The Ruled Surfaces Generated By Frenet vectors of A Curve in IR}

C.B.U. Fen Bilimleri Dergisi ISSN 1305-1385 C.B.U. Journal of Science
6.2 (2010) 155 - 160 6.2 (2010) 155 -160

THE RULED SURFACES GENERATED BY FRENET VECTORS

OF A CURVE IN IR}
Keziban ORBAYY", ismail AYDEMIR?

! AmasyaUniversity, Faculty of Education, Department of Mathematics, Amasya — TURKEY
“Department of Mathematics, Faculty of Art and Sciences, Ondokuz Mayis University, Samsun — TURKEY

Abstract: In this paper, the space-like surface with space-like directional vector and the ruled surfaces
generated by Frenet vectors of the base curve of this surface have been investigated in the Minkowski space

IRf. As a first step, it is obtained the distribution parameters, the main curvatures and the Gaussian
curvatures of these surfaces. Some new results and theorems have been given related to be developable and

minimal of these surfaces. Moreover, some new relationships among geodesic curvature, normal curvature
and geodesic torsion of the base curve of the space-like ruled surface with space-like directional vector have
been found.
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IR? UZAYINDA BiR EGRININ FRENET VEKTORLERI iLE
OLUSTURULAN REGLE YUZEYLER

Ozet: Bu caligmada, |Rl3 Minkowski uzayinda space-like dogrultman vektorlii space-like yiizey ile bu

yiizeyin dayanak egrisinin Frenet vektorleri ile olusturulan regle yiizeyler incelendi. flk olarak bu yiizeylerin
dagilma parametreleri, ortalama egrilikleri ve Gauss egrilikleri hesaplandi. Bu yiizeylerin agilabilir ve
minimal olmalari ile ilgili baz1 yeni teoremler ve sonuglar verildi. Ayrica space-like dogrultman vektorli
space-like regle yiizeyin dayanak egrisinin geodezik egriligi, normal egriligi ve geodezik torsiyonu arasinda

baz1 yeni bagintilar elde edildi.
Anahtar kelimeler: Space-like regle yiizey, dagilma parametresi, ortalama egrilik, Gauss egriligi.
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1. Introduction

The ruled surfaces have been a powerful
subject in the Minkowski space IR} for line

geometry for a long time. In literature,
Kobayashi [1] was the first author to address
this problem and examined minimal space like

ruled surfaces in the Minkowski IRf. Then,

recently, Woestijne [2], Kim and Yoon [3]
have classified the Lorentz surfaces. In
addition to Refs.[1-3], for understanding the
space kinematics and mechanism, Refs.[4-6]
and references quoted therein are advised for
the readers’ interest in this field.

In this paper, the ruled surfaces

generated by Frenet vectors (f ,ﬁ,B) of the

base curve of space-like ruled surface with
space-like directional vector have been
studied and some new theorems and results
related to the distribution parameters, the
mean curvatures and the Gaussian curvatures
of these surfaces have been obtained.

2. Preliminaries
Let IR} be the Minkowski 3-space with the
scalar product given by

<>Z,V>:X1y1+xzy2_xay3
where X =(x, %, %), Y =(Y,,¥,,Ys5)
elR®. If X and Y are perpendicular in

Lorentzian space, then <>Z ,\7> =0. The norm

of X < IR} is defined by [X| = /‘<>Z>Z>‘

A vector X of IR} is said to be space-like if
(X,X)>0 or X=0, time-like if
<>Z, X > <0 and light-like(null) i
<)Z, )Z> =0 and X #0 [7]. The cross

product of X and Y is defined

by
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XAY = (Xsyz X Y3 X1 Y3 = Xa Y1, X, Y, — Xzyl)

[8].

Let us consider a regular curve @: 1 — IR}.
For all selcIR, &(s) is the tangent
vector to the curve « at point a(s).

i) If <0?(s),07(s)>>0 then a is a
space-like curve,

i) 1f (a(s),a(s)) <0 then @ is a
time-like curve,

i) If <o?(s),o?(s)>=0 then @ is a
null curve [7].

A surface in IR} is called a space-
like surface if the induced metric on the
surface is a positive definite Riemannian
metric [9]. A normal vector on the space-like
surface is a time-like vector [10]. Let a(s) be
a unit speed space-like curve in IR} with
x(s), 7(s) the natural curvature and torsion
of a respectively. Let us consider the Frenet
frame {f,ﬁ,B} of the space-like curve a(s)
such that t(s) is space-like the unit tangent
vector, fi(s) is time-like the unit principal
normal vector and 6(5) is space-like the unit
binormal vector. So scalar product and cross
product of the vectors T, 1 and b is given
by

2.2) tAA=-b, AAb=—t, 6 bAt =n.

Frenet formulas are given by
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(23) t=x(s)n,

b = z(s)A, [2].
Let @=a(s) be a curve in IR} and

A =—x(s)t +z(s)b,

Z =Z(s) be a transversal vector field along
a . We have a parametrization for a ruled
surface M in IR}

(2.4) #(s,v) =a(s)+VZ(s), s,vel IR,
where the curve @ = di(s) is called the base

curve and Z = Z(s) is called the rulings. The

distribution parameter, the mean curvature
and the Gaussian curvature of the ruled
surface ¢(s,V) is given by

25) 5__det!o?,2,2’

.12

¢
26) H:E GL+EN—§FM
2 EG-F
and
LN -M?
27) K=—m—,
@7) EG-F?

respectively [7]. The foot on the main ruling
of the common perpendicular of two
constructive rulings in the ruled surface is
called a central point. The locus of the central
point is called striction curve. The
parametrization of the striction curve on the
ruled surface is given by

28) f(s)=als)- <az> Z,
|

[7]1.

