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Abstract

In this article, approximate solutions of the tifnaetional Korteveg de Vries (KdV)

and modified version of it is obtained by using tesidual power series method
(RPSM). Numerical results are given and then they eompared with the exact

solutions both numerically and graphically. Theuks show that the present method is
very successful, effective and reliable.

Keywords:Residual power series method, KdV equation, Cafrattional derivative,
Fractional partial differential equation.

Zaman kesirli KdV denklemlerinin residual kuvvetise
yontemi ile yaklaik ¢6ztmu

Ozet

Bu calsmada zaman-kesirli Korteveg de Vries (KdV) denkiemve modifiye edilmi
halinin rezidual kuvvet serisi metodu (RPSM) ileklggk ¢cozimu elde edilgtir.
Numerik sonuclar verilmive bu sonuclar tam ¢ézimle nimerik ve grafiksatadl
kargilastinimistir.  Bulunan sonugclar kullanilan yontemin gayetsdoali, etkili ve
guvenilir old@unu ortaya koymaktadir.

Anahtar kelimeler:Residual kuvvet serisi yontemi, KdV denklemi, Gagasirli tirevi,
Kesirli kismi diferansiyel denklem.
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1. Introduction

In recent years, fractional calculus has found tess applications in different
branches of engineering and science such as fattdifferential equations (FDE),
fluid flow, electrical network, mathematical physicbiology, image and signal
processing, viscoelasticity and control.

There are some common methods that are used ton adggproximate or analytical
solutions of nonlinear fractional partial differ&itequations in literature. Adomian
decomposition method (ADM) [1], Laplace analysistmoel (LAM) [2], homotopy

analysis method (HAM) [3], homotopy perturbationthusl (HPM) [4], differential

transformation method (DTM) [5] and perturbatioertion algoritm (PIA) [6] are
among them.

In this article, a new technique, namely, Resigqamler series method (RPSM) [7-14],
Is used to obtain approximate solution of timeeti@al KdV equation. In this method,

the coefficients of the power series are calculdtganeans of the concept of residual
error with the help of one or more variable algebeqjuation chains, and finally, in

practice, a so-called truncated series solutiambiained [7].

The main advantage of this method over other meti®that it can be applied directly
to the problem without linearization, perturbation discretization and without any
transformation by selecting appropriate initial ditions [8].

There are a few definition of fractional derivatioé order « > 0. The most widely
used are the Riemann-Liouville and Caputo fraclideavatives.

1.1. Definition The Riemann —Liouville fractional derivative operatdff(x) for
a>0andg —1< a < q defined as [15]:

q

dx4

(1)

D*f(x) = ! f© dt].

M- ) ==

1.2. Definition The Caputo fractional derivative of order> 0 forneN,n —1 < a <
n, DZ, defined as [15]:

n

17 d
DEFC) = J"D" () = s f s O @

The relation between Riemann-Liouville and Capuéztional derivatives is expressed
in the following theorem.

1.3. TheoremLet>0, n—1< a <n,forn e N. Then [11]:

D*£(0). 3)

n-l k-a
DZf(x) =Daf(x)—zm
k=0
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1.4. Definition The Power series expansion of the form [8]:

©_ cn(t—ty)™ =cy+ci(t—t))*+c,(t—t)) %+, 0<n—-1<a <n,
m=0*m 0 0 1 0 2 0
t>t, (4)

is called fractional power series about t,.

1.5. Theorem For the fractional power serie® m_o ¢y, t™* for t = 0 there are only
three cases [10].

1) The series converges only whes 0,

2) The series converges for edach 0,

3) There is a positive real numbersuch that the series converges whenévsrt < R
and diverges whenever= R.

1.6. Theorem Suppose thaf has a FPS representation at of the form [10]:

0

f(t):ch(t_tO)na,0<m—1<a§m, to<t<t,+R (5)

n=0

If £(t) € Clty, to + R] andDg* f(t) € C(ty, to + R) forn =10,1,2, ...
then the coefficients;,, will take the form:

DR (t)

Cpn = m, D{;"‘ = D%.D% .Dg) ...D% (‘I’l — times) (6)

2. Residual power series algorithm

To illustrate the basic idea of RPSM, let's takenamlinear fractional differential
equation of the form:

DI**u(x,t) + R[x]u(x,t) + N[x]u(x,t) = g(x,t),
t>0xERN—-1<na<sn (7)

expressed by initial condition

fo(x) = ulx,0) = f(x) C))
which is R[x] is a linear operator anli[x] iS a non-linear operator arglx,t) are
continuous functions.

