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Abstract: A novel analytical method, termed the Variable Coefficient Second Degree
Generalized Abel Equation Method, is presented in this paper. It has been specifically
developed to address the complexities of the Gilson Pickering equation—an important nonlinear
partial differential equation encountered in various physical applications. This equation is
recognized as a general case of several significant nonlinear partial differential equations,
including the Fornberg Whitham, Rosenau Hyman, and Fuchssteiner-Fokas-Camassa-Holm
equations. Unlike conventional approaches, which are typically based on constant coefficient
ordinary differential equations (ODEs) or auxiliary equations, a unique framework based on
variable coefficient ODEs integrated within a subequation structure is introduced by this
method.. By applying the method to the Gilson Pickering equation, new exact analytical
solutions are derived. The correctness of the technique is validated, and its superior efficiency
and robustness are highlighted through these results. The intricate dynamics of the equation are
effectively captured, demonstrating the method’s suitability for modeling phenomena in fluid
dynamics, nonlinear optics, and wave propagation. Furthermore, the potential application of the
method to a broader class of nonlinear partial differential equations across mathematical physics
is implied by its generalizability. The importance of advancing analytical tools to better
understand and resolve complex physical systems is emphasized by the findings, thereby
marking a significant contribution to the analytical study of nonlinear differential equations.
Ultimately, an expansion of the repertoire of solution strategies available to researchers in
applied mathematics and theoretical physics is achieved through this work.

Uciincii Mertebe Gilson-Pickering Denkleminin Degisken Katsayili Abel Denklemi Yoluyla
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Oz: Bu makalede, Degisken Katsayili Tkinci Derece Genellestirilmis Abel Denklemi Yontemi
olarak adlandirilan yeni bir analitik yontem sunulmaktadir. Bu yontem, cesitli fiziksel
uygulamalarda karsilasilan 6nemli bir dogrusal olmayan kismi diferansiyel denklem olan
Gilson Pickering denkleminin karmasikliklarini ele almak icin 6zel olarak gelistirilmistir. Bu
denklem, Fornberg-Whitham, Rosenau-Hyman ve Fuchssteiner-Fokas-Camassa-Holm
denklemleri de dahil olmak tizere, diger bazi 6nemli dogrusal olmayan kismi diferansiyel
denklemlerin genel bir durumu olarak kabul edilmektedir. Genellikle sabit katsayili adi
diferansiyel denklemlere (ADD) veya yardimci denklemlere dayanan geleneksel yaklagimlarin
aksine, bu yontem alt denklem yapisina entegre edilmis degisken katsayili ADD'lere dayanan
benzersiz bir ¢erceve sunmaktadir. Yontem, Gilson Pickering denklemine uygulanarak yeni,
tam analitik ¢oziimler elde edilmistir. Bu sonuglar, teknigin dogrulugunu kanitlamakta ve iistiin
verimliligini ve saglamligini ortaya koymaktadir. Y6ntemin denklemin karmagik dinamiklerini
etkin sekilde yakalamasi, akigkanlar dinamigi, optik ve dalga yayilim1 gibi alanlardaki olgular1
modellemede uygunlugunu gostermistir. Genel gecerliligi sayesinde, yontem daha genis bir
dogrusal olmayan diferansiyel denklem sinifina uygulanabilir. Bu ¢alisma, karmasik fiziksel
sistemleri ¢6zmek icin analitik araclarin gelistirilmesinin 6nemine dikkat cekerek, ilgili
alanlardaki ¢oziim stratejilerini genisletmektedir.

10




Volume 14, Issue 3, Page 10-29, 2025

1 Introduction

Nonlinear partial differential equations (PDEs)
hold a profound significance in understanding and
modeling various real-world phenomena across di-
verse fields such as physics, engineering, biol-
ogy, and finance. Unlike their linear counter-
parts, these equations encompass intricate rela-
tionships where the effects are not proportional
to the causes, leading to complex and often unex-
pected behaviors. From describing fluid dynamics
and electromagnetism to population dynamics and
wave propagation, nonlinear PDEs capture the in-
tricate interplay of multiple factors, making them
indispensable in modeling phenomena exhibiting
nonlinearity, chaos, and emergent behavior. How-
ever, solving nonlinear PDEs presents formidable
challenges due to their inherent complexity, often
requiring sophisticated numerical methods, com-
putational techniques, and mathematical analysis
[1, 2, 3, 4, 5]. Despite these challenges, mastering
nonlinear PDEs unlocks a deeper understanding
of the rich tapestry of phenomena that shape our
world, enabling scientists and engineers to tackle
some of the most pressing challenges facing hu-
manity.

