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Abstract

In this study, we propose a new selection and estimation procedure for the regression
coeflicients of high-dimensional generalized linear models in which many coefficients have
weak effects (or weak signals). Many existing procedures for selection of regression coeffi-
cients in generalized linear models in the high-dimensional situation such as Least Absolute
Shrinkage and Selection Operator, Elastic-Net, Smoothly Clipped Absolute Deviation, and
Minimax Concave Penalty are mainly focused on selecting variables with strong effects.
This may result in biased parameter estimation, particularly when the number of weak
signals is extremely high relative to strong signals. Therefore, in this work, we propose
an algorithm in which a variable selection is performed first and then an efficient post-
selection estimation based on a weighted ridge estimators along with Stein-type shrinkage
strategies is employed. We compute the biases and mean square errors for the proposed
estimators and we prove the oracle properties of the selection procedure. We investigate
the performance of the new procedure relative to the existing penalized regression methods
by using Monte Carlo simulations. Finally, we illustrate the methodology by performing
genome-wide association analysis on a cancer data set.
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1. Introduction

Generalized linear models (GLMs) are widely used in medicine, social sciences, engineer-
ing, economics, and health sciences, etc. The GLM class provides a common approach
to a wide range of response modeling problems. The most popular cases of GLM are
logistic regression and Poisson regression. Consider a classical GLM ([17]), let Y be a re-

sponse variable and X = (X1, Xo,---, X,,)T = (Xij)nxp, be an n x py, design matrix and
X; = (Xi1, -+, Xip,) be the p, x 1 vector of covariates of the ith observation, i =1,--- ,n.
We assume that Y has a density from the exponential family of distributions,

fy(y,0) = exp[yb — ¢(0) + c(y)], (1.1)
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for some known functions ¢(.) and c(.), where 6 is the so-called canonical or natural
parameter in parametric GLM. The mean response is ¢'(6), the first derivative of ¢(6)
with respect to 6. In parametric GLM, the mean function is defined via a known link
function g(.),

p=EY|x)=g ' (z"B),

If g is the canonical link, that is, g=' = ¢/, then &(z) = ' 8. In this article, we focus on
the canonical link function for simplicity of presentation.

Recent advances in technology have facilitated the collection of high-dimensional data
in a variety of scientific disciplines. The remarkable feature of these data is that the
number of predictors is typically much larger than the total number of observations. For
example, in genome-wide association studies, hundreds of thousands of single nucleotide
polymorphisms (SNPs) are potentially associated with genetic markers for the study of
human diseases [10]. Other common examples of high-dimensional data include DNA
sequencing, molecular biology, signal processing, engineering, and astronomy. The analysis
of high-dimensional data poses diverse computational and statistical challenges to classical
statistical methods and theories [5].

High-dimensional data typically deals with lot of predictors, many of which may be irrel-
evant. Removing irrelevant variables from the model is essential since the presence of too
many variables may cause overfitting, which leads to poor prediction of future outcomes.
In the past two decades, numerous penalized regularization techniques have evolved as a
powerful tool to solve the problem of variable selection and estimation simultaneously in
linear models or even GLMs. The regularization methods are particularly useful to obtain
sparse models compared to simply apply traditional criteria such as Akaike’s information
criterion [1] and Bayesian information criterion [20]. The least absolute shrinkage and
selection operation (LASSO) proposed by [22], is one of the most popular approaches be-
cause of its consistency and computational efficiency. Some modifications of LASSO have
also been developed, including least angle regression [7], Elastic-Net [29], fused LASSO
[23], adaptive LASSO [28], Dantzig-selector [6], square-root LASSO [2], and scaled LASSO
[21] to improve estimation and prediction in various problems. For GLMs, much of the
research has been done to investigate theoretical properties in high dimension, such as
[11,16,25,26]. As the dimension p,, increases with the sample size n, it is often assumed
that only a small number of predictors contribute to the response, leading to the sparsity
of the regression coefficient vector 8. Sparsity means that the number of non-zero com-
ponents of the vector B is less than n. Sparse representation not only makes regression
results interpretable, but can also make the predictive model more accurate. Additional
assumptions made on the design matrix include the irrepresentability and the restricted
eigenvalue conditions. For more detailed information, we refer the interested reader to
3,14, 27].

When p, > n, we are interested in recovering the support and nonzero components of
the regression coefficient vector 8. As a powerful tool for producing interpretable models,
sparse modeling via penalized regularization has gained popularity for analyzing high-
dimensional data sets. Following [13], the regression parameter estimation problem is
seen when there are many predictors in the model. The predictors can be characterized
into the following three groups:

(1) Predictors with strong signals on the response variable and |3;| > ¢v/logpy/n for
some ¢ >0and 1 < j < py.

(2) Predictors with weak signals that may or may not contribute to explaining the
response variable and 0 < |3;| < ¢y/logpy,/n for some ¢ > 0 and 1 < j < pj,.

(3) Predictors with scarce or no signals on the response variable in which their related
regression coefficients are exactly zero.
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Many existing inference procedures for high-dimensional penalized estimators may ignore
contributions from weak signals, and this will result in biased parameter estimation, par-
ticularly when weak signals outnumber strong signals. The objective of this paper is to
extend the idea of post-selection shrinkage estimation (proposed by [13]) for GLMs that
takes into account the joint impact of strong and weak signals. The proposed estimation
strategy dominates relative performances over the candidate submodel estimators gener-
ated from the LASSO and Elastic-Net methods. To obtain a high-dimension post-selection
shrinkage estimator, we offer the weighted ridge (WR) estimator which is able to separate
small coefficients from zero coefficients. We also established the asymptotic normality
of the post-selection WR estimator when p,, increases polynomially with sample size n,
ie. p, = O(n®) for some o > 0. These asymptotic properties are employed to develop
the asymptotic efficiency of the suggested post-selection shrinkage analytically. We also
performed numerical studies to support our theoretical findings.

The remainder of this paper is organized as follows. We outline the proposed method
for GLMs in Section 2 and investigate the asymptotic properties in Section 3. Monte-Carlo
simulation studies are conducted in Section 4. In Section 5, an analysis of the real data
set from genome-wide association studies using our method is presented. We conclude
the paper with a brief discussion in Section 6. All technical proofs are relegated to the
Appendix.

