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Abstract

Let G = (V,E) be a graph. The injective neighborhood of a vertex u ∈ V (G) denoted by Nin(u) is defined as Nin(u) = {v ∈ V (G) :
|Γ(u,v)| ≥ 1}, where |Γ(u,v)| is the number of common neighborhoods between the vertices u and v in G. The cardinality of Nin(u) is
called the injective degree of the vertex u in G and denoted by degin(u), [2]. In this paper, we introduce the injective Zagreb indices of a
graph G as Min j

1 (G) = ∑u∈V (G)

[
degin(u)

]2, Min j
2 (G) = ∑uv∈E(G) degin(u)degin(v), respectively, and the relative injective Zagreb indices

as RMin j
1 (G) = ∑u∈V (G) degin(u)deg(u), RMin j

2 (G) = ∑uv∈E(G)

[
degin(u)deg(v)+deg(u)degin(v)

]
, respectively. Some properties of these

topological indices are obtained. Exact values for some families of graphs and some graph operations are computed.
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1. Introduction

In this research work, we concerned about simple graphs which are finite, undirected with no loops and multiple edges. For a graph
G = (V,E), we denote p = |V (G)| and q = |E(G)|. The complement of G, denoted by G, is a simple graph on the same set of vertices V (G)
in which two vertices u and v are adjacent if and only if they are not adjacent in G. Let u be a vertex in G. The open neighborhood and the
closed neighborhood of u are denoted by N(u) = {v∈V : uv∈ E} and N[u] = N(u)∪{u}, respectively. The degree of u is denoted by deg(u),
and is defined to be the number of edges incident to u, shortly deg(u) = |N(u)|. The distance between u and any vertex v in G denoted by
d(u,v) is the number of edges of the shortest path joining u and v. The eccentricity of u denoted by e(u) is the maximum distance between u
and any other vertex v in G, that is e(u) = max{d(u,v),v∈V (G)}. All the definitions and terminologies about graph in this paper available in
[8]. The common neighborhood graph (congraph) of G, denoted by con(G), is the graph with the vertex set V (G), in which two vertices are
adjacent if and only if they have at least one common neighbor in the graph G. The common neighborhood (CN-neighborhood) of u denoted
by Ncn(u) is defined as Ncn(u) = {v ∈V (G) : uv ∈ E(G) and |Γ(u,v)| ≥ 1}, where |Γ(u,v)| is the number of common neighborhood between
u and v, [1]. The injective neighborhood (Inj-neighborhood) of u denoted by Nin(u) is defined as Nin(u) = {v ∈V (G) : |Γ(u,v)| ≥ 1}. The
cardinality of Nin(u) is called the injective degree (Inj-degree) of the vertex u and denoted by degin(u), [2]. Note that, for u ∈V (G) easily
we observe that, degin(u) = p−1 if and only if e(u)≤ 2 and Ncn(u) = N(u). Also, we denote to the sum of the Inj-degrees of all vertices of
a graph G by 2qin, namely 2qin = ∑u∈V (G) degin(u).
The path, wheel, cycle and complete graphs with p vertices are denoted by Pp, Wp, Cp and Kp, respectively, and Kr,m is the complete bipartite
graph on r+m vertices.
The Zagreb indices have been introduced by Gutman and Trinajestic [7].

M1(G) = ∑
u∈V (G)

[
deg(u)

]2
= ∑

u∈V (G)
∑

v∈N(u)
deg(v) = ∑

uv∈E(G)

[
deg(u)+deg(v)

]
.

M2(G) = ∑
uv∈E(G)

deg(u)deg(v) =
1
2 ∑

u∈V (G)

deg(u) ∑
v∈N(u)

deg(v).

Here, M1(G) and M2(G) denote the first and the second Zagreb indices, respectively. The first and second Zagreb coindices of a graph
G denoted by M1(G) and M2(G), respectively, had introduced in [5], which are defined as M1(G) = ∑uv∈E(G)

[
degG(u)+degG(v)

]
and

M2(G) = ∑uv∈E(G) degG(u)degG(v). Some properties of the Zagreb coindices of a simple graph G and its complement and some graph
operations are studied in [3]. For more details about Zagreb indices we refer to [4, 6, 11, 15, 13, 14, 9, 12, 10]. In this paper, we introduce the
injective and relative injective Zagreb indices of graphs. Exact values for some families of graphs and some graph operations are obtained.
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2. Some properties of injective and Relative injective Zagreb indices of graphs

In this section, we define the first and second injective and relative injective Zagreb indices of graphs. Some properties and exact expressions
of some standard graphs are found.

Definition 2.1. Let G = (V,E) be a graph. Then the first and second injective Zagreb indices of G are defined by

1. Min j
1 (G) = ∑

u∈V (G)

[
degin(u)

]2
= ∑

u∈V (G)
∑

v∈Nin(u)
degin(v).

2. Min j
2 (G) = ∑

uv∈E(G)

degin(u)degin(v) =
1
2 ∑

u∈V (G)

degin(u) ∑
v∈N(u)

degin(v).

Definition 2.2. For a graph G, the first and second relative injective Zagreb indices of G are defined by

1. RMin j
1 (G) = ∑

u∈V (G)

degin(u)deg(u) = ∑
uv∈E(G)

[
degin(u)+degin(v)

]
= ∑

u∈V (G)
∑

v∈N(u)
degin(v).

2. RMin j
2 (G) = ∑

uv∈E(G)

[
degin(u)deg(v)+deg(u)degin(v)

]
= ∑

u∈V (G)

degin(u) ∑
v∈N(u)

deg(v) = ∑
u∈V (G)

deg(u) ∑
v∈N(u)

degin(v).

