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Abstract

In this study, the results obtained by authors M. Ozkan and F. Oke [2] is extended the ring I [u] / < 3 ~- Certain matrices lexicographically
ordered are written using the elements of o [u] / < 3 >- The relations between the codes generated by these matrices and Hadamard codes

are given.
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1. Introduction

Z4- Linear Hadamard codes and extented perfect codes were introduced in [3]. (1 — uz) -cyclic codes over F 4 ulF, + 42T, and the codes
over F, which are the Gray images of (1 — u2) -cyclic or cyclic codes over Fy + ulF, + u?F» were characterized in [4]. The extended abstract
of this paper is published by AIP [1].

In this study, the codes over the ring Fy + ulF, + u?F», where u®> = 0 defining by matrices given in section 3. Construction of matrices
are given and it is shown that the Gray images of these codes are Hadamard codes. It is seen that the codes written over the field [F, are
quasi-cyclic codes of index 4. Also some comments are given on the parameters of these codes.

2. Basic Definition

The ring 1 M/< B >= {ao +ajutar i’ + @) |a; € F,i=0,1,2 } is isomorphic to the ring 5 4 ulF, 4+ u?[F, and it is also isomorphic
to the ring L [“]/< u3 > Where uw=0.

The set of cosets Fy + ulFy + u?Fp= {07 ou,u?, 14w, 1+ u+u?, 1+ u+u? } is a ring with usual addition and multiplication under
the condition «® = 0.

All the principle ideals of the ring Ry =IF + ulFy + u*F, are listed below:

(0) = {0}, (u?) = {0,u*},(u) = (u+u?) = {0,u, >, u+u?}, (1) =(1+u) = (1+u®) = (1 +u+u®) =R, .

The relation (0) C (u?) C (u) = (u+u?) C (1+u) = (1+u?) = (1+u+u?) = (1) = R, is satisfied for the ideals of the ring R».

A linear code C over the ring R; of length n is a Ry submodule of R . Also a linear code C over I, of length 7 is a n subspace of I . An
element of C is called a codeword.

Let C be a code over I, of length n and let ¢ = (¢,, ¢y, ...,cy—1) be a codeword of C. The Hamming weight of C is defined as
n—1

wr(c) = ¥ wg(c;) where
i=0

wi(c;)=0if¢; =0and wy(c;) =1if¢; =1.

The Lee distance dy (c,c’) between any distinct vectors ¢, ¢’ € F," is defined to be wg (¢ — ¢’). The minimum Hamming distance of C is
called as dy (C) = min{dg(c,c’)} forany ¢,c’ € C, ¢ # ¢’
The Lee weight wy (r) of r € Ry is given by
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0;r=0
wi(r)=<{ 4 ;r=u?
2 ; otherwise

This extends to Lee weight function in R} such that wy (r) = n):; wi(r;) for r = (ry,71,...,7a—1) € R} . The Lee distance df (x, y) between
i=
any distinct vectors x,y € R} is defined to be wy (x —y). The d; minimum Lee distance of C is defined as d (C) = min{df (x,y)} for any
x,y €C, x#y.

A n x n matrix such that all components are —1 or 1 and M. M! = n.I is called Hadamard matrix. An n x n matrix is called binary normalized
Hadamard matrix if it is obtained from M,, n x n normalized Hadamard matrix writing 0 instead of 1 and writing 1 instead of —1. Let A, be
binary normalization of a binary Hadamard matrix M,,.

Think that each row of A, is a vector. Then it is seen that the distance of between two vectors is 5.

Writing each row of matrix as a vector which has length n and adding themselves and their complements to back of these vectors respectively,
new vectors which has 2n length are obtained. Construct these new vectors in the form of code words. If completions of these codewords
join to this set, it is obtained that a Hadamard code including 4n elements. Thus the minimum distance of this code is n .

Generally the Gray map is defined as :

®: R —»Fy
(F1,72y ey ) = D (r1, 12y 1y) =
(c1,€2,csnyar +cr,a 42, ooy +cny by +c1,ba 4+ €2,y oo sby +cnyar + by +cr a0+ by 4o, .yan + by +cn)

where r; = a; +b;j.u+c;.u*> € Ry for0<i<n+1.

