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ABSTRACT

Generalizing the ideals of an algebraic structure has shown to be both
beneficial and interesting for mathematicians. In this context, the idea of the
bi-interior ideal was introduced as a generalization of the bi-ideal and interior
ideal of a semigroup. By introducing "soft intersection (S-int) bi-interior (BI)
ideals of semigroups”, we introduce a framework integrating semigroup
theory with soft set theory in this study. Finding the relationships between S-
int BI-ideals and other specific kinds of $-int ideals of a semigroup is the
main aim of this study. Our results show that an $-int BI-ideal is an S-int
subsemigroup of a soft simple* semigroup, and that an $S-int left (right/two-
sided) ideal, bi-ideal, interior ideal and quasi-ideal is an $-int BI-ideal; in
other words, the $-int BI-ideal is a generalization of the $-int left (right/two-
sided) ideal, bi-ideal, interior ideal and quasi-ideal, however, we provide
counterexamples demonstrating that the converses do not always hold. We
demonstrate that the semigroup should be a soft simple* semigroup in order
to satisfy the converses. Our key theorem, which states that if a nonempty
subset of a semigroup is a BI-ideal, then its soft characteristic function is an
S-int BI-ideal, and vice versa, enables us to bridge the gap between
semigroup theory and soft set theory. Using this theorem, we show how this
idea relates to the existing algebraic structures in classical semigroup theory.
Furthermore, we present conceptual characterizations and analysis of the new
concept in terms of soft set operations supporting our assertions with
illuminating examples.

1. Introduction

inseparable from finite automata. Furthermore,
semigroups and Markov processes are connected in

Research Article

Semigroups are essential to many areas of
mathematics as they provide the abstract algebraic
foundation for "memoryless" systems that restart with
each iteration. Semigroups, which were formally
studied for the first time in the early 1900s, are crucial
models for linear time-invariant systems in practical
mathematics. It is crucial to theoretical computer
science to investigate finite semigroups since they are

probability theory. Since the idea of ideals is
fundamental to comprehending mathematical
structures and their uses, many mathematicians have
concentrated a significant portion of their study on
generalizing ideals in algebraic  structures.
Specifically, the generalization of ideals in algebraic
structures is necessary for additional study of
algebraic structures. Several mathematicians have
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shown important results and characterizations of
algebraic structures by using the concept and
properties of the generalization of ideals in algebraic
structures. Dedekind developed the idea of ideals for
the theory of algebraic numbers, and Noether
expanded it to include associative rings. The concept
of an ideal is extended by the concept of a one-sided
ideal of any algebraic structure, and the concepts of a
one-sided ideal and a two-sided ideal remain central
to ring theory.

Good and Hughes [1] proposed the notion of bi-ideals
for semigroups in 1952. The concept of quasi-ideals
was initially introduced by Steinfeld [2] for
semigroups and subsequently for rings. Bi-ideals are
generalizations of quasi-ideals, while quasi-ideals are
generalizations of left and right ideals. Lajos [3]
established the concept of the interior ideal, and Szasz
[45] expanded on it. Interior ideals are
generalizations of ideals. Several new various kinds
of ideals of semigroup, which are generalizations of
the existing ones, such as bi-interior ideals, bi-quasi-
interior ideals, bi-quasi ideals, quasi-interior ideals,
and weak-interior ideals have been defined by Rao
[6-9], respectively. Additionally, Baupradist et al.
[10] introduced the concept of essential ideals of
semigroups. The idea of "almost" ideals were
proposed as a more generalized concept of the many
types of ideals, and their characteristics as well as
their relationships with one another were thoroughly
investigated. In this context, the notion of almost
ideals was first put up in [11]. Besides that, the
various types of almost ideals of semigroups were
introduced in [12-18]. Furthermore, in [13, 15-20]
several fuzzy almost ideal types for semigroups were
examined.

In 1999, the "Soft Set Theory" was first presented by
Molodtsov [21] in order to comprehend and provide
appropriate  solutions for problems involving
uncertainty. Since then, a great deal of substantial
study has been done on soft set notions, particularly
soft set operations. Maji et al. [22] defined certain
operations on soft sets and introduced some concepts
related to soft sets. Pei and Miao [23] and Ali et al.
[24] introduced several operations of soft sets. Sezgin
and Atagiin [25] studied on soft set operations. We
refer to [26-38] for more information on soft set
operations, which have developed in popularity since
its start. Cagman and Enginoglu [39] revised the
notions and operations of soft sets. Cagman et al. [40]
developed the concept of $-int groups, which led to
the investigation of various soft algebraic systems. By
applying soft sets to semigroup theory, Sezer et al.
[41,42] defined S$-int semigroups, left (right/two-
sided) ideals, interior ideals, quasi-ideals, and

(generalized) bi-ideals of semigroups, and they
thoroughly investigated their fundamental properties.
Sezgin and Orbay [43] defined and classified some
types of semigroups in terms of their S-int
substructures of semigroups. Different kinds of $-int
almost ideals were introduced and investigated in
[44-55] as a generalization of $-int ideals. In [56—73],
the soft forms of different algebraic structures have
been examined.

