submanifold and proved the
theorem on M in semi-Riemannian manifold
of constant curvature, of codimension (m-+n).

2. Preliminaries

Let (M,§) be a rea (2nm+n)-dimensiona
semi-Riemannian manifold of constant index
gsuchas m>11<qg<2m,and M be an m-

dimensiona submanifold of M . In case §
is degenerate on the tangent bundle TM of M.
We say that M is a lightlike submanifold of
M [2]. Throughout this paper we denote the
algebra of smooth function on M by F(M)
and the F(M) module of smooth section of a
vector bundle E over M by I'(E). The
following range of induced is used :
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i,j,ke{l..rjand a, B,y e{r+1..,n}.
For a degenerate tensor field g on M, there
exists a locally vector field & eI'(TM),

E#0 such as g(X,£)=0 for any
X el'(TM). Then each tangent space
T.M we have

TM"={ueTM| §(uv)=0vweTM |
which is degenerate (m+1)-dimensiona
subspace of T,M. The radical (null)
subspace of T.M , denoted by RadT,M , is
defined by

TM"={& eTM| §(£.X,)=0 VX, eTM/.
The dimension of RadT M depends on

x € M. The submanifold M of M is said to be
r-lightlike submanifold if the mapping
RadTM : xeM — RadT,M

define a smooth distribution on M of rank

r>0, where RadTM is caled the radica

(null) distribution on M [2]. In this paper, we

study lightlike isotropic submanifold where
RadTM ={0} and 1<r <m.

Therefore, S(TM ) ={ 0} . Thus we can write
2.2)
TI\7I|M =TM ®@tr(TM) = (TM ®Itr (TM) L S(TM4).
According to the decomposition (2.1), we
choose the field of frames {&,...,&,} and
{N,,..N_,\W_.,..W} on M and M,

respectively.
Example 2.1 Suppose that (M,g) be a
surface of R, given by equations
x® =cosx, x* =sinx, X° = X°.
We choose a set of vectors {&,,&,,U;,U,}
given by
£ =0,+04, & =0,—sinX'0, +cosx'd,,
U =-Sinx'0,+0,, U, =COSX0,+0,
o tha  RadTM =TM =p{&, &)},
TM* =sp{&,u,,U,}. Therefore M is an
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isotropic lightlike submanifold. Construct
two null vectors

N, =%{-0,+0.} and

N, =4{-0, —sinx'0, +cosxd,}
such as g(N;,&)=0; for i,je{l, 2 and
ltr(TM) =sp={N,,N,}.
Let W =cosx0,+sinx'0, be a spacelike
vector such that S(TM™*) =sp{W} . Thus
{&,5,N,N,,W}isabasisof R,° along M.
From (2.1), there exist &,W, e TM* such
that §(&,u) =0, gWw,,w,) =0, vu eTM™.
Above relation implies that & TM and

hence & € RadT,M . Thus, localy there
exists alightlike vector fieldson M, it isaso
denoted by & such as

g(&,X)=§(&,Y)=0,¥X e[(TM),VY e[(TM*)
Consequently, the mrdimensional radical
distribution RadTM of lightlike isotropic

submanifld M of M is locally spanned by
& . We choose such a non-degenerate

distribution on the screen transversal vector
bundle S(TM™*)of M. Thus we have the
following orthogonal direct decomposition
(2.2

TM* = Rad(TM) L S(TM™).
Thus we choose W, as a unit vector field and
put G(W,,W,) =& where & =F1.
Theorem 2.2 Let (M,g,S(TM)) be an

isotropic submanifold of (M , §). Suppose
that U be a coordinate neighborhood of M
and {&,...,&,} be abasis of F(I'Mlu) . Then

there exist smooth {N,,..,N,} of TM,,
suchthat g(N;,¢;) =¢; and
g(Ni'Nj):O!G(Ni'Wa)zoy
forany i, je{,...m,a e{m+1,...,n} and
W, e T(S(TM ™)) . Supposethat V bethe

Levi-Civita connection on M . Accordi ng to
(2.1) we have
(2.3)