Proposition 2.1. For any graph G, Min j
1 (G) = M1(G) = RMin j

1 (G) if and only if degin(v) = deg(v), ∀v ∈V (G). Furthermore, in this case
Min j

2 (G) = M2(G) = 1
2 RMin j

2 (G).

Proposition 2.2. Let G be a (p,q) connected graph. Then Min j
1 (G) = p

(
p− 1

)2
= M1(Kp) if and only if e(v) ≤ 2 and Ncn(v) = N(v),

∀v ∈V (G). Furthermore, in this case Min j
2 (G) = q

(
p−1

)2.

Proposition 2.3. For any triangle-free graph G with diameter less than or equal two, Min j
1 (G) = M1(G) and Min j

2 (G) = M2(G).

The following results for standard graphs on p vertices follow easily by direct calculations.

Proposition 2.4. For any path Pp with p≥ 3,

1. Min j
1 (Pp) =

{
2, if p = 3;
4(p−3), otherwise.

2. Min j
2 (Pp) =


0, if p = 3;
3, if p = 4;
4p−14, otherwise.

3. RMin j
1 (Pp) =

{
2, if p = 3;
4p−10, otherwise.

4. RMin j
2 (Pp) =

{
4, if p = 3;
8p−22, otherwise.

Proposition 2.5. For any cycle Cp with p≥ 3,

1. Min j
1 (Cp) = Min j

2 (Cp) =

{
4, if p = 4;
4p, otherwise.

2. RMin j
1 (Cp) =

{
8, if p = 4;
4p, otherwise.

3. RMin j
2 (Cp) =

{
16, if p = 4;
8p, otherwise.

Proposition 2.6. For any complete bipartite graph Kr,m,

1. Min j
1 (Kr,m) = r

(
r−1

)2
+m

(
m−1

)2.
2. Min j

2 (Kr,m) = rm(r−1)(m−1).
3. RMin j

1 (Kr,m) = rm(r+m−2).
4. RMin j

2 (Kr,m) = rm
[
r(r−1)+m(m−1)

]
.

Proposition 2.7. For any wheel graph Wp with p≥ 4,

1. Min j
1 (Wp) = p

(
p−1

)2.

2. Min j
2 (Wp) = 2

(
p−1

)3.

3. RMin j
1 (Wp) = 4

(
p−1

)2.

4. RMin j
2 (Wp) =

(
p−1

)2(p+8
)
.

The injective complement of a graph G denoted by Gin j is the graph with the same vertices as G and any two vertices u, v are adjacent if u
and v are not injective adjacent in G, [2].
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Theorem 2.1. For any graph G,

1. Min j
1 (Gin j

) = p
(

p−1
)2−4qin(p−1)+Min j

1 (G).

2. Min j
2 (Gin j

) =
1
2
(2p−3)Min j

1 (G)−M2
(
con(G)

)
+2
(
qin)2

+
1
2
(

p−1
)2(p(p−1)−6qin).

Proof.

1. Min j
1 (Gin j

) = ∑
u∈V (G)

(
degGin j

in (u)
)2

= ∑
u∈V (G)

(
p−1−degin(u)

)2

=p
(

p−1
)2−4qin(p−1)+Min j

1 (G).

2. Min j
2 (Gin j

) =
1
2 ∑

u∈V (G)

degGin j

in (u) ∑
v∈N

Gin j (u)
degGin j

in (v)

=
1
2 ∑

u∈V (G)

(
p−1−degin(u)

)
∑

v∈N
Gin j (u)

(
p−1−degin(v)

)
=

1
2 ∑

u∈V (G)

(
p−1−degin(u)

)[(
p−1

)2− (p−2)degin(u)

−2qin + ∑
v∈Nin(u)

degin(v)
]

=
1
2
(2p−3)Min j

1 (G)−M2
(
con(G)

)
+2
(
qin)2

+
1
2
(

p−1
)2(p(p−1)−6qin).

Note that, the equality ∑
v∈N

Gin j (u)
degin(v) = 2qin−degin(u)− ∑

v∈Nin(u)
degin(v) is used.

3. Injective and Relative injective Zagreb indices for some graph operations

In this section, we compute the first and second injective and relative injective Zagreb indices for some graph operations.

The Cartesian product of two graphs G1 and G2, where |V (G1)|= p1, |V (G2)|= p2 and |E(G1)|= q1, |E(G2)|= q2 is denoted by G1�G2
has the vertex set V (G1)×V (G2) and, two vertices (u,u′) and (v,v′) are connected by an edge if and only if either ([u = v and u′v′ ∈ E(G2)])
or ([u′ = v′ and uv ∈ E(G1)]). In other word, |E(G1�G2)|= q1 p2 +q2 p1. The degree of a vertex (u,u′) of G1�G2 is as follows:

degG1�G2(u,u′) = degG1(u)+degG2(u′).

Lemma 3.1. Let G = G1�G2 and let (u,u′) be a vertex in G. Then

degG
in(u,u

′) = degG1
in (u)+degG2

in (u′)+degG1(u)degG2(u′).

Proof. By the definition of G = G1�G2, one can observe that, the Inj-degree of any vertex (u,u′) in G consists of three parts. The Inj-degree
of (u,u′) in the copy of G1 of the projection u′ in G2 and the Inj-degree of (u,u′) in the copy of G2 of the projection u in G1 and the
Inj-degree of (u,u′) in the copies of G1 which have second projection belongs to NG2(u

′) and the copies of G2 which have first projection
belongs to NG1(u). It is clear that, the first and second parts of the Inj-degree of (u,u′) are degG1

in (u) and degG2
in (u′), respectively. Now for the

third part, suppose v ∈ NG1(u) be arbitrary. Then v corresponds degG2(u′) vertex in the copy of G2 of the projection v in G1. Hence,

degG
in(u,u

′) = degG1
in (u)+degG2

in (u′)+degG1(u)degG2(u′).