As a generalization of bi-ideals and interior ideals of
semigroups, Rao [6] established the concept of bi-
interior ideals and examined their characteristics. The
concept of bi-interior ideals has also been studied by
Rao and Venkateswarlu [74] for I'-semirings, and
Rao [75] for I'-semigroup. By introducing "S-int bi-
interior ideals of semigroups”, we introduce a
framework integrating semigroup theory with soft set
theory in this study. We obtain the relationships
between $-int bi-interior ideals and various kinds $-
int ideals of semigroups. Our results show every $-int
bi-interior ideal of a soft simple* semigroup is an $-
int subsemigroup and S$-int bi-interior ideal is a
generalization of $-int left ideal, right ideal, ideal, bi-
ideal, interior ideal and quasi-ideal, however, we
provide counterexamples demonstrating that the
converses do not always hold. We demonstrate that
the semigroup should be a soft simple* semigroup in
order to satisfy the converses. Our significant
theorem, which states that if a nonempty subset of a
semigroup is a bi-interior ideal, then its soft
characteristic function is an $-int bi-interior ideal, and
vice versa, enables us to bridge the gap between
semigroup theory and soft set theory. Using this
theorem, we show how this idea relates to the existing
algebraic structures in classical semigroup theory.
Furthermore, we present conceptual characterizations
and analysis of the new concept in terms of regarding
soft set operations and notions supporting our
assertions with particular, illuminating examples.
There are four sections in this study. An introduction
to the subject is given in Section 1. The basic concepts
of semigroup and soft set ideals, together with
relevant definitions and implications, are presented in
Section 2. In section 3, the concept of S-int bi-interior
ideal of semigroups was introduced and using specific
examples to examine their characteristics and how
they relate to other kinds of $-int ideals. Our findings
are outlined in Section 4 along with some directions
for future study.

2. Preliminaries

Throughout this paper, S denotes a semigroup. @ +
J € S is called a subsemigroup of S if 7J < J, a left
(right) ideal of Sif S7 < J (JS < J), anideal of S if
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is both left ideal of S and right ideal of S, a bi-ideal of
SifJJgcJand gSJ c J, an interior ideal of S if
JJ € Jand SIS < g, a bi-interior ideal of S (BI-
ideal) if SIS n Jgsg < J.

Definition 2.1 [21, 39]. Let E be the parameter set, U
be the universal set, P(U) be the power set of U, and
K € E. The soft set (SS) fi over U is a function such
that fx: E = P(U), where for all v € K, fix(v) =0
That is,

fi = {(v. fx():v € E, fx(v) € P(U)} (1)

The set of all SSs over U is designated by Sg(U)
throughout this paper.

Definition 2.2 [39]. Let f3 € Sg(U). If fz(v) = @ for
allv € E, then fp is called a null SS and indicated by
Dk.

Definition 2.3 [39]. Let f, f7 € Sg(U). If fy(w) S
fr(w), forall we E, then fy is called a soft subset of
fr and indicated by f; € fr. If fy(w) = fr(w), for
all we E, then f; is called soft equal to fr and
denoted by f = f7.

Definition 2.4 [39]. Let fp, fz € Sg(U). The union
(intersection) of f5 and f is the SS fz U f3

(fp 0 fa) where (f5 U fp)(R) = fp(R) U fa(R)
((fp A fR) () = fr(W) N fr(h)), forall L € E,

respectively.

Definition 2.5 [40]. Let fr € Sg(U) and @ € U. The
upper a-inclusion of fz, denoted by U(fg; @), is
defined as

U(fr;a) ={e €R | fr(e) 2 a} )

Definition 2.6 [41]. Let Ag, ps € Sg(U). S-int
product /g o pg is defined by

Ulhy o p) () = {L—Jz{hS(y) N ps(z)}, if 3y,z € Ssuchthatx = yz (3)

9, otherwise

Theorem 2.7 [41]. Let dg, ns, vs € Ss(U). Then,

I (dsong) ovg =dgo (s vs)

il. dg o ng # g o dg, generally

. dg °£775 Uws) = (dsons) Li(ds ovg) and

_ (ds Ung) e vs = (ds o v5) U (s © )

iv. dgo (775 Nwvg) = (dsons) N (dsovs) and
(ds N 775) ovs = (dso "fs) N (s o vs)

V. If ds T’S then dso’lfscnso’lfs and ’lfS
ds € vgong

vi. If Ps.lis € Ss(U) such that gg S
s € ns, then g o us S ds o 7s.

€ dg and

Definition 2.8 [41]. Let @ #X < S. The soft
characteristic function of X, denoted by Sx, is defined
as

(U, ifxex
s =l if x € S\X )

Theorem 2.9 [41, 44]. Let A,V° € S. Then,

i, ACHPIffS. E Sy
ii. Sa ﬁSw:SAnv\r and SAGSv\rZSAUv\r
||| S/\ o S"\r = S/\"\?”

Definition 2.10 [41, 42]. 95 € Ss(U) is called

I. an $-int subsemigroup (SS) of S over U if
9s(ab) 2 9s(a) N Y5(b) forall a,b € S,

ii. an S-int left (right) ideal (L(R)-ideal) of S over
U if 95(nv) 2 95(v) (ﬁs(nv) 2 195(11)) for all
n,v €S, and is called an $-int two-sided ideal
(S-int ideal) of S over U if it is both S$-int L-ideal
of S over U and $-int R-ideal of S over U,

iii. an S-int bi-ideal (B-ideal) of S over U if 95 is an
S-int §§ of S over U and 9Y(jnp) 2 9s(j) N
9s(p) forallj,n,p €S,

iv. an $-int interior ideal (7-ideal) of S over U if
9s(jnp) 2 Ig5(n) forall j,n,p € S.

Note that in [41], the definition of “S-int §§ of §” is
given as “S-int semigroup of S”; however in this
paper, we prefer to use “S-int §§ of ™.