Analytical methods for solving nonlinear PDEs
play a pivotal role in understanding the funda-
mental behavior and properties of complex sys-
tems in various fields of science and engineering.
Unlike numerical techniques which rely on ap-
proximations and computational power, analytical
methods aim to derive exact solutions or obtain
insightful approximations that offer profound in-
sights into the underlying mechanisms governing
nonlinear phenomena. These methods not only
provide a deeper understanding of the system’s
behavior but also serve as the foundation for de-
veloping numerical algorithms and computational
models. Furthermore, analytical solutions offer in-
valuable benchmarks for validating numerical sim-
ulations and experimental observations, ensuring
the accuracy and reliability of predictive models.
Moreover, analytical approaches often reveal hid-
den symmetries, conservation laws, and qualitative

features of solutions, shedding light on the under-
lying physics and guiding the design of efficient
algorithms and control strategies. In essence, the
importance of analytical methods for solving non-
linear PDEs lies in their ability to unveil the intri-
cate dynamics of complex systems, enabling scien-
tists and engineers to make informed decisions and
advance our understanding of the world around us
6, 7, 8,9, 10, 11].

This paper examines the nonlinear Gilson
Pickering (GP) equation of third order [12]:

up + 2ku, — auty — Buplsy — Wlprt — WUy = 0.
(1)
The nonlinear GP equation holds significant phys-
ical relevance due to its ability to model complex
wave phenomena in various real-world systems.
It serves as a generalized framework that encom-
passes several well-known nonlinear partial differ-
ential equations, making it applicable in diverse
fields such as fluid dynamics, nonlinear optics, and
plasma physics. In particular, it captures the evo-
lution of nonlinear wave structures, including soli-
tary waves and dispersive shock waves, which are
essential in understanding water wave propaga-
tion, optical pulse dynamics in fiber optics, and
wave interactions in plasmas. Its versatility and
rich mathematical structure make it a valuable
tool for describing and predicting behaviors in sys-
tems where nonlinearity and dispersion play cru-
cial roles.
The GP equation was chosen due to its general
form, which encompasses several important non-
linear partial differential equations frequently ap-
pearing in physical models. Topological properties
and wave structures of Eq. (1) are studied in [13].
Some parametric wave solutions which are peri-
odic, solitary, and unbounded wave solutions are
reported in [14]. In [15], approximate solutions of
GP equation are considered by a meshless method
base on the thin plate radial basics functions. The
sine Gordon expansion method utilized to contract
some exact solution in the form of shock wave,
topological, compound topological and nontopo-
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logical soliton solutions in [16].
For arbitrary real constants, namely «, 3, k,
w, and w, the equation (1) transforms into well

known nonlinear PDEs under specific parameter
selections:
(1) Fornberg-Whitham (FW) equation [17, 18]:

Up + Uy + ULy — BUplyy — Utgy — WUUzze =0, (a=—1, =3, k=0.5, w=1). (2)
(2) Rosenau-Hyman (RH) equation [19, 20]:
Up — Uy — BUglyy — WUUzee = 0, (=1, 5=3, k=0, w=0). (3)

(3) Fuchssteiner-Fokas-Camassa-Holm (FFCH) equation [21, 22]:

U + 2kuy + uty — 2UpUpy — Wipr — OUULps

By employing the substitution:

=0, (a=-1, =2, w=1). (4)

u(z,t) =U(), &=x—vt, (5)

and substituting this transformation (5) into Eq. (1), we derive the subsequent equation:

2k — U + wU" — wUU" — oUU’ — BU'U" = 0. (6)

Integrating equation (6) once, we get

(2k = VU +wvU" = SU+ (

where c is a constant of integration.

The remainder of this paper is organized as
follows: In Section 2, we introduce the VCAEM
and detail the analytical framework developed for
solving the GP equation. Section 3 presents the
main analytical results obtained using the pro-
posed method, including explicit solutions and
their derivations. In Section 4, we discuss the
physical and mathematical implications of the re-
sults, highlighting the method’s effectiveness. Fi-
nally, Section 5 concludes the paper with a sum-
mary of findings and a discussion on the broader
impact and potential future applications of the
method in nonlinear science and mathematical
physics.