The Cartesian product of more than two graphs is denoted by ∏
n
i=1 Gi, in which ∏

n
i=1 Gi = G1�G2� . . .�Gn = (G1�G2� . . .�Gn−1)�Gn

and any two vertices u = (u1,u2, . . . ,un) and v = (v1,v2, . . . ,vn) are adjacent in ∏
n
i=1 Gi if and only if ui = vi, ∀i 6= j and u jv j ∈ E(G j),

where i, j = 1,2, . . . ,n. If G1 = G2 = · · ·= Gn = G, we have the n-th Cartesian power of G and denote it by Gn.

Lemma 3.2. Let G = ∏
n
i=1 Gi and let u = (u1,u2, . . . ,un) be a vertex in G. Then

degG
in(u) =

n

∑
i=1

degGi
in (ui)+

n−1

∑
i=1

degGi(ui)
n

∑
j=i+1

degG j (u j).

Proof. By Lemma 3.1 and the induction principle, we have

degG
in(u) =deg∏

n−1
i=1 Gi

in (u1,u2, . . . ,un−1)+degGn
in (un)+deg∏

n−1
i=1 Gi(u1,u2, . . . ,un−1)degGn(un)

=
n−1

∑
i=1

degGi
in (ui)+

n−2

∑
i=1

degGi(ui)
n−1

∑
j=i+1

degG j (u j)+degGn
in (un)

+degGn(un)
n−1

∑
i=1

degGi(ui)

=
n

∑
i=1

degGi
in (ui)+

n−1

∑
i=1

degGi(ui)
n

∑
j=i+1

degG j (u j).
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Theorem 3.1. Let G = G1�G2. Then the first and second injective Zagreb indices of G are given by,

1. Min j
1 (G) =p2Min j

1 (G1)+ p1Min j
1 (G2)+4q2RMin j

1 (G1)+4q1RMin j
1 (G2)

+M1(G1)M1(G2)+8qin
1 qin

2 .

2. Min j
2 (G) =p2Min j

2 (G1)+ p1Min j
2 (G2)+2q2RMin j

2 (G1)+2q1RMin j
2 (G2)

+q2Min j
1 (G1)+q1Min j

1 (G2)+
(
2qin

2 +M1(G2)
)
RMin j

1 (G1)

+
(
2qin

1 +M1(G1)
)
RMin j

1 (G2)+M1(G1)M2(G2)+M1(G2)M2(G1).

Proof.

1. Min j
1 (G) = ∑

(u,u′)∈V (G)

(
degG

in(u,u
′)
)2

= ∑
u∈V (G1)

∑
u′∈V (G2)

(
degG1

in (u)+degG2
in (u′)+degG1(u)degG2(u′)

)2

=p2Min j
1 (G1)+ p1Min j

1 (G2)+4q2RMin j
1 (G1)+4q1RMin j

1 (G2)

+M1(G1)M1(G2)+8qin
1 qin

2 .

2. Min j
2 (G) = ∑

(u,u′)(v,v′)∈E(G)

degG
in(u,u

′)degG
in(v,v

′)

= ∑
u∈V (G1)

∑
u′v′∈E(G2)

degG
in(u,u

′)degG
in(u,v

′)

+ ∑
u′∈V (G2)

∑
uv∈E(G1)

degG
in(u,u

′)degG
in(v,u

′)

= ∑
u∈V (G1)

∑
u′v′∈E(G2)

[(
degG1

in (u)+degG2
in (u′)+degG1(u)degG2(u′)

)
(
degG1

in (u)+degG2
in (v′)+degG1(u)degG2(v′)

)]
+ ∑

u′∈V (G2)
∑

uv∈E(G1)

[(
degG1

in (u)+degG2
in (u′)+degG1(u)degG2(u′)

)
(
degG1

in (v)+degG2
in (u′)+degG1(v)degG2(u′)

)]
=p2Min j

2 (G1)+ p1Min j
2 (G2)+2q2RMin j

2 (G1)+2q1RMin j
2 (G2)

+q2Min j
1 (G1)+q1Min j

1 (G2)+
(
2qin

2 +M1(G2)
)
RMin j

1 (G1)

+
(
2qin

1 +M1(G1)
)
RMin j

1 (G2)+M1(G1)M2(G2)+M1(G2)M2(G1).

Theorem 3.2. Let G = G1�G2. Then the first and second relative injective Zagreb indices of G are given by,

1. RMin j
1 (G) =p2RMin j

1 (G1)+ p1RMin j
1 (G2)+ p2M1(G1)+ p1M1(G2)

+4(q2qin
1 +q1qin

2 ).

2. RMin j
2 (G) =p2RMin j

2 (G1)+ p1RMin j
2 (G2)+4

[
q2RMin j

1 (G1)+q1RMin j
1 (G2)

]
+2
[
qin

2 M1(G1)+qin
1 M1(G2)

]
+4
[
q2M2(G1)+q1M2(G2)

]
+2M1(G1)M1(G2).

Proof.