If 9g(x) = U for all x € S, then Y5 is an S-int SS (£L-
ideal, R-ideal, ideal, B-ideal, 7-ideal). Such a kind of
$-int §S (L-ideal, R-ideal, ideal, B-ideal, 7-ideal) is

denoted by S. Here, S = S, that is, S(x) = U for all
x € S [41, 42].

Definition 2.11 [42]. 95 € Sg(U) is called an S-int
quasi-ideal (Q-ideal) of S over U/ if (S o 05) 7 (85 o
S) & vs.

Theorem 2.12 [41]. Let 95 € Ss(U). Then,

i. S.5¢&8S

i. So 095 € Sandﬁs Sz8S
iii. 9,0S=Sand9sAS = .

Theorem 2.13 [41, 42]. Let 95 € Sg(U). Then,
i 195 is an$'|nt55 iff (1950195) g 195,
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ii. 05 is an Sdint L(R)-ideal iff (So

195) 9, ((195 o §) - 195),

iii. 9 is an S-int ideal iff (.~S'0195) € 95 and
(852 8) E s,

iv. 9 is an $-int B-ideal iff (950 9s) € I
and (95 0 S o 95) € 0,

V. OgisanS-int J-ideal iff (S o 95 0 S) & g,

Theorem 2.14 [42]. Every S-int Q-ideal is an $-int B-
ideal.

Now, the concept of a soft left (right) simple*
semigroup will be introduced in order to characterize
S-int ideals.

Definition 2.15. Let fg € S¢(U). Then, S is called a
soft left simple* semigroup (with respect to fs) if S =
So {s, is called a soft right simple* semigroup (with
respect to fs) if S = fg o § is called a soft simple*
semigroup (with respect to fs) if S=S ofg =fgo S.
If S is a soft (left/right) simple* semigroup with

respect to all soft sets over U, then it is called a soft
(left/right) simple* semigroup.

Soft left (right) simple* semigroup is abbreviated by
soft left (right) simple*.

Example 2.16. Consider the semigroup S = {A, 0, PI}
defined by Table 1.:

Tablel: Cayley table of ‘®’ binary operation.

<

® A 0 U
A )| 0 A
0 0 0 0
" A 0 "
A )| 0 A

Let f¢ be SS over U =D, ={(x,y):x? =y? =
e,xy = yx} = {e,x,y, yx} as follows:

fs = {(a (D), (0, {x, ¥}, (1, {x, y, yx})} Q)
By considering that

S={nu),0uv,01U)) (6)
S is asoft left simple* with respect to fs. In fact, since

Sofs ={AV),(0,U),(1V)) )

S=S o {5 is obtained, implying that S is a soft left
simple* with respect to fs. Similarly, S is a soft right
simple* with respect to fs. In fact, since

fsoS={a),00),0U) 8)

S = fso Sis obtained, implying that S is a soft right
simple* with respect to fs. Hence, S = Sofg =fgo
S. Thereby, S is a soft simple* with respect to fs.

Theorem 2.17. Let S be soft simple*. Then, the
following conditions hold.

i. Every $-int B-ideal is an $-int Q-ideal (Here, S
is enough to be soft left or right simple*).
ii. Every $-int Q-ideal is an S$-int ideal.
iii. Every $-int B-ideal is an S-int ideal.
iv. Every S$-int J-ideal is an S-int ideal.

Proof:
i. The proof is presented only for soft left simple*

semigroups, as the proof for soft right simple*
semigroups can be shown similarly. Let S be a soft

left simple* and {5 be an $-int B-ideal. Then, S=So
fs and fs o |SI Ofs g _‘Fs. ThUS,

(-§°fs)ﬁ(fs°-§)gfs°g=fs°-§°fs§fs (8)
is obvious. Hence, {5 is an $-int Q-ideal.
ii. Let S be a soft simple* and fs be an $-int Q-ideal.
Then, |SI = |SI ofs = _{S o |SI and (uSI ofs) ﬁ (:FS o
§) € {s. Since

Sofe=(Sefs)A(Sefs)=(Sefs)A(fs-8) s )
§s is an $-int L-ideal. Similarly, since

fso.§=(fsog)ﬁ(fsog)=(g0fs)ﬁ(fso§)§f5 (10)
§s is an S-int R-ideal. Hence, {5 is an S-int ideal.
iii. Let S be a soft simple* and {5 be an $-int B-ideal.
Then, by Theorem 2.17 (i) {5 is an S-int Q-ideal. The

rest of the proof is obvious from Theorem 2.17 (ii).

iv. Let S be a soft simple* and {5 be an $-int J-ideal.
Then,S=Sofg=fsoSandSofs oS E fs. Since

!
!

Iofsosgfs (11)

(VN
o
oo
Il
[Vp!
o
oo
o
oo
In
N
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fs is an $-int L-ideal. Similarly, since
JFSOSI:JCSOJCSosgg°JCS°S‘§fS (12)

§s is an S-int R-ideal. Hence, {5 is an S-int ideal.

3. Soft Intersection Bi-interior lIdeals of
Semigroups

Definition 3.1. A soft set f; over U is called a soft
intersection ($-int) bi-interior ideal of S over U if.

(Sofso8)A(fs0855)E s (13)

From now on, “ideal” is abbreviated by "id", and $-
int bi-interior ideal of S over U is abbreviated by $-
int BI-id.

Example 3.2. Let S = {0, &, H, } be:

Table2: Cayley table of ‘e’ binary operation.

