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Abstract: In this article, spherical indicatrices of a curve and helices are re-examined using both

the algebraic structure and the geometric structure of non-Newtonian (multiplicative) Euclidean space.

Indicatrices of a multiplicative curve on the multiplicative sphere in multiplicative space are obtained. In

addition, multiplicative general helix, multiplicative slant helix and multiplicative clad and multiplicative

g-clad helix characterizations are provided. Finally, examples and drawings are given.
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1. Introduction
Classical analysis, which is a widely used mathematical theory today, was defined by Gottfried

Leibniz and Isaac Newton in the second half of the 17th century based on the concepts of derivatives

and integrals. Constructed upon algebra, trigonometry, and analytic geometry, the classical

analysis consists of concepts such as limits, derivatives, integrals, and series. These concepts

are regarded as simple versions of addition and subtraction, leading to the designation of this

analysis as summational analysis. Classical analysis finds applications in various fields, including

natural sciences, computer science, statistics, engineering, economics, business, and medicine,

where mathematical modeling is required, and optimal solution methods are sought. However,

there are situations in some mathematical models where classical analysis falls short. Therefore,

alternative analyses have been defined based on different arithmetic operations while building upon

classical analysis. For instance, in 1887, Volterra developed an approach known as Volterra-type

analysis or multiplicative analysis since it is founded on the multiplication operation [30]. In

multiplicative analysis, the roles of addition and subtraction operations in classical analysis are

assumed by the multiplication and division operations, respectively. Following the definition of

Volterra analysis, Grossman and Katz conducted some new studies between 1972 and 1983. This

led to the development of the non-Newtonian analysis, which also involves fundamental definitions
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and concepts [14, 15]. These analyses have been referred to as geometric analysis, bigeometric

analysis, and anageometric analysis. Multiplicative analysis has emerged as an alternative approach

to classical analysis and has become a significant area of research and development in the field of

mathematics. These new analyses may allow for a more effective resolution of various problems

by examining different mathematical structures. Furthermore, these studies contribute to the

expansion of the boundaries of mathematical analysis and find applications in various disciplines.

Arithmetic is an integer field which is a subset of the real numbers. An arithmetic system

is the structure obtained by algebraic operations defined in this field. In fact, this field can be

considered as a different interpretation of the real number field such that a countable number of

infinitely ordered objects can be formed and these structures are equivalent or isomorphic to each

other. The generator function, which is used to create arithmetic systems, is a one-to-one and

bijective transformation whose domain is real numbers and whose value set is a subset of positive

real numbers. The unit function I and the function ex are examples of generator functions. Just

as each generator produces a single arithmetic, each arithmetic can be produced with the help of

a single generator. Multiplicative analysis has its own multiplicative space. In this special space,

the classical number system has turned into a multiplicative number system consisting of positive

real numbers, denoted by R� . Likewise, the basic mathematical operations in classical analysis

have also turned into their purely multiplicative versions. This is clearly shown in the table below.

Table 1. Basic multiplicative operations

a �� b eloga�log b ab

a �� b eloga�log b a
b

a �� b eloga log b alog b

a~�b eloga~ log b a
1

log b , b x 1

Multiplicative analysis, contrast to not a completely new topic, has recently started to

be explored and discovered more in today’s context. The main reason behind this lies in the

successful modeling of problems that cannot be addressed using classical analysis, achieved through

the application of multiplicative analysis. This characteristic has led many mathematicians to

prefer multiplicative analysis for solving challenging problems that are otherwise difficult to model

within their respective fields. Stanley took the lead in this regard and re-announced geometric

analysis as multiplicative analysis [27]. On this subject, fractal growths of fatigue defects in

materials are studied by Rybaczuk and Stoppel [24] and the physical and fractional dimension

concepts are studied by Rybaczuk and Zielinski [25]. In addition, there are many studies on

multiplicative analysis in the field of pure mathematics. For example, the non-Newtonian efforts

in complex analysis are [6, 29], in numerical analysis [1, 7, 34], in differential equations [5, 31, 33].
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Also, Bashirov et al. reconsider multiplicative analysis with some basic definitions, theorems,

propositions, properties and examples [4]. The multiplicative Dirac system and multiplicative

time scale are studied by Emrah et al. [13, 16].

