Konuralp Journal of Mathematics, 6 (1) (2018) 117-127

O O] .
Konuralp Journal of Mathematics
Journal Homepage: www.dergipark.gov.tr/konuralpjournalmath Ko - ouns

— -ISSN: 2147-625X S

Injective and Relative Injective Zagreb Indices of Graphs

Akram Algesmah!”, Anwar Alwardi’ and R. Rangarajan’

! Department of Studies in Mathematics, University of Mysore, Mysore 570 006, India

2Department of Mathematics, College of Education, Yafea, University of Aden, Yemen

3Department of Studies in Mathematics, University of Mysore, Mysore 570 006, India
*Corresponding author E-mail: aalgesmah@gmail.com

Abstract

Let G = (V,E) be a graph. The injective neighborhood of a vertex u € V(G) denoted by N;,(u) is defined as Ny, (u) = {v € V(G) :
|T(u,v)| > 1}, where |I'(,v)| is the number of common neighborhoods between the vertices u and v in G. The cardinality of Nj,(u) is
called the injective degree of the vertex u in G and denoted by deg;,(u), [2]. In this paper, we introduce the injective Zagreb indices of a

graph G as MI" (G) = Yuev(c) [degin(u)] 2, MY (G) = Ye E(G) degin(u)degin(v), respectively, and the relative injective Zagreb indices

as RMi"J( G) = Yuev (c) degin(u)deg(u), RM;n'i(G) = YuveE(G) [degin(u)deg(v) +deg(u)degiy(v)], respectively. Some properties of these
topological indices are obtamed. Exact values for some families of graphs and some graph operations are computed.
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1. Introduction

In this research work, we concerned about simple graphs which are finite, undirected with no loops and multiple edges. For a graph
G = (V,E), we denote p = |V (G)| and ¢ = |[E(G)|. The complement of G, denoted by G, is a simple graph on the same set of vertices V (G)
in which two vertices u# and v are adjacent if and only if they are not adjacent in G. Let u be a vertex in G. The open neighborhood and the
closed neighborhood of u are denoted by N(u) = {v eV :uv € E} and N [u] = N(u) U{u}, respectively. The degree of u is denoted by deg(u),
and is defined to be the number of edges incident to u, shortly deg(u) = |[N(u)|. The distance between u and any vertex v in G denoted by
d(u,v) is the number of edges of the shortest path joining u and v. The eccentricity of u denoted by e(u) is the maximum distance between u
and any other vertex v in G, that is e(u) = max{d(u,v),v € V(G)}. All the definitions and terminologies about graph in this paper available in
[8]. The common neighborhood graph (congraph) of G, denoted by con(G), is the graph with the vertex set V(G), in which two vertices are
adjacent if and only if they have at least one common neighbor in the graph G. The common neighborhood (CN-neighborhood) of u denoted
by Nen(u) is defined as N, (u) = {v € V(G) : uv € E(G) and |I'(u,v)| > 1}, where |I'(u,v)] is the number of common neighborhood between
u and v, [1]. The injective neighborhood (Inj-neighborhood) of u denoted by Nj,(u) is defined as Nj, (1) = {v € V(G) : |I'(u,v)| > 1}. The
cardinality of Nj, () is called the injective degree (Inj-degree) of the vertex u and denoted by deg;, («), [2]. Note that, for u € V(G) easily
we observe that, degi,(u) = p— 1 if and only if e(u) < 2 and Ne, (u) = N(u). Also, we denote to the sum of the Inj-degrees of all vertices of
a graph G by 24", namely Zq =Yuev(c) degin(u).

The path, wheel, cycle and complete graphs with p vertices are denoted by Py, W), C), and K, respectively, and K, is the complete bipartite
graph on r +m vertices.

The Zagreb indices have been introduced by Gutman and Trinajestic [7].

M (G) = Z deg Z Z deg(v Z [deg(u)—i—deg(v)].
uev(G) uev( ) vEN (u) uveE(G)

M) (G) = Z deg(u)deg(v Z deg(u Z deg(v
uveE(G) ueV (G) vEN (u)

Here, M (G) and M;,(G) denote the first and the second Zagreb indices, respectively. The first and second Zagreb coindices of a graph
G denoted by M| (G) and M,(G), respectively, had introduced in [5], which are defined as M| (G) = LuveE @) [degG(u) +degg(v)] and
My(G)=Y,c E(G) 4€8G (u)degg(v). Some properties of the Zagreb coindices of a simple graph G and its complement and some graph

operations are studied in [3]. For more details about Zagreb indices we refer to [4, 6, 11, 15, 13, 14, 9, 12, 10]. In this paper, we introduce the
injective and relative injective Zagreb indices of graphs. Exact values for some families of graphs and some graph operations are obtained.
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2. Some properties of injective and Relative injective Zagreb indices of graphs

In this section, we define the first and second injective and relative injective Zagreb indices of graphs. Some properties and exact expressions
of some standard graphs are found.