Therefore C is a code over Fy + uF5 + u?[F, which has length n, it’s image ®(C) under the Gray map is a binary code which has length 4n.
There is a relation dz.(a,b) = dy (®(a), ®(b)) for a, b € R} between Lee distance d;, over R and Hamming distance dy over F3". This
means that Gray map is an isometry.

3. Structure of Hadamard codes

Generating matrices of the new special code will be constructed according the rules given below :

Choose that all elements of first row of the matrix M*>* from the set { 1 } , choose that the elements of the other rows from the set

{O, Lou,u®, 14u, 14+ u? u+u?, 1+u+u2} if ap = 0 and from the set {O,uz} if @ = 0. Compare that colums of this matrix by
lexicographically ordering. This matrix constructed above is a special matrix which has o + o + 1 rows.

Certain examples for the matrix M*>® constructed above are given below :

1 1 1 1 1
MO‘Oz[l]lxl,MO*lz { 0 w2 ] MM2=10 0 u® u2 ,
2x2 0 w2 0 u? 1
1 1 1 1 1 1 1 1
M3 |0 0 0 0 T e T T o[ 1 11 1 1 1 1
0 0 u* u® 0 0 u* u? ’ 0 1 uw u* 14u 1+u® u+u® 14u+iu® 2x8,
L0 & 0 W 0 ¥ 0 u? 48
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
MY =10 0 1 1 u u > w* 14u 1+u 144> 14+u® u+u® u+u?* 14u+u® 14+u+u?
L0 w? 0 u* 0 u* 0 u* 0 i 0 u 0 u 0 u 316

Define the code C*+% = { (c1,c2).M*"% | ¢ € RY Hle, e IFy } which has a generator matrix M® %2, where @, 0, positive integers.

The lenght of this code is n = 23%17% _ Moreover, the parameters of the code C*% over IF; + ul F> + uIF; are (n,8n,2n).

Theorem 3.1. Let ® : R} — an be Gray map. If C*% s a code generated by the matrix M®-% over Fy + ulFy + u*F, , it’s image
P(C*%) ynder the Gray map is the (4n,8n,2n)_ Hadamard code over the field F, .

Proof. Writing the code C*® generated by matrix M* % which has the dimension (@ + 0 + 1) x n of the form
CH% = { (¢1,c). M™% | ¢) € Rg“+1 , ¢y € IFy? } the proof is obtained as in [1] .
O

Lemma 3.2. The dual code of (C*%)L is a (n, 3—2,4), code and it’s image ®((C*%)1) under the Gray map is a (4n, %,4),0()(16, in
except the case o = 0 = 0.

Proof. The generator matrix M®:% of C%:% is the parity-check matrix of the dual code (C%+%®)L. The dual code of (C*+* ) contains
elements ¢ of R} satisfied M*-% I =0. It is easily seen that the number of words satisfied this condition is % and the minimum weight a
word is 4. Thus (C*:%2)1L is (n, 3—2,4), code. Also it is seen that ®@((C%%)1) has the parameter (47, %,4).

O
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4. cyclic codes and quasi-cyclic codes of index 4
Each codeword c in such a code C is an n—tuple of the form ¢ = (c1,¢3,...,cn) € R} can be represented by

n .
c=(c1,€2, i) —c(x) = Y cix' €Rp[x] .
i=1

f
Definition 4.1. Ler C*»* C R} be a linear code , where n = 230+%  Define the map
T: R = R}
(c1,€2, ) > T(C1,€2,sn) = (CnyClyeeesCp_t)
If T(C%%) = C*% then C**% is a cyclic code over R,.
Definition 4.2. Let D% C F3" be a linear code and n = 23%+% | Define the map

o4 F}" — FY
(dladza"'7d4l‘l) — G®4(dlad27"'7d4n) = (dn7d17"'7dn—l 7d2n7dn+la~--d2n—17d3n7d2n+l7~-~d3n—17d4nad3n+la--~d4n—])

If 624(D%%) = D% thep D%-% js q quasi-cyclic code of index 4 over I, .

