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ABSTRACT In this paper, the analog circuit implementation of a fractional-order chaotic system is presented.
Fractionalization is achieved by replacing integer-order capacitors and inductors with their fractional-order
counterparts in Chua’s circuit. The paper provides a model for implementing fractional-order capacitors and
inductors in the circuit. The results obtained from simulating the fractional-order Chua’s circuit are compared
with those derived from the Grünwald-Letnikov numerical solution. All results show strong agreement.
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INTRODUCTION

Chaos, as a science subject, was introduced by Edward Lorenz
(Lorenz 1963). Later, Chua’s circuit (Matsumoto 1984) became
very important in the advancement of chaos science because it is
the simplest autonomous chaotic circuit. In addition, when chaos
was first introduced, few mathematical tools were available, so
experimental methods were more favourable. In Chua’s circuit, ob-
taining data experimentally is straightforward, which contributed
to its widespread attention in the literature (Wu 1987).

In recent years, fractional-order chaos has become a topical
subject because fractional-order chaotic systems exhibit richer dy-
namic behaviour than their integer order counterparts (Sheu et
al. 2008). Numerous studies in the literature have explored the
fractionalization of Chua’s circuit. In most of these studies, only
the system obtained from Chua’s circuit is fractionalized mathe-
matically without analog circuit implementation (Sene 2021; De la
Sen et al. 2021; Boudjerida et al. 2022; Younis et al. 2025). Moreover,
in some studies, Chua’s circuit is fractionalized digitally so that
it is implementation is carried out via a microcontroller (Wang et
al. 2021; Wu et al. 2025) or an FPGA (field programable gate array)
(Abd El-Maksoud et al. 2018; Wu et al. 2024; Abd El-Maksoud et al.
2019; Taşdemir et al. 2025).

Nowadays, there are numerous method implement chaotic sys-
tem digitally (Emin and Yaz 2024; Kıran 2024; Seyyarer et al. 2025).
However, in the analog realization, the system may exhibit more
chaotic behaviour than in the digital realization because of the
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finite sampling intervals and precision (Michaels, A. J. 2011). More-
over, the analog circuit components are less complex and therefore
much cheaper than digital circuit components.

This study aims to implement and validate an analog fractional-
order Chua’s circuit using fractional-order capacitors and induc-
tors, comparing its behaviour with numerical simulations based
on the Grünwald-Letnikov method. For the circuit implementa-
tion, a model for the fractional-order capacitor and inductor is
introduced.

The main contribution of this study is the analog implementa-
tion of fractionalized Chua’s circuit. The other main contribution
is implementing fractional-order capacitor and inductor which are
employed in many different study fields such as: control (Swain et
al. 2017), fractional-order oscillators (Ahmad et al. 2001), fractional-
order filters (Adhikary et al. 2016), fractional-order resonators (Ad-
hikary et al. 2016), modelling of lithium-ion batteries (Zou, et al.
2017), modelling of neural networks (Peasgood et al. 2003) and so
on.

The organization of the article is as follows. In the second
section, the fractional-order operator and the modelling of the
fractional-order capacitor and inductor is given. In the next section,
fractional-order Chua’s circuit are given. In the later section, the
circuit implementation of the fractional-order Chua’s circuit is
presented. Finally, the conclusion is given in the last section.
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FRACTIONAL-ORDER CAPACITOR AND INDUCTOR

The Riemann–Liouville (RL) definition of fractional-order integra-
tor is

0D−q
t f (t) =

∫ t

0

(t − τ)q−1

Γ(q)
f (τ)dτ (1)

here q is the fractional-order. For a fractional-order capacitor,
the relationship between the voltage and the current is

vC(t) =
1
C 0

D−q
t iC(t) =

1
C

∫ t

0

(t − τ)q−1

Γ(q)
iC(τ)dτ (2)

Here vC(t) is the voltage across the capacitor and iC(t) is the
current passes through the capacitor. If we take the Laplace trans-
form of Equation 2