Definition 2.1. Let G = (V,E) be a graph. Then the first and second injective Zagreb indices of G are defined by

LMYG) = Y [degn@]’= ¥ Y deginlv)

ueV(G) ueV(G) vENm (u)
2. M. mj Z degin(u)degin(v) = Z degm Z degin(v
uveE(G) ueV veN (u)

Definition 2.2. For a graph G, the first and second relative injective Zagreb indices of G are defined by

1. RMIM(G) = Y, degin(u)deg(u)= Y [degin(u)+degin(v)]

ueV(G) uveE(G)
= Z Z degin(v
o ueV(G)veN (u)
2. RM;'”(G) = Z [deg,-n( )deg(v )+deg(u)deg,<,,(v)]
uveE(G)
= Z degin(u Z deg(v Z deg(u Z degin(v
ueV(G) vEN (u) uEV(G vEN (u)

Proposition 2.1. For any graph G, Minj(G) =M(G)= RMi"j(G) if and only if degin(v) = deg(v), Vv € V(G). Furthermore, in this case
My (G) = M>(G) = 3RMy" (G).

Proposition 2.2. Let G be a (p,q) connected graph. Then M"”(G) =p(p- 1)2 = M, (K),) if and only if e(v) < 2 and Ne(v) = N(v),
Vv € V(G). Furthermore, in this case M2 (G) =q(p— 1) .

Proposition 2.3. For any triangle-free graph G with diameter less than or equal two, M, inj (G) =M, (G) and Mé"‘i (G) = My (G).
The following results for standard graphs on p vertices follow easily by direct calculations.

Proposition 2.4. For any path P, with p > 3,

inj 2 fp=3;
mj _ bl
1 M, (PP) - { 4(p—3), otherwise.
- 07 lfp = 3’.
2. My (Py) =1 3, ifp=4
4p —14, otherwise.
- 2 ifp=3;
inj _ )
3. RMy*(Pp) = { 4p—10, otherwise.

y 4 ifp=3;
inj _ ’
4. RM, " (Py) = { 8p—22, otherwise.

Proposition 2.5. For any cycle C, with p > 3,

L ni 4, ifp=4
inj _ iy — ’ k
1. M, (Cp) =M, (CP) - { 4p, otherwise.

L 8 ifp=4;
inj _ s
2. RM™(Cp) = { 4p, otherwise.
16, ifp=4

gy
3. RM, (Cp)_{ 8p, otherwise.

Proposition 2.6. For any complete bipartite graph Ky,

1 MY (Ke) = r(r—=1)% +m(m—1)°.

2. My (Kyn) = rm(r —1)(m —1).

3. RM’I‘""'(Kr‘ym) =rm(r+m-2).

4. RM3Y (Kpm) = rm[r(r—1)+m(m—1)].
Proposition 2.7. For any wheel graph W, with p > 4,

1. Mi"j(W,,) =p(p- 1)2.

2. MM(w,) =2(p—1)°.

3. RMM(W,) = 4(p—1)°.

4. RMM(W,) = (p—1)(p+8).

The injective complement of a graph G denoted by G™ is the graph with the same vertices as G and any two vertices u, v are adjacent if u
and v are not injective adjacent in G, [2].
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Theorem 2.1. For any graph G,
1. MM (G™) =» p(p—1)>—4g"(p— 1)+ M" (G).
2. MGy = 5 (20 =31 (G) — My (con(G)) +2(g")?

+=(p—1)7(plp—1)—64").

N =

Proof.
1. MY (G") = (degG W)= Y (p—1—degin(u))’

p(p—1)% —4¢"(p— 1)+ M (G).
1 —inj HX_/
3 Z degg, (u) Z degm (v)

uev(G) VENnj (1)

=3 Y (p—1-degin(w) Y (p—1-degin(v))

ucV(G) VENinj (1)

:% Z (Pflfdegin(u))[(pfl)zf(pfz)degm(u)

ueV(G)

—24" + Z degin(v)}
VEMV:(”)

2. MM @G =

1
2

+%(pf 1)*(p(p—1) —64™).

Note that, the equality Z degin(v) = Zq —degin(u Z degin(v) is used.
VENinj (1) vENm( )

~(2p-3)M mj(G)—Mg(con(G))-i-Z( ’”)

3. Injective and Relative injective Zagreb indices for some graph operations

In this section, we compute the first and second injective and relative injective Zagreb indices for some graph operations.