Georgiev brought a completely different perspective to multiplicative analysis with the books

titled Multiplicative Differential Calculus, Multiplicative Differential Geometry and Multiplicative

Analytic Geometry published in 2022 [10–12]. Unlike previous studies, Georgiev used operations as

purely multiplicative operations and almost reconstructed the multiplicative space. These books

have been recorded as the initial studies in particular for multiplicative geometry. Georgiev’s

book [10] serves as a guide for researchers in this field by encompassing numerous fundamental

definitions and theorems pertaining to curves, surfaces, and manifolds. The book elucidates how

to associate basic geometric objects such as curves, surfaces, and manifolds with multiplicative

analysis, shedding light on their properties in multiplicative spaces. Additionally, it emphasizes

the connections between multiplicative geometry and other mathematical domains, making it a

valuable resource for researchers working in various branches of mathematics. Afterward, Nurkan

et al. tried to construct geometry with geometric calculus. In addition, Gram-Schmidt vectors are

obtained [23]. On the other hand, Aydın et al. studied rectifying curves in multiplicative Euclidean

space. The multiplicative rectifying curves are fully classified and visualized through multiplicative

spherical curves and they studied multiplicative submanifolds and of multiplicative Euclidean space

[2, 3]. Has and Yılmaz constructed multiplicative conics using multiplicative arguments [17] and

in another study they investigated multiplicative magnetic curves [18]. Has , Yılmaz and Yıldırım

have worked on the multiplicative Lorentz-Minkowski space [19]. Ceyhan et al. performed optical

fiber examined with multiplicative quaternions [8].

A helix curve is the curve that a point follows as it rotates around a fixed axis in a three-

dimensional space. The helix curve is formed as a result of this rotational movement, and the

rotation time around the axis determines the stability of the curve. While the helix curve is

important in terms of geometry, it is also increasing in different branches of science. For example,

helix is a term used for the connections of DNA. The double helix structure of DNA is called an
image helix [32]. In computer graphics and 3D applications, helix curves are used in sections of

complex surfaces and their results [9]. The helix is used in blades and aerospace engineering for

the design and performance analysis of propellers and rotor blades [26]. In addition, helices have

been traditionally studied by many researchers with their different properties [20–22, 28, 35].

In this study, spherical indicatrices and helix curves, which are important for differential

geometry, are examined in multiplicative space. Spherical indicatrices, general helix, slant helix,

clad helix and g-clad helix are rearranged with reference to multiplicative operations. Moreover, in

the multiplicative Euclidean space, basic concepts such as orthogonal vectors, orthogonal system,
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curves, Frenet frame, etc. are mentioned. In addition, it is aimed to make these basic concepts

more memorable by visualizing them.

2. Multiplicative Calculus and Multiplicative Space

The definitions and theorems that will be presented in this section are taken from the works of

Georgiev [10–12].

Since the multiplicative space has an exponential structure, the sets of multiplicative real

numbers are we have

R� � �ex � x > R� � R�, R�

�
� �ex � x > R�� � �1,ª� and R�

�
� �ex � x > R� � �0,1�. (1)

The basic multiplicative operations for all m,n > R� , are

m �� n � elogm�logn
�mn, m �� n � elogm�logn

�m~n,

m �� n � elogm logn
�mlogn, m~�n � elogm~ logn

�m
1

logn , n x 1.

According to the multiplicative addition operation, the multiplicative neutral and unit element are

0� � 1 and 1� � e , respectively.

The inverse elements of multiplicative addition and multiplicative multiplication operations

for all m > R� are as follows, respectively:

��m � 1~m, m�1�
� e

1
logm .

Absolute value function in multiplicative space, we have

SmS
�
�

¢̈̈̈
¦̈̈̈
¤
m, m C 0�

��m, m @ 0�.

With the help of multiplicative arguments, the multiplicative power function can be given as for

all m > R� and k > N

mk�
� e�logm�k , m

1
2 � �

�

º
m � e

»
logm.

A vector whose components are elements of the space R� is called a multiplicative vector

and satisfies the following properties Ð�r � �r1, r2,�, rn�,Ð�s � �s1, s2,�, sn� > Rn
�

multiplicative

vectors and λ > R� , as follows

Ð�r ��
Ð�s � �r1 �� s1,�, rn �� sn� � �r1s1,�, rnsn�,

λ ��
Ð�r � �λ �� r1,�, λ �� rn� � �rlogλ1 ,�, rlogλn � � elogÐ�r logλ,
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where logÐ�r � �log r1, log r2,�, log rn� . Let Ð�r � �r1, r2,�, rn� and Ð�s � �s1, s2,�, sn� > Rn
�

be two

multiplicative vectors in the multiplicative vector space Rn
�

. Thus the multiplicative inner product

of two multiplicative vectors is follow

`Ð�r ,Ð�s e� � r1 �� s1 �� ��� rn �� sn � e`logÐ�r ,logÐ�s e.

