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Abstract:  In this paper, the space-like surface with space-like directional vector and the ruled surfaces 
generated by Frenet vectors of the base curve of this surface have been investigated in the Minkowski space 

3

1IR . As a first step, it is obtained the distribution parameters, the main curvatures and the Gaussian 

curvatures of these surfaces. Some new results and theorems have been given related to be developable and 

minimal of these surfaces. Moreover, some new relationships among geodesic curvature, normal curvature 

and geodesic torsion of the base curve of the space-like ruled surface with space-like directional vector have 

been found. 
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1IR  UZAYINDA BİR EĞRİNİN FRENET VEKTÖRLERİ İLE 

OLUŞTURULAN REGLE YÜZEYLER 

Özet: Bu çalışmada, 
3

1IR  Minkowski uzayında space-like doğrultman vektörlü space-like yüzey ile bu 

yüzeyin dayanak eğrisinin Frenet vektörleri ile oluşturulan regle yüzeyler incelendi. İlk olarak bu yüzeylerin 

dağılma parametreleri, ortalama eğrilikleri ve Gauss eğrilikleri hesaplandı. Bu yüzeylerin açılabilir ve 

minimal olmaları ile ilgili bazı yeni teoremler ve sonuçlar verildi. Ayrıca space-like doğrultman vektörlü 

space-like regle yüzeyin dayanak eğrisinin geodezik eğriliği, normal eğriliği ve geodezik torsiyonu arasında 

bazı yeni bağıntılar elde edildi. 

 

Anahtar kelimeler: Space-like regle yüzey, dağılma parametresi, ortalama eğrilik, Gauss eğriliği. 
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1.  Introduction 

The ruled surfaces have been a powerful 

subject in the Minkowski space 
3

1IR  for line 

geometry for a long time. In literature, 
Kobayashi [1] was the first author to address 
this problem and examined minimal space like 

ruled surfaces in the Minkowski 
3

1IR . Then, 

recently, Woestijne [2], Kim and Yoon [3] 
have classified the Lorentz surfaces. In 
addition to Refs.[1-3], for understanding the 
space kinematics and mechanism, Refs.[4-6]  

and references quoted therein are advised for 
the readers’ interest in this field. 

 In this paper, the ruled surfaces 

generated by Frenet vectors  bnt


,,  of the 

base curve of space-like ruled surface with 
space-like directional vector have been 
studied and some new theorems and results 
related to the distribution parameters, the 
mean curvatures and the Gaussian curvatures 
of these surfaces have been obtained.  

 

2. Preliminaries 

Let 
3

1IR  be the Minkowski 3-space with the 

scalar product given by 

332211, yxyxyxYX 


 

where  321 ,, xxxX 


,  321 ,, yyyY 


 

3IR . If X


 and Y


 are perpendicular in 

Lorentzian space, then 0, YX


. The norm 

of 
3

1IRX 


 is defined by XXX


, . 

A vector 
3

1of IRX


 is said to be space-like if 

0, XX


 or 0


X , time-like if 

0, XX


 and light-like(null) if 

0, XX


 and 0


X  [7]. The cross 

product of X


 and Y


 is defined 

by

 122113313223 ,, yxyxyxyxyxyxYX 


 

[8]. 

Let us consider a regular curve 
3

1: IRI 


. 

For all IRIs  ,  s


 is the tangent 

vector to the curve   at point  s .  

i) If     0, ss    then 


 is a 

space-like curve, 

ii) If     0, ss    then 


 is a 

time-like curve, 

iii) If     0, ss    then 


 is a 

null curve [7]. 

A surface in 
3

1IR  is called a space-

like surface if the induced metric on the 

surface is a positive definite Riemannian 
metric [9]. A normal vector on the space-like 

surface is a time-like vector [10]. Let )(s


 be 

a unit speed space-like curve in 
3

1IR  with 

)(s , )(s  the natural curvature and torsion 

of 


 respectively. Let us consider the Frenet 

frame  bnt


,,  of the space-like curve )(s


 

such that )(st


 is space-like the unit tangent 

vector, )(sn


 is time-like the unit principal 

normal vector and )(sb


 is space-like the unit 

binormal vector. So scalar product and cross 

product of the vectors t


, n


  and b


is given 

by  

(2.1) 1,,,  bbnntt


,  

0,,,  bnbtnt


, 

(2.2)     bnt


 , tbn


 , ntb


 . 

 
Frenet formulas are given by  
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(2.3) nst
 )( , bstsn

 )()(   ,

 nsb


)( , [2]. 

Let  s


  be a curve in 
3

1IR  and 

)(sZZ


  be a transversal vector field along 

 . We have a parametrization for a ruled 

surface M in 
3

1IR  

(2.4) )()(),( sZvsvs


 , IRIvs , , 

where the curve  s


  is called the base 

curve and )(sZZ


  is called the rulings. The 

distribution parameter, the mean curvature 
and the Gaussian curvature of the ruled 

surface ),( vs  is given by 

(2.5)    
 

2

,,det

Z

ZZ






   , 

        

(2.6)   













2

2

2

1

FEG

FMENGL
H   

and 

(2.7)    
2

2

FEG

MLN
K




 ,  

      
respectively [7]. The foot on the main ruling 
of the common perpendicular of two 
constructive rulings in the ruled surface is 
called a central point. The locus of the central 
point is called striction curve. The 
parametrization of the striction curve on the 

ruled surface is given by  

(2.8)        Z

Z

Z

ss







2

,
  , 

[7]. 
      