V.Y =V, Y +h(X,Y),

(2.9)

VA N=-AX+V5,N+V" N,
(2.5)

VW =-AX+V W+V- W
for any X,YeI(TM), NeI(Iltr(TM))
and W eI (S(TMH)) where
{V,.Y,A X, A X} and
{h*(X,Y),V*,N,V° W, V" N,V- W}
belong to T'(TM) and T(tr(TM))
respectively. Here V is the metric

connection on M but V and V* are linear
connections on M and tr(TM) respectively.
Besides, we define the F(M)-bilinear
mappings

(2.6)

V5Tt (TM)) - T(Itr (TM)); V, S (LV) = D S (LV),
2.7)

V,ED(S(TM ) = T(S(TM 1))V, (SV) = D, *(SV),
(2.8)

D" :[(TM)x[(S(TM*)) = [(Itr (TM))
D"(X,8V) = D", (sV),

and

(2.9

D*: T(TM)x I (Itr (TM)) - T(S(TM 1))
D*(X,LV) =D (LV)

for any xeI'(TM),V eI'(tr(TM)). Since
{&,N;} ae localy lightlike sections on
UcM, we define symmetric F(M)-

bilinear form D® and 1-forms p,; 7,0,
andV, onU by
D*(X.Y) =¢,4(h*(X,Y),W,),
Py (X)=8(Vx"N,. &),
7, = £,9(D°(X,N)),W,),
0.5 = £5(V2W, . Wy)

ia?

125



C.B.U. Fen Bil. Dergis (2006)123 128, 2006 /Erol YASAR

and
V, =g(D"(X,W,),&)
forany X,Y eI'(TM). It follows that
h*(X,Y)=D*(X,Y)W,,
v><LNi = Rj(X)Nj!
D*(X,N)=7,W,,
VaEW, =0,,W,
D" (X,W,)=V,,N.,.
Hence (2.3), (2.4) and (2.5) become
(2.10)

VY=V, Y+ > D (X, Y)W,,
a=m+l

(2.12)

VN, =—AQEX+§RJ.(X)NJ.+ z 7., (X)W,
j=1 a=m+1

(2.12)

6><\Nm =—ANdX+r§1Vm(X)Ni + i ea/f(x)wa
i=1 p=m+1

for any X,YeI'(TM). We cal D°® the

screen second fundamental form of M with

respect to tr(TM). Both ANi and ANa are

linear operators on I'(TM). We will see by

(2.15) that the first one is RadTM-valued,
caled the shape operations of M. Since &

and &, are lightlike vector fields, from
(2.10)-(2.12) we obtain

(2.13)

D*(X,£)=0,
(2.14)

D"(X,&)=0,
(2.15)

a(Ay X, &) = G(Ay, X, 5)-

Further, taking in to account that V is a
metric connection and by using (2.10) we
obtain

0=V, 3)(Y.2)
=X(AY,2)-oV,Y.2-§Y,V, 2
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= X(9(Y,2))-9(V«Y,2)-g(Y,VyZ)

= D% (X,Y)gW,.2)

a=m+1

3 D°,(X,2)g(W,.Y)

a=m+1
=(Vx9)(Y.2)
for any X,Y,ZeT'(TM). Denote by R

and R the curvature tensor of V and V
respectively. Then by straightforward
calculation and using (2.10), (2.11), (2.12),
(2.13), (2.14) and (2.15) we obtain

(2.17)

R(X,Y)Z =R(X,Y)Z + Z {D*(X,Y)A, Y-

D*(Y,Z)A, X + DS(Y,Z):(VXWu) +
(V, D°)(Y,Z)W, — D3(X, Z)(V,\W, ) +
(VyD*)(X,Z)W,} +

33 (DAY, 2V, (X)N, - D*(X, Z)V,, (V)N]},

i=l a=m+l

(2.18)
R(X, Y)W, = i Z {R(X, Y)W, +

i1 f=mt
D(Y, Ay, X)W, — DS(X1ANKY)W0, +
V Y)z, (X)W/; -V (X)7, (Y)W/; +
(Vi AW, X) = (Vi AW,,Y) +
Vi (X)AY -V, (V) A, X +
(VxDO)(Y,W,) = (Vy D")(X,W,)},
(2.19)