VC(s) =
1
C

L{0D−q
t ic(t)} =

1
C

1
sq IC(s) (3)

From Equation 3 the impedance of the fractional-order capacitor
obtained as

ZC(s) =
VC(s)
IC(s)

=
1
C

1
sq (4)

The impedance given in Equation 4 cannot be implemented
using discrete components. However, its impedance function can
be approximated as described in (Charef et al. 1992). This approxi-
mation is given in Equation 5

1
C

1
sq

∼=
1
C

1
pq

t

1(
1 + s

pt

)q
∼=

1
C

1
pq

t

∏N−1
i=0

(
1 + s

zi

)
∏N

i=0

(
1 + s

pi

) (5)

Here C is the capacitance of the fractional-order capacitor, q is
the fractional-order, pt is the corner frequency (alternatively 1/pt
is the relaxation time), and zi, and pi are the zeros and poles of the
approximated impedance function respectively. The value of N in
Equation 5 is calculated as (Charef et al. 1992)

N = Integer

 log
(

wmax
p0

)
y

10q(1−q)

+ 1 (6)

Also, the values of the poles and zeros of the approximated
impedance function are calculated (Charef et al. 1992):

p0 = pt10y/20q

zi = (10y/10q(1−q))i10y/10(1−q)p0

pi = (10y/10q(1−q))i p0

(7)

Here y is the maximum error in dB between the actual and the
approximated lines. After all the poles and the zeros of the ap-
proximated impedance function are calculated, the partial fraction
decomposition is performed to the right side of Equation 5.

1
C

1
pq

t

∏N−1
n=0

(
1 + s

zi

)
(s + po) (s + p1) . . . (s + pN)

=
r0

s + p0
+

r1
s + p1

+ . . .+
rN

s + pN
(8)

As seen in Equation 7, all the poles and zeros are in alternate
order, hence all the residues in Equation 8 are positive constants.
Because of this, the approximated impedance function can be im-
plemented using passive elements. The simple fractions on the
right side of Equation 8 can be easily realized by parallel connected
RC elements. The value of the resistors and capacitors is calculated
as:

Ci =
1
ri

Ri =
ri
pi

(9)

The approximated impedance for the fractional-order capacitor
is given in Figure 1.
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Figure 1 The approximated circuit for the fractional-order capacitor.

For a fractional-order induct-or, the relationship between the
voltage and the current is

vL(t) = L0Dq
t iL(t) = L

1
Γ(1 − q)

d
dt

∫ t

a

iL(τ)

(t − τ)q dτ (10)

Here vL(t) is the voltage across the inductor and iL(t) is the cur-
rent passes through the inductor. If we take the Laplace transform
of Equation 10

VL(s) = L L{0Dq
t iL(t)} = Lsq IL(s) (11)

From Equation 11 the admittance of the fractional-order induc-
tor obtained as

YL(s) =
IL(s)
VL(s)

=
1
L

1
sq (12)

The admittance given in Equation 12 cannot be implemented
using discrete components. However, its admittance function
can be approximated as described in (Charef et al. 1992). This
approximation is given in Equation 13

1
L

1
sq

∼=
1
L

1
pq

t

1(
1 + s

pt

)q
∼=

1
L

1
pq

t

∏N−1
i=0

(
1 + s

zi

)
∏N

i=0

(
1 + s

pi

) (13)

Here L is the inductance of the fractional-order inductor, q is the
fractional-order, pt is the corner frequency (alternatively 1/pt is
the relaxation time), and zi and pi are the zeros and poles of the
approximated admittance function respectively.
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Here the value of N and, zi, and pi is calculated using Equation
6 and 7 respectively.

After all the poles and the zeros of the approximated admit-
tance function are calculated, the partial fraction decomposition is
performed to the right side of Equation 13.