If the multiplicative vectors Ð�r and Ð�s are multiplicative orthogonal to each other, they are denoted

by Ð�r Ù� Ð�s and this relation is as follows

`Ð�r ,Ð�s e� � 0�.

In Figure 1, we present the graph of the multiplicative orthogonal vectors.

Figure 1: Multiplicative orthogonal vectors Ð�r � �e 1
2 , e�

3
4 , e

3
2 � and Ð�s � �e 3

4 , e, e
1
4 �

The multiplicative norm of the multiplicative vector Ð�r > Rn
�

is given by the multiplicative

inner product is defined as follows:

YÐ�r Y� � e`logÐ�r ,logÐ�r e 12 .

Let Ð�r � �r1, r2, r3� and Ð�s � �s1, s2, s3� be 3D multiplicative vectors, and the multiplicative cross

products of Ð�r and Ð�s , we have

Ð�r ��
Ð�s � �elog r2 log s3�log r3 log s2 , elog r3 log s1�log r1 log s3 , elog r1 log s2�log r2 log s1�.

Multiplicative cross product preserves the properties of traditional cross product with its

arguments. For example, cross products of multiplicative vectors Ð�r and Ð�s are multiplicative

orthogonal to both Ð�r and Ð�s . We give this visually in Figure 2 The multiplicative angle between

the multiplicative unit direction vectors Ð�r ,Ð�s > Rn
�

is given by

ϕ � arccos��e`logÐ�r ,logÐ�s e�.
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Figure 2: Multiplicative orthogonal system Ð�r � �e 1
2 , e�

3
4 , e

3
2 � , Ð�s � �e 3

4 , e, e
1
4 � and Ð�r ��

Ð�s � �e� 27
16 , e, e

17
16 �

Multiplicative trigonometric functions with the help of multiplicative angles

sin� ϕ � esin logϕ, cos� ϕ � ecos logϕ,

tan� ϕ � etan logϕ, cot� ϕ � ecot logϕ.

Multiplicative trigonometric functions provide the same algebraic properties as traditional trigono-

metric functions, but with their own arguments. For example, there is the equality sin2�
�
θ ��

cos2�
�
θ � 1� . For other relations, see [11].

The multiplicative derivative of the multiplicative function f�t� ` R� for t > I ` R� is as

follows

f��t� � lim
h�0�

��f �t �� h� �� f �t�� ~�h�

� lim
h�1

exp � log f �th� � log f �t�
log �h� 	

� lim
h�1

exp � thf � �th�
f �th� 	

� et
f ��t�
f�t� .

Multiplicative differentiation realizes many properties provided in classical differentiation, such

as linearity, Leibniz rule, chain rules, etc., based on multiplicative arguments. For examples

�f�x� �� g�x��� � f��x� �� g�x� �� g��x� �� f�x� . It can also be stated as f��x� � d�f~�d�x .

For other relations, see [11].

The multiplicative integral of the multiplicative function f�t� ` R� is as follows for t > I ` R�

S
�

f�x� �� d�x � eR 1
x log f�x�dx, x > R�.
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The geometric location of points with equal multiplicative distances from a point in multiplicative

space is called a multiplicative sphere. The equation of the sphere with centered at C�a, b, c� and

radius r is
YP �� CY� � r,

where P � �x, y, z� is the representation point of the multiplicative sphere, so

e�logx�loga�2��log y�log b�2��log z�log c�2 � e�log r�2 .