The Cartesian product of two graphs G| and G, where |V (G})| = V(Gy)| = pp and |E(Gy)| = E(G,)| = ¢ is denoted by GG,

has the vertex set V(G ) x V(G,) and, two vertices (u,u’) and (v,v') are connected by an edge if and only if either ([u = v and u'V' € E(G3)])

or ([ =V and uv € E(Gy)]). In other word, |E(G100G,)| = q1p2 + g2p1. The degree of a vertex (u,u’) of G{O G, is as follows:
degG‘DG2 (u,u') = degG‘ (u) +degG2 ().

Lemma 3.1. Let G = G\0G; and let (u,u’) be a vertex in G. Then

deg$ (u,u') = deggl1 (u) + deggf (u) +deg®" (u)deg® (u').

Proof. By the definition of G = G[JG,, one can observe that, the Inj-degree of any vertex (u,u’) in G consists of three parts. The Inj-degree
of (u,u’) in the copy of G; of the projection &’ in G, and the Inj-degree of (u,u’) in the copy of G, of the projection u in G; and the
Inj-degree of (u,u’) in the copies of Gy which have second projection belongs to Ng, (') and the copies of G, which have first projection

belongs to Ng, (u). It is clear that, the first and second parts of the Inj-degree of (u,u’) are deggl‘ (u) and deggf (u'), respectively. Now for the
third part, suppose v € Ng, (u) be arbitrary. Then v corresponds deg®? (u') vertex in the copy of G, of the projection v in Gy. Hence,

degS (u,u') = degi(’;l1 (u) +degg2 (u) +deg®" (u)deg® (u).
The Cartesian product of more than two graphs is denoted by [T, G;, in which [T, G; = G|0G,0...0G, = (G|0G,0...0G,-1)0G,

and any two vertices u = (uy,up,...,u,) and v = (v{,v2,...,v,) are adjacent in [[}_; G; if and only if u; = v;, Vi # j and u;v; € E(G;),
where i, j=1,2,...,n. If G| = G, = --- = G, = G, we have the n-th Cartesian power of G and denote it by G".

Lemma 3.2. Let G =]}, G; and let u = (uy,uy,...,u,) be a vertex in G. Then

degm Zdeg )+ Zl degG’ Zﬂdegcf uj).
i= j=i

Proof. By Lemma 3.1 and the induction principle, we have

n—1

i-1 Gi n G n
degg(u) :degm‘*‘ (ul,uz,... un_1)+degg (un)+degn'71 G (ul,uz,...,un_l)degc (tn)

—Zdegm u; +Zdeg u;) Z degCi (u; +degm( n)
Jj=i+l1

i‘l*
+degG"(u,,) Z degGi (u)

n
:Z egm Uj —I—Zdeg u;) Z deg
i=1

Jj=i+1
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Theorem 3.1. Let G = G G,. Then the first and second injective Zagreb indices of G are given by,

1. M (G) =psM}" (Gy) + pi MY (G2) +4q2RM[" (G1) + 41 RM} (Go)
N +M,(G1)M(G2) +841'q5'- . inj
2. MyY(G) =paM5” (Gy) + piM5” (Go) +2g:,RMyY (Gy ) + 241 RMY (Go)
+ M (Gy) + @M} (Ga) + (245 + M1 (G2))RM{™ (G )

+ (24" + M1 (G1))RM{" (G2) + M1 (G1)Ma2(Ga) + My (G2)Ma (G ).

Proof.

1. Mi"j(G) = Z (deg,-Gn(t,t,l,/))2
(u,u")€V(G)

= Y Y (degi (u)+degyr(u) +deg® (w)deg® (u))
ueV(G)u'ev(G,)
=paM” (G1) + piM{" (Go) + 4q2RM{” (G1) +4q1 RM{™ (Gy)
N +M,(G)M,(G>) +84/'qy".
2. Mé"J(G) = Z deggl(u,u/)deggl(v,v/)
(uu’) (v, )EE(G)

= Z Z degg,(u,u/)degg,(u,v/)
ueV(G) u'veE(G)

+ Z Z deggl(u,u')deggl(v, u')
W' eV(Gy)uveE(Gy)

S ¥ e 0+ e )+ e )
ueV(G) u'veE(G)

2

(deggl‘ (u) + deggf )+ degG‘ (u)deng (v'))]

+ Z Z {(degg‘ (u) +degg2(u’) +deg® (u)deg® (u))
uw'eV(Gy)uveE(G)

(deggl' (v) —l—deggf (u') + degG‘ (v)degG2 (u'))]
=My (Gy) + piMyY (Ga) +2¢2RMY (G ) + 291 RM3Y (G2)
+ @M (Gy) + M) (Go) + (24 + M1 (G2))RM{V (Gy)
+ (241 + M\ (G1))RM{" (G2) + M (G1)M2(G2) + My (G2)Ma (Gy).