2. Methods
2.1. Notation

In this section, we state some standard assumptions and notations used throughout
the paper. We use bold upper-case letters for matrices and lower-case letters for vec-
tors. Moreover, T denotes the matrix transpose and Iy denotes the N x N identity
matrix. Design vectors, or columns of X, are denoted by X;,j = 1,--- ,p,. The index set
M=1{1,2,---,pn} denotes the full model that contains all potential variables. For a subset
A C M, use B, for a subvector of By indexed by A, and X4 for a submatrix of X whose

: _ T _ Pn .2
columns are indexed by A. For a vector v = (vi,---,vp,) ", denote [|v|[2 = /375", v and

llv][1 = ?;1 |vj|. For any square matrix A, let Apin(A) and Ayax(A) be the smallest
and largest eigen values of A, respectively. Given a,b € R, let a V b and a A b denote the
maximum and minimum of a and b. For two positive sequences a,, and b,, a, < b, if a,
is the same order as b,. We use I(.) to denote the indicator function; Hy(.; A) denotes
the cumulative distribution function (cdf) of a non-central x2-distribution with 1 degrees

of freedom and non-centrality parameter A. We also use 2, to indicate convergence in
distribution.

Let § C {1,---,pn} be the set of the non-zero coefficient indices with s = |§| denoting
the cardinality of 8. We assume that the true coefficient vector g* = (8;7,-- -, ;I)T is
sparse, that is s < n. To facilitate theoretical results, let the parameter space be €2, C RP».
Forany 8 € Qu, let (X B) = ((X] B),--- (X B)T, ¢/(XB) = (¢/ (X7 B), -~ , &/ (X]B))T
and B(B) = diag{¢" (X[ B), -+ ,¢"(X]B)}. Note that E(Y) = ¢/(XBo) and Cov(8) —
2(,30) Let
1
n
Without loss of generality, we partition the (n x py,)-matrix X as X = (Xs,|Xs,|Xs,.,)",
where 81 N82 N 8pun = &, 81 U82 U8nun = M and 8pyn = {j : fo; = 0}. For two matrices
Xs, and Xs,, we define the corresponding sample covariance matrices by

¥ =-X"%(8y)X and zsz%xgz(ﬁo)xs. (2.1)

_ —1
sy180 = 28181 — 28185 25,5, 28581 5
_ —1
25,051 = 23,8, — 28,8 g, 5, 28185 (2.2)
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Let V = (XSQ,XSMH)T be a p, — s1 submatrix of X. Then, another partition can
be written as X = (Xg,,V)T. Let My = I, — Xg, 3! XI . Then, VIMV is a
(pn—51) X (prn,—s1) dimensional singular matrix with rank k; > 0. We denote g1 < - -+ < gy,
as all k; positive eigenvalues of VT M, V.

2.2. Variable selection and estimation

Let (Y;, X;),i = 1,--- ,n, be independent samples of (Y, X). For simultaneous param-
eter estimation and variable selection in GLM, we define the penalized estimator as the
argument that minimizes

Pn
—0n(B) + Y PA(B)), (2.3)
j=1

where £,,(8) =n"t 30, [Vi X[ B— (X[ B)], PA(B;) is a penalty function applied to each
component of 8 and A is a tuning parameter that controls the amount of penalization.
We consider two popular methods, outlined below.

The LASSO estimator takes the form given in (2.3) with an Li-norm penalty: Peny(3;) =
AlB;]. This continuously shrinks the coefficients towards 0 when A increases, and some
coefficients are shrunk to exact 0 if A is sufficiently large. The theoretical properties of
LASSO have been well studied, and an extensive treatment can be found in [4].

The Elastic Net (ENet) estimator is (2.3) with a penalty.

PA(Bj) = MalB;] + (1 — @) 57). (2.4)

That is, L; and Lg-norm penalties combined with an additional parameter a € [0, 1]
(o =1 and o = 0 correspond to LASSO and Ridge, respectively). This combines some
of the benefits of Ridge while giving sparse solutions. In the p, > n setting, LASSO can
select at most n variables, but ENet has no such limitation.

Given a > 2 and A > 0, the penalty function SCAD is according to the following
formula:

(B2 )\|€Tﬁ| [+2%) ol < 2
‘—2a i+
BI85 = —— =@ — A< Bl <a (2.5)
2
L) 18;] > a

Then Py(|8;]) = M(18;] < A) + L2l 1() < |85] < a)).

In minimax concave penalty (MCP) selection the penalty takes the following form:

g g
= { Aﬁ]?\%aﬁj gj i Zi (2.6)

for A > 0 and a > 1. For both SCAD and MCP, the regularization parameter a controls
the degree of concavity, with a smaller a corresponding to a penalty that is more concave.
Both penalties begin by applying the same rate of penalization as LASSO, and then
gradually reduce the penalization rate to zero as |f;| increases.

2.2.1. Variable selection procedure for §; and 8. We summarize the variable se-
lection procedure for 81 and Ss.

Step 1 (Detection of 81). Obtain a candidate subset 81 of strong signals using a penalized
regression method. We consider the following penalized likelihood estimator (PLE):

Pn
BYME = arg min{—(n(8) + > P8}, (2.7)

j=1
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where Py (f;) is a penalty for each individual 8; to shrink the weak effects toward zeros and
select the strong signals, the tuning parameter A > 0 controlling the size of the candidate
subset 31.

Step 2 (Detection of 82). To identify Sg, we first solve a regression problem with a ridge
penalty on only the variables in Sf That is,

87 = argmin { — £(8) + rul By 13}, (2.8)

where 7, > 0 is a tuning parameter that controls the overall strength of the variables
selected in 8. Then, a post-selection weighted ridge (WR) estimator W has the form

Ar . o

AWR _ Iz j €81, 99
€ { BI85 > an), €85, (29)

where a,, is a thresholding parameter. Then, the candidate subset S5 is obtained by
So={je8 BV £0,1<j<p} (2.10)

The post-selection estimation strategy is only used when the threshold parameter a,, sat-
isfies |S2| > 2. In particular, we set

ap=cn ", 0<k<1/2 (2.11)

Note that Spuy = S — (81 Usg) and this is the set of variables that will be discarded as
irrelevant signals.

2.2.2. Post-selection estimation strategies. In this section, we propose a shrinkage
estimate based on two post-selection estimators A% and AWR. Recall that Bng = ( 5] €

8$1)T and B = (B71(18;] > an),j € 82)T.
We obtain the post-selection shrinkage estimator BSE by
1

ASE _ AWR (52— 2\, aWR _ ARE
/331 —531 - (77;” )(/331 —531 ) (2.12)

where §3 = \Sg\ , the post selection restirected estimator BRE restricted to 81 is constructed
by
1 T 5
B = X Z(le)Z (2.13)

where Z is a n-dimensional vector of workmg response with elements
Zi= X B+ (Yi— ) (fu), i=1,2,--,n
and T}, is as defined by
T, = (B (X7 Mglxgz)_lﬁ‘gl*, (2.14)
with MS1 =1, — XslﬁlglngTl. A generalized inverse is used if 281 is not singular. To

avoid over-shrinking where ﬂgVR has a different sign from BSE, we consider a positive
1 1

shrinkage estimator given by a convex combination of ,B%NR and B?E,
1 1

BESE = B — (22 A1) (B - A, (2.15)

Again, we emphasize here that ,BPSE is particularly important for controlling the over-
shrinking problem inherited in the shrlnkage estimator.
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2.3. Selection of threshold parameters

To implement the procedure of simultaneous estimation and selection of variables based
on penalized loss function, it is necessary to choose the appropriate value of the thresh-
old parameter a,. One of the ways to select a, is by minimizing the generalized cross-
validation (GCV) criterion. Tibshirani [22] and Fan and Li [8] used the same criterion
for the selection of the threshold parameter. However, Wang et al. [24] pointed out that
even if the sample size goes to infinity, the GCV criterion has a non-ignorable overfitting.
Further, for selection of threshold parameter they have proposed generalized information
criterion and showed that it is able to identify the true model consistently. [19] defined
a BIC-type selector for selecting the threshold parameter and, through simulation study,
demonstrated that it gives good results. This motivated us to select the optimal sn by
minimizing the BIC-type criterion.

