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Abstract

We transfer vertical lifts and complete lifts of some tensor fields from the semi-tangent bundle tM to the semi-cotangent bundle t∗M using a
musical isomorphism between these bundles. In this article, we also analyze complete lift of vector and affinor (tensor of type (1,1)) fields
for semi-tangent (pull-back) bundle tM. Finally, we study compatibility of transferring lifts with complete lifts in the semi-cotangent bundle
t∗M.
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1. Introduction

Let (Bm,g) be a smooth pseudo-Riemannian manifold of dimension m. We denote by t(Bm) and t∗(Bm) the semi-tangent [9], [10], [1]
and semi-cotangent bundles [3], [4] over Bm with local coordinates

(
xa,xα ,xα

)
= (xa,xα ,yα ) and

(
xa,xα , x̃α

)
= (xa,xα , pα ), a,b, ... =

1, ...,n−m;α,β , ...= n−m+1, ...,n;α,β , ...= n+1, ...,n+m, respectively, where yx = yα ∂

∂xi ∈ tx(Bm) and px = pidxi ∈ t∗x (Bm), ∀x ∈ Bm.
We know that the mappings g[ : t(Bm)→ t∗(Bm) and g# : t∗(Bm)→ t(Bm) between the semi-tangent and semi-cotangent bundles determine
the musical (natural) isomorphisms of any pseudo-Riemannian metric g.
The musical isomorphisms g[ and g# have respectively components

g[ : xI = (xa,xα ,xα ) = (xa,xα ,yα )→ x̃J =
(

xb,xβ , x̃β

)
= (δ b

a xa,δ
β
α xα , pβ = gβα yα )

and

g# : x̃J =
(

xb,xβ , x̃β

)
=
(

xb,xβ , pβ

)
→ xI = (xa,xα ,xα )

= (δ a
b xb,δ α

β
xβ ,yα = gαβ pβ )

with respect to the local coordinates, where δ is the Kronecker delta. The Jacobian of g[ and g# are given by

(g[∗) =
(

ĀJ
I

)
=

(
∂ x̃J

∂xI

)
=

 δ b
a 0 0
0 δ

β
α 0

0 yε ∂α gβε gβα

 (1.1)

and

(g#
∗) =

(
AI

J

)
=

(
∂xI

∂ x̃J

)
=

 δ a
b 0 0
0 δ α

β
0

0 pε ∂β gαε gαβ

 (1.2)

respectively. Where I = (a,α,α), J =
(

b,β ,β
)
.

We denote by ℑ
p
q(t(Bm)) and ℑ

p
q(t∗(Bm)) the modules over F (t(Bm)) and F (t∗(Bm)) of all tensor fields of type (p,q) on t(Bm) and t∗(Bm),

respectively, where F (t(Bm)) and F (t∗(Bm)) denote the rings of real-valued C
∞−functions on t(Bm) and t∗(Bm), respectively. On the
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other hand, if xi′ =
(

xa′ ,xα ′ ,xα
′
)

is another system of local adapted coordinates in the semi-tangent bundle t(Bm), then we have (see, for
details [1])

xa′ = xa′(xb,xβ ),

xα ′ = xα ′
(

xβ

)
,

xα
′
= ∂xα ′

∂xβ
yβ .

(1.3)

The Jacobian of (1.3) has components [1]

Ā =
(

AI′
J

)
=

 Aa′
b Aa′

β
0

0 Aα ′

β
0

0 Aα ′

βε
yε Aα ′

β

 , (1.4)

where

Aα ′

β
=

∂xα ′

∂xβ
,Aα ′

βε
=

∂ 2xα ′

∂xβ ∂xε
.

Let ccX̃t ∈ ℑ1
0(t(Bm)) and ccF̃t ∈ ℑ1

1(t(Bm)) be complete lifts of tensor fields X̃ ∈ ℑ1
0(Mn) and F̃ ∈ ℑ1

1(Mn) to the semi-tangent bundle
t(Bm), where Mn denotes the fiber bundle [9], [11], [1] over a manifold Bm. In this paper we transfer via the differential (g [

∗ ) the complete
lifts (ccX̃t ∈ ℑ1

0(t(Bm)), ccF̃t ∈ ℑ1
1(t(Bm))) and some tensor fields that the γ-operator is applied from the semi-tangent bundle t(Bm) to

semi-cotangent bundle t∗(Bm). On the other hand, we know that the semi-tangent t(Bm) and semi-cotangent bundles t∗(Bm) are a pull-back
(induced) bundle of T (Bm) and T ∗(Bm), respectively [2], [5], [7], [4]. We note that musical isomorphism and its applications were studied
in [8]. The main purpose of this paper is to study musical isomorphism between semi-tangent bundles and semi-cotangent bundles. Where
T (Bm) =

⋃
x∈Bm

Tx(Bm) and T ∗(Bm) =
⋃

x∈Bm
T ∗x (Bm) respectively denote the tangent and cotangent bundles over Bm [6].