Theorem 3.2. Let G = G G,. Then the first and second relative injective Zagreb indices of G are given by,

1. RMY(G) =poRM™ (Gy) + prRM™ (Gy) + paMy (Gy) + piM, (Gy)

e tadd). N N
2. RMy" (G) =paRM,"” (G1) + p1RMy” (Ga) +4 [q2RM}Y (G1) + 1 RM (Gy)]

+2[g5M1(G1) +q{"M1(G2)] +4[q2Ma(G1) + 1M (Gs)]

+2M1(G1)M1(Ga).
Proof.
1. RMi'1j(G) = Z degS (u,u')deg® (u,u')

(u,u')EV(G)

-y ¥ [(degﬁ‘<u)+degﬁ2<u’>+deg01<u>deng<u'>)
MEV(G[)M’EV(Gz)

(deg® (u) + deg® (u/))}

=paRM™ (Gy) + p1RMI (Gy) + paMi (Gy) + p1M, (Gy)
+4(q2q) + q145).
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2. RM;"j(G) = Z degS (u,u') Z deg®(v,V)
)EV(G) (v)eNG (u,u’)

(u,u
=Y Y degS (u,u) ) deg®(u,v')
ueV(Gy) (uu )€V (G) (u,V")ENG (u,u')
u'eV(G,) V'ENG, (u')

+ Z Z degS (u,u') Z deg®(v,u)
W'eV(Gy) (uu')eV(G) (vu'YENG (uu’)
ueV(Gy) VENG, (1)

= Y Y (degiy(u) +degiy () +deg® (u)deg® (i)
MEV(G[)M’EV(Gz)

) (a'egG‘ (u) +deg® ()
V'ENG, (')

+ Y Y (degl (w)+degl () +deg® (u)deg™ (')
w'eV(Gy)ueV(Gy)

Y (deg®' (v) +deg® (u'))
VENG, (u)
=paRMY (Gy) + p1RMYY (G) +4[2RM[Y (G1) +q1 RM{Y (Gs)]
+2[g5' M1 (G1) +q{"M1(G2)] +4[q2Ma(G1) + 1M (Gs)]
+2M (G )M (Gy).

The composition G = G|[G5] of two graphs G| and G, with disjoint vertex sets V(G1) and V(G,) and edge sets E(G1) and E(G,), where
[V(Gy)| = p1, |E(G1)| = ¢q1 and |V(G2)| = p2, |E(G2)| = q3 is the graph with vertex set V(G) x V(G ) and any two vertices (u,u’) and
(v,v') are adjacent whenever u is adjacent to v in G| or u = v and ' is adjacent to v/ in G,. Thus |E(G1[G2])| = q1p3 + g2p1. The degree of
a vertex (u,u’) of G1[G,] is as follows:

degG‘[Gz](u,u/) = prdeg® (u) +degG2(u/).
Lemma 3.3. Let G = G[G;] and let (u,u’) be a vertex in G. Then
degg(u,u’) =p [degg,‘ () +degG‘ (u)] +pr—1.
Theorem 3.3. Let G = G1|G]. Then the first and second injective Zagreb indices of G are given by,
1. M{"(G) =p3[M" (G1) + M (G1) +2RM{" (G1)] +4p3 (p2 — D) (4 + 1)
2
o Ann(n 1) .
2. MyY(G) =p3[M5y"(G1) +Ma(Gy) + RM5" (G1)] +4p2ga(p2— 1) (4 + 1)
. - N
+p392[M" (G1) + My (G1) +2RM}" (G1)] + (p2 = 1) (P142+ P2a1)
+p3(p2—1)[Mi(G1) +RM[™ (GY)].