BCI(an) = ln(Ba,) + %DF% log(n) (2.16)

where Ban is penalized estimator of 8 at threshold parameter a,, En(,éan) is loss function
of estimator evaluated at B,, and DF,, denotes number of non-zero components in 3, .

3. Asymptotic properties

In this section, we study the asymptotic properties of post-selection shrinkage estima-
tors. To investigate the asymptotic theory, we need the following regularity conditions.
(B1) p, = exp(O(n”)) for some 0 < v < 1.

(B2) 01, =0(n™"), where 0 < 7 <n < 1.

(B3) There exists a positive definite matrix ¥,, such that lim,_, ¥, = X, where the
eigenvalues of ¥ satisfy 0 < k1 < Apin(E) < Anax () < K2 < 00.

(B4) Sparse Riesz condition. For the random design matrix X, any 8 C {1, - ,pn}
with |8] = ¢,q < pn, and any vector v € RY, there exist 0 < ¢, < ¢* < oo such that
cx < || X4 v|[2/]|v|]2 < ¢* holds with probability tending to 1.

(B5) Assume that ||8s,||2 ~ O(n") for some 0 < 7 < 1, where ||.||2 is the Euclidean norm.

Here, condition (B1) allows high dimensionality such that the number of predictors can
increase with sample size at an almost exponential rate. The condition (B2) guarantees
that the positive eigenvalues of Z7 M, Z cannot be too small with a rate associated with
the strength of the weak signals in 83. The condition (B3) assumes that the eigenvalues
of 3 are bounded away from zero and infinity. This is reasonable since the number of
nonzero covariates is small in a sparse model. (B4) guarantees that 8; can be recovered
with probability tending to 1 as n — oco. (B5), which bounds the total size of weak signals
on 8o, is required for selection consistency on So.

The following theorems will make it easier to compute the ADB and ADR of the pro-
posed estimators (see [13]).

Theorem 3.1. Suppose that assumptions (B1)-(B5) hold. If we choose
T = caa,, > (loglogn)log(n V py) (3.1)

for some constant ¢ > 0 and a, defined in (2.11) with v < (n — o — 7)/3, then 8y in
(2.10) satisfies

lim P(8y =858, =81) =1. (3.2)
where 7,1 and « are defined in (B1), (B2) and (B5), respectively.

Theorem 3.2. Let s2 = d]¥-1d,, for any (p1n +p2n) x 1 vector d,, satisfying ||dy||2 < 1.
Suppose assumptions (B1)-(B5) hold and a pre-selected model such as 81 C 8§ C 81 U 82
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is obtained with probability 1. If we choose 1y, in Theorem 3.1 withv < {(n—a—71)/,1/4—
7/2}, then we have the asymptotic normality,

_ A D
n'2s. dy (Bt — Bse )= N(0,1). (3.3)

7

3.1. Asymptotic distributional bias and risk analysis

In order to compare the estimators, we use the asymptotic distributional bias (ADB)
and the asymptotic risk (ADR) expressions of the proposed estimators.

Definition 3.3. For any estimator 37,, and p1,-dimensional vector di,, satisfying ||d1in||2 <
1, the ADB and ADR of dJ, 3}, respectively, are defined as

ADB(d], B1,) = lim E[{n"?s;}d], (81, - Bon))l. (3.4)

where 53, = lenzs_ll\Slen' Let § = (01, ,0p,,) T € RP2" and

(3.6)

A dIn(ES*llEglgzédTEgzgl Egll)dm
din, — — — — .
' d-lrn(zsll X5, Z3321|51 252512811)d1n

We have the following Theorems on the expression of ADBs and ADRs of the post-selection
estimators.

Theorem 3.4. Let dy,, be any pi,-dimensional vector satisfying 0 < ||din|l2 < 1 and
s3, = dInESzl'&dln. Under the assumption (B5), we have

ADB(dY,B1) = 1 'd} B, (3.8)
ADB(dIn Aigf) = (pQ - 2)5;1d-2rIB?E[X;22(Ad2)]7 (39)

ADB(dL,AT5E) = s7d] B, [@2 - 2>{E[x,;3md2>1

+ E[xp, (Aay) (X, (Ady) < (p2 — 2))]} ~ Hy, (p2— 2 Adz)] , (3.10)

where dyn, = Xs,5, 55, din and E[x, 2 (Aay)] = [5° 272 dHp, (x5 Ag,).

Proof: See the Appendix for a detailed proof.
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Theorem 3.5. Let (B5) is replaced by Bo; = 6;/\/n, for j € 82, with |0;| < Omax, for

some dmax > 0, we have

ADR(d],, AWR) =1, (3.11)
ADR(d] BRFY =1+ (1—o)'?2+ (1 — )2(1 +2A4,)], (3.12)
ADR(dm W) =14 (1= 0 (pa — 2)[(1 - 2 (p2 — 2){ Bl 2(Aa,)]

+ (5313 B2) 2B (Aay)] | + 2B (Mg, )] (3.13)

ADR(d], B{7") = 1+ (1 = ¢)(p2 — 2)2{E[Xp2+z(Ad2)]
+(s37d3 B2)" Elxyy (Ady)]

+ E[X§24+2(Ad2)](X12>2+2(Ad2) < (pan — 2))]}

+2(1 =) (p2 — 2){E[X;22+2(Ad2)}

+ E[X;22+2(Ad2)I(X12>2+2(Ad2) < (p2n —2))]
— (P2 = 2)Elxp, 42 (B T (X, 12(Bay) < (20 — 2))] — (1= ¢)'/?