. H ¢
¢
¢
H ¢
¢ ¢ ¢ ¢ ¢

Let wg and yg be SSs over U = Z as follows:
ws ={(®@,{1,2}),(®@,{1,2,3}), (,{2,3}), (¢, Z*)} (14)
s = {(8,{3,5)), (8,{3,5,7,8}), (H,{5,8}), (¢, {3,571} (15)
Then, wg is an $-int BI-id. In fact;

(Sowsog)ﬁ(wsogows)]() = (S'owsog)()n
(ws oSo ws) @ = [S'() n (ws 0 §) ()] n [ws() n (16)
(S ws) (@] = ws(@) N ws(@) = ws(@) € ws(8)

(8 +x5) (o5 )]0 = (S -5) 0 o
3. ws)(l)—[[S(l)n(ws 8) @] u[S@ n (s - 8) ] u
[S(l)n(ws )(u)] [S(l)n(wSoS)(l)] [ )n(ws

S) @] u [Sen n (as - S) @] u [S6n n (w5 = 5) @] u
[S(H)n(wSoS)(H)” [[ws(l)ﬂ(Sows)(l)] [os@n (17)
(S" ° ws) (1—1)] U [ws() n (§ 0 ws) ()] U [ws() n (§ °

05) @] U ws@ n (Sows) (9] U [wst) 0 (So ws) @] U

[5G 0 (8 o 5) @] U [5G 0 (S 5) (0] = [ws(@ v

ws(2) U ws(H)] N [ws(B) U ws(B) U ws(H)] = ws(B) U
ws(B) U ws(H) € ws(B)

[(S' o wg o S) n (ws oSe ws)] (H) =0 c w;(H) (18)

(5200 5)1 (w525 )] @ = (505 =8) @ o
5. (us) ©) = [[S@ n (w52 8) @] u [S@ n (w5 - 8) @] u
[Se) 0 (@5 8) @] u[S@) n (w5 8) @] u [(e)n(ms
8)@]u [S@ n (w52 8) 0] u 8@ n (w5 5) @©]] n

[[os@ 1 (3 o ) @] U [os@ n (S o w5) @] U [ws)
(S ws) @] ufws@ n (Sows) @] ufws@n (Se

ws)()]U[(us(ﬂ)r1(gows)(H)]U[ws(ﬂ)n(gows)(@)”=

[ws (@) U ws(B) U ws(H) U ws(@)] N [ws(@) U ws(@) U ws(H) U
ws(®)] = ws(B) U ws(B) U ws(H) U ws(L) € ws(C)

(19)

Thus, wg is an $-int BI-id. However, since

[(Souse8) A (useSeus)] @ = (SeusS)@n
(‘ls °oSo ‘ls) () = [ys(@) U ys(@) Uys(FH) U (20)

Ys (O] N [ys(B) U s (B) Uy () U s (B)] = ys(@) U
s (B) Uy (H) U ys(8) € ys(D)

s is not an $-int BI-id.

Corollary 3.3. S and @ are S-int BI-ids.

Now, we continue with the relationships between $-
int BI-ids and other types of S-int ids of S.

Theorem 3.4. Every $-int BI-id is an $-int S of a
soft simple* semigroup.

Proof: Let fg be an S-int BI-id of a soft simple* S.
Then, (SofsoS)A(fsoSofs) Efsand S=So
fs = fs o Si ThUS,

fsofs=Usof) N ({se fs)c( Nf)ﬁ(fs S‘): So
S)A

fse fs) (st S fs) (S fs"S
Hence, {5 is an $-int §S.

Theorem 3.5. Every $-int L-id is an S-int BI-id.

Proof: Let g be an S$-int L-id. Then, So fs € s and
fs O:FS c :l:s. ThUS,

(SI"J(S"S)H(J(S"SI"J(S)gfs"gl"fsgfs"fsgfs (22)
Hence, {s is an S-int BI-id.

We show with a counterexample that the converse of
Theorem 3.5 does not hold:

Example 3.6. Consider the semigroup S = {3, ¢}
defined by the following Table 3.:
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Table3: Cayley table of ‘©’ binary operation.

© ) «
) ) )
+ o +

Let vs be SS over U = Z™ as follows:
vs = {3, {4}), (¢,{1,1999})} (23)
Then, vg is an S$-int BI-id. In fact;
[(S'ovsog)ﬁ(vsog'ovs)](é) = (S‘ovsog)(E)n
(vieSov)® = (@ Uvs@®) nvs@ =vs@ < (24)
vs(3)
[(S'ovsog)ﬁ(vsogovs)](%) = (Sovso.g')(«%)n
(vseSovs) @) = (@ Uvs@®) nvs@ = v < (25)
vs(d4)
Thus, v is an S-int BI-id. However, since
vs(39) = vs(d) 2 vs(¥) (26)

Vg is not an $-int L-4id.

Theorem 3.7 illustrates that the converse of Theorem

3.5 holds for the soft simple* semigroups.

Theorem 3.7. Let ps € Sg(U) and S be a soft
simple*. Then, the following conditions are
equivalent:

i.  PsisanS-int L-id.
ii. s isan$-int BI-id.

Proof: (i.) implies (ii.) is obvious by Theorem 3.5.
Assume that pg is an $-int BI-id. By assumption,
S Sorag—[asos ThUS

Hence, g is an $-int L-id.
Theorem 3.8. Every $-int R-id is an $-int BI-id.

Proof: Let fg be an S-int R-id. Then, fg o S & f; and

fs o fs € fs. Thus,
(-§°fs°'§)ﬁ(fs°'§°fs)§f5°§°fs§fs°fs§fs (28)

Hence, {5 is an S-int BI-id.

We show with a counterexample that the converse of
Theorem 3.8 does not hold:

Example 3.9. Let S = {},4} be:

Table4: Cayley table of ‘O’ binary operation.