1
L

1
pq

t

∏N−1
n=0

(
1 + s

zi

)
(s + po) (s + p1) . . . (s + pN)

=
r0

s + p0
+

r1
s + p1

+ . . .+
rN

s + pN
(14)

As seen in Equation 7, all the poles and zeros are in alternate
order, hence all the residues in Equation 14 are positive constants,
too. This enables the implementation of the approximated admit-
tance function using passive elements. The simple fractions on the
right side of Equation 14 can be easily realized by series connected
RL elements. The value of the resistors and inductors is calculated
as:

Li =
1
ri

Ri =
pi
ri

(15)

The approximated admittance for the fractional-order inductor
is given in Figure 2.
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Figure 2 The approximated circuit for the fractional-order inductor.

FRACTIONAL-ORDER CHUA’S CIRCUIT

In this section, fractional-order Chua’s circuit analysis is presented.
The fractional-order Chua’s circuit is given in Figure 3. In the
modified version, only the nonlinear resistor (GN) is changed as
proposed by (Tang et al. 2003) with respect to the original circuit.
In the modified version, the nonlinear resistor contains the x|x|
function instead of a piece-wise linear function.
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Figure 3 The fractional-order Chua’s circuit.

For the modified nonlinear resistor, the voltage and current
relationship is given in Equation 16.

iN = g (vN) = αvn + βvn|vn| (16)

Here, iN is the current passes through the nonlinear resistor and
vN is the voltage across the nonlinear resistor. As seen in Equation
16, the current of the nonlinear resistor is a function of the voltage.

If Kirchhoff’s current law (KCL) is applied to the nodes vC1,
and vC2 the following fractional-order differential equation set is
obtained.

C1 0D−q1
t vC1 = − vC1 − vC2

R
− g(vC1)

C2 0D−q2
t vC2 = − vC2 − vC1

R
+ iL

L 0D−q3
t iL = −vC2

(17)

Then Equation 17 can be rewritten as:

0D−q1
t vC1 = − vC1 − vC2

RC1
− 1

C1
g(vC1)

0D−q2
t vC2 = − vC2 − vC1

RC2
+

1
C2

iL

0D−q3
t iL = − 1

L
vC2

(18)

A fractional-order chaotic system can be obtained from Chua’s
circuit as in Equation 18. In the fractional-order chaotic system,
the state variables are vC1, vC2, and iL.

To investigate the dynamic behaviour of the fractional-order
system, bifurcation diagrams and Lyapunov exponent analysis
are carried out (Khan et al. 2025). In Fig. 4 bifurcation diagram is
plotted with respect to the fractional-order q. In this bifurcation
diagram, period doubling route to chaos is observed.

Figure 4 The bifurcation diagram with respect to the fractional-order
q for the values of the circuit elements R = 1, C1 = 0.1079, C2 = 1,
and L = 0.0833; and the initial conditions vC1 = −1.01, vC2 =
−0.01, and iL = −0.01.

Then, the bifurcation diagram is plotted with respect to the
resistor R and shown in Fig. 5. In this bifurcation diagram, period
doubling and period halving bifurcation is observed.

As a final dynamic analysis, the Lyapunov exponents are plot-
ted and given in Fig. 6. As seen in Fig. 4, 5 and 6 the fractional-
order system with given parameter values exhibits chaotic be-
haviour.

In this section, the numerical calculation of fractional-order
Chua’s circuit is also presented. For the numerical calculations, the
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Figure 5 The bifurcation diagram with respect to the resistor R for
the fractional-orders q1 = 0.96, q2 = 0.97, and q3 = 0.98; the values
of the circuit elements C1 = 0.1079, C2 = 1, and L = 0.0833; and
the initial conditions vC1 = −1.01, vC2 = −0.01, and iL = −0.01.
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Figure 6 The Lyapunov exponents for the fractional-orders q1 =
0.96, q2 = 0.97, and q3 = 0.98; the values of the circuit elements
R = 1, C1 = 0.1079, C2 = 1, and L = 0.0833; and the initial
conditions vC1 = −1.01, vC2 = −0.01, and iL = −0.01.