E[X;22+2(Adz)I(X1272+2(Ad2) < (p2n — 2))]

+(s3d} B2)*Ex;, (A ay) 1 (X, (Ads) < (20 — 2))]] }
+ (1) l(l —c)'/? (E[X§Z+Q(Ad2)}

+ (537 d3 B2) Hp, (p2 2;Ad2)>

+ Q{sz(m =2 A4,) = (p2 = 2)

X B2 (Ba) (X, 42(Ady) < (P20 — 2))]}], (3.14)

where ¢ = limne0 d1,, 55, din/(d1, 25 s, d1n) < 1 and 3, = d3, g g don.

Proof: See the Appendix for a detailed proof.

From Theorem 3.5, we can compare the ADRs of the estimators.

Corollary 3.6. Under assumptions in Theorem 3.5, we have
(1) If ||8]|2 < 1, then ADR(d] BFTSF) < ADR(d] BSF) < ADR(d] BIVE);
(2) If ||8]]2 = o(1) and pa, — oo, then for § =0,
ADR(dln in ) < ADR(dln frzSE) < ADR(dln 1n )

Corollary 3.6 shows that the performance of the post-selection PSE is closely related to
the RE. On one hand, if §; C §;U8y and (8§;U82)NSY are large, then the post-selection PSE
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tends to dominate the RE. Furthermore, if a variable selection method generates the right
submodel and HJHQ = o(1) , that is, lim, . 81 = 81 U89, then a post-selection likelihood
estimator ,3 is the most efficient compared to all other post-selection estimators.

Remark 3.7. The simultaneous variable selection and parameter estimation may not
lead to a good estimation strategy when weak signals are co-exist with zero signals. Even
though selected candidate subset models can be provided by some existing variable se-
lection techniques when p, > n, the prediction performance can be improved by the
post-selection shrinkage strategy, especially when an under-fitted subset model is selected
by an aggressive variable selection procedure.

4. Simulation study

We consider the estimation problem to the high-dimensional GLMs in which p, > n.
The response variable was generated from the two logistic and Poisson regression models
with the following regression coefficient vector under the three effect sizes such as strong,
weak, and no effect,

81 52 Snull
Bo = (5,5,5,0.5,...,0.5,0,0,0,0,...,0)". (4.1)
30 Pn—P1—P2

The covariate x; is generated from a p,-dimensional multivariate normal distribution
with zero mean and covariance matrix I, «p,. We separated the method under a high-
dimensional setting into two steps, namely:

(1) A variable selection step to detect significant predictors and to reduce the dimen-
sions to a low-dimensional model.

(2) A post-selection parameter estimation step, using the resulting model attained
from step 1 above.

In variable selection, we adopt the LASSO, ENet, SCAD and MCP method to eliminate
predictors with no signals and to keep predictors with both strong and weak signals. All
parameter tuning in variable selection approaches are chosen using cross-validation (CV).
We also apply the function cv.glmnet from the R statistical package glmnet with 10-fold CV
for tuning parameter selection. In particular, cv.glmnet is applied to obtain both LASSO
and ENet estimators. We use the ncvreg package in the R software to obtain SCAD and
MCP estimators, respectively.

We use different (n,p,) combinations. For each combination, we run Monte-Carlo
studies with 1000 replicates. Let 8%, be either 8PS or BRE after the variable selection.
The performance of an estimator 37, is evaluated by the relative mean squared error
(RMSE) criterion with respect to B}VR as follows:

E[||BYE — Bolla]
B85, — Boll2]

The RMSE(S83,) > 1 means the superiority of 8%, over B\VR. Larger RMSE indicates
the stronger degree of superiority of the estimator 37, over BYXR. The results on RMSE
from 1000 iterations are reported in Table 1. To check the behavior of LASSO, ENet,
SCAD and MCP for variable selection, we further report the average number of selected
important covariates as |81| From tabulated values it is observed that ,BPSE outperforms
LASSO, ENet, SCAD and MCP in identifying signals in 8. Figures 1-10 show results when
the LASSO, ENet, SCAD and MCP is utilized to generate the submodel. We summarize
the simulation results as follows:

RMSE(ﬂln ) ln) -
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(1) For all combination of n and p,, it is clear that BRE and ﬁPSE perform better
than LASSO, ENet, SCAD and MCP. This suggests that these estimators provide
better predictive accuracy and stability.

(2) When data includes both strong signals and weak signals, all of LASSO, ENet,
SCAD and MCP tend to ignore those weak covariates. In this case, the post-
selection shrinkage estimator dominates these estimators in terms of the risk per-
formance. This is because shrinkage estimators can recover some information
ignored by LASSO, ENet, SCAD and MCP when they underfit the model.

(3) Post-selection shrinkage estimators are more stable than variable selection estima-
tors in terms of risk performance. They are not seriously affected by a heavily
underfitted model.

(4) The relative performances of the proposed estimators become better when p,, grows
for fixed n. This trend suggests that LASSO, ENet, SCAD and MCP strug-
gle with larger feature spaces, likely due to their tendency to aggressively shrink
weaker covariates. In contrast, the post-selection estimators show relatively sta-
ble RMSE behavior, indicating their ability to retain relevant information even in
high-dimensional settings.

(5) SCAD and MCP generally has lower RMSE values than LASSO and ENet, partic-
ularly for small sample sizes, indicating its advantage in balancing feature selection
and regularization.

Figures 1-5 visualize the RMSE trends of the logistic regression model for different values
of p, when comparing LASSO (Figure 1), ENet (Figure 3), SCAD (Figure 4) and MCP
(Figure 5) against the proposed estimators. The plots indicate how RMSE varies as p,
increases for different sample sizes n. The same resultshold for the Poisson regression
model.

In order to compare the sparsity of the coefficient estimators, we also evaluate the False
Positive Rate (FPR) defined as

1{j=0,....p;B0j # 0 A Boj = 0}

The FPR is the proportion of non-informative variables that are incorrectly included in
the model. This value is desired to be as small as possible. However, a large FPR
indicates that unnecessary associations are included, which ’only’ complicates the model
(see [15]). Note that if By does not contain any zero components, FPRe is not defined.
This evaluation measure is denoted for the generated data in each of 1000 simulation
replications separately, and then summarized in Table 1 and in Figures 4 and 10. The
lower the value of this criterion, the better the performance of the method.

FPR(Bo) = (4.2)
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Table 1. The RMSE values and FPR averaged over N = 1000 runs.

