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ABSTRACT

3

This paper presents a generalization of the sequence defined by the third-order recurrence relation V,,(a;, p;) = Zl pjVa-j, n 24,
j=

p3 # 0 with initial terms V; = a;, where a; and p; j = 1,2, 3, are any non-zero real numbers. The generating function and Binet’s

formula are derived for this generalized tribonacci sequence. Classical second-order generalized Fibonacci sequences and other
existing sequences based on second-order recurrence relations are implicitly included in this analysis. These derived sequences
are discussed as special cases of the generalization. A pictorial representation is provided, illustrating the growth and variation of
tribonacci numbers for different initial terms a; and coefficients p ;. Additionally, the tribonacci constant is examined and visually
represented. It is observed that the constant is influenced solely by the coefficients p; of the recurrence relation and is unaffected
by the initial terms a;.
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1. INTRODUCTION

Tribonacci sequences are the generalization of the classical Fibonacci sequence, defined by a recurrence relation involving the sum
of the three preceding terms, where each term is the sum of the three preceding terms. The enigmatic tribonacci number sequences
with its captivating properties, has piqued the curiosity of mathematicians and researchers, opening doors to a world of intriguing
applications as it has attracted attention in various branches of physical sciences and its applications. Sequence terms in a recursive
relations are generated sequentially, the process of calculating any specific term is computationally intensive, as it necessitates
the calculation of all its predecessors. Alternatively, using the index form of a generating function or Binet’s formula provides
efficient methods for directly computing any term of a recursive sequence. Although extensive research has been conducted on
second-order Fibonacci sequences and their generalizations, the exploration of third-order recurrence relations, particularly in
the context of third-order Fibonacci-like sequences, has received comparatively less attention. A generalized tribonacci sequence,
{Vn}, is result of the recurrence relations with coefficients p; and arbitrary first three initial terms a ;. The concept of tribonacci
sequence mentioned and studied, first time by Feinberg M. Feinberg (1963), then number of generalizations of the Fibonacci
sequence have been considered and examined by many authors W. R. Spickerman (1982); T. Komatsu (2018); R. Frontczak (2018);
A. G. Shannon (1972); A. C. F. Bueno (2015); T. Komatsu and R. Li (2017); T. Koshy (2001); P. Y. Lin (1988); S. Pethe (1988);
Y. Soykan (2019); C. C. Yalavigi (1972). F. T. Howard (2001) extended and generalize the main result obtained by F. T. Howard
(1999) for tribonacci sequences. Generalization of Tribonacci sequences for quaternions studied by G. Cerda-Morales (2017). In
the literature. Generalized Tribonacci sequence has also been considered and studied by A. G. Shannon and A. F. Horadam (1972);
M. E. Waddill and L. Sacks (1967); T. Komatsu and R. Li (2017) and Y. Soykan, L. et al. (2020); A. Scott, T. et al. (1997).
This research aims to address by considering and exploring the properties, patterns, and potential applications of generalized
third-order Fibonacci sequences. In this article, generalized third-order recurrence relations with variable coefficients p; and
initial terms a; are taken to derive the generalized form of generating function and the Binet’s formula. Classical second-order
generalized Fibonacci sequences and other existing sequences based on second-order recurrence relations are implicitly included in
this analysis. These derived sequences are discussed as special cases of the generalization. A pictorial representation is provided,
illustrating the growth and variation of tribonacci numbers for different initial terms a; and coefficients p ;. Additionally, the
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Tribonacci constant is examined and visually represented. It is observed that the constant is influenced solely by the coefficients
p; of the recurrence relation and is unaffected by the initial terms a;.

Definition 1.1. We define the Generalized Tribonacci sequence {V,, } by the following linear recurrence relation:
Va(ai, az, az, p1,p2, p3) = p1Va-1 + p2Vp-2 + p3Vn-3, n 2 4, 1
with the initial conditions,a; = V;, a;, pj, j = 1,2, 3 are any non—zero real numbers.

The expression for {V,,} in (1) is holds true T. Koshy (2001) for every integer n > 4.
Terms of the Generalized Tribonacci Sequence The first few terms in the generalized form of the sequence defined in (1) are:

ai,aj,as,pias + paj + psay, (P% +P2) az + (p1p2 + p3) az + pi1p3ai,

{Vn} =
(p? +p3+ 2P1P2) as + (pfpz +py+ p1p3) ar+ (p?ps +P2P3) ap+---

Tribonacci Sequences pictorial representations A few values Y. Soykan, I. et al. (2020) of Tribonacci sequences represented

in the following figure.
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Figure 1.Tribonacci sequences progression and comparison

Special Cases

Remark 1.2. With initial conditions Vy = 0,V; = 1, V, = 1, and p; = p; = p3 = 1, recurrence relation (1) is known as the
generalized Lucas tribonacci sequence and is denoted by 7}, in F. T. Howard (1999). The first few terms of the sequence deduced

from the above generalization:
{Vatnso ={Tu} =10,1,1,2,4,7,13,24, 44,81, 149, 274, 504,927, 1705, 3136, - - - } .
This tribonacci number sequence is AO00073 on the OEIS, N. J. A. Sloane (1973).