3. Space-Like Ruled Surfaces With Space-
Like Rulings
Let @ =a(s) be a space-like curve,

{f N, 5} be its Frenet frame defined as in (2.1)

and a space-like oriented line X in IR? be
firmly connected to this Frenet frame. With
scalar functions x,(S), X,(s) and x,(s) of
the arc length parameter of the base curve
d(s), the parametrization of the unit space-
like oriented line X is given by

(3.1)

X (8) = X, (S)E(S) + %, (S)NI(S) + X4 (S)D(s)

The ruled surfaces generated by t , i, b and
X are
(3.2)

M, = @,(s,v)=a(s) + Vi (s),

M, — #,(s,u)=a(s) +un(s),

M, — ¢,(s,2) = da(s) + zb(s),

M, — ¢,(s,w)=d(s) +wX (s),

resceptively. We have the following theorem
using (2.1)-(2.3) and (2.5).

Theorem 3.1. The distribution parameters of
surfaces M;,M, and M, are

0,=0,0,=——

1
and 6, =——
K +7 T

respectively.
From (2.1), (2.3) and (2.6), the
following theorem may be given.

Theorem 3.2. The mean curvatures of
surfaces M;,M, and M, are

. . 2 .
H=- " H - (k7 — &)U —1u

2 2[(KU ~1) +rzu2]g

KT’ + 2+ K

B 2(1—7222) ‘1—2‘222‘ ,

respectively.
From (2.1), (2.3) and (2.7), the
following theorem may be given.
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Theorem 3.3. The Gaussian curvatures of
surfaces M;,M, and M, are

2
T

=05 _[KU 1) +12u2]
and

2
T

L—r2’
respectively.
We obtain the following results and

theorem for the ruled surfaces. M, —M,

K, =

generated by t, fi and b , using theorem3.1-
3.3.

Result 3.1.

) K,=06,=0

ii) M, - surface is minimal if and only if & is
a planer curve.

Result 3.2.

i) M,- surface is developable if and only if
a is a planer curve,

ii) If M,-surface is developable then M ,-
surface is minimal,

i) If M,-surface is minimal then u=0 or
U= T

Kt —KT
iv) There is a relationship between K, and
H, as the following

n

K 272

n

Hy _ [l = (-1 + 22

v) There is a relationship between K, and
0, as the following
K,  (x®+7?)
[a-Ku)? + 2202
Result 3.3.
i) Since o, #0, M,- surface is not

developable,
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if) There is a relationship between K, and
H, as the following

H, (Kz'zz2 +Z+xN7?z? -1

K, 2r° '

if) There is a relationship between K, and

0, as the following
Ky 7’
S, (1—2'222)2 .

We reach the following theorem using
theorem3.1.

Theorem 3.4. & is a helix if and only if %

is constant.
The unit normal vector N on the
ruled surface of M, is given by
(3.3)
N’ ¢ A¢4W
|6 A ]

~ G(s)AX () + WX () AX (s)
[Gs A

.Thus, from (2.2) and (3.3), the unit normal
vector to surface M, at the point (s,0) is

X,0 + X,
VX2 =x2

Therefore, from (2.1)-(2.3), (2.5)-(2.7) and
(3.4), the following theorem may be given.

(3.4) N(s,0)=—

Theorem 3. 5. The distribution parameter,
the mean curvature and the Gaussian
curvature of surface M, are

. . 2 2
X, X5 + X3X, + (X2 + X5 )T + X X3K

Oy =

()'(l — X2K)2 - ()’(2 + X K+ XSZ')Z + ()'(3 + er)z
,H - 2X, X, X5 — 2X, X, X5 — 2x1(1— x? )r + (X, — 2X7X,)K
2(1— X2 W1 x2
and
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[xa¥ =¥ + =X Jr x|
:x3x2—x2x3+1—x1 + X X5 K

(¢ -1f |

respectively.

So, we give the following results
using theorem 3.5.
Result 3.4.
i) If M,- surface is minimal and X is
oriented space-like line in the nb-plane then
xk=0orx;=0.

KX

i) If M,- surface is minimal and X is
oriented space-like line in the tb-plane then
T Xy — 2% X

k2% (1—x2)

iii) If M,- surface is minimal and X is
oriented space-like line in the tn-plane then
7=0o0rx =0.

Result 3.5.
i) If M,- surface is developable and X is
oriented space-like line in the nb-plane then
XX+ X3X,
CoxEex?
ii) If M ,- surface is developable and X is
oriented space-like line in the tb-plane then
T X
K Xq
iii) If M ,- surface is developable and X is
oriented space-like line in the tn-plane then
7=0or x, =0.
From (2.8), the parametrization of the
striction curve on the ruled surface

generated by X oriented space-like line in
IR} is given by

Bls)=als)- 22K %
\x

So, the following result may be given.

Result 3.6. If the striction curve is the base
curve of the ruled surface generated by)?
oriented space-like line in IR, then

X =Ix2de+c

is satisfied.

From (2.1)-(23) and (3.4), the
geodesic curvature, normal curvature of the
base curve and the geodesic torsion are

(36) k, =<NAf,f>=—)(2—K,

x -1

Theorem 3. 6. There are the following
relationships

2 2 2 _
ky —ky =x"and 7, =k k,
between the geodesic torsion and curvatures
of a space-like base curve.

Theorem 3. 7. If the base curve of
surface is a geodesic curve, then k =¥k

n

and 7, =0.
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