11

Model n Pn Method \Sl | FPR ﬁgl Ag;E AéDISE
Logistic 200 200 LASSO 35.988 0.1736 1.1607 3.5262 3.9596
ENet 36.002 0.1796 1.6677 4.1716 4.6844

SCAD 32.084 0.1692 1.0913 3.2415 3.7217

MCP 30.111 0.1702 1.2048 3.6405 3.888

250 LASSO 38.996 0.1797 0.3301 0.9326 1.0300

ENet 36.993 0.2027 0.4242 1.0657 1.1816

SCAD 34.865 0.2333 0.2194 0.2212 1.0217

MCP 35.536 0.2123 0.3375 0.2663 1.0301

300 LASSO 37.994 0.1535 0.2415 0.9033 0.9961

ENet 37.991 0.1685 0.2848 0.9316 0.9960

SCAD 36.087 0.1551 0.2205 0.8875 0.8706

MCP 35.988 0.1634 0.2591 0.8963 0.9231

300 300 LASSO 33.008 0.1610 1.5494 1.6230 1.7295
ENet 33.100 0.1647 0.9420 1.0515 1.1155

SCAD 32.998 0.1584 0.9233 1.1988 1.1306

MCP 33.022 0.1611 0.9537 1.1402 1.5238

450 LASSO 36.003 0.1247 1.4410 1.3448 1.4495

ENet 36.003 0.1270 1.7995 1.5887 1.7131

SCAD 35.978 0.1254 1.3371 1.2243 1.3942

MCP 33.222 0.1198 1.5277 1.2305 1.4236

500 LASSO 35.004 0.1177 0.9994 1.0890 1.1470

ENet 37.000 0.1177 0.9814 1.0656 1.1201

SCAD 37.023 0.1163 0.9405 1.1005 1.1187

MCP 37.155 0.1094 0.9528 1.1257 1.1195

400 400 LASSO 33.996 0.0900 1.9431 2.2596 2.4025
ENet 34.000 0.0916 2.3976 2.5437 2.7099

SCAD 34.013 0.0902 1.8862 2.1902 2.3348

MCP 34.211 0.0898 1.8233 2.2023 2.4324

500 LASSO 35.003 0.0899 1.3406 1.3907 1.4169

ENet 33.001 0.0214 0.3831 2.4878 2.6432

SCAD 34.200 0.0452 1.2204 1.4333 1.5204

MCP 33.355 0.0400 1.3202 1.5475 2.2001

600 LASSO 34.998 0.0846 1.1135 1.2607 1.3337

ENet 33.050 0.0194 0.1621 1.6631 1.7571

SCAD 32.293 0.0525 1.2363 1.4302 1.3585

MCP 33.114 0.0873 1.4238 1.5204 1.6228

500 500 LASSO 36.000 0.1199 2.9295 3.4447 3.5971
ENet 35.997 0.1284 1.5312 2.1733 2.2699

SCAD 35.828 0.1196 1.3341 2.5232 2.9555

MCP 35.532 0.1225 1.5582 2.1184 2.2122

700 LASSO 34.000 0.0869 1.6610 2.2539 2.3670

ENet 34.000 0.0884 1.6324 2.3195 2.4313

SCAD 33.945 0.0874 1.5423 2.1444 2.2236

MCP 33.852 0.0923 1.5572 2.2208 2.3151

1000 LASSO 35.002 0.0775 2.1598 2.6015 2.7025

ENet 33.000 0.0258 0.7346 2.4387 2.5410

SCAD 34.200 0.0386 0.9231 2.2341 2.5970

MCP 35.010 0.0444 0.8862 2.2243 2.6133
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Table 2. The RMSE values and FPR averaged over N = 1000 runs.(countinued)

Model n Pn Method |31\ FPR ﬁgl AQE AQSE
Poisson 200 200 LASSO 39.587 0.0350 2.9705 3.6283 4.8609
ENet 37.011 0.0538 3.7216 4.2209 5.1548

SCAD 38.052 0.0723 2.8763 3.8890 4.9543

MCP 38.000 0.0334 2.5411 3.4420 4.1401

250 LASSO 41.889 0.0184 0.5227 1.3390 1.5883

ENet 38.002 0.0297 0.8017 2.4403 2.6913

SCAD 39.022 0.0336 0.7095 2.2331 2.5542

MCP 38.110 0.0281 0.6642 2.1244 2.1181

300 LASSO 39.915 0.0037 0.3341 0.9546 1.0702

ENet 38.866 0.0055 0.5934 1.4728 1.8991

SCAD 40.000 0.0077 0.3422 0.9624 1.6582

MCP 39.333 0.0035 0.3852 0.9288 1.5531

300 300 LASSO 37.005 0.0281 3.1058 3.6625 4.0410
ENet 35.020 0.0311 3.7355 4.0668 4.3787

SCAD 36.056 0.0433 3.9875 4.0225 4.2231

MCP 35.118 0.0651 3.8657 4.7975 4.5532

450 LASSO 39.001 0.0143 3.0217 3.4878 3.9898

ENet 39.008 0.0198 3.5671 4.2902 4.4413

SCAD 40.023 0.0226 3.6654 4.0100 4.2341

MCP 39.066 0.1736 3.2234 3.8975 4.1284

500 LASSO 40.030 0.0021 2.9901 3.2003 3.6333

ENet 38.994 0.0033 3.0889 3.9177 4.2441

SCAD 39.00 0.0044 3.1011 4.0024 4.1335

MCP 39.00 0.0073 3.2325 3.9997 4.0228

400 400 LASSO 41.000 0.0238 3.8195 4.1112 4.4496
ENet 41.300 0.0414 4.1911 4.6937 5.1204

SCAD 40.00 0.0523 4.2291 4.6617 5.0042

MCP 41.240 0.03452 3.6614 4.0978 5.1041

500 LASSO 40.988 0.0042 3.5093 4.0017 4.2588

ENet 40.000 0.0063 4.3858 4.7390 5.0136

SCAD 41.035 0.0022 4.2135 4.6541 5.2336

MCP 40.001 0.0064 3.9889 4.5311 5.1203

600 LASSO 39.000 0.0017 3.2685 3.9765 4.1302

ENet 39.002 0.0039 3.8716 4.5792 5.1119

SCAD 40.000 0.0040 3.7887 4.6531 5.1090

MCP 40.001 0.0056 3.6228 4.3444 4.9892

500 500 LASSO 40.013 0.0205 4.1924 4.6721 4.9023
ENet 40.001 0.0317 4.8817 5.2996 5.8943

SCAD 40.022 0.0421 4.3668 5.3000 5.9768

MCP 41.000 0.0388 4.2265 5.4502 5.7673

700 LASSO 39.008 0.0194 3.5377 3.4966 3.5138

ENet 38.000 0.0217 4.1444 4.7397 4.9906

SCAD 39.00 0.0343 3.4431 4.2954 4.5456

MCP 40.00 0.0356 4.1205 4.2322 4.3326

1000 LASSO 40.996 0.0031 4.0316 4.4415 4.6712

ENet 39.005 0.0038 5.3108 5.5024 5.8112

SCAD 40.00 0.0043 5.5542 5.4023 5.6641

MCP 39.044 0.0038 5.4856 5.4115 5.6562
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Figure 7. The RMSE of the proposed compared with ENet for different n and
Pr in Poisson model.
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5. Application

In this section, we investigate the practical usefulness of our methodology for gene
expression studies which involve high-dimensional data.