In Figure 3 we show the multiplicative sphere with centered at multiplicative origin O�0�,0�,0��
and radius 1�

Figure 3: A multiplicative sphere with centered at multiplicative origin O�0�,0�,0�� and radius 1�

3. Differential Geometry of Curves in Multiplicative Space

A multiplicative parametrization of class Ck
�

(k C 1� ) for a curve x in R3
�

(i.e., the component-

functions of x are k -times continuously multiplicative differentiable), is a multiplicative vector

valued function x � I ` R� � E3
�

, where s is mapped to x�s� � �x1�s�, x2�s�, x3�s�� . In particular,

a parametric multiplicative curve x is regular if and only if Yx��s�Y� x 0� for any s > I . Looking

at it dynamically, the multiplicative vector x��s� represents the multiplicative velocity of the

multiplicative curve at time s . For a multiplicative curve x to have multiplicative naturally

parameters, the necessary and sufficient condition is that the curve is from the class Ck
�

and

Yx��s�Y� � 1� for each s > I .

Given s0 > I , the multiplicative arc length of a multiplicative regular parameterized curve

x�s� from the point s0 , is by definition

h�s� � S s

�s0
Yx��t�Y� �� d�t. (2)
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As an example, the multiplicative circle curve in multiplicative plane with center �0�,0�,0�� and

radius r � e�2 is given by the equation x�s� � e�2 �� �e 1
2 cos� 2s, e

1
2 �� sin� 2s, e

º
3� in R3

�
. It can be

plotted as in Figure 4.

Figure 4: A multiplicative circle in the plane z � e
º

3
2 with centered at �0�,0�,0�� , radius r � 1~e2

and 0� @ s @ e
2π

The multiplicative Frenet trihedron of a naturally parameterized multiplicative curve x�s�
are

t�s� � x��s�, n�s� � x���s�~�Yx���s�Y�, b�s� � t�s� �� n�s�.
The vector field t�s� (resp. n�s� and b�s�) along x�s� is said to be multiplicative tangent

(resp. multiplicative principal normal and multiplicative binormal). It is direct to prove that

�t�s�,n�s�,b�s�� is mutually multiplicative orthogonal and n�s���b�s� � t�s� and b�s��� t�s� �
n�s� . We also point out that the arc length parameter and multiplicative Frenet frame are

independent from the choice of multiplicative parametrization [10].

To give an example, the multiplicative Frenet vectors of the multiplicative curve

x�s� � ��e3~�e5� �� cos� s, �e3~�e5� �� sin� s, e4~�e5 �� es�
are

t�s� � ����e3~�e5� �� sin� s, �e3~�e5� �� cos� s, e4~�e5�,
n�s� � ��� cos� s,�� sin� s,0��,
b�s� � ��e4~�e5� �� sin� s,���e4~�e5� �� cos� s, e3~�e5�.

In Figure 5, we present the graph of the multiplicative Frenet frame on the multiplicative curve

x�s� .
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Figure 5: Multiplicative curve and its multiplicative Frenet frame

The multiplicative Frenet formulae of x are given by

t� � κ �� n,

n�
� ��κ �� t �� τ �� b,

b�
� ��τ �� n,

where κ � κ�s� and τ � τ�s� are the curvature and the torsion functions of x , calculated by

κ�s� � Yx���s�Y� � e`logx��,logx��e 12 , (3)

τ�s� � `n��s�,b�s�e� � e`logn��s�,logb�s�e. (4)

4. Main Results
4.1. Multiplicative Spherical Indicatries

Consider a multiplicative curve x�s� > R3
�

. The multiplicative Frenet vectors of x also evolve along

the curve as a multiplicative vector field. The thing to note here is that since the multiplicative

Frenet vectors of the multiplicative curve x are multiplicative unit vectors, they form a curve on

the multiplicative sphere. In this section, such curves will be examined.

The multiplicative curve x�s� is associated with multiplicative Frenet vectors �t,n,b� .

Now, let us consider the unit multiplicative tangent vectors along x�s� . These vectors collectively

form another curve, denoted by xt � t . This new curve resides on the surface of a multiplicative

sphere with a radius of 1� and centered at the multiplicative origin O � �0�,0�,0�� . The

multiplicative curve xt is often referred to as the multiplicative spherical indicatrix associated with

the unit multiplicative tangent vector t . We will call this curve multiplicative tangent indicatrix
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of the original multiplicative curve x , in line with the more conventional notation. With similar

thought, we will call multiplicative curves xn � n and xb � b as multiplicative normal indicatrix

and multiplicative binormal indicatrix of x , respectively.

Proposition 4.1 Let xt be the multiplicative tangent indicatrix of a multiplicative naturally

parameterized curve x . The multiplicative naturally parameter st of xt is given by

st � eR
s 1

uκ�u�du,

where s is multiplicative naturally parameter of x and κ�s� is multiplicative curvature of x .