) 3 1
¥ ) i
1 3 1

Let o5 be SS over U = Z~ as follows:

Then, gg is an $-int BI-id. In fact;
[(S°Qs°g)ﬁ(95°g°€’s)](}) = (. °Qs°S)(})n
(2528 005) @ = (es(M U 0s(1)) N 05®) = 05 < (30)
os()
[(S°Qs°g)ﬁ(€’s°g°é’s)](4) = (' °Qs°-S)(’L)n
(eso8005) ) = (es Ves@) nes) =5y e (31)

0s(1)
Thus, gg is an $-int BI-id. However, since

0s(+9) = 05(4) 2 05(}) (29)
Os is not an $-int R-id.

Theorem 3.10 shows that the converse of Theorem
3.8 holds for the soft simple* semigroups.

Theorem 3.10. Let pg € Sg(U) and S be a soft
simple*. Then, the following conditions are
equivalent:

I. s isanS$-int R-id.
Il. P isanS$-int BI-id.

Proof: (i.) implies (ii.) is obvious by Theorem 3.8.
Assume that pg is an $-int BI-id. By assumption,
S SQIas—IaSQS ThUS

§ ( ) (fas°-) (l’as°135°.§)ﬁ(pso§'o
& (Sopo8)A (29)

N )A(ms+Sem) 2,
Hence, s is an S$-int R-id.
Theorem 3.11. Every $-int <4 is an $-int BI-id.

Proof: It follows by Theorem 3.5 and Theorem 3.8.
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Note that the converse of Theorem 3.11 is not true
follows from Example 3.6 and Example 3.9. Theorem
3.12 shows that the converse of Theorem 3.11 holds
for soft simple* semigroups.

Theorem 3.12. Let fs € Sg(U) and S be a soft
simple*. Then, the following conditions are
equivalent:

i. fsisan$-intid.
ii.  fsisanS-int BI-id.

Proof: It follows by Theorem 3.7 and Theorem 3.10.

Theorem 3.13. Every $-int B-4id is an $-int BI-id.

Proof: Let fg be an S-int B-id. Then, fg o S o fs € fs.
Thus,

(Sl°fs°-§l)ﬁ(fs°-sl°fs)§f5°g°fs§fs (29)
Hence, {5 is an $-int BI-id.

We show with a counterexample that the converse of
Theorem 3.13 does not hold:

Example 3.14. Let S = {3, ¢, u, 7} be:

Table5: Cayley table of ‘©’ binary operation.

© 3 g u '
3 3 3 3 3
o 3 3 3 3
u 3 3 o 3
el 3 3 g o

Suppose that »g is SS over U = S5 as follows:

[ (), (12),(123), (132)),
%5 = {129t (D). 1320 (1 (o) BO)

Then, »g is an $-int BI-id. In fact;

L(S%)KS °8) 7 (x5 0 S o x5)] ) = (1), (1), (123), (132)} < (31)
[(Sosso8) (350 S o) 0 = 0 € w50 (32)
(S50 8) A (50 S o 5)] (1) = 0 € 5 (w0) (33)
(8 exs08) A (50 S o xs)] ) = 0 € ) (34)

Thus, #s is an $-int BI-id. However, since

ns(uu) = ns(o) 2 ng(u) Nxg(u) (35)

Hg IS not an $-int §S. Hence, s is not an $-int B-id.

Theorem 3.15 shows that the converse of Theorem
3.13 holds for the soft simple* semigroups.

Theorem 3.15. Let pg € Sg(U) and S be a soft
simple*. Then, the following conditions are
equivalent:

I.  Psisan$-int B-id.

ll. Pgisan$-int BI-id.

Proof: (i.) implies (ii.) is obvious by Theorem 3.13.
Assume that s is an $-int BI-id. Then, by Theorem
3.4, ps is an $-int §§ and by assumption, S=So.
Ps = Ps © S. Thus,

PsoSops=(pseS
n

S o
135) (['35 ° SI ° ['35)

Hence, s is an $-int B-id.
Theorem 3.16. Every $-int 7-id is an S-int BI-id.

Proof: Let fs be an S-int J-id. Then, S o fs o S € fs.
Thus,

('§°fs°s)ﬁ(fs°g°fs)§g°fs°g§fs (37)
Hence, {s is an S$-int BI-id.

We show with a counterexample that the converse of
Theorem 3.16 does not hold:

Example 3.17. Let the SS g in Example 3.9. It was
shown in Example 3.9 that o is an S-int BI-id. Since

os(i41) = 05(4) 2 0s(®) (38)
Os is not an $-int 7-id.

Theorem 3.18 shows that the converse of Theorem
3.16 holds for the soft simple* semigroups.

Theorem 3.18. Let pg € Sg(U) and S be a soft
simple*. Then, the following conditions are
equivalent:

i. g isan$-intJ-id.
Il.  PgisanS-int BI-id.

Proof: (i.) implies (ii.) is obvious by Theorem 3.16.
Assume that pg is an $-int BI-id. By assumption,
|SI = |SI °ds = 35 © |SI. ThUS,

222



Sezgin and Ilgin (2025). J Inno Sci Eng 9(2):216-231

§0p50.§=(SOpsog)ﬁ(SOpsog)=(g°pso
S)fi(pseSeS)E(SopseS)A(psoS)=(Semse  (39)
g)ﬁ(Ps°§°Fs)§Fs

Hence, 15 is an $-int 7-id.

Theorem 3.19. Every $-int Q- id is an $-int BI-id.

Proof: Let fs be an S-int Q-id Then, f; is an $-int B-
id by Theorem 2.14 (3). The rest is obvious by
Theorem 3.13.