5.1. Genome-wide studies in cancer

We apply our methodology to a real data set on genome-wide association (GWA) studies
in cancer. The response variable, presence or absence of the illness is denoted by Y € {0,1}
(where Y = 1 denotes "diseased”, and Y = 0 "healthy") and is binary, therefore we model
the relationship using logistic regression. The linear logistic regression model is defined as
follows:

Yi, - ,Y, independent,
m(

PY; =1|X;) = 7(X;), log (1—;2()) = Z Bo; Xij. (5.1)
7 j=1

The dataset is ultra-high-dimensional given that it contains 102 observations (52 posi-
tive, 50 control) on 6033 genes and is available from the R package spls. To obtain the
post-selection shrinkage estimators, we first select the candidate subsets from four variable
selection approaches, namely, LASSO, ENet, SCAD and MCP, respectively. All tuning
parameters are computed using 10-fold cross-validation. To evaluate the prediction ac-
curacy of the listed estimators, we randomly divided the data into two parts: 70% of
the dataset was designated as the training set and 30% was designated as the test set.
Table 3 reports the selected number of genes for different values p,,. As seen, the ENet
strategy selects too many predictors, which may yield an overfitted model, whereas SCAD
and MCP select fewer substantial predictors, which may produce an under-fit model. We
observe that the suggested post-shrinkage estimator outperforms both submodels and full
models estimators in all cases. For these data, ENet performs relatively better than three
selected penalized methods used to construct the post-shrinkage estimators, perhaps due
to an inherited large amount of bias being more aggressive in variable selection. Interest-
ingly, all three penalized methods are superior to LASSO. Nevertheless, the post-shrinkage
estimator is utperforming the listed penalty estimators either we use ENet or LASSO to
construct it.

The relative residual sum of squares (RRSS) of estimator B8 over the WR estimator

,BXXR is computed as follows:
Sy — Zjeﬂ XﬂﬁggRHZ
i i — Zjea Xaﬁfﬂh ’

where J is the index of the subset model, and Bj can be LASSO, ENet, SCAD, MCP
or post-selection RE and selection PSEs. RRSS > 1 indicates the supremacy of 85 over

RRSS(8;) =

(5.2)

,8(\)%/ R We compute the RRSS values for the underlying estimators under subset chosen by
LASSO, ENet, SCAD and MCP. The RRSS values are computed using cross-validation
following 50 random partitions of the data set. In each partition, the training set consists
of 60% observations and the test set consists of the remaining 40% observations. The
results of RRSS for different p,’s are reported in Figures 11 and 12. RRSS values of Bng
are observed to give the highest value in both cases. This is not surprising because the
selected submodel generated by LASSO, ENet, SCAD or MCP is the right one and does
not account for any bias. It is clear that in both cases B?lE dominates the corresponding

penalized estimators based on RRSS with 81 detected by LASSO, ENet, SCAD, or MCP.
The prediction error accuracy (PEA) of the data based on the LASSO, ENet, SCAD, and
MCP methods is reported in Table 3. It can be seen that the PEA of LASSO and SCAD is
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higher than that of the second method. Thus, the data analysis agrees with the simulation

and theoretical findings.

Table 3. Results of classification & prediction error accuracy from real data set.

Pn Method Selected number of genes PEA
2050 LASSO 26 0.1878
ENet 31 0.1633
SCAD 27 0.0836
MCP 22 0.2197
2500 LASSO 18 0.3523
ENet 45 0.1241
SCAD 28 0.0825
MCP 17 0.1913
3550 LASSO 19 0.1183
ENet 38 0.0195
SCAD 29 0.1388
MCP 21 0.1700
4300 LASSO 22 0.1247
ENet 54 0.0571
SCAD 32 0.1345
MCP 25 0.2024
6033 LASSO 21 0.1078
ENet 52 0.1300
SCAD 24 0.1088
MCP 33 0.1339
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Figure 11. Relative residual sum of squares (RRSS) of the proposed estimators

compared with LASSO for different p,,.
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Figure 14. Relative residual sum of squares (RRSS) of the proposed estimators
compared with MCP for different p,,.

6. Conclusion

For a GLM where the number of predictors is much larger than the number of ob-
servations, we offer a post-selection high-dimensional shrinkage estimation strategy. The
asymptotic risk properties of the underlying estimators are developed and are evaluated
with the risk of the subset candidate model, LASSO, ENet, SCAD and MCP estimators,
respectively. We conclude that the suggested estimation strategy is very competitive with
SCAD and MCP estimators and in many cases performs better. In particular, it performs
very well when there are weak signals based on regression coefficients. The proposed strat-
egy is intuitively appealing and can be easily realized. Theoretical and simulation results
demonstrated that the post-selection shrinkage estimator has favorable performance and
is a good alternative to LASSO, ENet, SCAD and MCP estimators. It can save the loss
of efficiency of SCAD due to the effect of variable selection. When p,, > n, we are inter-
ested in recovering the support and nonzero components of the regression coefficient vector
B. As a powerful tool for producing interpretable models, sparse modeling via penalized
regularization has gained popularity for analyzing high-dimensional data sets.

The proposed post-selection shrinkage estimator has a superior prediction performance
over other penalized regression estimators. The penalized estimators do not allow other
predictors to contribute once a sparse model or subset model is generated. The proposed
post-selection shrinkage estimators inherit the advantage of Stein-type estimators and take
into account possible contributions of other irrelevant variables.

This paper contributes to the investigation of post-penalized estimation analysis in a
high-dimensional setting. In summary, we investigate the asymptotic normality of the WR
estimator when p,, increases with n. In addition, the relative efficiency of the proposed
high-dimensional shrinkage estimator to its competitors is assessed analytically and nu-
merically. We show that the performance of the shrinkage strategy is favorable relative to
that of other estimators. Our Monte Carlo simulation studies suggest that post-selection
shrinkage strategies perform better than penalty estimators for both variable selection
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and prediction purposes in many instances. The reported results of the data set are con-
sistent with our simulation study, demonstrating the superior performance of suggested
post-selection shrinkage strategies.

In this work, we focus on the high-dimensional post-selection shrinkage estimation
within the context of GLMs. For future work, one may consider combining all the es-
timators produced by multiple (more than two) variable selection techniques into a single
estimator to improve the overall prediction error. In another study, it would be interesting
to include penalty estimators that correspond to Bayes procedures based on priors with
polynomial tails.

Acknowledgements

The author would like to thank the Editor, associate Editor, and anonymous reviewer for
helpful comments which led to improvements on an earlier version of the manuscript.

Author contributions. The co-author has contributed equally in all aspects of the
preparation of this submission.

Conflict of interest statement. The author declares that she has no known competing
financial interests or personal relationships that could have appeared to influence the work
reported in this paper.