Grünwald-Letnikov (GL) method is used since the finite difference-
based definition of the GL is equivalent to the RL definition
(Scherer et al. 2011; Chen et al. 2019).

Then, the fractional-order Grünwald–Letnikov fractional inte-
gral is:

0D−q
t f (t) = lim

h→0
hq

t
h

∑
i=0

(−1)i
(
−q

i

)
f (t − ih) (19)

Here f (t) is the differentiable function, q is the fractional-order,
h is the step size, and (−q

i ) is the binomial coefficients.
In the numerical calculations the value of R = 1, C1 = 0.1079,

C2 = 1, and L = 0.0833. Also, the values of parameters α = −1.5
and β = 0.25, the initial conditions are selected as vC1 = −1.01,
VC2 = −0.01, and iL = −0.01 as given in (Wang et al. 2021). The
voltage-current relationship graph of the nonlinear resistor is given

in Figure 7. And the fractional-orders are selected as q1 = 0.96,
q2 = 0.97, and q3 = 0.98.

Date: February 03, 2025 Page 1 Time: 11:43:55

         V(GN:2)  

0V-4.0V 4.0V
I(GN)

0A

-4.0A

4.0A

Figure 7 The voltage-current relationship of the nonlinear resistor .

For the given parameter values the fractional-order chaotic
system in Equation 18 can be written as

0D−0.96
t vC1 = −9.267(vC1 − vC2)− 9.267 (−1.5vC1 + 0.25vC1 |vC1|)

0D−0.97
t vC2 = − (vC2 − vC1) + iL

0D−0.98
t iL = −12vC2

(20)
In Figure 8 the time series, in Figure 9 the phase portraits ob-

tained from the numerical calculation are shown.
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Figure 8 The time series of the fractional-order chaotic system
when the fractional-orders q1 = 0.96, q2 = 0.97, and q3 = 0.98;
the values of the circuit elements R = 1, C1 = 0.1079, C2 = 1, and
L = 0.0833; and the initial conditions vC1 = −1.01, vC2 = −0.01,
and iL = −0.01.

CIRCUIT IMPLEMENTATION

In this section, the circuit implementation of the fractional-order
Chua’s circuit and its simulation results are presented.
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Figure 9 The phase portraits of the fractional-order chaotic system
when the fractional-orders q1 = 0.96, q2 = 0.97, and q3 = 0.98;
the values of the circuit elements R = 1, C1 = 0.1079, C2 = 1, and
L = 0.0833; and the initial conditions vC1 = −1.01, vC2 = −0.01,
and iL = −0.01.

In all the approximated impedance of admittance calcula-
tions, the maximum error y = 0.3 dB, the corner frequency
pt = 0.01rad/sec, and the maximum frequency ωmax = 100
rad/sec.

For the fractional-order capacitor C1 in Figure 3, the fractional-
order is selected as q1 = 0.96 and the value of C1 = 0.1079F. For
this case, the approximated impedance function has eight poles,
and the values of the capacitors and resistors in the approximated
impedance function are given in Table 1.

In Figure 10, the approximated and the actual impedance func-
tion is given for the frequency range of interest.
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Figure 10 The approximated (blue dash) and the actual (red line)
impedance function for the fractional-order capacitor C1 over the
frequency range of 0.001-100 rad/sec.

For the fractional-order capacitor C2 in Figure 3, the fractional-

order is selected as q2 = 0.97 and the value of C2 = 1F. For this
case, the approximated impedance function has six poles, and
the values of the capacitors and resistors in the approximated
impedance function are given in Table 2.

In Figure 11, the approximated and the actual impedance func-
tion is given for the frequency range of interest.
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Figure 11 The approximated (blue dash) and the actual (red line)
impedance function for the fractional-order capacitor C2 over the
frequency range of 0.001-100 rad/sec.