3. Space-Like Ruled Surfaces With Space-

Like Rulings 

Let  s


  be a space-like curve, 

 bnt


,,  be its Frenet frame defined as in (2.1) 

and a space-like oriented line X


 in 
3

1IR  be 

firmly connected to this Frenet frame. With 

scalar functions )(1 sx , )(2 sx  and )(3 sx  of 

the arc length parameter of the base curve 

 s


,  the parametrization of the  unit space-

like oriented line X


 is given by  

(3.1) 

)()()()()()()( 321 sbsxsnsxstsxsX




   

The ruled surfaces generated by t


, n


, b


 and 

X


 are  
(3.2)      

  )()(,11 stvsvsM


  , 

   )()(,22 snususM


  , 

   )()(,33 sbzszsM


  , 

   )()(,44 sXwswsM


  , 

resceptively. We have the following theorem 
using (2.1)-(2.3) and (2.5). 

 
Theorem 3.1. The distribution parameters of 

surfaces 21,MM  and 3M  are 

0t , 
22 





n  and 




1
b  

respectively. 
 From (2.1), (2.3) and (2.6), the 
following theorem may be given. 

 
Theorem 3.2. The mean curvatures of 

surfaces 21,MM  and 3M  are 





v
H t

2
 , 

 

  2
3

222

2

12 uu

uu
H n











, 

and 

  2222

22

112 zz

zz
H b











, 

respectively. 
 From (2.1), (2.3) and (2.7), the 

following theorem may be given. 
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Theorem 3.3. The Gaussian curvatures of 

surfaces 21,MM  and 
3M  are 

0tK ,  

  2222

2

1 uu
Kn






 , 

and 

 222

2

1 z
Kb






 , 

respectively. 
 We obtain the following results and 

theorem for the ruled surfaces. 
31 MM   

generated by t


, n


 and b


, using theorem3.1-

3.3. 
 
Result 3.1.  

i) 0 ttK   

ii) 1M - surface is minimal if and only if 


 is 

a planer curve. 
Result 3.2. 

i) 2M - surface is developable if and only if 




 is a planer curve, 

ii) If 2M -surface is developable then 2M - 

surface is minimal, 

iii) If 2M -surface is minimal then 0u  or 










u . 

iv) There is a relationship between nK  and 

nH  as the following  

    
2

2222

2

1



 uuuu

K

H

n

n





 

v) There is a relationship between nK  and 

n  as the following  

 2222

22

)1(

)(

uKu

K

n

n





 


 . 

Result 3.3. 

i) Since 0b , 3M - surface is not 

developable, 

ii) There is a relationship between 
bK  and 

bH  as the following 

 
2

2222

2

1



 


zzz

K

H

b

b 
, 

ii) There is a relationship between 
bK  and 

b  as the following 

 222

3

1 z

K

b

b





 
 . 

 
We reach the following theorem using 
theorem3.1. 

Theorem 3.4. 


 is a helix if and only if 
n

b




 

is constant.  

The unit normal vector N


 on the 

ruled surface of 4M  is given by 

(3.3)

wsws

ws sXsXwsXs
N

4444

44 )()()()(






















.               
Thus, from (2.2) and (3.3), the unit normal 

vector to surface 4M  at the point )0,(s  is 

(3.4)   
2

3

2

2

32)0,(
xx

nxbx
sN









.  

                
Therefore, from (2.1)-(2.3), (2.5)-(2.7) and 
(3.4), the following theorem may be given. 
 

Theorem 3. 5. The distribution parameter, 

the mean curvature and the Gaussian 

curvature of surface 4M  are 

 
     223

2

312

2

21

31

2

3

2

22332






xxxxxxx

xxxxxxxx
X










, 

 
  2

1

2

1

3

2

13

2

11321321

112

)2(1222

xx

xxxxxxxxxxx
H X








 
and 
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 22

1

2

31

2

13223

1

1






x

xxxxxxx
K X


, 

respectively.  
 So, we give the following results 
using theorem 3.5. 
Result 3.4. 

i) If 4M - surface is minimal and X


 is 

oriented space-like line in the nb-plane then 

0  or 03 x . 

ii) If 4M - surface is minimal and X


 is 

oriented space-like line in the tb-plane then 

)1(2

2
2

11

3

2

13

xx

xxx









. 

iii) If 4M - surface is minimal and X


 is 

oriented space-like line in the tn-plane then 

0  or 01 x . 

 

 
 
Result 3.5. 

ii) If 4M - surface is developable and X


 is  

oriented space-like line in the nb-plane then 

2

3

2

2

2332

xx

xxxx







 . 

ii) If 4M - surface is developable and X


 is 

oriented space-like line in the tb-plane then 

3

1

x

x





. 

iii) If 4M - surface is developable and X


 is 

oriented space-like line in the tn-plane then 

0  or 02 x . 

From (2.8), the parametrization of the 
striction curve on the ruled surface 

generated by X


 oriented space-like line in 
3

1IR  is given by  

    X

X

xx
ss






2

21 



 .  

So, the following result may be given. 

Result 3.6. If the striction curve is the base 

curve of the ruled surface generated by X


 

oriented space-like line in 
3

1IR  then 

 cdsxx   21  

is satisfied. 
 From (2.1)-(2.3) and (3.4), the 
geodesic curvature, normal curvature of the 
base curve and the geodesic torsion are 

(3.6)   

1
,

2

1

2




x

x
ttNkg


, 

(3.7)   

1
,

2

1

3




x

x
Nkn





 , 

 

(3.8)  .
1

,
2

1

2

32




x

xx
tNNg


 

 

 
Theorem 3. 6. There are the following 
relationships 

222  ng kk  and ngg kk  

between the geodesic torsion and curvatures 
of a space-like base curve. 
 
Theorem 3. 7. If the base curve of  

surface is a geodesic curve, then nk  

and 0g . 
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