Funding. No funding resource is available for this paper.

Data availability. Real dataset on "genome-wide association (GWA)" is available from
the R package spls.

References

[1] H. Akaike, A new look at the statistical model identification, IEEE Trans. Autom.
Control 19, 716-723, 1974.
[2] A. Belloni, V. Chernozhukov and L. Wang, Square-root lasso: Pivotal recovery of
sparse signals via conic programming, Biometrika 98(4), 791-806, 2011.
[3] P. Bickel, Y. Ritov and A. Tsybakov, Simultaneous analysis of Lasso and Dantzig
selector, Ann. Stat. 37, 1705-1732, 2009.
[4] P. Bithlmann and S. van de Geer, Statistics for High-Dimensional Data: Methods,
Theory and Applications, Springer, Berlin, 2011.
[5] D.L. Donoho, High-dimensional data analysis: the curses and blessings of dimension-
ality, AMS Math Challenges Lecture, 1-32, 2000.
[6] E. Candes and T. Tao, The Dantzig selector: Statistical estimation when p is much
larger than n, Ann. Stat. 35(6), 2313-2351, 2007.
[7] B. Efron, T. Hastie, I. Johnstone and R. Tibshirani, Least angle regression, Ann. Stat.
32(2), 407-499, 2004.
[8] J. Fan and R. Li, Variable selection via nonconcave penalized likelihood and its oracle
properties, J. Am. Stat. Assoc. 96(456), 1348-1360, 2001.
[9] J. Fan and R. Li, Statistical challenges with high dimensionality: Feature selection in
knowledge discovery, Proc. Int. Cong. Math. ITI, 595-622, 2006.
[10] J. Fan and J. Lv, A selective overview of variable selection in high dimensional feature
space, Stat. Sin. 20(1), 101-148, 2010.
[11] J. Fan and R. Song, Sure independence screening in generalized linear models with
np-dimensionality, Ann. Stat. 38, 3567-3604, 2010.
[12] J. Fan and J. Lv, Non-concave penalized likelihood with np-dimensionality, IEEE
Trans. Reliab. 57, 5467-5484, 2011.



Post high-dimensional shrinkage estimation for sparse generalized linear models 23

[13] X. Gao, S.E. Ahmed and Y. Feng, Post selection shrinkage estimation for high-
dimensional data analysis, Appl. Stoch. Models Bus. Ind. 33, 97-120, 2017.

[14] J. Huang, S.G. Ma and C.H. Zhang, Adaptive Lasso for sparse high-dimensional
regression models, Stat. Sin. 18, 1603-1618, 2008.

[15] S.F. Kurnaz, I. Hoffmann and P. Filzmoser, Robust and sparse estimation methods for
high-dimensional linear and logistic regression, J. Chemom. 31(1112), €2936, 2017.

[16] S. Kwon and Y. Kim, Large sample properties of the SCAD-penalized maximum like-
lihood estimation on high dimensions, Stat. Sin. 22, 629-653, 2012.

[17] P. McCullagh and J.A. Nelder, Generalized Linear Models, 2nd ed., Chapman and
Hall, London, 1989.

[18] N. Meinshausen and P. Bithlmann, High-dimensional graphs and variable selection
with the Lasso, Ann. Stat. 34, 1436-1462, 2006.

[19] D.M. Sakate and D.N. Kashid, Variable selection via penalized minimum u-divergence
estimation in logistic regression, J. Appl. Stat. 41(6), 1233-1246, 2014.

[20] G. Schwarz, Estimating the dimension of a model, Ann. Stat. 6, 461-464, 1978.

[21] T. Sun and C.H. Zhang, Scaled sparse linear regression, Biometrika 99(4), 879-898,
2012.

[22] R. Tibshirani, Regression shrinkage and selection via the Lasso, J. R. Stat. Soc. Ser.
B 58(1), 267288, 1996.

[23] R. Tibshirani, M. Saunders, S. Rosset, J. Zhu and K. Knight, Sparsity and smoothness
via the fused Lasso, J. R. Stat. Soc. Ser. B 67(1), 91-108, 2005.

[24] H. Wang, R. Li and C.L. Tsai, Tuning parameter selectors for the smoothly clipped
absolute deviation method, Biometrika 94(3), 553-568, 2007.

[25] M. Wang, L. Song and X. Wang, Bridge estimation for generalized linear models with
a diverging number of parameters, Stat. Probab. Lett. 80, 1584-1596, 2010.

[26] X. Wang and M. Wang, Variable selection for high-dimensional generalized linear
models with the weighted elastic-net procedure, J. Appl. Stat. 43(5), 796-809, 2016.

[27] P. Zhao and B. Yu, On model selection consistency of Lasso, J. Mach. Learn. Res.
7(11), 2541-2563, 2006.

[28] H. Zou, The adaptive Lasso and its oracle properties, J. Am. Stat. Assoc. 101(476),
1418-1429, 2006.

[29] H. Zou and T. Hastie, Regularization and variable selection via the elastic net, J. R.
Stat. Soc. Ser. B 67(2), 301-320, 2005.

APPENDIX

The technical proofs of the Theorems 3.4 and 3.5 are included in this section.

Proof of Theorem 3.4
Here, we provide the proof of the ADB expressions of the proposed estimators. Based on
Theorem 3.2, it is clear that

lim Eln' sy ld], (317 — B1)] = E[ lim {n'/2s31d], (AR — 1)} = E[2] =0,

n—o0
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where Z ~ N(0,1). Then,

ADB(d], BRE) = lim E|n V257 td] (AﬁE—ﬂl)]
= Jim B[n'2sdl, (B~ B1) — (BN~ AR}
zgg&E7*”%#%(BKR—ﬂQ]—gg&E%f”ﬁ#ﬁ(BKR—ﬁﬁﬂ]

_ ADB(AL AT tm B [nl/zsmld; (A Bff)]
_ . 1/2 _

= JLI&(S2H/51H)E[ 1z SQnd2n 2n ‘|

(32/51)52 d2 B2 = 51 1d2 B2,

S, o -1 T (AWR _ ARE\ _ _ JTs—1% T AWR
where dy, = Xg,8, X5 din, dj,( - ) = —d{Xg 282516% = —d,, B3, and

in In

2 _ T
Sop = dy 52|51d2n

Now, we compute the ADB of A5 as follows

ADB(dln in ) :nh—>n;>loE 1/2 1 d (AlsnE_ﬁl)‘|

= lim B|n'sptd], (A1 ~ [(p2n ~ DT, 1<}WnR—B&E>—ﬂ1)]

= lim E nl/Qsl_T}len(AKR—,Bl)l

n—oo

i~ D2, (B - )T
_ B[] (- B [ngngo {2551, (BT - BﬁE)Tnl}]
= (p2 - 2)E [nlbl& {n1/281n d2n 2n Tn }]