1. RMin j
1 (G) = ∑

(u,u′)∈V (G)

degG
in(u,u

′)degG(u,u′)

= ∑
u∈V (G1)

∑
u′∈V (G2)

[(
degG1

in (u)+degG2
in (u′)+degG1(u)degG2(u′)

)
(
degG1(u)+degG2(u′)

)]
=p2RMin j

1 (G1)+ p1RMin j
1 (G2)+ p2M1(G1)+ p1M1(G2)

+4(q2qin
1 +q1qin

2 ).
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2. RMin j
2 (G) = ∑

(u,u′)∈V (G)

degG
in(u,u

′) ∑
(v,v′)∈NG(u,u′)

degG(v,v′)

= ∑
u∈V (G1)

∑
(u,u′)∈V (G)

u′∈V (G2)

degG
in(u,u

′) ∑
(u,v′)∈NG(u,u′)

v′∈NG2 (u
′)

degG(u,v′)

+ ∑
u′∈V (G2)

∑
(u,u′)∈V (G)

u∈V (G1)

degG
in(u,u

′) ∑
(v,u′)∈NG(u,u′)

v∈NG1 (u)

degG(v,u′)

= ∑
u∈V (G1)

∑
u′∈V (G2)

(
degG1

in (u)+degG2
in (u′)+degG1(u)degG2(u′)

)
∑

v′∈NG2 (u
′)

(
degG1(u)+degG2(v′)

)
+ ∑

u′∈V (G2)
∑

u∈V (G1)

(
degG1

in (u)+degG2
in (u′)+degG1(u)degG2(u′)

)
∑

v∈NG1 (u)

(
degG1(v)+degG2(u′)

)
=p2RMin j

2 (G1)+ p1RMin j
2 (G2)+4

[
q2RMin j

1 (G1)+q1RMin j
1 (G2)

]
+2
[
qin

2 M1(G1)+qin
1 M1(G2)

]
+4
[
q2M2(G1)+q1M2(G2)

]
+2M1(G1)M1(G2).

The composition G = G1[G2] of two graphs G1 and G2 with disjoint vertex sets V (G1) and V (G2) and edge sets E(G1) and E(G2), where
|V (G1)|= p1, |E(G1)|= q1 and |V (G2)|= p2, |E(G2)|= q2 is the graph with vertex set V (G1)×V (G1) and any two vertices (u,u′) and
(v,v′) are adjacent whenever u is adjacent to v in G1 or u = v and u′ is adjacent to v′ in G2. Thus |E(G1[G2])|= q1 p2

2 +q2 p1. The degree of
a vertex (u,u′) of G1[G2] is as follows:

degG1[G2](u,u′) = p2degG1(u)+degG2(u′).

Lemma 3.3. Let G = G1[G2] and let (u,u′) be a vertex in G. Then

degG
in(u,u

′) = p2
[
degG1

in (u)+degG1(u)
]
+ p2−1.

Theorem 3.3. Let G = G1[G2]. Then the first and second injective Zagreb indices of G are given by,

1. Min j
1 (G) =p3

2
[
Min j

1 (G1)+M1(G1)+2RMin j
1 (G1)

]
+4p2

2(p2−1)
(
qin

1 +q1
)

+ p1 p2
(

p2−1
)2
.

2. Min j
2 (G) =p3

2
[
Min j

2 (G1)+M2(G1)+RMin j
2 (G1)

]
+4p2q2(p2−1)

(
qin

1 +q1
)

+ p2
2q2
[
Min j

1 (G1)+M1(G1)+2RMin j
1 (G1)

]
+
(

p2−1
)2
(p1q2 + p2q1)

+ p2
2(p2−1)

[
M1(G1)+RMin j

1 (G1)
]
.

Proof.
1. Min j

1 (G) = ∑
(u,u′)∈V (G)

(
degG

in(u,u
′)
)2

= ∑
u∈V (G1)

∑
u′∈V (G2)

[
p2
(
degG1

in (u)+degG1(u)
)
+ p2−1

]2
=p3

2
[
Min j

1 (G1)+M1(G1)+2RMin j
1 (G1)

]
+4p2

2(p2−1)
(
qin

1 +q1
)

+ p1 p2
(

p2−1
)2
.

2. Min j
2 (G) = ∑

(u,u′)(v,v′)∈E(G)

degG
in(u,u

′)degG
in(v,v

′)

= ∑
u∈V (G1)

∑
u′v′∈E(G2)

degG
in(u,u

′)degG
in(u,v

′)

+ ∑
u′∈V (G2)

∑
uv∈E(G1)

degG
in(u,u

′)degG
in(v,u

′)

= ∑
u∈V (G1)

∑
u′v′∈E(G2)

[
p2
(
degG1

in (u)+degG1(u)
)
+ p2−1

]2
+ ∑

u′∈V (G2)
∑

uv∈E(G1)

[[
p2
(
degG1

in (u)+degG1(u)
)
+ p2−1

]
[
p2
(
degG1

in (v)+degG1(v)
)
+ p2−1

]]
=p3

2
[
Min j

2 (G1)+M2(G1)+RMin j
2 (G1)

]
+4p2q2(p2−1)

(
qin

1 +q1
)

+ p2
2q2
[
Min j

1 (G1)+M1(G1)+2RMin j
1 (G1)

]
+
(

p2−1
)2
(p1q2 + p2q1)

+ p2
2(p2−1)

[
M1(G1)+RMin j

1 (G1)
]
.
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Theorem 3.4. Let G = G1[G2]. Then the first and second relative injective Zagreb indices of G are given by,

1. RMin j
1 (G) =p3

2
[
RMin j

1 (G1)+M1(G1)
]
+4p2q2

(
qin

1 +q1
)
+2(p2−1)

(
p2

2q1 + p1q2
)
.

2. RMin j
2 (G) =p3

2
[
RMin j

2 (G1)+2M2(G1)
]
+ p2

(
2q2(p2 +1)+ p2(p2−1)

)
M1(G1)

+2p2q2(p2 +1)RMin j
1 (G1)+

(
2p2(qin

1 +q1)+ p1(p2−1)
)
M1(G2)

+4q1q2
(

p2
2−1

)
.

Proof.

