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  ARTICLE INFO  ABSTRACT 

 This paper presents a novel scheme for solving inverse kinematics problem (IKP) of a multi-link 

robotic manipulator. Important features of the proposed strategy are generality and simplicity 

regardless of the number of degrees of freedom (DOF) and geometry of the robot. The proposed 

method is a feedback strategy where the IKP solution is expressed as a dynamic control system 

whose goal is to maintain satisfactory trajectory tracking. As a simulation test to reveal the 

performance of proposed scheme, a four DOF Selective Compliance Assembly Robot Arm 

(SCARA) system is considered. Feedback law in proposed closed-loop solution method is 

selected as a combination of Sliding Mode Control (SMC) and Proportional-Derivative (PD) 

control for providing simplicity and robustness. Simulation results are used to show the efficacy 

of proposed IKP solution approach in comparison with commonly used neural networks (NN) 

based IKP solution method. Results reveal that proposed method yields the solution of IKP with 

satisfactory performance. 
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1. Introduction 

Although different methods have been introduced to 

solve the IKP, still there are some weak points in these 

methods [1-3]. In recent years, many computational 

intelligence methods including NN based methods have 

been proposed and applied successfully for solving IKP 

faster than numerical methods [4-6]. Especially NN 

methods have been extensively preferred by researchers 

to solve the IKP [6-10]. Ability of fuzzy logic in 

modeling complex systems by generating rules based on 

human experiences motivated many researchers to use 

fuzzy logic with NN to reduce computation time required 

in training stage [11]. The methods mentioned above 

suffer from long computational time, complex 

computations and sensitivity to initial values. 

A novel approach for the solution of the IKP is 

proposed in this study with a feedback structure in nature. 

In this approach, a feedback control system is considered 

where the set point is designated as the desired end-

effector trajectory and the controlled variables are the 

joint trajectories. The solution of the IKP is achieved 

using a robust strategy based on PD and SMC.  

 

2. Proposed Inverse Kinematics Solution  

In this section, a novel method for solving IKP of the 

multi-link robotic arm based on SMC is presented. 

Drawbacks and disadvantages of important schemes such 

as NN and Jacobian based methods have been eliminated.  

Huge training dataset, and singularity are main drawbacks 

of NN and Jacobian based methods, respectively. The 

proposed method is a feedback strategy and for a known 

end effector position and orientation, a hybrid controller 

combining SMC with PD is proposed to minimize the error 

between desired and actual trajectories. 

 Important advantages of proposed method are: 

• It is an on-line algorithm, which means it can be applied 

in real time. 

• The solution is given in position level while most other 

methods are based on velocity and acceleration 
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trajectories, which may be not be accurate due to 

measurement noise.  

• Singularity problem is solved because proposed solution 

avoids determining inverse of Jacobian matrix. 

SCARA robotic manipulator is used in simulations to 

demonstrate the effectiveness and generality of the 

proposed method. 

 

2.1 Kinematic Analysis of SCARA Robot 

The SCARA robotic manipulator is one of the most 

important and well-known robotic manipulators used 

successfully in many industrial applications such as 

packaging, cell manufacturing lines assembly, pick-and-

place and so on. Figures 1 and 2 show the diagram of a 4-

DOF SCARA robot in three dimensional (3D) and two 

dimensional (2D) views, respectively. In forward 

kinematics the end effector of robot arm motion with 

respect to the global coordinate system is studied. The 

origin of the global frame is located at the base of the robot 

arm as shown in Figure 3. Homogeneous transformation 

known as Denavit–Hartenberg (DH) notation is used to 

describe the forward kinematics of robot arm based on four 

parameters of each link as follows: 

 

𝐴𝑖 = 𝑅𝑜𝑡(𝑧, 𝜃𝑖)𝑇𝑟𝑎𝑛𝑠(0,0, 𝑑𝑖)𝑇𝑟𝑎𝑛𝑠(𝑎𝑖 , 0,0)𝑅𝑜𝑡(𝑥, 𝛼𝑖)  =

[

cos 𝜃𝑖 − sin 𝜃𝑖 cos 𝛼𝑖    sin 𝜃𝑖 sin 𝛼𝑖     𝑎𝑖cos 𝜃𝑖

sin 𝜃𝑖 − cos 𝜃𝑖 cos 𝛼𝑖 −cos 𝜃𝑖 sin 𝛼𝑖  𝑎𝑖 sin 𝜃𝑖

0
0

sin 𝛼𝑖

0

cos 𝛼𝑖

0
             𝑑𝑖

            1

]     (1) 

