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1. Introduction

In differential geometry, the theory of slant submanifolds is a critical area as it generalizes the cases
of both complex and totally real submanifolds. In this manner, Chen initiated slant submanifolds
of an almost Hermitian manifold [1]. Inspired by this paper, many geometry have introduced this
notion in the different kinds of structures [2]. Then, as a generalization of semi-slant submanifolds
given by Papagiuc [3], the notion of bi-slant submanifolds was introduced in [4]. However, these
submanifolds were called hemi-slant submanifolds in [5]. In different ambient spaces, slant, semi-slant,
and pseudo-slant submanifolds have been investigated by many geometers [6-8]. The present paper
aims to study quasi-bi-slant (gbs) submanifolds, including the classes which include the classes of slant,
semi-slant, hemi-slant, bi-slant, and quasi-hemi-slant submanifolds as their particular cases.

Metallic structure was introduced Spinadel [9]. Let p and ¢ be positive integers. Therefore, members
of the metallic means family are a positive solution

:L’Q—p:v—qzo

and this number, called (p, g)—metallic numbers [10], denoted by

p+Vp®+i4g
Opq = #
In view of this family, in [10], the authors introduced the metallic structure which is given by J of type
(1,1)—tensor field satisfying
J? =pJ +ql (1.1)

!eacet@adiyaman.edu.tr (Corresponding Author); ?sezenay.unal@iskur.gov.tr
L2Department of Mathematics, Faculty of Arts and Sciences, Adiyaman University, Adiyaman, Tiirkiye


https://dergipark.org.tr/tr/pub/jnt
https://doi.org/10.53570/jnt.1632893
https://orcid.org/0000-0002-0190-3741
https://orcid.org/0009-0001-3232-5112

Acet and Uyamik / Quasi Bi-Slant Submanifolds of Bronze Riemannian Manifolds 49

After that, some especially remarks on this structure have been studied by many papers [11-15]. Taking
p=3and ¢=1in (1.1), then ® is named bronze structure which satisfies [16]

P =30+ 1
In [16], the authors studied the notion of bronze structure on manifolds, using the bronze mean defined
by

3++13

ﬁbr = 9

which is the positive solution
> =3z —-1=0

Recently, in [17], the author has studied the twin bronze Riemannian metric. After, some types of
slant submanifolds of bronze Riemannian manifolds have been investigated in [18].

Section 2 of this study presents some basic notions needed for the next section. Section 3 introduces
and exemplifies gbs submanifolds of bronze Riemannian manifolds. Section 4 concludes the paper by

discussing future studies.
2. Preliminaries

This section provides some basic notions that are required in the following section. Assume that Gisa
differentiable manifold with ®, (1,1)— tensor field. If the equation
P =30 41 (2.1)

satisfies, then (G, ®) is called a bronze manifold. If (G, ®) is a Riemannian manifold with ® bronze
structure, such that g is d—compatible

§(®0y, ) = §(01, D) (2.2)
then (G, ®, §) is a bronze Riemannian manifold where 9y, 9y € T'(T'G). From (2.2),
§(901,90,) = 35(901,02) + §(01, ) (2.3)

Example 2.1. [18] Suppose that R* is a real space and gives a map by
P R4 — R4

(w1, wa, w3, wa)  —>  (Morw1, Norw2, TorwW3, Morws)

where 7y, = 3*27@ and ny, = 3_§/ﬁ. In this case, ® satisfies the equation (2.1). Therefore, (R*, @) is

an example of bronze structure.

Assume that G is a submanifold of bronze Riemannian manifold (é, P, g). Thus, the tangent space of
G can be decomposed by
17.G = T,G1T+G

where z is a point on G. For all 9; € T(TG),
D01 = fp:01 + tpr O (2.4)
where f,.01 and t,01, the tangential and normal parts of oy, respectively. Similarly, for N € F(TLG),
®N = By, N + Cp, N (2.5)

where By, N and Cp,. N are the tangential and normal parts of dN, respectively.
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Moreover, Gauss and Weingarten equations are given by

#0,02 = #0,00 + h(01,02) (2.6)

and
#o,N = —ANO1 + #h N (2.7)

where # and # are Levi-Civita connection on (G, §) and (G, g), respectively. In this article, we assume
that

K

-

i.e., G is a locally bronze Riemannian manifold.