Remark 1.3. If we substitute the initial conditions Vo = 3,V; =1, V, =3, and p; = p» = p3 = 1 in (1), it reduces to K,, sequence
which is explained in ?. The first few terms of the sequence K, are:

{Vatnso = {Kn} ={3,1,3,7,11,21,39,71, 131, 241,443, 815, 1499, 2757,5071,9327, - - - } .

This tribonacci number sequence is A001644 on the OEIS, N. J. A. Sloane (1973).
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2. GENERALIZED GENERATING FUNCTIONS

A generating function W. Watkins (1987) is a representation of a sequence as the coefficients of a power series in mathematics. By
analyzing the generating function, we can derive various properties of the generalized Tribonacci sequence, such as closed-form
expressions, asymptotic behavior, and generating function identities.

Theorem 2.1. (Generalized Generating Functions) The generalized generating function of the sequence defined in (1) is

f(x)

Ve = 1 - pix — pox? — pax’®’ @
where f(x) = Vo + (Vi = piVo) x + (Va = p1Vi — paVo) x2.
Proof. 1f V(x) is the generating function of V,, = p1V,,_1 + p2V,_2 + p3V,,_3, then we have
V(x) = ian" =Vo+Vix+Vox? +Vax> +--- (3)
n=0
Multiplying V(x) by pix, p2x? and p3x>, we have
p1xV(x) = p1Vox + p1Vix? + piVax® + piVaxt + -
pax?V(x) = paVox® + paVix® + paVox* + paVsx® + - . 4)
pax3V(x) = p3Vox® + paVix* + p3Vax® + paVax® + - -
Subtracting (3)- (4) and rearranging the above equations, we have
V(x) [1 = pix = pax? = p3x’| = f(x).
Solving for V(x), we obtain
Vix) = ke 5)

1 = pix — pox? — p3x3’

where f(x) = Vo + (Vi = p1Vo) x + (V2 — p1V| — p2Vp) x? is a polynomial.
Hence V(x) is the generating function of the sequence {V,,}.

Remark 2.2. If we substitute Vy = 3,V; = 1, V, = 3, and p; = p» = p3 = 1 in the result obtained in (5), it reduces to the
generating function

_ 42
V= 2 ),

l-x—-x%—x
which is the same as result, which is explained in M. Elia (2001); M. Catalani (2002).

Remark 2.3. If we substitute Vo =0,V; =1, V, = 1,and p; = p» = p3 = | in result of (5), it reduces to the generating function

X

V(x) = - 3 = K(x),

22—y
which is the same as result, which is explained in M. Elia (2001); M. Catalani (2002).

2.1. Even and odd terms Generating Functions of the Generalized Tribonacci Sequence

Theorem 2.4. [Even and odd terms Generating Functions] The generating functions of even Va,(x) and odd Vy,41(x) terms of
the Generalized Tribonacci Sequence (1) are:
Vo= [2p2+ pHVo = Va| x + [(p3 = p1p3)Vo + (p1p2 + p3)Vi — paVa| x2

Veven(x) =
even 1-— (P% +2p2)x — (2p1p3 — p%)x2 — p%xl’o

>

and
Vi + [Vops — (p? + p2)Vi + p1Va| x + [p3Va — p1p3Vi — pap3Vol x?
1= (p? +2p2)x — (2p1p3 — p3)x® — p2x3 '

M w functions and employing

Voda(x) =

Proof. From the definition of the even V,,(x) = and odd Vy,41(x) =
the Generalized generating function of the Tribonacci sequence (1) obtained in the Theorem (2.1) we have
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)

1 = pix — pax? — pax3’

where f(x) =V + (V] - p]Vo)x + (Vz -p1Vi - sz()) x2.
On simplification we obtained the Generalized Generating function of even and odd terms of Tribonacci sequence

Va(x) =

Vo= [2p2+ pPVo = Va| x + [(p3 = P1p3)Vo + (p1p2 + p3)Vi — paVa] X

Veven(x) =
even 1 - (P% + 2p2)x - (2P1P3 - Pg)xz - p§x3

; (6)

and
Vi + [Vops — (p? + p2)Vi + p1Va| x + [p3Va — p1p3Vi — pap3Vol x?
1 - (p}+2p2)x — (2p1p3 — p3)x? — p3x3 .