Proof Let x�s� be the multiplicative naturally parameterized curve. Also, let xt�s� � t�s� be

the multiplicative tangent indicatrix of x�s� . Considering (2), we get the multiplicative naturally

parameter of xt as follows

st � S
s

�

Yt��u�Y� �� d�u.
Then from the definition of multiplicative curvature, we get

st � S
s

�

κ�u� �� d�u

or equivalently

st � eR
s 1

uκ�u�du.
j

Theorem 4.2 Let xt be the multiplicative tangent indicatrix of a multiplicative naturally param-

eterized curve x with κ x 0� on I . The multiplicative Frenet vectors �Tt,Nt,Bt� of xt satisfy

Tt � n,

Nt � ���t �� f �� b�~�e�1��log f�s��2� 1
2
,

Bt � �f �� t �� b�~�e�1��log f�s��2� 1
2
,

where f � f�s� and f � τ~�κ .

Proof Since xt is the multiplicative tangent indicatrix of x , we have

xt � t.

Taking the multiplicative derivative of both sides of the above equation with respect to s ,

�d�xt~�d�st� �� �d�st~�d�s� � κ �� n.
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Using Proposition 4.1 and putting Tt � d�xt~�d�st , we get

Tt � n. (5)

If we take the multiplicative derivative of (5) with respect to s and apply multiplicative Frenet

formulas, we have

κ �� �d�Tt~�d�st� � ��κ �� t �� τ �� b
and

d�Tt~�d�st � ��t �� �τ~�κ� �� b.
Considering the multiplicative norm, the following equation is obtained:

Yd�Tt~�d�stY� � e�`� log t,� log te�� log τ
logκ �2`logb,logbe� 1

2

� e
¼�1�� log τ

logκ �2�. (6)

In that case, we can see that

Nt � �d�Tt~�d�st�~�Yd�Tt~�d�stY� � ���t �� �τ~�κ� �� b�~�e�1�� log τ
logκ �2� 1

2
.

Setting τ~�κ � f ,

Nt � ���t �� f �� b�~�e�1��log f�s��2� 1
2
. (7)

On the other hand, if we take into account (5) and (7) along with the multiplicative Frenet

formulas, we obtain the final Frenet vector as

Bt � �n �� ���t �� f �� b��~�e�1��log f�s��2� 1
2
.

When we organize the multiplicative operations, we obtain

Bt � �f �� t �� b�~�e�1��log f�s��2� 1
2
. (8)

j

Proposition 4.3 Let xt be the multiplicative tangent indicatrix of a multiplicative naturally

parameterized curve x with κ x 0� on I . The multiplicative curvatures of xt are

κt � e
�1��log f�s��2� 1

2 and τt � σ �� e
�1��log f�s��2� 1

2
,

where σ � f�~��elogκ�1��log f�s��2� 3
2 �.
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Proof The first equality follows by (6),

κt � e
`logx��

t ,logx��

t e 12
� e�1��log f�s��2�

1
2
.

Next considering calculate the multiplicative derivative of Nt with respect to st , considering (7).

Also, is chosen e�1��log f�s��2�
1
2
� λ in (7), so

�d�Nt~�d�st� �� �d�st~�d�s� � ����κ �� n �� f� �� b �� f �� τ �� n� �� λ �� λ �� ���t �� f �b��~�λ2�.
After this we can write

N�

t �� κ � �λ� �� t �� λ �� �κ �� f �� τ� �� n �� �λ �� f� �� λ� �� f� �� b�~�λ2�

and so

N�

t � �λ� �� t �� λ �� �κ �� f �� τ� �� n �� �λ �� f� �� λ� �� f� �� b�~�λ2� �� κ. (9)

Then from (8) and (9), we obtain

τt � `logN�

t , logBte� � �f �� λ��~�λ3� �� κ �� �λ �� f� �� λ� �� f�~�λ3� �� κ
� �f� �� λ�~�λ3� �� κ.

Here again let’s consider the choice e�1��log f�s��2�
1
2
� λ , so we get

�f�~��e�1��log f�s��2� 3
2
�� κ�� �� e�1��log f�s��2� 1

2
.

Finally, if a choice is made in the form σ � f�~��elogκ�1��log f�s��2� 3
2
��κ� , the above-mentioned

equation becomes

τt � σ �� e
�1��log f�s��2� 1

2
.

j

Using similar arguments, we may have the following results.