=0 (2.8)

3. Main Results

In this section, we give some geometric characterizations and an example for gbs submanifold of
(G, ®,§). Firstly, we give the following definition:

Definition 3.1. Suppose that (G, g) is a submanifold of (G, ®,§). Then G is called a gbs submanifold
if the following conditions are satisfied:

i. TG admits the orthogonal direct decomposition as

TG = D, 1D, 1Dy

éi. The distributions D., is invariant, ®(D,) = D,
iii. ®(Dy)LDg and ®(Dg) LD,
iv. The distributions D, and Dg are slant with slant angle 6, and 63.

If dim(D,) # 0, dim(Dgy) # 0, dim(Dg) # 0 and fa, 0 ¢ {0,5}, then G is called a proper gbs
submanifold.

Example 3.2. Suppose that RS is the Euclidean space with the usual Euclidean metric. We define
the bronze structure

D : RS — RS
(Wi, w2, cywe)  — (Torw, Torw2, NorwW3, Torwa, Morws, Torie)

3—

where 7y, = and n,,. = %/ﬁ Since (2.1) is achieved, then (RS, ®) is a bronze Riemannian

— 3+v13
2

manifold.

Assume that G is a submanifold of (]RG,@)) defined by w1 = Tprur + Mpre, wa = Mpru1 + Mpruio,
w3 = COS Sug, W4 = sin suz, ws = sin suy, and wg = cos suy. The following are the vector fields that
span the tangent space T'G:

U1 = iy 0wy + 1y Owa

Ty = 00w + T Ows
U3 = cos sOws + sin sOwy

and

W4 = sin s0ws + cos sOwyg

Putting D, = Sp{Wy, W5}, Dy = Sp{¥3}, and Dy = Sp{¥,}, then D, D, and Dg satisfy the
definition of gqbs submanifold with 6, and 03 as its slant angle.
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Taking (), Qa, and (g orthogonal projections on D,, D,, and Dg, respectively. Thus, for all
01 € F(TG),
01 = Q01 + QaO1 + Qs (3.1)

In view of (3.1) with (2.4),
P9 = QO + PQu01 + PQpdh

= forQy01 + 5, Q01 + f1r Qa0 + 15, Qa0 + frrQp01 + th, Q01
Since ®(D,) = D., then

PO = f5,Q401 + frrQadr + ty Qa1 + f1rQp01 + ty,Qsh
We investigate the integrability conditions for the distributions involved in defining gqbs submanifolds.
Theorem 3.3. Assume that G is a gbs submanifold of (G’, <i>, g). Then, D, is integrable if and only if

9(#a, forO2 — #0, forO1, forQa03 + ftrQp03) = g(h(2, forO1) — h(O1, for02), tyrQa03 + L6y Q303)

and

9(#6,02 — #0,01, forQa03 + frrQp03) = g(h(02,01) — h(01, 02), ter Qa3 + terQp03)
for 01,0, € I'(D) and 03 € I'(D, L Dg).
PROOF. In view of (2.3), (2.4), and (2.6) with (2.8), for all 01,0, € I'(Dy) and 03 = Q.01 + Qg0 €
I'(DoLDg),
§([01,02],03) = §(P[01, Do), PD3) — 35(D[01, D], O3)
= §(F#0,®02, 203) — §(F#0,201, 903) — 35(F#a, 02, $03) + 39(#0,01, 20s)
9(#0, 20 + h(01, 8s), Ds) — g(#0,801 + h(Ds, DO1), DD3)
~39(#0,02 + h(01, 02), 805) + 3g(#0,01 + (D2, 1), $03)
= 9(#a0, for02, frrQads + forQp03) — g(#0, forO1; forQals + forQp0s3)
+9(h(O1, for02), trQa0s + torQpd3) — g(h(D2; forO1), tyr QaO3 + tprQp0s)
—39(#0,02, forr Qa3 + forQp3) + 39(#5,01, forQa03 + forQp03)
—3g(h(01, 02), ter Qa3 + tprQp03) + 3g(h(D2, 01), tp- Qa3 + tprQp03)

O
Theorem 3.4. Assume that G is a gqbs submanifold of (é, P, g). Then, D, is integrable if and only if

9(As,,0,00— At 0,01, for Q03+ frrQ303) = g(Auy, £,.0,01—Asy, f,.0, 02, 03) +9(#5, tor O —F5; tor 02, thr Q0s3)

and
9(F#0, forO2 — 0, forO1, 03) = g(At,, 0,01 — Auy,0,02,03)

for 01,0 € I'(Dy) and 03 € I'(D L Dg).
Proor. Using (2.3), (2.4), and (2.6) with (2.7), for all 01,0, € I'(D,), and 03 = Q01 + Qg0; €
I(DyLDg),