1. RMin j
1 (G) = ∑

(u,u′)∈V (G)

degG
in(u,u

′)degG(u,u′)

= ∑
u∈V (G1)

∑
u′∈V (G2)

[[
p2
(
degG1

in (u)+degG1(u)
)
+ p2−1

]
[
p2degG1(u)+degG2(u′)

]]
=p3

2
[
RMin j

1 (G1)+M1(G1)
]
+4p2q2

(
qin

1 +q1
)
+2(p2−1)

(
p2

2q1 + p1q2
)
.

2. RMin j
2 (G) = ∑

(u,u′)∈V (G)

degG
in(u,u

′) ∑
(v,v′)∈NG(u,u′)

degG(v,v′)

= ∑
u∈V (G1)

∑
u′∈V (G2)

[
p2
(
degG1

in (u)+degG1(u)
)
+ p2−1

]
∑

v′∈NG2 (u
′)

(
p2degG1(u)+degG2(v′)

)
+ ∑

u′∈V (G2)
∑

u∈V (G1)

[
p2
(
degG1

in (u)+degG1(u)
)
+ p2−1

]
∑

v∈NG1 (u)

(
p2degG1(v)+degG2(u′)

)
=p3

2
[
RMin j

2 (G1)+2M2(G1)
]
+ p2

(
2q2(p2 +1)+ p2(p2−1)

)
M1(G1)

+2p2q2(p2 +1)RMin j
1 (G1)+

(
2p2(qin

1 +q1)+ p1(p2−1)
)
M1(G2)

+4q1q2
(

p2
2−1

)
.

The join G1 +G2 of two graphs G1 and G2 with disjoint vertex sets |V (G1)|= p1, |V (G2)|= p2 and edge sets |E(G1)|= q1, |E(G2)|= q2
is the graph on the vertex set V (G1)∪V (G2) and the edge set E(G1)∪E(G2)∪{u1u2 : u1 ∈V (G1),u2 ∈V (G2)}. Hence, the join of two
graphs is obtained by connecting each vertex of one graph to each vertex of the other graph, while keeping all edges of both graphs. The
degree of any vertex u ∈ G1 +G2 is given by

degG1+G2(u) =
{

degG1(u)+ p2, if u ∈V (G1);
degG2(u)+ p1, if u ∈V (G2).

Let G = ∑
n
i=1 Gi be the join of the graphs Gi, i = 1,2, . . . ,n and denote to the set of isolated vertices in each Gi by Ii. Then by the definition

of G the degree of any vertex u ∈V (G) is given as in the following lemma.

Lemma 3.4. Let G =
n

∑
i=1

Gi and u ∈V (G). Then

1. If n = 2, then degG
in(u) =


p1 + p2−1−|I2|, if u ∈ I1 ⊆V (G1);
p1 + p2−1−|I1|, if u ∈ I2 ⊆V (G2);
p1 + p2−1, otherwise.

2. If n≥ 3, then degG
in(u) =−1+

n

∑
i=1

pi.

Theorem 3.5. Let G = G1 +G2. Then the first and second injective Zagreb indices of G are given by,

1. Min j
1 (G) = (p1 + p2)

(
p1 + p2−1

)2
+ |I1||I2|

(
|I1|+ |I2|

)
−4|I1||I2|(p1 + p2−1).

2. Min j
2 (G) = (q1 +q2 + p1 p2)

(
p1 + p2−1

)2
+ |I1|2|I2|2

−|I1||I2|(p1 + p2)(p1 + p2−1).

Proof.

1. Min j
1 (G) = ∑

u∈V (G)

[
degG

in(u)
]2

= ∑
u∈I1

(
p1 + p2−1−|I2|

)2
+ ∑

u∈I2

(
p1 + p2−1−|I1|

)2

+ ∑
u∈V (G)−(I1∪I2)

(
p1 + p2−1

)2

=(p1 + p2)
(

p1 + p2−1
)2

+ |I1||I2|
(
|I1|+ |I2|

)
−4|I1||I2|(p1 + p2−1).
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2. Min j
2 (G) =

1
2 ∑

u∈V (G)

degG
in(u) ∑

v∈NG(u)
degG

in(v)

=
1
2 ∑

u∈V (G1)

degG
in(u)

[
∑

v∈NG1 (u)
degG

in(v)+ ∑
v∈V (G2)

degG
in(v)

]

+
1
2 ∑

u∈V (G2)

degG
in(u)

[
∑

v∈NG2 (u)
degG

in(v)+ ∑
v∈V (G1)

degG
in(v)

]

=
1
2 ∑

u∈I1

(p1 + p2−1−|I2|)
[

∑
v∈I2

(p1 + p2−1−|I1|)+ ∑
v∈V (G2)−I2

(p1 + p2−1)
]

+
1
2 ∑

u∈V (G1)−I1

(p1 + p2−1)
[

∑
v∈NG1 (u)

(p1 + p2−1)+ ∑
v∈I2

(p1 + p2−1−|I1|)

+ ∑
v∈V (G2)−I2

(p1 + p2−1)
]
+

1
2 ∑

u∈I2

(p1 + p2−1−|I1|)
[

∑
v∈I1

(p1 + p2−1−|I2|)

+ ∑
v∈V (G1)−I1

(p1 + p2−1)
]
+

1
2 ∑

u∈V (G2)−I2

(p1 + p2−1)
[

∑
v∈NG2 (u)

(p1 + p2−1)

+ ∑
v∈I1

(p1 + p2−1−|I2|)+ ∑
v∈V (G1)−I1

(p1 + p2−1)
]

=(q1 +q2 + p1 p2)
(

p1 + p2−1
)2

+ |I1|2|I2|2−|I1||I2|(p1 + p2)(p1 + p2−1).