Proof.
. s
L. Min](G) = Z (deggl(u,u’))
(u,u')€V(G)
2
= ¥ ¥ [p2(deg (w)+deg® () +p2—1]
ueV(Gy)u'eV(Gy)
=p3[M™(Gy) + M, (G) +2RM™ (G))] +4p3(p2— 1) (¢ + 1)
o +pipa(p2—1)°.
2. Mg”(G) = Z degﬁ(u,u/)deg?n(v, V)

(uu’) (v, )€E(G)

= Z Z degg(u,u/)degg(u,v/)
ueV(G) u'veE(Gy)

+ Z Z deg$ (u,u)deg$ (v,ul)
w'eV(Gy)uveE(Gy)

= Y Y [pa(des (w)+deg® (w) + pr—1]?
ueV(Gy) u'vV'eE(Gs)

SX T [ades )+ de® ) 42
w'eV(Gy)uveE(Gy)

(P2 (deg (v) +deg (v)) +p2 - lﬂ
:p% [M;nj(cl) +M2(Gl) +RM;nj(Gl)] +4quZ(p2 _ 1)(q11n +ql)

+p3g2 MV (G1) + My (G1) +2RMI (G1)] + (p2— 1) (P14 + p2a1)
+p3(p2— 1) [M1(Gy) + RM{Y (G1)].



122 Konuralp Journal of Mathematics

Theorem 3.4. Let G = G|[G3]. Then the first and second relative injective Zagreb indices of G are given by,
1. RMi"]:(G) =p3 [RMin]:(Gl) +M(G1)] +4p2q2 (4 + 1) +2(p2 — 1) (P3q1 + P142).-
2. RMy"(G) =p3[RMy" (G1) +2Ma(G1)] + p2 (2q2(p2 + 1) + pa(p2 — 1)) M1 (G))
+2p2ga(p2 + DRMV(G1) + (2p2(g™ + 1) + p1(p2 — 1)) M1 (G2)
+aqiga(p3—1).
Proof.

1. RMi"j(G) = Z deg$ (u,u')deg® (u,u’)
(uu')€V(G)

=Y X {[Pz(degﬁ‘(u)weg@(u))+prl}

ueV(G)uw'evV(G,)
[pades (1) + deg )]

=D [RMY(G1) + My (G1)] +4paaa (4 + 1) +2(p2— 1) (P31 + P12).-
2. RMyY(G) = Z degS (u,u') Z deg®(v,V)
(uu)evV(G) (vv')eNg (uu’)

= Y Y [pa(degh (u)+deg® (w) + pa—1]
ueV(G)u'eV(G,)

Y (padeg® (u)+deg®(v))
V'ENG, (')

+ Y Y [pa(degy (u)+deg® (u) + pr—1]
WEV(Ga) ueV(Gy)

Y (padeg®(v)+deg® (i)
VENG, (1)

=p3[RM3Y(Gy) +2M5(G1)] + pa (2q2(pa + 1) + pa(pa — 1)) My (Gy)
+2p2g2(p2 + DRMY (Gy) + (2p2(q + 1) + p1(p2 — 1)) M1 (G2)
+4q192(p3 - 1).

The join G| + G3 of two graphs G and G, with disjoint vertex sets [V (G1)| = p1, |[V(G2)| = p2 and edge sets |E(G1)| = q1, |[E(G2)| = q2
is the graph on the vertex set V(G;) UV (G,) and the edge set E(G1) UE(Gy) U{ujup : uy € V(Gy),up € V(G)}. Hence, the join of two
graphs is obtained by connecting each vertex of one graph to each vertex of the other graph, while keeping all edges of both graphs. The
degree of any vertex u € G| + G, is given by

degC () +py, ifueV(Gy);
d G1+Gy _ ) 3
€ () deg® () +p1, ifueV(G,).

Let G= Y, G; be the join of the graphs G;, i = 1,2,...,n and denote to the set of isolated vertices in each G; by I;. Then by the definition
of G the degree of any vertex u € V(G) is given as in the following lemma.

n
Lemma 34. Let G= ) G;and u € V(G). Then
i=1

pr+pa—1—|b|, ifuel CV(G);
1. Ifn=2, thendeg$(u) =4 pi+p2—1—|li|, ifueh CV(Gy);
p1+p2—1, otherwise.
n

2. Ifn>3, then deggl(u) =1+ Zl)i-
i=1

Theorem 3.5. Let G = G| + Gy. Then the first and second injective Zagreb indices of G are given by,

1. M{M(G) = (p1+p2) (pr+p2 = 1) + 0 |BI (11| + 1) = 410 || (1 + 2 — 1),
2. MY (G) = (g1 + a2+ pip2) (p1 + P2 — 1)2 + L[ |R?
— | |(p1 + p2)(p1 +p2—1).
Proof.