Proposition 4.4 Let xn be the multiplicative normal indicatrix of a multiplicative naturally

parameterized curve x . The multiplicative arc parameter sn of the multiplicative curve xn provides

sn � S
�

κ�s� �� e�1��log f�s��2� 1
2
�� d�s, (10)

where f � f�s� and f � τ~�κ .
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Theorem 4.5 Let xn be the multiplicative normal indicatrix of a multiplicative naturally param-

eterized curve x . The multiplicative Frenet vectors �Tn,Nn,Bn� of xn as follows

Tn � ���t �� f �� b�~�e�1��log f�s��2� 1
2
,

Nn � �σ~�e�1��logσ�s��2� 1
2 � �� ���f �� t �� b�~�e�1��log f�s��2� 1

2 � �� n~�σ�,
Bn � �e~�e�1��logσ�s��2� 1

2 � �� ���f �� t �� b�~�e�1��log f�s��2� 1
2
�� n �� σ�,

where σ � f�~��elogκ�1��log f�s��2� 3
2 �.

Proposition 4.6 Let xn be the multiplicative normal indicatrix of the multiplicative curve x .

The multiplicative curvatures of the normal indicatrix xn are described as follows

κn � e�1��logσ�s��2� and τn � Γ �� e
�1��log f�s��2�, (11)

where Γ � σ�~��elogκ�1��log f�s��2��1��logσ�s��2� 3
2 .

Proposition 4.7 Let xb be the multiplicative binormal indicatrix of a multiplicative naturally

parameterized curve x . The multiplicative arc parameter sb of the multiplicative curve xb provides

sb � S
�

τ�s�d�s.

Theorem 4.8 Let xb be the multiplicative binormal indicatrix of a multiplicative naturally pa-

rameterized curve x . The multiplicative Frenet vectors �Tb,Nb,Bb� of xb satisfy

Tb � ��n,

Nb � �t �� f �� b�~�e�1��log f�s��2� 1
2
,

Bb � �f �� t �� b�~�e�1��log f�s��2� 1
2
,

where f � f�s� and f � τ~�κ .

Proposition 4.9 Let the multiplicative curve, denoted as xb , be the binormal indicatrix of the

multiplicative curve x . Then, the multiplicative curvatures of the xb are described as follows

κb � e
�1��log f�s��2� 1

2 ~�f and τb � ���σ �� e�1��logσ�s��2� 1
2 �~�f,

where σ � f�~��κ �� �e1��log f�s��2� 3
2��.
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Example 4.10 Let x � I ` R� � E3
�

be multiplicative naturally parametrized curve in R3
�

parameterized by

x�s� � �es, e e2

2 , e
e3

6 � .
In Figure 6, we present the graph of the multiplicative spherical indicatrices of x .

Figure 6: Multiplicative spherical indicatrices

4.2. Multiplicative Helices

Definition 4.11 Consider the multiplicative curve x � I ` R� � E3
�

with κ x 0� . If the multi-

plicative tangent vector field of the curve x makes a constant multiplicative angle with a constant

multiplicative vector, then the curve x is referred to as a multiplicative general helix [10].

Theorem 4.12 Let x � I ` R� � E3
�

be a multiplicative curve with κ x 0� . The multiplicative

space curve x is a multiplicative general helix if and only if the multiplicative ratio of multiplicative

torsion and multiplicative curvature is constant. In other words, it is

κ~�τ � c, c > R�.

Proof The proof of the theorem is explained by Georgiev (see [10]). j

Example 4.13 Let x � I ` R� � E3
�

be multiplicative naturally parametrized general helix curve

in R3
�

parameterized by

x�s� � �e3~�e5 �� cos� s, e3~�e5 �� sin� s, e4~�e5 �� es� .
With the help of multiplicative curvature formulas from (4), we give

κ�s� � e3~�e5 and τ � e4~�e5.
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Since

τ~�κ � e�log e4~ log e5�~�log e3~ log e5� � e4~�e3
is a multiplicative constant, x is a multiplicative helix. In Figure 7, we present the graph of the

multiplicative general helix.

Figure 7: Multiplicative general helix

Definition 4.14 Let x � I ` R� � E3
�

be the multiplicative curve with κ x 0� . If the multi-

plicative normal vector field of the curve x makes a constant multiplicative angle with a constant

multiplicative vector, then the curve x is referred to as a multiplicative slant helix.