Theorem 3.6. Let G = G1 +G2. Then the first and second relative injective Zagreb indices of G are given by,

1. RMin j
1 (G) = 2(q1 +q2 + p1 p2)(p1 + p2−1)−|I1||I2|(p1 + p2).

2. RMin j
2 (G) =(p1 + p2−1)

[
M1(G1)+M1(G2)+4(p1q2 + p2q1)+ p1 p2(p1 + p2)

]
−2|I1||I2|(q1 +q2 + p1 p2).

Proof.

1. RMin j
1 (G) = ∑

u∈V (G)

degG
in(u)degG(u)

= ∑
u∈I1

p2(p1 + p2−1−|I2|)+ ∑
u∈I2

p1(p1 + p2−1−|I1|)

+(p1 + p2−1)
[

∑
u∈V (G1)−I1

(
degG1(u)+ p2

)
+ ∑

u∈V (G2)−I2

(
degG2(u)+ p1

)]
=2(q1 +q2 + p1 p2)(p1 + p2−1)−|I1||I2|(p1 + p2).

2. RMin j
2 (G) = ∑

u∈V (G)

degG
in(u) ∑

v∈NG(u)
degG(v)

= ∑
u∈V (G1)

degG
in(u)

[
∑

v∈NG1 (u)
degG(v)+ ∑

v∈V (G2)

degG(v)
]

+ ∑
u∈V (G2)

degG
in(u)

[
∑

v∈NG2 (u)
degG(v)+ ∑

v∈V (G1)

degG(v)
]

= ∑
u∈I1

(p1 + p2−1−|I2|)
[

p1|I2|+ ∑
v∈V (G2)−I2

(
degG2(v)+ p1

)]

+ ∑
u∈V (G1)−I1

(p1 + p2−1)
[

∑
v∈NG1 (u)

(
degG1(v)+ p2

)
+ p1|I2|

+ ∑
v∈V (G2)−I2

(
degG2(v)+ p1

)]
+ ∑

u∈I2

(p1 + p2−1−|I1|)[
p2|I1|+ ∑

v∈V (G1)−I1

(
degG1(v)+ p2

)]
+ ∑

u∈V (G2)−I2

(p1 + p2−1)

[
∑

v∈NG2 (u)

(
degG2(v)+ p1

)
+ p2|I1|+ ∑

v∈V (G1)−I1

(
degG1(v)+ p2

)]
=(p1 + p2−1)

[
M1(G1)+M1(G2)+4(p1q2 + p2q1)+ p1 p2(p1 + p2)

]
−2|I1||I2|(q1 +q2 + p1 p2).

Corollary 3.1. If G = G1 +G2 such that at least G1 or G2 is an isolated-free graph, then

1. Min j
1 (G) = (p1 + p2)

(
p1 + p2−1

)2.

2. Min j
2 (G) = (q1 +q2 + p1 p2)

(
p1 + p2−1

)2.
3. RMin j

1 (G) = 2(q1 +q2 + p1 p2)(p1 + p2−1).
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4. RMin j
2 (G) = (p1 + p2−1)

[
M1(G1)+M1(G2)+4(p1q2 + p2q1)+ p1 p2(p1 + p2)

]
.

In the following two theorems we have a result of the injective and relative injective Zagreb indices for the join G =
n

∑
i=1

Gi with n≥ 3.

Theorem 3.7. Let G =
n

∑
i=1

Gi with n≥ 3. Then

1. Min j
1 (G) =

(
−1+

n

∑
i=1

pi

)2 n

∑
i=1

pi.

2. Min j
2 (G) =

(
−1+

n

∑
i=1

pi

)2( n

∑
i=1

qi +
n−1

∑
i=1

pi

n

∑
j=i+1

p j

)
.

Proof.

1. Min j
1 (G) = ∑

u∈V (G)

[
degG

in(u)
]2

=
n

∑
i=1

∑
u∈V (Gi)

(
−1+

n

∑
i=1

pi

)2

=

(
−1+

n

∑
i=1

pi

)2 n

∑
i=1

pi.

2. Min j
2 (G) =

1
2 ∑

u∈V (G)

degG
in(u) ∑

v∈NG(u)
degG

in(v)

=
1
2

n

∑
i=1

∑
u∈V (Gi)

degG
in(u)

[
∑

v∈NGi (u)
degG

in(v)+
n

∑
j=1
j 6=i

∑
v∈V (G j)

degG
in(v)

]

=
1
2

(
−1+

n

∑
i=1

pi

)2 n

∑
i=1

∑
u∈V (Gi)

[
degGi(u)+

n

∑
j=1
j 6=i

p j

]

=

(
−1+

n

∑
i=1

pi

)2( n

∑
i=1

qi +
n−1

∑
i=1

pi

n

∑
j=i+1

p j

)
.

Theorem 3.8. For G =
n

∑
i=1

Gi with n≥ 3, we have

1. RMin j
1 (G) = 2

(
−1+

n

∑
i=1

pi

)( n

∑
i=1

qi +
n−1

∑
i=1

pi

n

∑
j=i+1

p j

)
.

2. RMin j
2 (G) =

(
−1+

n

∑
i=1

pi

)[ n

∑
i=1

M1(Gi)+4
n−1

∑
i=1

qi

n

∑
j=i+1

p j +4
n−1

∑
i=1

pi

n

∑
j=i+1

q j

+
n

∑
i=1

pi

n

∑
j=1
j 6=i

p j

n

∑
k=1
k 6= j

pk

]
.

Proof.