@)

Vodd ()C) =

2.2. Special cases of Even and odd terms Generating Functions

Remark 2.5. With initial conditions Vo = 0,V; =1, V, =1, and p; = p» = p3 = 1, the even and odd terms Generating Functions
of the generalized Lucas sequence 7;, T. Koshy (2001)) are deduced from the (6) and (7) generalized even and odd terms generating
functions as:
2
X+x
Veven ()C) =Teven ()C) = m,
and
1-x
1-3x—x2—x3"
Similarly with initial conditions Vo = 3,V; = 1, V, = 3, and p; = p» = p3 = 1 in (1), the even and odd terms Generating
Functions of the generalized Lucas sequence K,,. T. Koshy (2001)) are deduced from the (6) and (7) generalized even and odd
terms Generating Functions are:

Voaa(x) = Toaa(x) =

3—6x—x2
Von(x) = Keven(x) = T R
and

3+4x —x2

1-3x—x2-x3"

These even and odd terms of the Generating Functions of 7;, and K, are same as obtained by T. Komatsu (2018).

Voda(x) = Koaa(x) =

Theorem 2.6. (Generalized Binet’s formula for Tribonacci sequence) Generalized form of the Binet’s formula for the sequence
defined in (1) is

3 2 ) 2 : n+l
A1ad + Asaj + Ay (CXJA1+CXJA2+A3)P3&J

Vn(x)z a’f =
; l_[ (Qj—(l’i) J Jz_; a?p3—ajp1+2
1<i<3
i#]

Proof. Since V(x) is the generating function of the sequence {V,,}

f(x)

1 = pix — pax? — p3x3’

where f(x) = Vo + (Vi = p1Vo) x + (Va = p1Vi = paVo) x* .
Consider the partial fraction decomposition of the right-hand side of the generating function , we have

V(x) =

V( ) A1+A2x+A3x2 A1+A2x+A3x2
X) = = S
1=pix—pax? = psx® (1 —-a1x) (1 -ax) (1 -a3x)

where Ay = Vg, Ay = V| — p1Vo, A3 = Vo — p1 Vi — paVo and a;, i = 1,2, 3, are roots of the equation 1 — p1x — px? — p3x> = 0.
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On simplification we have

3 2 2 . n+l
Aad + Asaj + Ay 3 (CYjA1+CYJA2+A3) p3a

j
V,(x) = Z ot = Z . . 8)
J=1 1<i<3 V j=1 p3aj = @jpit 2

The above relation is the Generalized Binet’s formula for Tribonacci sequence

2.3. Special cases: Generalized Binet’s formula for Tribonacci sequence

Remark 2.7. Generalized form of the Binet’s formula (8) for the generalized sequence(1) can also be written as

+2 +2 +2 +2
ay’tt —ay ) a” —aj @
az—ay | (a1 —a3) (a2 —ap) a1 —a3 | (a3 —a2) (a2 —ay)
Vi = 2 2
+ ayt —af? a3
a—-ar | (a3 —a2) () —a3)

= zn: ("Z‘f a{aka;l_j_k)

7=0 \k=0

Remark 2.8. If we put V3 = 0, p3 = 0, in equation (1) then tribonacci sequences becomes the generalized classical Fibonacci
sequence, and the Binet’s formula (8) in this case reduces to

A] +A2x
Vi) = —— 22
1 —pix—pax
(a1A1 + A2) (a?) — (a2A1 +A2) (a;‘)
Vn(x) =
) — @) ’
A an+1 _ an+1 + A (o = o a/n+l _ a,n+1 a — ol
Vo(x) = 1(1 2 ) 2(1 2):A1 1 2 +A2(1 2)
] — Q) @] — Q3 @) — a2

where A; = Vy,A> = (Vi — p1Vo) and a;, i = 1,2 are roots of the equation 1 — pix — pox? = 0.

Remark 2.9. If we take V=0,V =1, V, =1, and p; = p» = p3 = 1, in the expression (8) this reduces to
Q?H N ag+1 N agl+l _
(1 —@) (a1 —a3) (m-a)(ax-a3) (a3-a))(az—a2)
. which is same, as obtained by R. Frontczak (2018).
WhenVy =3,V =1, V, =3, and p; = p» = p3 = 1, in the expression (8) this reduces to

Va (x) = T,

V(x) =al +a) +af =K,

where a;, i = 1,2, 3 are roots of the equation 1 —x —x2—x3=0. Thisisin agreement with W. R. Spickerman (1982); R. Frontczak
(2018). .