m n

ROGYIN =D > {RY(X,Y)N, +

i=1 o, f=m+l
T (Y, (XIN; =7, (X)V,; (VIN; -
T, (Y)ANaX +7, (Y)ANaX +
(Vi AN, X) = (VAN Y) +
(Vi DY, N;) = (Vy,D)(X,N)) +
D(Y, A, X)-D*(X,AY)
forany X,Y,ZeI'(TM),
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W, , W, e T(S(TM ) and
N, e ['(Itr(TM)). Consider the Riemannian
curvature of type (0,4) of V and by using
(2.17)-(2.19) and the definition of curvature
tensor, we derive the following structure

equations :
(2.20)

ROXY.ZN)=D D {GRXVZN)
i=1 p=m+1

+£,7,(Y)D*(X,2) - £,7,,(X)D*(Y, 2)},

(2.21)
RXY W, N)=>" > (V. AW, X)—

i=L ol
(VAW Y),N)-V, )aA, X N)-
V,(98(A, YN},
(2.22)
ROGY.NGN) =Y S {8((V AN, X) -
i=1 p=m+l

(Vy AN, Y),N) +&,7,,(X)e,7,(Y) -
garlia (Y)e, 7, (X)}.

Theorem 2.3 Let M be lightlike isotropic
submanifold of an (2m+n)-dimensional semi-
Riemannian manifold of constant curvature

(M (c), §), and of codimension (m+n). Then

the curvature tensor of M and M (C) related

to the following equations :
(2.23)

R(X,Y)Z = Em: Z {D(Y,2)A, X -

i=1 a=m+1

D*(X,Z)A, Y +D*(X,Z)V,, ()N, -
DY, Z)V,, (XON; + D*(X, Z)(V\W,) -
DS(Y,Z)(V,W,) +(V, D*)(X, Z)W, -

(Vi D)(Y,Z)W,},
(2.24)

R(X,Y)W, :i Z {D(X, A, Y)W, -

i1 f=m
D(Y, ANﬂ XW, +V; (X)7,, (Y)W, —
Vi ()7, (X)W, + (Vi AW, Y) -
(Vi AW,, X)+V, (V) A X -
V, (X)AY + (7, DV)(X,W,) —

(V, DV W)}
(2.25)

ROGON =Y S {2, (XOV, (N, -

7., (Y)V, (X)N, +ziii (Y)AN” X —ria(X)AN“YJr

(Vi AN, Y) = (Vy AN, X) + D (X, A Y) -

D(Y, Ay X)}+(VyD)(X,N;) = (Vi D°)(Y,N))
Proof. By Nusing the definition of constant
curvature M (c) and (2.17), (2.18) and (2.19)

we obtain (2.23), (2.24) and (2.25).
Definition  2.4. A lightlike isotropic
submanifold (M,g) of a semi-Riemannian

manifold (M,§) is sad to be totaly

umbilical in M if there is a smooth vector

field H®such as
(2.26)

h*(X,Y)=H*§(X,Y),vX,Y e (TM).
Corollary 2.5. Lightlike  isotropic
submanifold of (M, §) is totally geodesic if
M istotally umbilical , i.e.,

h*(X,Y)=0,vX,Y e(TM).

Then we have
Theorem 2.6. Let (M,g) be a isotropic
submanifold of (M,§) of codimension
(n+n) if M istotally umbilical in M then
(2.27)

R(X,Y)Z=R(X,Y)Z,¥X,Y,Z eT(TM).
Proof. By using (2.17) and Corollary 2.3 we
get (2.27).
Corollary 2.7. Under the hypothesis of
theorem we have
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(2.28)
ROX, Y)W, = R (X, Y)W, +(V, AW, X)
- (VX A)(Vvﬂ 1Y)’
(2.29)

ROGYIN, = (V, A)(N,, X) = (Y A(N,.Y).
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