We show with a counterexample that the converse of
Theorem 3.19 does not hold:

Example 3.20. Let the SS g in Example 3.14. It was

shown in Example 3.14 that s is an S-int BI-id,
however, it is not an $-int B-id. Since g is not an $-
int B-id, thus g is not an S$-int Q-4d.

Theorem 3.21 demonstrates that the converse of
Theorem 3.19 holds for the soft simple* semigroups.

Theorem 3.21. Let pg € Sg(U) and S be a soft
simple*. Then, the following conditions are
equivalent:

i.  PgisanS$-int Q-id.
ii. Pgisans$-int BI-id.

Proof: (1) implies (ii.) is obvious by Theorem 3.19.
Assume that g is an $-int BI-id. By assumption,
|SI=|SI°I35—Iasos ThUS

(S Ias) (Ias°5) (S'°1as°1as)ﬁ(ras°g°

l’as)é(S raSoS) (psogops)gps (40)

Hence, s is an S-int Q-4id.

Theorem 3.22. Let® # M € S. Then, M is a BI-id
iff Sy is an $-int BI-id.

Proof: Let M be a BI-id. Then, SMS n MSM < M.
By Theorem 2.9,

(SOSMog)ﬁ(sMoS‘oSM):(SSOSMOSS)H(SMOSSO (41)

Sv) = Soms 1 Smsm = Ssmsamsm S S
Hence, Sy, is an $-int BI-id.

Conversely, let Sy, be an $-int BI-id. Then,
(SosueS)A(smoSesyu)Esw Let we
SMS n MSM. Then,

Suw) 2 [(S e e 8) i (sweSesy)] )= (Se s

S) w) 0 (Su S Sw) (W) 42)

= (S5 ° Spm ° Ss)(W) N (S © S5 ° SM)(W) = Sgms(w) N
Smsm(W) = Ssmsamsmw) = U

Thus, Sy(w) =U and so w € M, implying that
SMS N MSM <€ M. Therefore, M is a BI-id.

Example 3.23. Let S = {9, G, £} be:

Table6: Cayley table of ‘¢’ binary operation.

||| e
fo|fo|fo|r0
fo|fo|fo |
fo|fo|fo |

One can show that A = {§,{L} is a BI-id. By the
definition of the soft characteristic function, S, =
{(2,0),(8,U), #,U)}. Then, S, is an $-int BI-id.
Conversely, by choosing the $-int BI-id as fs =
{(Q,U),(6,0),R,U0)} , which is the soft
characteristic function of I = {Q,£}, one can show
that I is a BI-ideal.

Theorem 3.24. Let fg, 1\ € Sg(U). If fg or 05 is an
S-int L-id, then fg o 1\, is an $-int BI-id.

Proof: Let f; be an $-int L-id. Then, S o f; € f and
fS ofs c fs. ThUS,

(So(fong)=8)A((fon) oS (frony)) € (fio

n5)oSo (fsomg) = fomse(Sefs)em 43)
gfs"ﬂs"fs"ns §fs"(lﬁS‘l"fs)"'ﬂsgfs"fs"

ﬂ5§f5°n

Hence, fs o 15 is an $-int BI-id. Also, the proof can
be given similarly for ng. Let ng be an $-int L-id.
Then, S o 1, € 1, and g ° 0 € 7. Thus,
(8o(fsong)o8)Aa((fsoms) oS (fsomny)) € (fse

ns)o.go(fsons)—fs°ns (§ )°'ﬂs
(44)

Im

§ §) Son, € fro(S08)en, 20 (8o

Iﬂl o

fs
Hence, fs o 05 is an $-int BI-id.
Theorem 3.25. Let f,ng € Ss(U). If f5 or 05 is an

$-int R-id, then f o 1\ is an $-int BI-id.
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Proof: Let ng be an S-int R-id. Then, g0 S € 1
and n; ° 0, € 1. Thus,

(8o (fsong)o8)A((fsoms) oS e (fsony)) € (fso

,qs)og'o(fsons) :fsonso(.§I°fS)°nS
(45)

gfs"'ﬂs"fs"’ﬂs Qfs°('ﬂs°-§)°°f15§fs°”ﬂs°

°Q5 Q fS ° °ﬂ5
Hence, fs o 15 is an $-int BI-id. Also, the proof can
be given similarly for fs. Let fs be an S-int R-id.
Then, fs o |SI g fS and fS Ofs g fs. ThUS,

(8 (fiomg) e 8) A ((frony) o So (frony)) E (oo
n5)°-'5'°(]%°ﬂs)

75 € fyomg

Hence, fs o 1\ is an $-int BI-id.

Theorem 326 Let fs, Gs, hs € Ss(U) If Gs iS an S'
intid, then fs o ¢ o hg is an $-int BI-id.

Proof: Let ¢g be an $-int <d. Then, So ¢s € 6g, 6g ©
S € ¢gand g5 o 5 € gg. Thus,

(SI°(fs°Gs°hs)°'§)ﬁ((fs°cs°hs)°'§°(fS°G5°

h)) € (s o650 he) o8 (fy o 650 o)
(47)

§f5°(c5°!§)o(.~'§o.§)oc5°hsE]‘SO(GSOS)OGSO
hs € fsogs0650hs € fsoggohg

Hence, fs o ¢5 © hg is an $-int BI-id.

Theorem 3.27. Let {5 and ng be S-int BI-ids. Then,
fs N g is an $-int BI-id.