3([01, 02],03) = G(®[01, Do), DOs) — 35(D[Dy, Do), B3)
(#0, 202, 203) — §(F#0, 801, 805) — 35(PF0, 02, 03) + 35(H0,01,0s)
3(F#o,t6r02, 03) — G(F#o,t6r 01, ©03) + §(F0, D for D2, 03) — §(#0,P forO1, 03)
~30(#0, 202, 03) + 3§(#0,901, 03)

Il
N}



Acet and Uyamik / Quasi Bi-Slant Submanifolds of Bronze Riemannian Manifolds 52

= g(Ay,,0,02, ©03) — g(As, 0,01, 203) + g(#35, tor 02, PI3) — g(#5, trO1, ©D3)
+g(#61 be'r‘aQ) 83) - g(#ag fb2'r'817 83) - g(AthbeQQ 817 83) + g(Atb'rfb'ral a27 83)
—3G(F#o, for02,03) + 33(#0, [5r01, 03) — 33(Fo,torD2, 3) + 3G(Fo, 1401, 03)

From the above equation,

(1= cos®0,)G([01, D2],03) = g(As,.0,02, frr@03 + frrQp03) — g(A,, 8,01, forQy03 + frrQpds3)
+9(#5: tor O, 14, Q05) — (#, tor 01, torQp03) — g(Asy, 0201, 03)
+9(Ay,, £,.0:02,03) — 39(#a, forO2,03) + 39(#a, forO1, 03)
+39(At,,5,01,03) — 39(Ay,,5,02,03)
]

Theorem 3.5. Assume that G is a qbs submanifold of (G, ®, 7). Then, Dg is integrable if and only if

9(Asy,0,00— At 0,01, for Q05+ frrQa03) = g(As,, £,,0,01— Aty 1,01 02, 03)+9(#3, tor 01— 3, tor 02, Lr Qa03)
and
9(Fo, forO2 — F#0, for01,03) = g(A,,0,00 — Ay,,.0,02,03)
for 01,0, € I'(Dg) and 03 € I'(D,LD,,).
ProOOF. From (2.3), (2.4), and (2.6) with (2.7), for all 01,0, € I'(Dg) and 05 = Q01 + Qa01 €
(D, 1D,),
3([01,05),05) = §(®[01, 5], ©D3) — 3G(D[1, 02, D)
= §(#0, 202, ©03) — §(F#0,201, 203) — 3§(PH#0,02, 03) + 3G (#0,01, 03)
(Fo,tor02, 20) — §(H,tor01, 203) + §(FHo, © for 02, 03) — §(F0,® for 01, 03)
~30(#0, 02, 0) + 3§(#0,201, 03)
= g(Ay,, 0,02, ©03) — g( Ay, 0,01, 203) + g(#35, tpr 02, PI3) — g(#5, LrO1, ©03)
+3(F#o, [ 02, 03) — G(F#a, [, 01, 03) — 9(Aty, 0,01, 03) + 9( Ay, 1,0, 02, 03)
—3G(#0, for02,03) + 3§(F#0, forO1, 03) — 3G(F0, ter 02, 03) + 33(F#a,t4r01, 03)

which implies
(1= cos®05)§([01, 0a], 03) = g(Ay,,0,02, forQy03 + forQal3) — g(A,,0,01, frr@Q03 + frrQaOs)
+9(#5,tor 02, tr Qa03) — 9(#,tor 01, torQa03) — 9(As,, £,,0,01, 03)
+g(Atbrfbr81827 03) — 39(#31 JorO2,03) + 39(#82 forO1,03)
+3g(Atbr82 81’ 83) - 3.9(‘4751)7»81 827 83)
O]

Theorem 3.6. Assume that G is a gbs submanifold of (é, P, g). Then, D., defines totally geodesic
foliation on G if and only if

9(#a, forO2, for03) = —g((01, forD2), t1r03), g(#a,02, for03) = —g(h(01, 02), tp-03)

and
9(#a, forO2, Byy N) = —g(h(01, for02), Cor N ), g(#0,02, ByyN) = —g(h(01,02), Cp N)

for 91,09 € T(D,), 05 € (Do LDg), and N € T(T+G).
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Proor. Using (2.3), (2.4), and (2.8), for all 01,02 € I'(D,) and 035 = Qn01 + Q01 € I'(DyLDg)

§(F#0,05,05) = §(®Fo,02, D0s) — 35(F#0,05, 0s3)

3(F#o, forO2, forO3 + t4:03) — 3G(F0, 02, for O3 + tr03)