2 Methodology

In this article, we present an innovative method in-
spired by Hashemi’s work in [23, 24], which relies

w—p
2

on the VCAEM. Let us explore:

)(U’)2 —wUU" =, (7)

Q(§,73,7>’,...,7><“>) —0.

Here, Q (¢, P, P/, ... ,73(”)) denotes a polynomial
wrt. P, P, ..., P™ where the coefficients vary
according to the &.

In this research, we introduce a technique in
which the solutions to the specified second order
Abel’s equation are also solutions to the equation
represented in (7), as outlined below:

P’ = 92(&)P? + 91 ()P + 9o (€), (8)

where 9;(§) € C"(0 < j < 2).

For different types of differential equations, it
is possible to utilize a generalized Abel’s equa-
tion with different order. In general, an n* order
Abel’s equation has the following form:

=Y w(e)P, Q
1=0

where ¥;(§) € C"(j € {0,1,...,n}).
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We begin by introducing a method to derive
equations (8) from the initial equation (7). Let-
ting P = P(§) represent any solution of (8), dif-
ferentiating w.r.t. £ yields:

and therefore

Pr= 3 [BOP + (03P S0P

§=0 i=0

(12)
1" a2 / / /
PE) = 0P + 1P + U + P [202P + dif0) Therefore, in the second order case, from (8)
Moreover, in the general case from the Eq. (9), we we have
have
P=3 [P + P GosoP ) |
=0
P"(&) = 205P3 4 (0% + 30102) P? + (0] + 97 + 209092) P + (95 + Do) . (13)

The core concept of this new approach
is explained as follows. By inserting poly-
nomial expressions for P/, P” ..., P" into
Z(&P,P',...,P™), one obtains a polynomial
Q(P) in terms of P. Setting the coefficients of
Q(P) to zero leads to an overdetermined system
of algebraic and ordinary differential equations
(ODEs) for 9;(¢), 0 < ¢ < 2. If this system ad-
mits solutions in the form of 9y(§),¥1(§), J2(),

then any solution to (8) will also satisfy (7).

d

3 Main results

In this present investigation, we employ the

subsequent generalized Abel’s equation to solve
Eq. (7):
PO =02 OP O+ 01 (P (O +90(9).
(14)
Inserting (14) into Eq. (7) results in a fifth degree
polynomial with respect to P, expressed as:

4
> 8P =0,
=0

where

So = 2vw <190(§)) + 20w (€) 91(€) + (w — B) 95 (€) — 2¢,

dg

51 = v 00(6) a(€) + 2008 (©) — 2300(6) 1 (6) + 2w ( 01(©)) = 20 (190(6)) + 4k = 2

- (dm(a)) 4 2w (%(s)) — 2 (=3 () + 00(€) (B + @)) V2(6) — (B + ) 92 () — a,

¢ dé

S — 2w (dm)) v 82 () — 28 + 2) 1 (€) 9a6)

Sy=—(B+3w) 3 (&).
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Considering S; = 0, ¢ = 0,...,4, leads to a system of differential algebraic equations with the
subsequent sets of solutions:

Family 1:

B0() 3 (8 —3wa)c
o(§) = — '
4 (9cw?a? — 18k2w2a — 6cfwa + ¢ 32) B\/720,B 2o 1445 k2;§a—48c,82wa+8053

-3
9 = 12wk
1(6) v \/72Cﬁ w2a? — 1448 k2w?a — 48¢ f2wa + 8¢ 33 @
-3
19 pu—
2(8) \/72(3,8 w2a? — 1448 k2w?a — 48¢ f2wa + 8¢ 33
28k B

(=3wa + p) a,

Ij:ﬂ—?woz7 “= 7y

In this scenario, (14) transforms to

R ZGEN 3
d¢ V T2cfwa? — 1446 k2w2a — 48¢ fwa + 8¢ B3
-3
12wk
e \/72cﬁ w2a? — 1448 k2w?a — 48¢ B2wa + 8¢ 33 P )

B 3 (B — 3wa)c 7 (16)

4 (9cw?a? — 18k*w?a — 6cfwa + ¢ 57) B\/720Bw2a2—1446 k2:;§a—48c52m+8cﬂ3

(—3wa+ B) aP? (€) (15)

with exact solution:

2(9cw2a?—18k2w2a—6cfwa+c B2) 973—}1)