Proof: Let f¢ and ng are S$-int BI-ids. Then,

(S fse S) (fs °So fs)cfs and (-SI°775°
S) (US°S Us)cﬂs Thus,

(S (s Aimg) o ﬁ((fsnns) oS (fsﬂns))i(g

fs"') (fs°'§°fs éfs (48)
and

(§'°~(fs~ﬁns)°-§')ﬁ((isﬂns)°-§'°(fsﬂns))§(§° (49)
7Is°s)n 775°S°773)g773

Hence,

(SI°Gsﬁns)°'§)ﬁ((fsﬁrls)°g°(fsﬁ7]s))gfsﬁﬂs (50)
Therefore, g N g is an $-int BI-id.

Corollary 3.28. The finite intersection of $-int BI-
ids is an $-int BI-id.

Corollary 3.29. The intersection of $-int £ (R/ two-
sided/ B/ 3/ Q) id and $-int L (R/ two-sided/ B/ 7/ Q)

id is an $-int BI-id.

Theorem 3.30. Let @5 # fg € Sg(U). Then, every
soft subset of fg containing (S fso S) (5 0So

fs) is an S-int BI-id.

Proof: Let g € fg containing (§ ofgo §) N (fs °
S ofs). Since

(8
fs)

Hence, 5 is an $-int BI-id.

°@;°-S)ﬁ(@s°g°8/"s)g(g°fs°-§l)ﬁ(fs°g° (51)

I

Theorem 3.31. Let @g # fs € Sg(U). Then, every
soft subset of fg containing (S fso S) (5 0So

fs) is an S-int BI-id.
Proof: Let g C {5 containing (§ ofso §) V] ({S °

S ofs). Since

(Sepso8)E(Sefso8)E(Sefo8)T(fs8o

fs) € Ps (52)

Thus, (§ o g0 §) C . Furthermore, since
(@5j3°<@s)§(5°S°f5)§(§°f5°'§)g(fs S (53)
fs) < ps

I

Thus, (505 oS o g §s. Hence, (§ o fg o
§) (gos oSo gos) C gs. Therefore, g is an S-int
BI-id.

Proposition 3.32. Let U5 € Ss(U), a € U, Im(\s) be

the image of s such that & € Im(4s). If U is an S-
int BI-id, then U(\; &) is a BI-id.
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Proof: Since dg(w) =a for some w€S, @ *
U(dg; &) € S. Let ke[S -U(dsa)-S]n
[U(dg; &) - S - U(ds; @)]. Then, there exist o,t,z €
U(lis; &) and a,b,c € S such that k = wat = bzc.
Thus, Ug(0) 2 &, tg(t) 2 dandig(z) 2 &. Since ug
is an $-int BI-id,

(S s S) (k) = Urnn {Sm) (15 o 8) )}

2 8(0) n (s = S) (zc)

—Un U {15()n S} (54)
> 45(2) n 8(0)

=ds(z)nU

= gS(Z)

> &
and
(4508 o 15s) () = Upemmn {1s(m) 0 (S o s ) ()}

2 (@) n (S o ;) (ab)

= i@ n | | ] (8@ n @)
at=pq

> () N S(a) N (b

= Ug(0) N U N s (t)

= 1}5(“{) N s ()

2aNna

&

(55)

Thus,  (SedseS)(k)n(dsoSos) (k) 2&
Since s is an $-int BI-id,

ds(k) 2 (Seus o §) () n (5o S o)) 2&  (56)

Thus, k € U(ds; &). Therefore, [S-U(ds; &) -S| N
[U(us &) - S -U(ds; )] € U(ds; @). Hence,
U(ds; &) is a BI-id.

We illustrate Proposition 3.32 with Example 3.33.

Example 3.33. Let the SS wg in Example 3.2. By
considering the image set of wg, that is,

Im(ws) = {{1,2},{2,3},{1,2,3}, Z*}

we obtain the following:

({@,3,¢), &={12}
) {BHEY,  a=1{23}
U(ws O‘)J @0}, &={1,23)
{®}, & =7Z"

Here, {@, &, ¢}, {@, &, ¢}, {@, ®} and {¢"} are all BI-
4ds. In fact, since

Se{maC}eS)n ({0 C}eSe{mA "} =
(,1,¢}  {B,8, 0}

(Se{B,H,E}e SN {B H C}eSe {7, H ¢} = (7,0}
@,H,¢} (57)

(S« (2,0} +S)n (B, C}+ S+ (8,¢) = (8,0} € (8,¢)
Se{C}eS)n({C}ese{C}) ={Cc{C}
each U(wg; &) is @ BI-id.

Now, consider the SS g in Example 3.2. By taking
into account

Im(vs) = {{3,5},{5,8},{3,5,7},{3,5,7,8}}

we obtain the following:

( (@3¢}, &={35}
oy ) {85, a = {5,8}
U(us; “)J B¢, &={357)
(@}, & = {3,5,7,8}

Here, {1, H} is not a BI-id. In fact, since

(Se{BH} e N{BH}eSs{B,H) ={B,C} £ (8,1} (58)

one of the U(ys; &) is not a BI-id. It is seen that
each of U(ys; &) is not a BI-id. On the other hand,
in Example 3.2 it was shown that g is not an $-int
BI-id.

Definition 3.34. Let fs be an $-int BI-id. Then, the
BI-ids U(fs; &) are called upper &-BI-ids of fs.

Theorem 3.35. For S, the following conditions are
equivalent:

i. Sisregular.

i fs=(SofsoS)(fs0Sofs) for every S-int
BI-id.

Proof: Let (i.) hold, S be regular, {5 be an $-int BI-

id andx € S.Then,(gofsog) N (fsogofs) C fs

and there exists an element y € S such that x = xyx.