The RPSM method consists of expressing the solufdihe equation given below as
the fractional power series expansion arotigdo.

fre1 () = DI %u(x, 0) = h(x) )

The expansion form of the solution is given by:
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u(x,t):an(X)m,0<(lS1, x€l, 0<t<R
n=0

SENOL M., ATA A.

(10)

In the next step, the k. truncted seriesudk, t), that is u, (x, t) can be written as:

na

t
uk(x,t):an(X)m, 0<ac<l, x €1,
n=0

k=123,..

If the 1. RPS approximate solutiap(x, t) is written as:

a

uy(t) =)+ i) == I+ a)

thenuy (x, t) could be reformulated as:

a

rl+a

na

t
an(x)r(1+ 5 0<esi
k=234,

ue(x,t) = fO) + i) mm—7—

First we define the residual function as:

Res(x,t) = DI**u(x,t) + R[x]u(x,t) + N[x]u(x,t) — g(x,t)

and thek. residual function as:

0<t<R,
11)
(12)
x €1 0<t<R,
(13)
(14)

Res, (x,t) = DI**uy (x, t) + R[x]ug (x, t) + N[x]up(x,t) — g(x, t),k = 1,2,3,... (15)

It is clear thatRes(x,t) = 0 andlim;_ Res;(x,t) = Res(x,t) for eachx € I and

t > 0. In fact this lead td ™" " Res, (x, t,) forn = 1,2,3, ...,

derivative of a constant is zero in the Caputo sens

k because the fractional

Solving the equatiomt(”_l)“Resk(x, 0) = 0 gives us the desiref],(x) coefficients.
Thus theu,, (x, t) approximate solutions can be obtained respectively

3. Application of the RPSM for fractional KdV equations

3.1. ExampleConsider the time-fractional Korteveg de Vries YRequation [15]:

DU+ 6UUy + Uy =0,0<a <1

with the initial condition:

433

(16)



BAUN Fen Bil. Enst. Dergisi, 20(1), 430-439, (2018)

u(x,0) = %sech2 (%x) (17)

The known exact solution of the problem for= 1 is:

1 1
u(x,t) = Esech2 (E (x — t)) (18)

For residual power series
® tna
u(nt) = ) hO TS (19)
n=0
andk. truncated series
k tna
w60 = ) FO s (20)
n=0
thek, th residual function for the KdV equation is:
Resuy (x,t) = Dfu(x, t) + 6u(x, t)u,(x,t) + Uy (x, t), k = 1,2,3, ... (21)
So the fractional power series expansiom ©f, t) aboutt = 0 is
na

p k
we(x,6) = FOx) + fl(x)ﬁ + an(x)ﬁ, k=234, .. (22)

To determine the first unknown coefficightx), in the expansion of(2.7) we
substitute theth truncated series, (x, t) into thelth residual functiomResu, (x,t) to
get

Resul(xl t) = Dgul(xr t) + 6u1(x1 t)(ul)x(xr t) + (ul)xxx(x: t) (23)
Sinceuy(x,t) = f(x) + f1(x) r(ltia)’ the Eq.(23) leads to:

Resu (x,t) = f1(x) + 6 <f(x) + M) <f’(x) + m> + f(3)(x)

ril+a) r+a)
£, ()
rd+a) @4)
Now for the substitution of = 0 through Eq(24) we obtain:
Res; (x,0) = f1(x) + 6f ()f'(x) + fF (%) (25)

Thus forRes; (x,0) = 0
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X
f1(x) = 4csch3(x)sinh* (E) (26)
Hence, the 1st RPS approximate solution of(E§) can expressed as:

I'(l+ a) + t*anh (%)

Uy (x,t) = (14 Cosh(x)Ir(1 + a)

(27)

In the same manner, to obtain second unknown oimitifz(x), we substitute the 2nd
truncated series,(x,t) = f(x) + fi(x )r(1+ )+f2( )F(1 1 into the 2nd residual
functionResu,(x,t) = Dfu,(x, t) + 6u,(x, t) (Uy) (%, 1) + (Uy) xex (x, t) @nd we get:

Resuz(x, t) = fz(x) + 6f(x)f'(x) n 6t“f1(x)f’(x) 6t “fz(x)f/(x)

ri+a rl+2a)
6t f(0)fi ()  6t2°fi(0)fi'(x)  63f(0)fi (%)
ri+a r+a)? rl+ao)r(1+2a)

+ 6t2%f (x)f,' (x) 6t3%f; (x)fy' (x) 6t*2f,(x)fy' (x)
rl+2a) rl+ao)r+2a) rl+2a)?
%@ (Y@

T T+a TO+20) (28)

+FO0

Now applyingD# on both sides of E@28) and equating it t0 for t = 0 gives:
1 X
— _(_ 4
fo(x) = 4( 2+ cosh(x))sech (2) (29)
Therefore, the 2nd RPS approximate solution of(E6) is obtained as:

t2%(—2 + cosh(x))sech? (%) 2t%tanh (%)
r{+2a) ri+a)

u(x,t) = lsech2 (g) 2+ ) (30)

4

Similarly, by applying the same procedure fioe 3,4,5 we obtain the following results
respectively,

((39 — 32cosh (x) + cosh (2x))I'(1 + «)?
16I'(1 + a)?
12(—=2 + cosh (x))I'[1 + 2a])sech® ( )tanh( )
T6r (1 + a)? (31)
a X a . X
wt) = lsechz (f) . t2%(—2 + cosh(x))sech* (7) 4t%csch3(x)sinh* (7)

2 2 AT (1 + 20) I'd+a)
t3%((39 — 32cosh(x) + cosh(2x))I'(1 + a)?

16I'(1 + a)2I' (1 + 3a)
12(=2 + cosh(x))I' (1 + 2a))sech® ( )tanh (2)
16I'(1 + a)2I' (1 + 3a)

fz(x) =

+

+

(32)
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and so on. Other iterations are not given for lyelut fifth iteration solutiorus(x, t)

is calculated in this manner. Using a symbolic catapon program like Mathematica,
the other iterations can be calculated. In Tabl¢h&,fifth order approximate RPSM
results and the exact solutions are compared. Alsbigure 1 they are compared
graphically.

3.2. Example Consider the time-fractional modified Korteveg dies (mKdV)
equation [16]:

Dfu+ 6u?Uy + Uy =0,0<a <1 (33)
with the initial condition:

u(x,0) = vcsech(k + cx) (34)
The known exact solution of the problem for= 1 is:

u(x, t) = Vesech(k + c(x — ct)) (35)

Following the same manner as in the previous exampk obtain the successive
iterations as:

f1(x) = c?sech(k + Vcx)tanh(k + Vex) (36)
h(k rr 3/2t%tanh(k
() = Vesech(k + vVex) ([ F-}(-la-]l_-lc-r)c t*tanh(k + Vcx)) 37
fo(x) = %cﬂz(—s + cosh (2(k + Vex))sech®(k + Vex) (38)
3t2¢ (-1 + 2sech?(k + e
u, (x, £) = Vesech(k +Vex) (1 — i ( F(lSjC2a§ Cx))
¢3/2t% tanh(k + cx)
rl+a (39)
= ! 5((315 — 164cosh[2(k + V¢ h[4(k
fg(x)_SF(1+a)2F(1+2a)C(( — cosh[2(k + Vcx)] + cosh[4(
+Vex)DIr(1 + a)? + 24(—7 + 3cosh[2(k
+Vex)DI' (1 + 2a)?)sech®(k + vex)tanh(k + Vex) (40)
uz(x,t) = ! (Wesech (k ++ex)(8I'(1 + a)?Ir (1

@Brl+a)?’r(1+20)r1 + a))
+2a)I' (1 + 3a) + 4c3t?*(=3 + cosh [2(k + Vex)DI'(1 + a)?r (1
+ 3a)sech?(k + Vex) + 8¢3/2t*I (1 + a)I' (1 + 2a)I(1
+ 3a)tanh (k + vcx) + c®/2t3%((315 — 164cosh[2(k + /cx)]
+ cosh[4(k + Vex)DI'(1 + a)? + 24(—7 + 3cosh[2(k
+Vex)DIr (1 + 2a)?) sech(k + vcx)* tanh(k + Vcx))) (41)
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Following this manner the other iteration resulbslld be calculated.