Ple) = & wE -

—+/18 tan ( VO Vad (C1+9)V3 ) vVad — 6kwa

2
where C} is an arbitrary constant, and ® = (wa — g) ¢ —2k*w?a. Hence, based on (7), and (17), the

first exact solution in the form of a Kink soliton solution can be articulated as follows:

VOVad (Crta—( 285 )t) V3
—+1/18 tan ‘ ( o (ﬁ_dw> ) vVad — 6kwa
2(9cw2a2—18k2w2a—6¢cfwa+c $2)6 9?3%

u(z,t) = o (“3wa 1 ) . (18)
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u(x,t)
=N WwHsHrO

5

Figure 1: 2D, 3D and contour plots of (18).

Family 2:
4k —g—"‘ 2
B 3a 16k* — 9acc I}
v =——, 7 =1/—55 Y =0, v=—"— ==
Here, the ODE (14) can be written as: where (1 is an arbitrary constant. Therefore, from
Ajs. /3o (7), and (20), a solitary wave solution of the GP
d 3a 28 : : .
el _ 2% _ V. " (19) equation has the following form:
2
Undoubtedly, a exact solution to (19) also serves 4k VF (z‘wt)
as a solution to (7). The exact solution for (19) u(z,t) = 3o +Che ’ {21)
can be represented as follows:
Ak B
P(g) = @ + Cl € 2 ) (20)
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oo

[=2]

u(x,t)

4 0 x
2 -1
0
-2
12 T
............ 0
=== t=0.3
10 -6--1=0.6
—————— t=1.0
t=2.0
ol
Figure 2: 2D, 3D and contour plots of (21).
Family 3:
3 3(6kwa+16kB+3V)k wa 2(6kwa+16kS+3¥)Lkw 2
9 (5) 6 _% < —9a2w2+6waB+832 + —9a2w?+6waB+832 + 3cwa — 4kw — Cﬁ)
O8NS = 7 9(6kwa+16kB+30)w2a2  15(6kwat16kB+30)Bwa |, 4(6kwat16kB+30)A32 ’
—9a2w2+6waf+8682 —9a2w?+6waf+862 + —9a2w?+6waB+832 + 6kwa — 8k/8
3« (6kwa + 16k3 + 39) B B8
19 == — ’19 = O7 = , = ——,
1) 2/ 2(£) YT 00202 + 6wa,3 + 8132 “ 3
where U = \/—18cw?a3 + 36k2w2a? + 12¢fw a? + 16ca 32. In this family, (14) transforms to
d 3a
—PE)=4/—=—=P
3 3(6kwa-+16kB+3V)kw?a | 2(6kwa+16k8+3V)Bkw 2
6 _ﬁ ( —9a2w?+6waB+832 + —9a2w?+-6waB+8/32 + 3cwa — 4kw — Cﬂ) (22)
"~ 9(6kwa+16kB+30)w2a? 15(6kwa+16kS+3¥)Lwa | 4(6kwa+16kG+3V)S32 ’
—9a2w2+6waf+862 —902w?+6waB+8B2 + —9a2w?+6waB+832 + Bkwor — 8k3
with exact solution:
VB /-5F¢
9 <aw - %) (M + 6w6ka) Cie 2
P(&) =
O (Baw— 2
9 (aw — %) (% + 6w6ka>
18 (V20 kw — 3cw?a? 2,2 _ dep? 28
w — 3cwa —|—(6k:w —{—50,8(.0)(1 4 aw + 3
+ (23)

9 (aw — %) (M + 6w5k0¢) 7

16
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where C7 is an arbitrary constant, and © = \/oz (—9cw?a? + 18k2w?a + 6wPac + 8¢ 5?). Therefore,
another solitary wave solution can be written as:

V6 /~F (a— (6kwat16kF+30)6

9 (aw— ) (2822 4 6upha)
18 (V20 kw — Bew?a® + (6k%w? + 5cfw) a — 22 (aw + %)
9(aw_g> (w%wﬁm) .

2
. 1
ﬂ - .
-1
: e 5
2 15 1 0.5 0
1

u(z,t) =

_l’_

o

17

............ 120.0
- - - 103
6l|-—©--1=06
—memnt=10

t=2.0

Figure 3: 2D, 3D and contour plots of (24).