= (p2 - 2)(52/81)E |f}520 {n1/2 d2n 2n Tn }‘|

= (p2 — 2)s7 'd3 B2E

Xm (Ad2 )1
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Finally, we obtain ADB of BP SE
ADB(d PSE) _ nli)ngoE[ 1/2 — d ( APSE ﬁl)]

= lim F|n

n—o0

Vsiidl B + 1= (20 — 2T BE" - BLY)

X I(Tn < (an - 2)) - Bl}]

Vs iadl, (Aigf—&)]

+ lim E[ V25 iadl,[1 = (p2n — 2) AEI](BK/LR - 3{%7?)]@” < (pan — 2))]

= lim E|n

n—o0

n—o0

+FE

Tim {255 L], (B3F —m)}]

+ B

s, {2 BT B (7 < 0 —2)|

—<p2—2>E[,}gngo{n”%m (B BEEYT, 11<T<<p2n—2>>}]

n—o0

- ADB(dln 1in ) - E[ lim {n1/2 d2n 2nRI(T < (an - 2))}‘|
+ (pQ - 2)E[nh%m { 1/25;7‘}d2n 2n T 1I(T < (p2n - 2))}1

= ADB(d],BiF) - (82/51)E[ZI(X§>2(A:12) < (p2 — 2))]
— s1'd3 BoHp, (p2 — 2; Agy)

+ (p2 — 2)(82/81)ElZpr(Adz)I(X?DQ(Adg) <(p2— 2))]

+ (p2 — 2)s7 ' d3 BB | X, (A, (xF, (Ady) < (p2 — 2))]

= ADB(d], B7E) — s7td) BoHy, (p2 — 2; Agy)

+ (p2 — 2)s7'd3 BoE | X, (Aa,) I (x5, (Ady) < (2 — 2))1

= s7'd} B [@2 —2){E0GA (AL + EDG (Aa) (xR, (Aa) < (2 - 2))]}

— Hy, (p2 — 2; AdQ)]
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and the proof is completed. O
Proof of Theorem 3.5

Here, we provide the proof of the ADR expressions of the proposed estimators. It is
clear that

i | (it (B 0) | = | (st (B ) | = e -

ADR(d], BRE) = hm El{ 1/251nd ( ) 2]
=JLH;OSISE[{WdL[(ﬂ¥ZR d

j

) - (BlR - B )]}2]
el

’)

n—oo

n—oo

+ lim F l{nl/Qsln (B}ZR B } 1
PN PN A T
=2 lim E nsy,di, (:BlwnR — BEEY(BYT 51) dln]

=0+ I+ Is.

. 2
From (3.11), we have I} = lim,_,o El{nl/stglen(ﬁlwnR — 61)} 1 = 1. Also,

2

n—0o0

I, = lim s 2El UQdIn(B%R_ﬁAﬁLE)}
2
- nh%rgo(sgn/‘s%n)El 12 SQn d?n 2n ] :

Since s2, /52, — 1 — ¢, then

IZ:(I_C)nh—)HoloE

xﬂA@J]Z(P—@ﬂ+2A@)
Furthermore,
R T
I3 = -2 hm E[nsl dj, ( R an) (ﬁYZR - ,31) dln]

“ T
= 2nh—>rgo(82n/sln)E [nl/QS_l ,BWR 1/2 _1( }/[»,/LR - ﬂl) dln]

=2(1—¢)'/2
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Now, we investigate (3.13). By using Eq. (3.5), we have

~ 2
ADR(dln ln):nlLHOlOE {n1/251nd ( ISnE_ﬂl)}]

— tim B|n!2sp d],{ (B - 81) = [(p2n — 2/ T (B - BE2) )]

2
= lim E|n'2s;d], (AKR—ﬁl)]

n—oo

2
+ 5l 8 )

—211mE

nsy,y [(pan — 2)T,']d1, (1.7 - BT )(W—ﬂl)Tdm]

=Ji1+ Jo+ Js.

R 2
Again, J; = limy, oo F [{nl/Qsl_nllen( }ZR — ,31)} ] = 1. Then, we have

n—oo

2
Jo = lim Elnl/ 51 [(02n — 2)57 a1, (B1F — BE )]
2
= lim (p2o —1)°E [n” 2510 d3,85, T, 1]
2

— (/e — 1B [ T {nl/zs;;d;nﬁwnl}]
= (s3/51)(p2 — D{ B[22 (Aw)] + (531 d3 B2) E,) (A, |

= (1= 0)(p2 = 2 { Elta(Aa)] + (5513 B2) Bl (A},

and

Jy=—2 lim F lnsln [(p2n — 2)T;,1]d], ( IR _ ,é{%nE> ( IR _ ,Bl)len]

= QJLI&(S2n/51n)(p2n - 2)

n' s, d, B, s, (B1L ﬂl)TT{1]

=2(1—¢)/*(p2 - 2>{E[z2x,:3<Ad2>} + 57 d] Bo [ 2x;2 <Ad2>}}

=2(1 - )2 (p2 — 2B 22(Au,)| -
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ADR(d] BF5F) = lim E[{nl/zslnd ( LSE 51)}21

- | o (B3 - )
+[1 = (pan — 2T (BT — BRE) (T, < p2n2>)}}2]
= nlLIgoE[{nl/zslnd ]

+ lim E [{nlﬂslnd (1= (pon — 2)T;,7"] (BKR - Bﬁf)[(fn < (p2n — 2))}2]

+2 lim FE

n—oo

nV 2 2dT, (1~ (pon — 2T (B - BEE) (B~ B1)

1T < =2
= ADR(d[,B5F) + lim E l{ V2sptdl, (BN = BREYI(T, < (pon - 2))}1
+ lim (pan —2)2E[{n1/2s 1o (B = BEEYT, I(T < (pon —2))}2]
~ 2 lim (pan — 2)E[{nsl T (BIE = BEE) T (T, < (pan —2))d1n}1
2 i | {2, (B - BEE) (855 — ) 117, < (e~ 20
— 2 lim (po, — 2)E [{nslfdfn (BR~ BLE) (B3~ pr)

x T (T, < (pan — 2))d1n}]

— ADR(d], BF) + Dy + Dy + D3 + Dy + Ds,
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n—o0

A N ~ 2
Dy = lim E[{nl/%l;dfn(ﬂlwﬁ — BTy < (p2n —2)) } ]

n—o0

= lim E[{ 1/2 o~ d2n 2nR[(T < (p2n 2))}21
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Dy=2 lim E [{nsh?dfn (B~ BEEY(BSE ~ B1) I(F < (pan — 2))dls}

=2 lim (so/51n)E l{nl/z,g%}dgn B2 T (BEE ﬁl)}Tl(Tn < (pan — 2))]
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