L. MM G)= Y (deg§ (u)]* = Yy (p1+p—1-1h|)"+ Yy (pr+p—1-n])°
ueV(G) uch ucl

+ Z (p1+p2— 1)2
ueV(G)—(LUb)

2
=(p1+p2)(p1+p2—1)" + |0 |L|(|L] +|8]) =40 ]R](p1 +p2—1).
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2080 =y ¥ dei) ¥ desi)

u veNg (1)

1

=5 Z degm |: Z degm Z dEggz(v):|

2ueV(Gl) VENG, (u u) veV(G,)
1

+5 Y, degi(u { Y degi(v)+ ) degﬁ(V)}
ueV(Gy) VGNG (u) veV(Gy)

1

=5 (Pl+P2*1*\Iz\){Z(Plerz*l*\Il\)Jr Y ((i+p-1)
uel; vel veV(Gy)—h
1

+3 T Gitp-0| E im0+ Tt 1-ln)
ucV(Gy)—1 VENG, (u) Vel

1
+ Y (P1+P2—1)} +5 Z(P1+P2—1—|11|)[Z(P1+P2—1—|12\)
veV(Gy)—h uch vel

+ Y (171+P2*1)]+% Yy (171+P2*1){ Y (it+p-1)

veV(Gy)-1) ueV(Gy)—I VvENG, (u)

+Y (p+p—1-R)+ Y (m+p— 1)}
vel; veV(Gy) -1

=(q1+q2+p1p2)(p1+p2— 1)2 +1h PR = 1h||R](p1+ p2) (p1+p2—1).
Theorem 3.6. Let G = G + Gy. Then the first and second relative injective Zagreb indices of G are given by,
1. RM{"Y (G) =2(q1+q2+ p1p2)(p1+ p2 — 1) — [L ||| (p1 + p2).-

2. RMyY(G) =(p1 + p2— 1) [My(G1) + My (G2) +4(p192 + p2q1) + p1p2(p1 + p2)]
=2[I1[|k[(q1 +q2+ p1p2)-

Proof.
1. RM{"] =) deg$ (u)deg® (u)
uEV(G)
=Y paApi+p2—1=IL)+ Y pi(pr+p2—1-|0)
uel ucl
+(p1+p2—1){ Y (des“ (w)+p)+ Y, (deg®(u)+p1)
MEV<G|)711 uGV(Gz)flz
‘ *2(611+qz+P1P2)(P1+P2—1 = |h|L|(p1 + p2)-
2. RM"” Z degm Z deg(
ueV(G veNg (1)
Z deg (u { Z deg®(v) + Z degG(v)}
ueV(Gl) VENG, (u) veV(Ga)
s Y deio| L dat ¥ e
MGV(Gz) VEN(‘ ) VEV(G])
:Z(P1+P2—1—|12\)[P1|12\+ Y (degGZ(V)-irPl)}
uel veV(Gy)—h
+ Y (P1+P2*1){ Y (deg® (v)+p2) + pilEo]
MEV(G] )711 VEN(;] (M)

+ ) (deng(V)er)}JrZ(p1+pz—1—|11\)
veV(Gy)—h u€h

{P2|11|+ Yy (degG‘(V)+Pz)}+ Y (i+p-1)

veV(Gy)—1 MGV(GZ>*1
{ Y (deg®(v)+pi)+padhil+ Y, (deg® (v)+p2)
VENG, (u) veV(Gy)—-1

=(p1+p2—1)[Mi(G1) + M1 (G2) +4(p1g2+ p2q1) + p1p2(p1 + p2)]
=2|h||k|(g1 + 92+ p1p2).

Corollary 3.1. If G = G| + G, such that at least G| or Gy is an isolated-free graph, then

. ,
1. M{"(G) = (p1+p2)(p1+p2—1)".

L ,
2. Mén{(G) (a1 +a2+pip2)(p1+p2—1)"
3. RMY (G) =2(q1+q2+p1p2)(p1+p2—1).
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4. RMY(G) = (p1 + pa— 1) [M1(G1) + My (G2) +4(p1g2 + paq1) + p1p2(p1 + p2)].

n
In the following two theorems we have a result of the injective and relative injective Zagreb indices for the join G = Z G; withn > 3.
i=1

n
Theorem 3.7. Let G =Y G; withn > 3. Then

i=1

] Min] 7(_1+i )2}1 '
- - Pi sz-

i=1

) 2/ n n—1 n
2. MM(G :(—H—Zpl) YatY p ij).