Family 4:
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¢ (aw + 25) <2wl<: + 2 /~w (ewa — 2k2w + QCB)) (C1 + Casin(KE) + cos(K¢))

- VavpBw (ﬁacw +2v2 Be — 4vV2 k2w — 4k+/—w (cwa — 2k2w + 2c[3)> (—cos(K¢)Cy + sir1(K§))7
w ((C3 — 1) (cos? (K¢€)) + (—2Cy sin(K¢€) — Cy) cos(KE) — sin(K¢) C1Cy — C3)
VB (sin(K¢) cos(K¢) (C3 — 1) + 2 (cos? (KE)) Ca + cos(KE) C1C — sin(KE) Cy — Cy)

Va <—4k\/—w (wa — 2k2w + 2¢B) + V2 ((ac — 4k?) w + 2cﬁ)>
(2wk + V2 /—w (wa — 2k%w + 206))2

(2wk + v/ —2cw?a + 4w?k? — 4cﬁw) B

Jo(€)

91(§) =

X

)

where K = % In this Family, the ODE (14) can be written as:
L)~ 22 (=29 + k) cos(K€) + Cs (- P4 + k) sin(K€) + kCy ) .
d¢ B VByva (2cos(K¢€) Oy — 2sin(K¢)) ’

by assuming w = —af_cgkz. Definitely, any solution that satisfies (25) also meets the criteria of (7).

Expressing the solution to (25) can be done as: 18

P(E) = ((40@303 + 8kC1C3 + 8kC2 — 40CyC3 — 8k) cos? (K¢€)
+(—=8aC3Cs — 8kC1Cy — 16kCy) cos® (K &) sin(K¢€)
+(4aCyCy — 4aC3Cy — 8kC1C3 — 4kC3 4 8k) cos? (K &)
+(4aC3C3 + 4kC, Oy + 4kCy) cos(K€) sin(K€) 4+ CzaCs + 2k:01022>

1
8 aCy (—2C5 cos? (KE&) + 2sin(KE) cos(KE) + C3)’

C: eR. (26)
Therefore

u(z,t) = <(4aC§’Cg + 8kC1C3 + 8kC3 — 40CyC3 — 8k) cos (K (x — vt))
+(—8aC2C3 — 8kC,Cy — 16kCs) cos® (K (z — vt)) sin(K (z — vt))

+(4aCyC3 — 4aC3Cs — 8kC1C3 — 4kC3 + 8k) cos? (K (x — vt))

+(4aC3C3 + 4kC1 Cy + 4kCy) cos(K (x — vt)) sin(K (x — vt)) + C3aC + 2k01022>

1
X aCy (=205 cos? (K (x — vt)) + 2sin(K (z — vt)) cos(K (z — vt)) + Co)

(27)
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Figure 4: 2D, 3D and contour plots of (27).

Family 5:
tan (VIO el =) V2
190(5) = - /B g y
Vac tan(a v C(gjg;&%)) c(B+ @)
Q91(5):_ (,8+’W)C )
¥2(€) =0, v =2V 2ac, w:—%, , k—\/iz\/@.

Here, the ODE (14) takes the following form:

tan(am(Cﬁrﬁ)) C(ﬂ"‘w) ('P(f)\/@ﬁ-ﬂc)

2/acw
dfgp(f):_ c(B+w@)

)

19
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with exact solution

_w

Bt+=
\/§ 2 vac
cos(“‘\/c“’*“) <cl+s>)+1

PE) = |- s +Cy

a

=
X (14—‘5&1{12 (a 0(524\—/07%);01 +€)>> , CreR.

Thus, a periodic wave solution can be expressed in the following manner:

_w

B+w
2
V2 COS(QW(0172\/§\/@t+z))+1 Vac
Vacw
u(z,t)  =1]-— " +Cs

><<1—i—tahn2 (ahc(ﬂ—i—w) (Cl_2ﬂ\/@t+$)>>6+w, C3 € R. (30)

2/ acwo

(29)

20
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Figure 5: 2D, 3D and contour plots of (30).
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Family 6:

g (aw + B+ @)
Do(€) = o

(aw — B+ @) (kww?a?+2a (kw2 + 3)w—w (kB2 — kw? — $9))

X < (—2k2w + 5 (ac - 2k2)) aw? + (—a B%c + 2cfwa + 2k2 2 — 2k w? — k:CI)) w—cfw(f—w) >,

91(§) = ”_M’ ¥2(§) =0,

—20kww + 2k B2 — 2k w? + v/ —2c f2w2a3 + 4B2k2w2a2 — de BPow a2 + 2¢ fla — 2¢ fPwla
—a2w? — 2aww + B2 — w? ’

UV =

where

® = —2akww + 2k % — 2k @w? + \/—2¢ fPw2a® + 482k2w2a? — 4c f2mw a2 + 2¢ fa — 2¢ f2w2a.