 

where 𝜃𝑖 represent joint angles from the 𝑋𝑖−1 axis to the 

𝑋𝑖 about the 𝑍𝑖−1, 𝑑𝑖 refer to the distance between origin 

of the ith coordinate frame to the intersection of the 𝑍𝑖−1 

axis along the 𝑍𝑖−1  axis, 𝑎𝑖  represent the distance form 

intersection of the 𝑍𝑖−1 axis with the 𝑋𝑖 axis to the origin 

of the ith frame along the 𝑋𝑖  axis, and 𝛼𝑖  are the angles 

from the 𝑍𝑖−1 axis to the  𝑍𝑖  axis about the 𝑋𝑖  [12]. DH 

parameters of the SCARA robot are shown in Table 1. 

 

Table 1. DH parameters of SCARA robot  

i 𝒒𝒊 𝒅𝒊 𝒂𝒊 𝜶𝒊 

1 𝑞1 𝐿12 𝐿11 0 

2 𝑞2 0 𝐿2 0 

3 0 𝑑3 0 𝜋 

4 𝑞4 𝐿4 0 0 

 

𝐴𝑒𝑛𝑑−𝑒𝑓𝑓𝑒𝑐𝑡𝑜𝑟 = 𝐴1. 𝐴2. 𝐴3. 𝐴4 = [

𝑛𝑥 𝑠𝑥 𝑎𝑥 𝑝𝑥

𝑛𝑦 𝑠𝑦
𝑎𝑦 𝑝𝑦

𝑛𝑧

0
𝑠𝑧

0
𝑎𝑧

0
𝑝𝑧

1

] (2) 

 

Figure 1. 3D view of the SCARA system 

 

 

𝐴1 = [

cos 𝜃1 − sin 𝜃1           0        𝐿11cos 𝜃1

sin 𝜃1 − cos 𝜃1            0        𝐿11 sin 𝜃1

0
0

0
0

1
0

     
𝐿12

 1

] (3) 

 

𝐴2 = [

cos 𝜃2 − sin 𝜃2           0        𝐿2cos 𝜃2

sin 𝜃2 cos 𝜃2            0        𝐿2 sin 𝜃2

0
0

0
0

1
0

          
0
 1

] (4)  

 

𝐴3 = [

1 0 0 0
0 −1 0 0
0
0

0
0

−1
0

𝑑3

1

], (5)  

 

𝐴4 = [

cos 𝜃4 − sin 𝜃4  0        0
sin 𝜃2 cos 𝜃2  0        0

0
0

0
0

   
1
0

      
𝐿2

 1

],      (6)  

 

𝐴𝑒𝑛𝑑−𝑒𝑓𝑓𝑒𝑐𝑡𝑜𝑟=  

[

cos 𝜃124 sin 𝜃124   0        𝐿2cos 𝜃12 + 𝐿11cos 𝜃1

sin 𝜃124 − cos 𝜃124  0        𝐿2sin 𝜃12 + 𝐿11sin 𝜃1

0
0

0
0

   
−1
  0

      
𝐿12 + 𝑑3 − 𝐿4                   

1

] (7) 

 

where a short notation for trigonometric functions is used 

in (7) such as: cos 𝜃𝑖𝑗𝑘  stands for  cos(𝜃𝑖 + 𝜃𝑗 − 𝜃𝑘), and 

cos 𝜃𝑖𝑗  stands for  cos(𝜃𝑖 + 𝜃𝑗) , etc. The end effector 

orientation can be described based on of the roll-pitch-

yaw (RPY) rotations [12, 13]. The rotational angles 

around the X, Y, and Z axes are: 

 

𝑅𝑃𝑌(𝜑𝑥, 𝜑𝑦 , 𝜑𝑧) = 𝑅𝑜𝑡(𝑍0, 𝜑𝑧)𝑅𝑜𝑡(𝑌0, 𝜑𝑦)𝑅𝑜𝑡(𝑋0, 𝜑𝑥)  