1. RMin j
1 (G) = ∑

u∈V (G)

degG
in(u)degG(u)

=
n

∑
i=1

∑
u∈V (Gi)

(
−1+

n

∑
k=1

pk

)(
degGi(u)+

n

∑
j=1
j 6=i

p j

)

=

(
−1+

n

∑
i=1

pi

) n

∑
i=1

(
2qi + pi

n

∑
j=1
j 6=i

p j

)

=2
(
−1+

n

∑
i=1

pi

)( n

∑
i=1

qi +
n−1

∑
i=1

pi

n

∑
j=i+1

p j

)
.
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2. RMin j
2 (G) = ∑

u∈V (G)

degG
in(u) ∑

v∈NG(u)
degG(v)

=
n

∑
i=1

∑
u∈V (Gi)

degG
in(u)

[
∑

v∈NGi (u)
degG(v)+

n

∑
j=1
j 6=i

∑
v∈V (G j)

degG(v)
]

=

(
−1+

n

∑
i=1

pi

) n

∑
i=1

∑
u∈V (Gi)

[
∑

v∈NGi (u)

(
degGi(v)+

n

∑
j=1
j 6=i

p j

)

+
n

∑
j=1
j 6=i

∑
v∈V (G j)

(
degG j (v)+

n

∑
k=1
k 6= j

pk

)]

=

(
−1+

n

∑
i=1

pi

) n

∑
i=1

[
M1(Gi)+2qi

n

∑
j=1
j 6=i

p j + pi

n

∑
j=1
j 6=i

(
2q j + p j

n

∑
k=1
k 6= j

pk

)]

=

(
−1+

n

∑
i=1

pi

)[ n

∑
i=1

M1(Gi)+4
n−1

∑
i=1

qi

n

∑
j=i+1

p j +4
n−1

∑
i=1

pi

n

∑
j=i+1

q j

+
n

∑
i=1

pi

n

∑
j=1
j 6=i

p j

n

∑
k=1
k 6= j

pk

]
.

Note that: The equality
n

∑
i=1

xi

n

∑
j=1
j 6=i

y j = 2
n−1

∑
i=1

xi

n

∑
j=i+1

y j , is used.

The corona product G1 ◦G2 of two graphs G1 and G2, where |V (G1)| = p1, |V (G2)| = p2 and |E(G1)| = q1, |E(G2)| = q2 is the graph
obtained by taking |V (G1)| copies of G2 and joining each vertex of the i-th copy with vertex u∈V (G1). Obviously, |V (G1 ◦G2)|= p1(p2+1)
and |E(G1 ◦G2)|= q1 + p1(q2 + p2). It follows from the definition of the corona product G1 ◦G2, the degree of each vertex u ∈ G1 ◦G2 is
given by

degG1◦G2(u) =
{

degG1(u)+ p2, if u ∈V (G1);
degG2(u)+1, if u ∈V (G2).

Lemma 3.5. Let G = G1 ◦G2 and u ∈V (G). Then

degG
in(u) =

 degG1
in (u)+ p2degG1(u)+ p2−|I2|, u ∈V (G1);

p2−1+degG1(v), u ∈ I2 ⊆V (G2);
p2 +degG1(v), u ∈V (G2)− I2,

where I2 ⊆V (G2) is the set of isolated vertices of G2 and v ∈V (G1) is adjacent to u.

Theorem 3.9. Let G = G1 ◦G2. Then

1. Min j
1 (G) =Min j

1 (G1)+2p2RMin j
1 (G1)+ p2(p2 +1)M1(G1)+ p1

(
p2−|I2|

)2

+4(p2−|I2|)(qin
1 + p2q1)+ p2

2(p1 p2 +4q1)−|I2|(2p1 p2 +4q1− p1).

2. Min j
2 (G) =Min j

2 (G1)+ p2
[
RMin j

2 (G1)+ p2M2(G1)
]
+q2

(
p1 p2

2 +4p2q1 +M1(G1)
)

+(2p2−|I2|)
[
RMin j

1 (G1)+ p2M1(G1)
]
+q1(p2−|I2|)(3p2−|I2|)

+(p2
2−|I2|)

[
2qin

1 +2p2q1 + p1(p2−|I2|)
]
.

Proof.

1. Min j
1 (G) = ∑

u∈V (G)

[
degG

in(u)
]2

= ∑
u∈V (G1)

[
degG

in(u)
]2
+ ∑

v∈V (G1)
∑

u∈V (G2)

[
degG

in(u)
]2

= ∑
u∈V (G1)

[
degG1

in (u)+ p2degG1(u)+ p2−|I2|
]2
+

∑
v∈V (G1)

∑
u∈I2

[
p2−1+degG1(v)

]2
+ ∑

v∈V (G1)
∑

u∈V (G2)−I2

[
p2 +degG1(v)

]2
=Min j

1 (G1)+2p2RMin j
1 (G1)+ p2(p2 +1)M1(G1)+ p1

(
p2−|I2|

)2

+4(p2−|I2|)(qin
1 + p2q1)+ p2

2(p1 p2 +4q1)−|I2|(2p1 p2 +4q1− p1).
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2. Min j
2 (G) =

1
2 ∑

u∈V (G)

degG
in(u) ∑

v∈NG(u)
degG

in(v)

=
1
2 ∑

u∈V (G1)

degG
in(u)

[
∑

v∈NG1 (u)
degG

in(v)+ ∑
v∈V (G2)

degG
in(v)

]

+
1
2 ∑

v∈V (G1)
∑

u∈V (G2)

degG
in(u)

[
∑

w∈NG2 (u)
degG

in(w)+degG
in(v)

]

=
1
2 ∑

u∈V (G1)

[
degG1

in (u)+ p2degG1 (u)+ p2−|I2|
][

∑
v∈NG1 (u)

[
degG1

in (v)+ p2degG1 (v)

+ p2−|I2|
]
+ ∑

u∈I2

[
p2−1+degG1 (v)

]
+ ∑

u∈V (G2)−I2

[
p2 +degG1 (v)

]]
+

1
2 ∑

v∈V (G1)
∑

u∈I2

[
p2−1+degG1 (v)

][
degG1

in (v)+ p2degG1 (v)+ p2−|I2|
]

+
1
2 ∑

v∈V (G1)
∑

u∈V (G2)−I2

[
p2 +degG1 (v)

][
degG2 (u)

[
p2 +degG1 (v)

]
+degG1

in (v)+ p2degG1 (v)+ p2−|I2|
]

=Min j
2 (G1)+ p2

[
RMin j

2 (G1)+ p2M2(G1)
]
+q2

(
p1 p2

2 +4p2q1 +M1(G1)
)

+(2p2−|I2|)
[
RMin j

1 (G1)+ p2M1(G1)
]
+q1(p2−|I2|)(3p2−|I2|)

+(p2
2−|I2|)

[
2qin

1 +2p2q1 + p1(p2−|I2|)
]
.