Theorem 4.15 Let x � I ` R� � E3
�

be multiplicative curve with κ x 0� . The multiplicative curve

x is a multiplicative slant helix if and only if the following equality is a multiplicative constant

function

σ�s� � �κ2��s�~��κ2��s� �� τ2��s�� 3
2�� �� �τ�s�~�κ�s���. (12)

Proof Suppose that multiplicative naturally parametrized curve s ( x�s� is a multiplicative

slant helix. Since the multiplicative normal vector field of the multiplicative curve x makes a

constant multiplicative angle with v , which is a constant multiplicative vector, we have

`n,ve� � cos� θ, (13)

where θ constant multiplicative angle. Taking a multiplicative derivative of (13), we get

`n�,ve� � 0� (14)

and
��κ �� `t,ve� �� τ �� `b,ve� � 0�.
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As can be seen from the elements of multiplicative Frenet frame and (13), there is a constant

angle between n and fixed direction v and there is also a constant angle between b and fixed

direction v . Then the following equations are provided,

`t,ve� � �c �� τ�~�κ, (15)

`b,ve� � c, c > R�. (16)

In terms of the multiplicative Frenet frame, we can write the decomposition for v as

v � e`log t,logve log t�`logn,logve logn�`logb,logve logb

� `t,ve� �� t �� `n,ve� �� n �� `b,ve� �� b.
The constant direction v from (13), (15) and (16) is obtained as follows

v � �c �� τ�~�κ �� t �� cos� θ �� n �� c �� b. (17)

Since v is the multiplicative unit vector, taking the multiplicative norm of both sides of the above

equation, we get

e`logv,logve
1
2

� ��c �� τ�~�κ�2� �� e`log t,log te 12 �� cos2�� θ �� e
`logn,logne 12

�� c2� �� e
`logb,logbe 12

or

c2� �� �τ2�~�κ2� �� e� � sin2�
�
θ.

If the necessary algebraic operations are performed here, we obtain

c � �κ~��κ2� �� τ2�� 1
2� �� sin� θ.

Therefore, we can easily write v as

v � τ~��κ2� �� τ2�� 1
2� �� sin�θ �� t �� cos� θ �� n �� κ~��κ2� �� τ2�� 1

2� �� sin�θ �� b. (18)

Take the multiplicative derivative of (14), we get

`n��,ve� � 0�. (19)

From multiplicative Frenet frame and (18) and (19), we have

`��κ� �� t �� �κ2� �� τ2�� �� n �� τ�b, τ~��κ2� �� τ2�� 1
2� �� sin�θ �� t

�� cos� θ �� n �� κ~��κ2� �� τ2�� 1
2� �� sin�θ �� be� � 0�.
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Here the following equation exists

�κ �� τ� � τ �� κ��~��κ2� �� τ2�� 3
2� �� tan� θ � e � 0�

and finally, we get

tan� θ � �κ �� τ� � τ �� κ��~��κ2� �� τ2�� 3
2�.

Since the multiplicative angle θ is constant, after the necessary adjustments, we obtain that

κ2�~��κ2� �� τ2�� 3
2� �� �τ~�κ�� � c, c > R�.

j

Example 4.16 Let x � I ` R� � E3
�

be multiplicative naturally parametrized slant helix curve in

R3
�

as

x�s� � �x1�s�, x2�s�, x3�s�� ,
where

x1�s� � e9~�e400 �� esin log 25s
�� e

25~�e144 �� esin log 9s,

x2�s� � ��e
9~�e400 �� ecos log 25s �� e25~�e144 �� ecos log 9s,

x3�s� � e15~�e136 �� esin log 17s.

In Figure 8, we present the graph of the multiplicative slant helix.

Figure 8: Multiplicative slant helix
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Definition 4.17 Let a regular multiplicative curve x be given in the multiplicative space with κ x

0� . The multiplicative curve x is called the multiplicative clad helix if the multiplicative spherical

image of the multiplicative principal normal vector n � I � S2
�

(S2
�

denotes the multiplicative sphere)

of the curve x is part of the multiplicative cylindrical helix in S2
�

.

Therefore we remark that a multiplicative slant helix is a multiplicative clad helix. We have

the following characterization of clad helices.