Since

225



Sezgin and Ilgin (2025). J Inno Sci Eng 9(2):216-231

(Sofs°8) ) = Urear {(S o £s) (@ n S}
2 (Sefs) ) nS0m)

U HORRON LY
chab

2 5(xy) N fs(x)
=UnN{fs(x)
=fs(x)

(59)

(fs2Sofs) 0 = Uzan {(fs ° S) (@ n £}
2 (fs ° 8) (xy) N fs(x)
=l U {fs(m)ﬂg(n)}‘ﬂfs(x) (60)

xy=mn
2 [fs(x) nS (yxy)] N fs(x)

= [fs(x) nUI N fs(x)
= fs(x)

Ths,  (SefsoS)@n (fsoSefs) @) 2500
implying that fs € (S fso ) ( oSo fs)
Therefore, fg = (.S ofgo, ) N (f 0Sofs )

Conversely, let fs—(S fs o ) (5 oSo st)
where {s is an S-int BI-id. To show that S is regular,

A = SAS n ASA forevery BI-id. SAS N ASA € A is
evident. Thus, A< SASNASA should be

demonstrated. Let © € A and A be any BI-id. Thus,
S, is an $-int BI-id. Hence,

51@) = (8810 S) @ (SioSe5,) @ = Sse80e (g1
55)(@) N (Sy ° S5 0 54)(©) = Ssasnasa(©@) =U

implying that ® € SAS N ASA. Hence, A = SAS N
ASA, so0 S is regular.

Theorem 3.36. Let {5 us € Sg(U). Then, the
following conditions are equivalent:

i. Sisregular.
il. fsﬁdsg(ds Ofsods)ﬁ(fsods Ofs) foran§-
int BI-idt f; and an S-int idt .

Proof: Let (i.) hold, S be regular, fs be an $-int BI-
id, Ug be an S-int id and © € S. Then, (S foo
S)A(fsoSofs)Efs for pges, Us(pq)2
Us(p) and us(pgq) 2 us(q), and there exist an
element y € S such that © = oy®. Since

(s o f5 0 Us)(©) = Up=apltis(a) N (fs o tis)(b)}
2 ds(0y) N (fs ° Us)(©)
= ds0y) n [ | &s@n as(b)}]

o=ab

2 Us(0y) N [fs(0) N Us(yo)]
2 Ug(0) N [fs(0) N is(0)]

~ f5(0) N 5(®)

= (fs N ds)(o0)

(fs o Us © f)(©) = Up=ap{{fs ° Us)(a@) N fs(b)}
2 (fs o Us) (0y) N fs(o)

|J gsemn as<n)}] N f5(@)

(62)

(63)

oy=mn
2 [fs(0) N Us(yoy)] N fs(0)
2 [fs(0) N ds(0)] N f5(0)

= §s(©0) N U5(0)

= (fs N ds) (o)

ThuE, (s ofso li~s)(<0)~n (fsouse fs)Sw) =2
(fs N Us)(©). Hence, fs Ndg S (s o fs o i) N (fs ©
Us © fs).

Conversely, Iet _‘fs ﬂ ds (lis o _{5 lis) ﬁ GS o ds
fs) for S-int BI-id fs and S-int id Ug. Let S as S-int
id instead Ug. Then, fx S & (§ ofgo §) n ( 5o
S °st)- Thus, fsE (§ fso ~I) A (fs °oSo fs)
From assumption, (S fso §) A ( c0So fs) € fs.
Hence, fs = (g ofgo .S) (f oS f ) The rest is
obvious by Theorem 3.35.

4. Conclusions

Rao [6] proposed the concept of bi-interior ideals of
semigroups and examined the properties of bi-interior
ideal of semigroups as a generalization of the bi-
ideals and interior ideals of semigroups. In this paper,
by applying the concept of bi-interior ideals of
semigroups to semigroup theory and SS theory, we
introduced the concept of "$-int bi-interior ideal
(abbreviated by “S-int BI-id” throughout the text) of
semigroups". The relations between different types of
S-int ideals of a semigroup and S-int bi-interior ideals
were established. We demonstrated that an $-int left
ideal, right ideal, ideal, bi-ideal, interior ideal, and
guasi-ideal is an $-int bi-interior ideal, however, the
opposite is not true with counterexamples.

For the converses, we illustrated that the semigroup
should be soft simple*. Our key theorem, which states
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that if a nonempty subset of a semigroup is a bi-
interior ideal, then its soft characteristic function is an
S-int bi-interior ideal, and vice versa, enables us to
bridge the gap between semigroup theory and soft set
theory. Using this theorem, we show how this idea
relates to the existing algebraic structures in classical
semigroup theory. Furthermore, we present
conceptual characterizations and analysis of the new
concept in terms of regarding soft set operations
supporting our assertions with illuminating examples.

A J

S-int left ideal

—

S soft simple*

S-int interior ideal

S-int ideal

ﬂ ﬁS soft simple*

» $-int quasi-ideal <

ﬂ ﬁ S soft simple*

S-int bi-ideal

ﬂ ﬁ S soft simple*

$-int Bl-ideal «

In future studies, $-int bi-interior ideals can be used
to characterize various semigroup types such as
regular, intraregular, weakly regular, quasi-regular,
duo, simple semigroups. The relation between several
S-int ideals and their generalized ideals is depicted in
the following Figure 1., where A — B denotes that A
is B but B may not always be A.

I

—>

S-int right ideal

ﬂS soft simple*

$-int subsemigroup

Figure 1: Diagram showing the relationships between some $-int ideals.
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