Theorem 3.10. Let G = G1 ◦G2. Then

1. RMin j
1 (G) =RMin j

1 (G1)+ p2M1(G1)+(p1 p2 +2q1)(2p2 +2q2−|I2|)

+2p2(qin
1 + p2q1)− p1|I2|.

2. RMin j
2 (G) =RMin j

2 (G1)+ p2RMin j
1 (G1)+2p2M2(G1)+

[
p2(p2 +2)−|I2|

]
M1(G1)

+(p1 p2 +2q1)
[
M1(G2)+2q2−|I2|

]
+(p2−|I2|)

[
2p2q1 + p1(p2 +2q2)

]
+2(p2 +2q2)

(
qin

1 + p2q1
)
+ p2

2
(

p1 p2 +4q1
)
.

Proof.

1. RMin j
1 (G) = ∑

u∈V (G)

degG
in(u)degG(u)

= ∑
u∈V (G1)

degG
in(u)degG(u)+ ∑

v∈V (G1)
∑

u∈V (G2)

degG
in(u)degG(u)

= ∑
u∈V (G1)

(
degG1

in (u)+ p2degG1(u)+ p2−|I2|
)(

degG1(u)+ p2
)

+ ∑
v∈V (G1)

[
−|I2|+ ∑

u∈V (G2)

(
p2 +degG1(v)

)
(degG2(u)+1)

]
=RMin j

1 (G1)+ p2M1(G1)+(p1 p2 +2q1)(2p2 +2q2−|I2|)

+2p2(qin
1 + p2q1)− p1|I2|.

2. RMin j
2 (G) = ∑

u∈V (G)

degG
in(u) ∑

v∈NG(u)
degG(v)

= ∑
u∈V (G1)

degG
in(u)

[
∑

v∈NG1 (u)
degG(v)+ ∑

v∈V (G2)

degG(v)
]

+ ∑
v∈V (G1)

∑
u∈V (G2)

degG
in(u)

[
∑

w∈NG2 (u)
degG(w)+degG(v)

]

= ∑
u∈V (G1)

(
degG1

in (u)+ p2degG1 (u)+ p2−|I2|
)[

∑
v∈NG1 (u)

(
degG1 (v)+ p2

)
+ ∑

u∈V (G2)

(
degG2 (v)+1

)]
+ ∑

v∈V (G1)
∑

u∈I2

(
p2−1+degG1 (v)

)(
degG1 (v)+ p2

)
+ ∑

v∈V (G1)
∑

u∈V (G2)−I2

(
p2 +degG1 (v)

)[
degG1 (v)+ p2 + ∑

w∈NG2 (u)

(
degG2 (w)+1

)]
=RMin j

2 (G1)+ p2RMin j
1 (G1)+2p2M2(G1)+

[
p2(p2 +2)−|I2|

]
M1(G1)

+(p1 p2 +2q1)
[
M1(G2)+2q2−|I2|

]
+(p2−|I2|)

[
2p2q1 + p1(p2 +2q2)

]
+2(p2 +2q2)

(
qin

1 + p2q1
)
+ p2

2
(

p1 p2 +4q1
)
.

Example 3.1. For any cycle Cp1 and any path Pp2 with p2 ≥ 2

1. Min j
1 (Cp1 ◦Pp2) =

{
4(p3

2 +13p2
2 +10p2 +1), if p1 = 4;

p1(p3
2 +13p2

2 +16p2 +4), otherwise.



Konuralp Journal of Mathematics 127

2. Min j
2 (Cp1 ◦Pp2) =

{
4(4p3

2 +19p2
2 +8p2−3), if p1 = 4;

4p1 p2(p2 +1)(p2 +4), otherwise.

3. RMin j
1 (Cp1 ◦Pp2) =

{
4(6p2−1)(p2 +2), if p1 = 4;
6p1 p2(p2 +2), otherwise.

4. RMin j
2 (Cp1 ◦Pp2) =

{
4(p3

2 +25p2
2 +19p2−14), if p1 = 4;

p1(p3
2 +25p2

2 +24p2−12), otherwise.

Example 3.2. For any two cycles Cp1 and Cp2 ,

1. Min j
1 (Cp1 ◦Cp2) =

{
4(p3

2 +13p2
2 +10p2 +1), if p1 = 4;

p1(p3
2 +13p2

2 +16p2 +4), otherwise.

2. Min j
2 (Cp1 ◦Cp2) =

{
4(4p3

2 +19p2
2 +12p2 +1), if p1 = 4;

p1(4p3
2 +21p2

2 +20p2 +4), otherwise.

3. RMin j
1 (Cp1 ◦Cp2) =

{
4(6p2 +1)(p2 +2), if p1 = 4;
2p1(3p2 +1)(p2 +2), otherwise.

4. RMin j
2 (Cp1 ◦Cp2) =

{
4(p3

2 +25p2
2 +33p2 +4), if p1 = 4;

p1(p3
2 +25p2

2 +38p2 +8), otherwise.
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