Theorem 4.18 Let x be a multiplicative naturally parametrized curve with κ x 0� . Then x is a

multiplicative clad helix if and only if

Γ � σ�~��κ �� �e �� f2�� �� �e �� σ2�� 3
2��

is a constant function. Here, f � τ~�κ and σ � f�~��κ �� �e �� f2�� 3
2��.

Proof With the multiplicative normal indicatrix of the multiplicative curve x being xn , we

know from (11) that the multiplicative curvatures of xn are as follows

κn � �e �� σ2�� 1
2�,

τn � Γ �� �e �� σ2�� 1
2�.

It follows that Γ � τn~�κn . For a part of xn to be a multiplicative cylindrical helix, τn~�κn must

be a multiplicative constant. This means that Γ is a multiplicative constant. j

Definition 4.19 Let a regular multiplicative curve x be given in the multiplicative space with

κ x 0� . The multiplicative curve x is called the multiplicative g-clad helix if the multiplicative

spherical image of the multiplicative principal normal vector n � I � S2
�

of the curve x is part of

the multiplicative slant helix in S2
�

.

We have the following characterization of g-clad helices.

Theorem 4.20 Let x be a multiplicative naturally parametrized curve with κ x 0� . Then x is a

multiplicative g-clad helix if and only if

ψ�s� � Γ��s�~� ��κ2��s� �� τ2��s�� 1
2� �� �e �� σ2��s�� 1

2� �� �e �� Γ2��s�� 3
2��

is a constant function.
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Proof With the multiplicative normal indicatrix of the multiplicative curve x being xn , from

(11) the multiplicative curvatures of xn are as follows

κn � �e �� σ2�� 1
2�,

τn � Γ �� �e �� σ2�� 1
2�.

If the necessary algebraic operations are performed here, we get

κ2�n �� τ
2�
n � �e �� σ2�� �� �e �� Γ2��.

From (12), we know that

�κ2�n ~��κ2�n �� τ
2�
n � 3

2�� �� �τn~�κn�� � c, c > R�.

So, we can easily see that

Γ�~� ��κ2� �� τ2�� 1
2� �� �e �� σ2�� 1

2� �� �e �� Γ2�� 3
2�� . (20)

If the normal indicatrix of the multiplicative curve x is a slant helix, (20) is a constant function.

This completes the proof. j

Proposition 4.21 Considering Theorems 4.18 and 4.20 that a multiplicative slant helix is a

multiplicative helix with the condition σ � 0� , a multiplicative clad helix is a multiplicative slant

helix with the condition Γ � 0� and a multiplicative g-clad helix is a multiplicative clad helix with

the condition ψ � 0� . Hence, we have the following relation

¢̈̈̈̈
¨̈¦̈̈̈
¨̈̈¤

the family of

multiplicative

helices

£̈̈̈̈
¨̈§̈̈̈
¨̈̈¥
`

¢̈̈̈̈
¨̈¦̈̈̈
¨̈̈¤

the family of

multiplicative

slant helices

£̈̈̈̈
¨̈§̈̈̈
¨̈̈¥
`

¢̈̈̈̈
¨̈¦̈̈̈
¨̈̈¤

the family of

multiplicative

clad helices

£̈̈̈̈
¨̈§̈̈̈
¨̈̈¥
`

¢̈̈̈̈
¨̈¦̈̈̈
¨̈̈¤

the family of

multiplicative

g-clad helices

£̈̈̈̈
¨̈§̈̈̈
¨̈̈¥
.

Example 4.22 Let x � I ` R� � E3
�

be multiplicative naturally parametrized clad helix curve in

R3
�

parameterized by

x�s� � �x1�s�, x2�s�, x3�s�� ,
where

x1�s� � e18 �� cos� 3s �� cos��e6 �� cos� 3s�,
x2�s� � e�18 �� cos� 3s �� sin��e6 �� cos� 3s�,
x3�s� � sin� 2s.
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In Figure 9, we present the graph of the multiplicative clad helix

Figure 9: Multiplicative clad helix.

5. Conclusion
In this article, helices were examined using multiplicative arguments. The key point of this study

is that the concept of metric, which is very important for geometry, is different from the traditional

Euclidean metric. The metric here is a metric of multiplicative space based on proportional

difference. Thanks to the multiplicative metric, helices, which are an important field of study

in differential geometry, have been re-characterized and this change has been supported with

examples. In this way, some applications of multiplicative space in differential geometry have been

introduced and will be an example for other researchers.
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