In Table 2, the
third order approximate RPSM results are comparid @xact solutions numerically

and absolute errors of RPSM solutions are comphyedifferent values oé. and for

different time points. In fact, the results shampetitive solutions of RPSM. Figure 2
is extracted based on illustrating approximatetsmis of RPSM in the similar manner
and by choosing equal parameters and also as gemnhave similar patterns with
exact solutions. In addition, they prove that b&® and RPSM give remarkably

approximate results.

Table 1. Comparison of numerical valuesigfx, t) in 3.1. Example fox = 10.

a=0.25 a =0.50 a =0.75 a =1.00

t us(x, t) us(x, t) us(x,t) us(x,t) Exact solution| Absolute erro
0 9.07616E-5 9.07616E-5 9.07616E}5 9.07916E-5 96FSD 0

0.1 2.10313E-4 1.34953E-4 1.107325-4 1.00339E-4 03BOE-4 1.84812E-13
0.2 2.61221E-4 1.63130E-4 1.275256-4 1.10890E-4 08BAE-4 1.00999E-11
0.3 3.04835E-4 1.90686E-4 1.448875-4 1.225516-4 25B2E-4 1.09388E-10
0.4 3.44949E-4 2.19003E-4 1.634115-4 1.35438E-4 54B8E-4 6.02626E-10
0.5 3.82956E-4 2.48619E-4 1.834258-4 1.49678E-4 96BIE-4 2.283610E-9
0.6 4.19542E-4 2.79821E-4 2.05178H-4 1.654136-4 54PGE-4 6.819710E-9
0.7 4.55102E-4 3.12787E-4 2.28887H-4 1.82797H-4 281BE-4 1.726760E-8
0.8 4.89888E-4 3.47646E-4 2.54761H-4 2.01999B-4 203DE-4 3.873280E-8
0.9 5.24070E-4 3.84494E-4 2.830048-4 2.232028-4 3ZBPE-4 7.918610E-8
1.0 5.57768E-4 4.23410E-4 3.138208-4 2.466088-4 67h4E-4 1.504510E-7

Ll RPSM solution
Il Exact solution

Figure 1. The surface graphwf(x, t) and exact solution of 3.1. Example.
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Table 2. Comparison of numerical valuestgfx, t) in 3.2. Example fox = 10.

a =025 a =0.50 a =0.75 a =1.00
t usz(x,t) us(x,t) usz(x, t) usz(x, t) Exact solution| Absolute error
0 9.07999E-5 9.07999E-5  9.07999E-5 9.07999E}-5 DOESD 0
0.1 1.99357E-4 1.34439E-4 110679E}4 1.00341E-4 3198-4 7.95268E-9
0.2 2.36952E-4 1.60889E-4 127173E}4 1.10836E-4 9D3B-4 6.68370E-8
0.3 2.66246E-4 1.85381E-4 143856E4 1.223306-4 5622-4 2.36879E-7
0.4 2.91337E-4 2.09199E-4 161181E4 1.34868H-4 4585-4 5.89415E-7
0.5 3.13772E-4 2.32797E-4 179326E}4 1.48496E-4 7D48-4 1.20806E-6
0.6 3.34328E-4 2.56387E-4 198387E}4 1.63258E-4 41.85-4 2.18998E-6
0.7 3.53465E-4 2.80084E-4 218419Et+4 1.79201E-4 8use-4 3.64737E-6
0.8 3.71481E-4 3.03954E-4 239464Er4 1.963706-4 Z92-4 5.70897E-6
0.9 3.88580E-4 3.28038E-4 261548Er4 2.148106-4 3328-4 8.52185E-6
1.0 4.04912E-4 3.52361E-4 284694Et4 2.34566B-4 82dB-4 1.22533E-5

Ll RPSM solution
Il Exact solution

Figure 2. The surface graphwf(x, t) and exact solution of 3.2. Example.

4. Conclusion

In this study, residual power series method wasodhiced to obtain approximate
solutions for time-fractional Korteveg de Vries Wdand modified KdV partial
differential equations. Numerical results and cargon with the exact solutions show
that the present method is very powerful and rédigbchnique and producing highly
approximate results. Comparing to other tecnigbhesmethod is very simple to apply
without linearization, perturbation or discretizatior any transformations. Also it is a
good tool to use to calculate the approximate swiatof a wide range of fractional
partial differential equations.
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