9(Fo, for02; for03) + g(M(01, firO2), tor03) — 39(#5,02, for-03)
—39(h(01,02), tp-03)

In view of (2.8), for N € I'(T+@Q),
§(F#0,02, N) = §(Ft0, 202, DN) — 3G(#0,02, PN)
= §(F#0, fr02, Bor N + CpN) — 3G(#,0, By N + C.N)
= g(#a, forO2, ByrN) + g(h(01, for02), Cor N) — 3g(#8,02, By N) — 3g(h(01,02), Cpr N)
O

Theorem 3.7. Assume that G is a qbs submanifold of (G, ®, §). Then, D, defines totally geodesic
foliation on G if and only if

9(Ap,, £,,0,01,03) + g(At,.0,01, for03) = g(#5,torO2, torQp03), 9(As,,0,01, 03) = g(#5, frr D2, 05)
and
9(As,, 0,01, BorN) — g(#35: tor for 02, N) = g(#5 tor02, Cor N ), g(#0,02, Byr N) = —g(h(1, ), Cp-N)
for 91,05 € T(Dy), 05 € T(D,LDg), and N € T(T*G).
PROOF. In view of (2.3) and (2.4) with (2.8), for all 9y, 9 € T'(Dy) and 8 = Q101 +Qs01 € (D, LDy),
§(F#0,05,03) = §(Fo, B0z, 805) — 37(Fa, P, 3)
= §(#0, forOa, PD3) + §(F#a, tsr02, PD3) — 3G(F#a, for 02, 03) — 35(#0, 1602, 03)
= €08 00G(F0,02,03) — g(Ay,, 1,,0.01,33) — g(Ap, 0,01, forQ~03 + frrQp03)
+9(#5, t0r 02, torQp03) — 39(#0, forD2, 03) + 39(Ay,,0,01, 03)
Similarly, by (2.5), for N € I'(T+G),
§(#0,02,N) = §(#0,902, BN) — 3(#0,02, N)
= §(#0, for02, ®N) + §(#0,t6r02, ®N) — 3G(#5,02, Bor N + CyN)
= 08 0aG(#0,02, N) + g(#5, tor frr 02, N) — g( Ay, 0,01, By N)
+9(#7: tor 02, Cpr N) — 39(#£0, 02, Bye N ) — 3g(h(01,02), Cp N
]

Theorem 3.8. Assume that G is a gbs submanifold of (C:*, ®,§). Then, Dg defines totally geodesic
foliation on G if and only if

9(Aty, £,,0,01,05) + g(Ap,, 0,01, for03) = 9(#5,tor O, thrQa03), 9(Ar,,0,01,05) = g(#3, forO2, 03)
and
9(Ab,,0,01, By N) — g(#3, tor for02, N) = g(#3, tor 02, Cor N), g(#0,02, By N) = —g(h(01, 02), Copr N)
for 01,02 € T(Dg), 83 € T(D,LD,), and N € T(T+G).
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PROOF. In view of (2.3) and (2.4) with (2.8), for all 01,02 € I'(D,) and 05 = Q101 +Qg01 € I'(D,LDg)
G(F#0,02,05) = §(#0, D02, D03) — 3i(#, Ds, 03)
= §(#0, for02, 805) + §(F#0, tor 0, DD3) — 3G(#0, forD2, 03) — 3§(F#0, ter0a, D)
= cos03G(#0,02,03) — 9(Au,, 1,.0.01, 03) — 9(At,,0,01, for Qv 03 + frrQal3)
+9(#5, t0r 02, torQa03) — 39(#0, for02,03) + 39(Ay,0,01, 03)
Using (2.5), for N € T(T+G),
3(#6,02,N) = §(#0,205, PN) — 3G(#0,02, PN)
= §(#0, for02, ®N) + §(#0,t4r02, PN) — 3G(#5,02, Bor N + CyN)
= c0s 033(F#0,02, N) + g(#5, tvr for 02, N) = g(As,, 0,01, Bor V)
+9(#7, tor 02, Cpr N) — 39(#£0, 02, Byr N) — 3g(h(01,02), CpN)
]

4. Conclusion

This paper has focused on a specific class of submanifolds on bronze Riemannian manifolds known as
gbs submanifolds. It has presented the integrability conditions for the distribution associated with gbs
submanifolds within the context of bronze Riemannian manifolds and provided illustrative examples to
elucidate these conditions. Future research can further explore additional types of slant submanifolds,
such as semi-slant and bi-slant submanifolds, within this framework, aiming to identify non-trivial

examples for them and analyze their geometric properties.
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