Theorem 2.10. If
_Jai ifl<n<3
" {Panl +p2Vpo+- -+ p3Va3ifn>3
then for n > 4, we have
Va=2p1Va-1 + (Pz - P12) Va-2+ (p3 = p1P2) Vn-3 — p1P3Vn-s.
Proof. Rewrite the recurrence relation (1) as
Vi =Pp1Va-1 + p2Va2 + p3Vy-3+0
=p1Va-1 + p2Va2 + p3Va-3 + (PIVn—l = P1*Vaoz = p1p2Va-3 — P1P3Vn—4)

=2p1Vuo1 + (m - P12) Via +(p3 = p1p2) Vuesz — p1p3Va-s
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* Vu=p1Vu-1 + p2Vu—2 + p3V,—3 by multipling p| and replacing n by (n — 1), we have

P1Vat = P12V = p1paVa-3 = p1p3Va-s

Vi =2p1Vyp-1 + (Pz - P12) V-2 +(p3 = p1P2) Vu-3 = p1P3Vn-s.
Remark 2.11. On substituting p; = p» = p3 = 1,in the result of above Theorem (2.10) we have
V=2V 1+ (0) V2 +(0) V3= Vyy
, this implies that
Vo =2V1 = Vus
. which is in agreement with F. T. Howard and C. Cooper (1970); M. E. Waddill and L. Sacks (1967).
Theorem 2.12. IfV, = p\Vu_i + p2Vnoo + p3Vu_z, n > 3, f(x) =x> = p1x? — pox — p3 = 0,, then

. Vun(ar,az, a3, p1, p2, p3)
lim
n—e Vy(ay,az,as, p1, p2, p3)
a, real root of f(x) =0, p; > 0, others roots are complex,

a (largest root), if all roots of f(x) =0 are real,
= 4 pi > 0, others roots are complex,
1.839, ifp; =1land a; (j = 1,2,3) are any real numbers,
1.618, if p3 =0, a3 =0, and pj, a;, (j = 1,2) are any real numbers.

Remark 2.13. Graphical representation of the theorem (2.12)for the polynomials
fx)=x3=x2-x=0,f(x)=x>-x2—x—-1=0,and f(x) =x—x>-x-3=0.

Limit (Va+1/Vn) as n tends to infinity
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Figure 2.Tribonacci sequences progression and comparison
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3. IDENTITIES

Theorem 3.1. Ifn > m, then on employing the result of theorem (2.6)

3 Ala +A205 +A3 3 1a’ +A20’ +A3
_ J J n+m
ViViim = ;.
aj - CX, aj - a,‘)

J=1 1<1<3 J=1 1<1<3
i#] i#]

Proof. Using

3 A1(1§+Azalj+A3k
n
Vn(x)zz —— a’i.
— M (e —)
J= 1<i<3
%]

On simplifying the RHS, we obtain

2
3 A1a§+A2aj+A3 ot
VaViam = Vanem + Vi Vi — Z 1 (CK' _ a_) jn "
e '
i#]
3.1. Special cases:Identities
If we replace n by n — 1 and taking m = 1, in (3.1) then we obtain
2
5| Aras + Asay + A5 |
VetV = Vo1 + V1V —Z i (a'~—a~) aj" .
e '
i#]
If we take m = n then we get
2
3 A1a2+A2a~+A3
ViVon = V3 + Vi, Vi — Z l_J[ (a ) i a.) CK;".
e
i#]
If we take m = 0 in (3.1) then we get
2
5 3 A1a5+A2aj+A3 5
Va? = Van + VaVo = | a2
j=1 H (aj - ai)
1<i<3
i#]
2

3 Ala;+A2a’j +A3

V3 =V, 2V, = VoV + V2V = Vi Z @2V,
P H (CYJ' - a',-) N
J= 1<i<3
i#]
In general from (3.1), we have
2
3 A105+A2a'j + A3
VnVnm = Vimn+n + VnVnm—n - Z H (a. _ a,.) a,;_tm—n.
= ciss / '

i+j
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4. DISCUSSION AND CONCLUSION

This study investigates a generalized third-order recurrence relation. After defining the initial terms in general form, we present a
graphical representation in Figure 1 to illustrate the progression of Tribonacci numbers for various cases considered by previous
authors. Figure 2 depicts the ratio of consecutive terms as the number of terms approaches infinity. We observe that the Tribonacci
constant is solely influenced by the coeflicients p; of the recurrence relation and is unaffected by the terms a;.We derive the
generating function and Binet formula in their general forms. By applying these results, we show that many existing results
from previous studies emerge as special cases. Future research could delve deeper into this generalized third-order sequence,
extending the analysis to explore additional properties and applications. Employing alternative approaches, such as matrix
methods, combinatorial arguments, or number theory, may lead to the discovery of new identities and theorems.
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