Lemma 4.3. 1= 0®*® is satisfied.

Proof. Letx = (x1,x2,...,X,) € R} where x; = aj+ub; +utc; € Ryfor 1 <i<n.IfT(x) = T(x1,%2,...,%1) = (Xp,X1,...,Xp—1 ), then
D1(x) =P(T(x1,%2,...s%0)) =P(Xp, X1, .., Xy—1) = P(an + uby +ulcy,a) + uby + utcy,ay + uby + ulcy, ... ay—1 + uby_y +uzcn,1) =
(€ny€15€2y 4y Cn1,an + Cny @1 4 €1,a2 4 €2, ey 1 +Cp1,bn +Cn,b1 +c1,b2 +¢2, by 1 + 1,80 + by 4 cnya1 +by +cp,a0 + by +
€2y eeeyp—1+by_1 +cy_1). On the other hand,
D(x) = D(x1,%2,...,.X) =P(ay +uby +u>cy,ap +ubs +u>cy, ..., an + uby +u>cy) = (€1,¢2, ...y Cny@1 +C1,a2 + €2,y ooy 4 Cpyby +¢1,by +
€2yeeyby +epyay + b1 +c1,a0+ by +ca,...ian + by + ) then
0 D(x)) = (Cn,C1,C2y ey Cat,@n + Cpy @1 4 C1,a2 + €2y ooy Ayt + Cn1, b+ Cpy b1 4 €1, b2 + €2, oo byt + Cot @ + by +Cnyar + by +
cr,ay+by 4o,y +bu_y +Cp1).

O

Theorem 4.4. The Hadamard code which is obtained by using the matrix M*>% is a quasi-cyclic code of index 4, in except the case ap = 0.

Proof. Considering the images of C*:% under the maps ¥4 ®, & 1, the proof is completed as in [1].
O

(1) ulz } . Then the elements of the code C%! are of the form
2x2

c=(c1,¢2).M% 1, where ¢ € Ry, c; € F, O =100,00?, 11,11 +u?, uu,uu+u?, W u® w20, 1+ul +u, 1+ul +utu?, 1+
W1+ 1+ 1 ut+wdutu® u+udu, 1+ u+u? L+u+u? 1 +ut+u? 1+u} CRE. It is seen that dp,(CO1) = 4, |C0*1| = 16 and then
this is a (2,16,4)_code.Therefore ®(C*') = {00000000, 01010101, 00110011, 01100110, 11111111, 10101010, 11001100, 10011001,
00001111, 01011010, 00111100, 01101001, 11110000, 10100101, 11000011, 10010110 } QF% is a (8,16,4) _Hadamard code.

1 1 1 1
-1 1 -1 1
-1 -1 1 1

I e T O
0000, 1010, 1100 and 0110 are obtained. Adding themselves and their complements to back of these vectors respectively, new vec-
tors 0000, 1010, 1100, 0110, 1111,0101,0011 and 1001 are obtained. Then using the method given above, the new codewords
00000000, 01010101, 00110011, 01100110, 11111111, 10101010, 11001100, 10011001,00001111, 01011010, 0011110001101001,
11110000, 10100101, 11000011, 10010110 are obtained. The code dJ(CO’z) formed by these codewords is a (8,16,4)_Hadamard code.
Moreover (CO1): = {00, uu, > u* ,u+u?u+u?>} CF} and d((C*')*) = {00000000, 00001111, 11111111, 11110000} C F§ . O is
a cyclic code such that the equation T(Co*l) =% is provided. Similarly CI)(CO’I) is quasi-cyclic code of index 4 such that the equation
@ (@(CO)) = ®(CO) is satisfied.

Example 4.5. Write the matrix M%! to define the code C%' , M = [

Let Ay = be a normalized Hadamard matrix. Writing 0 instead of 1 and 1 instead of —1 , the vectors
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