i=1 =1 j=itl

2. Mé”f Z degm Z degm
ueV(G vENG (u)
n
L T dei| T odefo)r kT desio)
i=1ueV(G;) vENG, (1) ];1 veV(Gj)
JHi

:%(— 1 +i2n‘1pi)zzn: ) {degG’(u)JrJill’j}

i=1ueV(G;) i
i

(ko) (BB f0)

i=1 Jj=i+1

n
Theorem 3.8. For G = Z G; with n > 3, we have
i=1

1. RM™M(G) = (—1+Zp,)(§, +HZP1 ): pj)

i=1 j i+1
2. RM;"J(G):(—I-FZPZ‘){Z (Gi) +4Z‘]l Z Pj+4ZPz Z 4qj
= =1 i=1  j=it+l =1 j=it+l
+Zp12p] Zpk]
= ];él k#j
Proof.
L. RM{V(G) =Y deg§(u)degC (u)
ueV(G)
n n
:Z )y (— 1+ Zpk) (degc"(u)Jr ij)
i=1ueV(G:) k=1 /ﬂj
J#i

:(_1+i17i) i (2Qi+Piin)

= i=1 =

J#i

:2(—l+ipi) (Zn‘,q +nlez )y p])

i=1 i=1 i=1  j=i+l
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2. RM"” Z degm Z deg
ueV(G) vENG(u)
_Z Z degS (u { Z deg®( )+Z Z degG(v)}
i=1lueV(G;) VvENg, (1) J=lveV(G))
J#i
:(—1+Zp,)2 Yy [ ) (degGi(V)Jerj)
i=1ueV(G;) LveNg, (u) j=1
i#i
(degcf QEDY pkﬂ
=
:(— 1 +ZP1) Y {M1(Gi)+2qz‘ZPj+Pi Z (ZQ,;'-FP,/' Zpk)}
- é-;% i (=
(—HZP,)[ZM G)) +4qu Z p;+42p1 Z qj
=1 i=1  j=i+l i=1  j=i+l
+Zpi2pj2pk :
=1 j=1 =
J#Ei KA

n—1

Note that: The equality Z X Z yj=2 Z Xi Z yj» is used.
i=1 j=I i=1 j=i+l
J#i

The corona product G| o G, of two graphs G| and Gy, where |V(G1)| = py, |[V(G2)| = p2 and |E(G})| = g1, |E(G2)| = ¢ is the graph
obtained by taking |V (G} )| copies of G, and joining each vertex of the i-th copy with vertex u € V(G ). Obviously, [V (G| 0G)| = p1(p2+1)
and |E(G1 0G,)| = q1 + p1(g2 + p2). It follows from the definition of the corona product G o Gy, the degree of each vertex u € Gj 0 G, is
given by

Gl 3 .
GioGy(,y _ [ deg” (u)+pa, ifueV(Gy);
deg™ " (u) = { deg®>(u)+1, ifucV(Gy).

Lemma 3.5. Let G= G| 0Gy and u € V(G). Then

o deggl‘ (u) + padeg® (u) + pr — ||, ucV(Gy);
degiy(u) =4 py—1+deg® (v), ueh CV(Gy);
pa+degCi(v), ueV(Gy)—h,

where I C V(G,) is the set of isolated vertices of Gy and v € V(G) is adjacent to u.

Theorem 3.9. Let G = G o0G,. Then

. . . )
1. MV (G) =M}"(Gy) +2p,RM" (G}) + p2(p2 + )M (G1) + p1 (p2 — |Ib])

N +4(p2 = b)) (gl + p2a1) + P3(p1p2 +441) — || (2p1p2 +4q1 = p1).-
2. My (G) =My (Gy) + pa2 [RMy" (G1) + paMa(G1)] + g2 (p1p3 +4p2gi +Mi(G)))

+(2p2— |B|) [RMY (Gy) + paMy (G1)] +q1(p2 — |B]) 3p2 — |
+(p3 = |B|) [24]" +2p2q1 + p1 (p2 — |B])].

Proof.
LMG) = Y [degGiw]’= ¥ [desfiw]’+ ¥ Y [degfi(w)]®
uev(G) ueV(Gy) veV(G1) ueV (Gy)
= ) [degS! (u) + padeg® (u) + pr — b+
ueV(Gy)
Z Z 2—1+deg + Z Z [p2+degc‘(v)]2
veV(Gr)ueh veV(Gy) ueV(G,)—I

. 5
:Min](Gl ) +2p2RMY (G1) + p2(p2 + 1)Mi (G1) + pi (p2 — |12
+4(p2 — ) (@ + p2g1) + P3(p1p2+4q1) — || (2p1p2 +4q1 — p1).
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- 1
2. M(6) =5 E‘/Z(G)degg(u) e])V: degly (v)
u veNg (1)
1
=5 Z degm |: Z degm Z dEggz(v):|
2ueV(Gl) VENG, (u u) veV(G,)

+§ Y X deg,?,(u)[ )y deg§,<w>+deg,-i<v>}

veV(Gy)ueV(Gy) weNG, (u)