In this instance, the Eq. (14) transforms into

d_ . [ a VAt law+ B+ )
d—gp(f) = \/ﬁp(f) + (aw — B+ @) (kww?a? + 20 (k=2 + %)w—wuﬁﬁ2 —kw? - 39))

X ( (—2k*w + B (ac — 2k%)) aw® + (—a fPc + 2cfwa + 2k B — 2k°w” — k®) w — cfw (B — w(B))
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with exact solution
P& = —e Tt [e - Btw 5( —2cBwiad + 4B K2w3a? — 6¢fw w?a? + 46%k* W o + 48 kP w wia

+2¢ BPwa — 6¢8 wiwa + 2¢ f3w — 2¢p w3) + 282k w?a®C) — 283 kwaCy + 2% kwwaCy

+V2 v/ Ba (—cw?a? + 2k2w?a — 2amwe + B2c — w2c)(2e T ¢ pwla+ wlalC — BwCy

+2wwaC — fwalCi +2e _mfﬁkw +2e _mgk‘ww + wQC’l)

—1
X (—aw+ B —w) ! <2kw BPa+ V2 /Ba(—cw?a? + 2k2wla — 2amwe + [2¢ — w2c) (wa + w))(32)

where C7 € R. Therefore, an additional exact solution in the shape of a solitary wave solution can be
expressed as follows:

u(z,t) _ oV Fr= (@=v) [e_ = (I_Vt)( —2¢fwiad + 4B K2w3a? — 6¢fw w?a? + 46%k% W a + 48 kP w wia

+2¢ fPwa — 6¢8 wiwa + 2¢ f3w — 2¢p w3) + 28%k w?a®Cy — 28%kwaCy + 28%kwwaly
)

+V2 /20 (—cw?a? + 2k2wla — 20mwe + (2¢ — w2c) (2¢ V7= (a=vt) ) 2 w2020y — BwCy

+2wwaCy — fwalCi + 2e “Fw (x_ut)ﬂkw +2e V “He (x_yt)kww + WQCl)

X (—aw+f —w) (ka Ba+ V2 /B2 (—cw?a? + 2k2wla — 2amwe + [2¢ — w2c) (wa + w)){?gy
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Figure 6: 2D, 3D and contour plots of (33).

To discover further exact solutions for the FW equation (2), by substituting (14) into Eq. (7) (with
parameters « = —1, f = 3, k = 0.5, and w = 1), we obtain a fifth degree polynomial in terms of P,

formulated as: A
> 8P =0,
i=0

where

w — 2
S0= (gg0(©) + 0n(© (v + TP

1= 2000(€) 026) + v9 ) + v (J01(©)) = 300(©) 1(6) —  (Jeu(©)) ~w 1.

3y 2
$2= - (5e01©) 4 (5602©)) + ET2E dsin 09+ - @+ 3)00(6) va(6)

0=~ (3g00(©)) +2 (v02(©) — (=43 ) 01(0)) 020,
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Considering S; = 0, ¢ =0,...,4, leads to a system of differential algebraic equations with the subse-
quent sets of solutions:

Case 1:
vze V2 (O + CQG% + et V2 (Cy + CQQ@ + ef\/gg
o(6) = T2 2 91(6)
0 = - ) 1 = - )
8CyeV2¢ — 8 2 (202e@ — 2e_@> QCgeg — 2e_g
() C1v2e3 1 ) 1
= v==, w=-1, c=—=.
2 202e\/§£ _ 27 9’ ) ]
Here, from the ODE (14) we have
s
d \/§<Cl (P(&)+1)e? +02eﬁ5+1) (P& +13)
ZPE) = — , 34
with exact solution
-4 (03 — 1) e_@ -4 (03 + 1) e@ + (—402 — 4) C3+4Cy — 4
P(E) = T (3)
401 (Cg COSh(?) + Slnh<T>>
Therefore, utilizing (7) and (35), the ensuing dark soliton can be expressed as:
(g A(-410)
u(l‘,t)z_01(03_1)e 2 —C1(C3+1)e 2 +(_402—4)03+402—4.(36)

4Cy <cosh<ﬁ(25”)> Cs + sinh<ﬁ(25“")>>
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Figure 7: 2D, 3D and contour plots of (36).