= [

𝐶𝜑𝑦
𝐶𝜑𝑧

𝑆𝜑𝑥
𝑆𝜑𝑦

𝐶𝜑𝑧
− 𝐶𝜑𝑥

𝑆𝜑𝑧
𝐶𝜑𝑥

𝑆𝜑𝑦
𝐶𝜑𝑧

− 𝑆𝜑𝑥
𝑆𝜑𝑧

𝐶𝜑𝑦
𝑆𝜑𝑧

𝑆𝜑𝑥
𝑆𝜑𝑦

𝐶𝜑𝑧
− 𝐶𝜑𝑥

𝐶𝜑𝑧
𝐶𝜑𝑥

𝑆𝜑𝑦
𝑆𝜑𝑧

− 𝑆𝜑𝑥
𝐶𝜑𝑧

−𝑆𝜑𝑦
𝑆𝜑𝑥

𝐶𝜑𝑦
𝐶𝜑𝑥

𝐶𝜑𝑦

]    (8)  
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Figure 2. 2D diagram of the SCARA system  

 
Figure 3. Frame assignment of SCARA system

These angles can be obtained by comparing (7) with the 

expression in (8). 

 

𝜑𝑥 = 0,  (9) 

𝜑𝑦 = 𝜋,  (10) 

𝜑𝑧 = 𝜃124.  (11) 

 

The forward kinematic of SCARA robot arm can be 

expressed as: 

 

(𝑋, 𝑌, 𝑍, 𝜑𝑧) = 𝐹𝐹𝑘(𝜃1, 𝜃2, 𝑑3, 𝜃4),  (12) 

 

and the inverse kinematic for SCARA robot arm is: 

 

(𝜃1, 𝜃2, 𝑑3, 𝜃4) = 𝐹𝐼𝑘 (𝑋, 𝑌, 𝑍, 𝜑𝑧).   (13)  

 

2.2 Proposed Robust IKP Solution 

The proposed technique for solving the IKP based on 

feedback theory with SMC by restating the IKP as a 

dynamic control problem is shown in Figure 4. The 

proposed method uses the desired Cartesian space 

trajectory as reference, and the control goal is to find a 

joint trajectory that can track the desired one. Desired 

input is the variables in Cartesian space 𝑥𝑑 = [𝑋 𝑌 𝑍 𝜑𝑧] 

while the output is the variables in joint space 𝜃 =

[𝜃1 𝜃2 𝑑3 𝜃4] . The proposed method overcomes the 

drawbacks of previous methods that have been suggested 

to solve the IKP like complex computations, singularity 

problem and long time required in iteration methods as 

discussed above. The proposed control law for this 

tracking problem is: 
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𝑢 = 𝑢𝑃𝐷 + 𝑢𝑠𝑚𝑐,    (14) 

𝑢𝑃𝐷 = 𝑘𝑝 𝑒(𝑡) + 𝑘𝑑�̇�(𝑡),    (15) 

𝑢𝑠𝑚𝑐 = 𝐻𝑠𝑎𝑡(𝑠, ∅),     (16) 

𝑒(𝑡) = 𝑥𝑑(𝑡) − 𝑥(𝑡),     (17) 

�̇�(𝑡) = �̇�𝑑(𝑡) − �̇�(𝑡),    (18) 

𝑠(𝑡) = 𝛽𝑒(𝑡) + �̇�(𝑡), (19) 

 

where 𝑒(𝑡) represents the difference between the current 

and the desired Cartesian coordinates. Using saturation 

function for switching as given in (16) is a well-

established technique in literature [14-16]. Here we 

propose combination of this technique with the 

conventionally used PD type sliding surface given in (15) 

[17, 18].   

 

Remark: The control law depends only on the error 

signal, its derivative, and the sliding surface. As a 

consequence, proposed technique is applicable to all 

kinds of robotic manipulators. 

 

Figure 4. Block diagram of proposed robust IK solution 

 

3. Simulation Tests 

The performance of proposed method that is based on 

PD control with SMC for solving IKP is discussed in this 

section. In order to demonstrate effectiveness of the 

proposed IK solution scheme, computer simulation is 

used for solving IKP of SCARA robot. Performance of 

proposed method is compared with NN method, which 

has been used widely in solving IKP in recent years. 