1
== Y [degy (u)+ padeg® (u)+pr—|Ll]| Y [degl! (v) + padeg® (v)
(u)

ueV(Gy) VENG, (u
+p2—|bl]+ Y [p2—1+deg® (v)] + [p2 +deg® (V)]}
uel ueV(Gy)—h
1
3 Z Z [pz —1+deg® (v)] [degl-(,;,' (v) + padeg® V) +p2— |Iz|]

veV(Gy)ueh

N | —

F3 T T e )] e 2 des 0]
veV(Gy)ueV(Gy)—h

T degC! (v) + padeg® (v) + p2 - \m]

=M (G1) + p2 [RM3Y (Gy) + paMa (G1)] + 2 (p1 3 +4pagi + M (Gr))
+(2p2 — |B) [RM (G1) + p2M1 (G1)] +q1(p2 — L) B3p2 — |I2])
+(p3 — 1L [24" +2p2q1 + p1(p2 — |B)].
Theorem 3.10. Let G = G0 Gy. Then
1. RM{"(G) =RM}" (Gy) + psM1(G1) + (p1p2 +241)(2p2 +2q2 — ||
+2pa2(qi" + p2qr) — i |-
2. RM;" (G) =RM;" (G1) + paRM{" (G1) +2p2M2(G1) + [p2(p2 +2) — B[] M: (G )
+(p1P2+201) [M1(G2) + 292 — B[] + (p2 — |B2[) [2P291 + 1 (P2 +292)]
+2(p2+292) (¢ + paq1) + P3 (P12 +441).

Proof.
1. RM;"] =) degS (u)deg® (u)
ueV(G)
Z degm deg u)+ Z Z degm deg (u)
LtEV(G[) veV(Gy)ueV(Gs)
= Y (degj) (u) + padeg® (u)+ pr — | o) (deg® (u) + p2)
uEV(Gl)
S ¥ [l Y (e ) e () )
veV(G) ueV(Gs)
=RM}" (G1) + p2M1(G1) + (p1p2 +241) (2p2 +2q2 — | 1)
+2P2(qli"+P2fJ1) P1|12|
2. RM'"J =Y degS (u ) Y degb(
ueV(G) veNG (u)
= Z deg,,, { Z deg®( Z degG(v)}
ueV(Gy) veNG, (u) veV(Gy)

+ Z Z degg(u){ Z degG(w)deegG(v)}

veV(Gy)ueV(Gy) WENG, (u)

= Z (deggll (u) + padeg® () + p2— |12|) { Z (degGl v) +p2)

ucV(Gy) VENG, (u)

+ Y (deng(V)+1)}+ Y Y (p2—1+degt(v)) (deg® (v) + p2)

ueV(Gy) veV(Gy)ueh
F T T (rda® ) [deC )t L (@0 41)
veV(Gy)ueV(Gy)—h weNG, (u)
:RM;nj(Gl) +P2RMinj(Gl) +2p2Ma(Gy) + [p2(p2+2) — |B| M, (G))
+ (P1P24291) [M1(G2) +2q2 — |1l | + (p2 — |R2|) [2p2g1 + p1 (P2 +242)]
+2(p2+292) (4" + paqi ) + P3 (P12 +44q1).
Example 3.1. For any cycle Cp, and any path Py, with p, > 2

inj 4p3+13p3+10py+1), ifp =4
inj _ 2 2 )
L My (Cpr o Pp,) = { )2 (p%Jr 13p% +16py+4), otherwise.
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2. MM(Cp o Py,) = {
5 RM(Cp o)

4. RMénj(CPl oPp,)

4(4p3 +19p3 +8pr—3), ifpi=4
4pipa(p2+1)(p2+4),  otherwise.
{4(6pz—1)(p2+2), if p1 =4;
6p1p2(p2+2), otherwise.
4(p3+25p3 +19py — 14),  if py =4
{ D1 (P% + 25p% +24p, —12), otherwise.

Example 3.2. For any two cycles Cp, and Cp,,

1. M}"(Cp, 0Cp,) = {
2. MYY(Cp, 0 Cpy) = {
3. RM{V(Cp, oCp,)

4. RMYY(Cpy 0Cpy) = {

Ap3+13p3+10py+1),  if pr =4
D1 (1’% + 1317% +16py+4), otherwise.
44p3+19p3+ 12py +1),  ifpr=4;
p1 (417% + 21p§ +20p; +4), otherwise.
4(6p2+1)(p2+2), ifpi=4
2p1(3p2+1)(p2+2), otherwise.
A(p3+25p3+33py+4),  ifpr=4
p1(p3+25p3+38py+38), otherwise.
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