Case 2:

1 1 1
190(5):_26\/_&74—1’ V1(§) = V2(&) = “%er1 VT w=—1.

Eq. (14) in the current case can be written as

d 1
difp(O - S 8c+1

(P2 (&) +P (&) —2¢). (37)

The solution of equation (37) can be formulated as:

— 1 VBeH I (Ch+
mnh(¢ s VEH f>>m1
1

Pé) = — 5 — 5 Ci eR. (38)

Hence, based on (7), and (38), we obtain the following periodic singular solution:

/= 1 /8eri(Ci—t+
tanh( Setl C2 (613 x))\/8c+1
1

u(z,t) = — 5 ~ 3 (39)
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Figure 8: 2D, 3D and contour plots of (39).

4 Results and Discussions

The Results section presents the findings obtained
from the application of the VCAEM to the study
of exact solutions for the GP equation. Through
rigorous mathematical analysis and computational
techniques, this study explores the behavior and
characteristics of the GP equation under various
conditions and parameters. In this paper, all com-
putations have been carried out using Maple 2022.
The section begins by detailing the exact solutions
derived using the proposed technique, showcasing
their forms and properties. Subsequently, these
solutions are analyzed and discussed in depth,
shedding light on the implications and significance
of the results within the context of the GP equa-
tion. Insights into the behavior of the equation,
its solutions, and their relevance to theoretical and
applied research are thoroughly examined, provid-

ing a comprehensive understanding of the findings
presented in this manuscript.

Fig. 1 illustrates the Kink soliton solution of
equation (18) under the conditions ¢ = k = w =
a = = C7 = 1, presented in three dimensional,
contour, and two dimensional formats.

Figure 2 depicts the solitary wave solution of equa-
tion (21) with the parameters set as ¢ = k = w =
8 = C; =1, and a« = —1, showcased through
three dimensional, contour, and two dimensional
visualizations.

Figure 3 illustrates an alternative solitary wave so-
lution of equation (24), where the parameters are
specifiedasc=0.1, k=w =2, g = -2, C; = 0.5,
and a = 1, presented across three dimensional,
contour, and two dimensional representations.

In Figure 4, we depict a periodic wave solution
corresponding to equation (27). Here, the param-
eters take on specific values: ¢ = k = w = 2, while
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a=p=C0 =Cy = (Cg3 = 1. The illustration
showcases the solution through three dimensional,
contour, and two dimensional representations.

In Figure 5, we illustrate a periodic wave solution
associated with equation (30). The parameters are
assigned specific values, with o = = w = C; =
C3 =1, and ¢ =
showcases the solution across three dimensional,

2. The visual representation

contour, and two dimensional depictions.

In Figure 6, we depict a solitary wave solution cor-
responding to equation (33). Specific parameter
values are assigned, with @« = = w = C; = 1,
and ¢ = k = 2. The visual presentation exhibits
the solution through three dimensional, contour,
and two dimensional renderings.

In Figure 7, we illustrate a dark soliton associated
with equation (36). Specific parameter values are
assigned, with C7y = Cs = 1, and C3 = 2. The
visual representation displays the solution through
three dimensional, contour, and two dimensional
depictions.

In Figure 8, we depict a periodic singular solution
corresponding to equation (39). Assigning specific
parameter values, with C7; = 1 and ¢ = —0.5. The
visual representation showcases the solution across
three dimensional, contour, and two dimensional
depictions.

5 Conclusion

This study introduces a novel approach, namely
the VCAEM, to investigate the GP equation.
Through this method, various types of solutions
including Kink solitons, dark solitons, periodic
wave solutions, periodic singular solutions, and
solitary wave solutions have been derived. These
findings significantly contribute to the understand-
ing of the dynamics governed by the GP equa-
tion. The versatility of the proposed method en-
ables the exploration of a wide range of phenom-
ena and opens avenues for further research in non-
The derived
solutions offer valuable insights into the behavior

linear dynamics and related fields.

and characteristics of the system under considera-

tion, providing a foundation for future theoretical
and experimental studies. Overall, the VCAEM
proves to be a powerful tool for analyzing complex
nonlinear systems, offering new perspectives and
opportunities for advancing our understanding of
nonlinear phenomena.
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