Since the NN methods are offline, at first they must be 

trained to learn the map between variables in joint space 

and variables in Cartesian space. The values of DH 

parameters used in this simulation are as follows: 𝐿11 =

1, 𝐿12 = 0.1, 𝐿2 = 1, and 𝐿4 = 1. The gain parameters of 

proposed controller are 𝑘𝑝 = 𝐻 = 500𝐼4 , 𝑘𝑑 = 10𝐼4 ,  

∅ = 0.01. The following desired trajectory is used in this 

simulation:   

 

𝑥𝑑(𝑡) = cos (
𝜋

3
+ 0.1sin (7𝑡)) + cos (

𝜋

2
+ 0.1 sin(7𝑡) +

0.1cos (𝑡))  (20) 

𝑦𝑑(𝑡) = sin (
𝜋

3
+ 0.1sin (7𝑡)) + sin (

𝜋

2
+ 0.1 sin(7𝑡) +

0.1cos (𝑡))    (21) 

𝑧𝑑(𝑡) = 1 + 0.1𝑡.      (22) 

 

Note that the tracking control is applied for a maximum 

simulation time of 10 seconds, which limits the motion 

along Z direction between 1 and 2. For practical 

implementation and longer simulation times, the 

reference trajectory in Z direction should be limited. 

Figure 5 shows the desired path of end effector in 

Cartesian space. Integral of the absolute value of the error 

(𝐼𝐴𝐸) is used for comparison: 

 

𝐼𝐴𝐸 = ∫ |𝑒(𝑡)|𝑑𝑡
𝑡𝑓

0
.                   (23) 

 

Therefore the error along X, Y and Z axes can be 

determined as follows: 

 

𝐸𝑟𝑟𝑥 = ∫ |𝑒𝑥(𝑡)|𝑑𝑡
𝑡𝑓

0
= ∫ |𝑥(𝑡) − 𝑥𝑑(𝑡)|𝑑𝑡

𝑡𝑓

0
  (24) 

𝐸𝑟𝑟𝑦 = ∫ |𝑒𝑦(𝑡)|𝑑𝑡
𝑡𝑓

0
= ∫ |𝑦(𝑡) − 𝑦𝑑(𝑡)|𝑑𝑡

𝑡𝑓

0
  (25) 

𝐸𝑟𝑟𝑧 = ∫ |𝑒𝑧(𝑡)|𝑑𝑡
𝑡𝑓

0
= ∫ |𝑧(𝑡) − 𝑧𝑑(𝑡)|𝑑𝑡

𝑡𝑓

0
.  (26) 

 

Roll angle which represents orientation of the end 

effector is shown in Figure 6 and Cartesian space errors 

along the X, Y and Z axes are shown in Figure 7.  As 

expected because the trajectory along Z axis is based only 

on 𝑑3, the NN can easily approximate this relation therefore 

neural network method and also the proposed control 

method have very small error value in this axis.  These 

results indicate clearly high accuracy of proposed method. 

Moreover, proposed method is an on-line method. 

Performance indices listed in Table 2 indicate superiority of 

proposed method, where the 𝐼𝐴𝐸 values are very small for 

X and Y directions, and almost equal to zero in Z direction. 

Therefore, the actual Cartesian path is very close to desired 

Cartesian path with very small cumulative error. 

+ 
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Figure 5. Desired trajectory in Cartesian space  

 

 

 
Figure 6. Variation of roll angle versus time 

 

Figure 7. Variation of roll angle along Cartesian axes 

 

 

Table 2. Performance index 𝐼𝐴𝐸 values for three Cartesian axes 

 Proposed NN 

𝐸𝑟𝑟𝑥 0.0014 0.0097 

𝐸𝑟𝑟𝑦 0.0020 0.0048 

𝐸𝑟𝑟𝑧 ~0 ~0 

 

 

4. Conclusion 

In this paper, a novel IKP solution method for multi-

link robotic manipulators based on a feedback control 

strategy is proposed. The method relies on tracking 

control with a desired trajectory that represents the 

desired end-effector angle variation. Proposed method is 

independent from the degrees of freedom of the 

manipulator and it is applicable to all kinds of robotic 

manipulators. A robust scheme that combines PD and 

SMC is used in the feedback control law. Performance of 

the method in solving IKP of a SCARA system is 

illustrated via simulation test results in comparison with 

the common NN based IKP solution approach. Results 

prove applicability of proposed method with satisfactory 

performance. 
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