For the fractional-order inductor L in Figure 3, the fractional-
order is selected as q3 = 0.98 and the value of L = 0.0833H. For
this case, the approximated admittance function has five poles,
and the values of the inductors and resistors in the approximated
admittance function are given in Table 3.

In Figure 12, the approximated and the actual admittance func-
tion is given for the frequency range of interest.
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Figure 12 The approximated (blue dash) and the actual (red line)
admittance function for the fractional-order inductor L over the fre-
quency range of 0.001-100 rad/sec.

In Figure 13, the complete circuit for the fractional-order Chua’s
circuit is shown. The nonlinear resistor is modelled with an analog
behaviour model (ABM) device in Spice

The time series and the phase portraits obtained from the simu-
lation of the fractional-order Chua’s circuit are shown in Figure 14
and 15, respectively.
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■ Table 1 The values of capacitors and resistors for the approximation of fractional-order capacitor C1 in Figure 3.

n 0 1 2 3 4 5 6 7

Ci(F) 0.140 1.562 1.671 1.588 1.483 1.381 1.282 1.175

Ri(Ω) 6908.38 102.21 15.81 2.75 0.488 0.0867 0.0155 0.0028

■ Table 2 The values of capacitors and resistors for the approximation of fractional-order capacitor C2 in Figure 3.

n 0 1 2 3 4 5

Ci(F) 1.197 14.709 14.868 13.947 12.989 12.005

Ri(Ω) 806.10 6.11 0.563 0.0559 0.0056 0.0006

■ Table 3 The values of capacitors and resistors for the approximation of fractional-order capacitor C2 in Figure 3.

n 0 1 2 3 4

Li(H) 0.093 1.230 1.178 1.099 1.022

Ri(Ω) 0.0001 0.043 1.40 44.46 1402.82
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Figure 13 The circuit implementation of the fractional-order Chua’s circuit when the fractional-orders q1 = 0.96, q2 = 0.97, and q3 = 0.98; the
values of the circuit elements R = 1, C1 = 0.1079, C2 = 1, and L = 0.0833.

As seen in Figure 8, 9,14, and 15, the time series and the phase
portraits obtained from numeric calculation and simulation are
very close to each other. This shows that the fractional-order

Chua’s circuit is realized successfully. In addition, the modelling
of fractional-order capacitor, and inductor is accurate enough.
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the fractional-orders q1 = 0.96, q2 = 0.97, and q3 = 0.98; the
values of the circuit elements R = 1, C1 = 0.1079, C2 = 1, and
L = 0.0833; and the initial conditions vC1 = −1.01, vC2 = −0.01,
and iL = −0.01.
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Figure 15 The phase portraits of the fractional-order Chua’s circuit
when the fractional-orders q1 = 0.96, q2 = 0.97, and q3 = 0.98;
the values of the circuit elements R = 1, C1 = 0.1079, C2 = 1, and
L = 0.0833; and the initial conditions vC1 = −1.01, vC2 = −0.01,
and iL = −0.01

CONCLUSION

In this study, Chua’s circuit is fractionalized by using fractional-
order capacitors and an inductor. By applying the circuit analysis
to the fractionalized Chua’s circuit, a fractional-order chaotic sys-
tem is obtained and is solved numerically with the GL algorithm.
Then, the analog realization of the fractional-order Chua’s circuit
is successfully implemented. In the paper, it is shown that the
numerical and simulation results are in good accordance. This is
one of the main contributions of the paper, since in most of the
studies Chua’s circuit is fractionalized either numerically or digi-
tally. Another contribution is that the paper presents modelling of

fractional-order capacitor and inductor. For the presented method
to be applicable for the modelling of the fractional-order capac-
itor and inductor, the fractional-order must vary between 0 and
1(0 < q < 1). Final remark, there is no direct method for determin-
ing the value of maximum error y and the frequency range other
than trial and error.
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