2. Transfer of vertical lifts of vector fields

Let X ∈ ℑ1
0(Mn), i.e. X = Xα ∂α . On putting

vvXt = (vvXα )t =

 0
0
Xα

 , (2.1)

from (1.4), we easily see that (vvXt)
′ = Ā(vvXt). The vector field vvX is called the vertical lift of X to the semi-tangent bundle t(Bm). Then,

using (1.1) and (2.1)

g[∗
vvXt =

 δ b
a 0 0
0 δ

β
α 0

0 yε ∂gβε

∂xα gβα


 0

0
Xα

=

 0
0
gβα Xα


=

 0
0
pα

= (vv pα )t∗ ,

where (vv pα )t∗ is a Liouville covector field [4] on the semi-cotangent bundle t∗(Bm).

3. Transfer of complete lifts of vector fields

Let X̃ ∈ ℑ1
0(Mn) be a projectable vector field [11] with projection X = Xα (xα )∂α i.e. X̃ = X̃a(xa,xα )∂a +Xα (xα )∂α . Then the complete

lift ccX̃t of X̃ to the semi-tangent bundle t(Bm) is given by [1]

ccX̃t =

 X̃a

Xα

yε ∂ε Xα

 (3.1)

with respect to the coordinates (xa,xα ,xα ).
Using (1.1) and (3.1), we have

g[∗
ccX̃t =

 δ b
a 0 0
0 δ

β
α 0

0 yε ∂gβε

∂xα gβα


 X̃a

Xα

yε ∂ε Xα



=

 X̃b

Xβ

Xα yε ∂α gβε +gβα yε ∂ε Xα


=

 X̃b

Xβ

yε ((LX g)εβ − (∂β Xα )gαε − (∂ε Xα )gβα )+gαβ yε ∂ε Xα


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=

 X̃b

Xβ

yε (LX g)εβ − pα (∂β Xα )

 , (3.2)

where LX is the Lie derivation of g with respect to X :

(LX g)εβ = Xα
∂α gεβ +(∂ε Xα )gαβ +(∂β Xα )gεα .

In a manifold (Bm,g), a vector field X is called a Killing vector field if LX g = 0. It is well known that the complete lift ccX̃t∗ of X̃ to the
semi-cotangent bundle t∗(Bm) is given by [4]

ccX̃t∗ =

 X̃a

Xα

−pε (∂α Xε )


with respect to the coordinates (xa,xα ,xα ).
We have from (3.2)

g[∗
ccX̃t =

ccX̃t∗ + γ(LX g),

where γ(LX g) is defined by

γ(LX g) =

 0
0
yε (LX g)εβ

 .

Thus, we have:

Theorem 1. Let (Bm,g) be a pseudo-Riemannian manifold, and let ccX̃t and ccX̃t∗ be complete lifts of a vector field X̃ ∈ ℑ1
0(Mn) to

the semi-tangent and semi-cotangent bundles, respectively. Then the differential (pushforward) of ccX̃t by g [ coincides with ccX̃t∗ , i.e.
g [
∗

ccX̃t =
ccX̃t∗ if and only if X̃ is a Killing vector field.

Theorem 2. Let X̃ ,Ỹ ∈ ℑ1
0(Mn). For the Lie product, we have

[ccX̃t ,
cc Ỹt ] =

cc [X̃ ,Y ]t

in the semi-tangent bundle t(Bm).

Proof. If X̃ ,Ỹ ∈ ℑ1
0(Mn) and

 [ccX̃t ,
cc Ỹt ]

b

[ccX̃t ,
cc Ỹt ]

β

[ccX̃t ,
cc Ỹt ]

β

 are components of [ccX̃t ,
cc Ỹt ] with respect to the coordinates (xb,xβ ,xβ ) on t(Mn), then

we have

[ccX̃t ,
cc Ỹt ]

J = (ccX̃t)
I
∂I(

ccỸt)
J− (ccỸt)

I
∂I(

ccX̃t)
J .

Firstly, if J = b, we have

[ccX̃t ,
cc Ỹt ]

b = (ccX̃t)
I
∂I(

ccỸt)
b− (ccỸt)

I
∂I(

ccX̃t)
b

= (ccX̃t)
a
∂a(

ccỸt)
b +(ccX̃t)

α
∂α (

ccỸt)
b +(ccX̃t)

α
∂α (

ccỸt)
b

−(ccỸt)
a
∂a(

ccX̃t)
b− (ccỸt)

α
∂α (

ccX̃t)
b− (ccỸt)

α
∂α (

ccX̃t)
b

= (ccX̃t)
α

∂α (
ccỸt)

b− (ccỸt)
α

∂α (
ccX̃t)

b

= Xα
∂α (

ccỸt)
b−Y α

∂α (
ccX̃t)

b

= Xα
∂αỸ b−Y α

∂α X̃b

= [X̃ ,Y ]b

by virtue of (3.1). Secondly, if J = β , we have

[ccX̃t ,
cc Ỹt ]

β = (ccX̃t)
I
∂I(

ccỸt)
β − (ccỸt)

I
∂I(

ccX̃t)
β

= (ccX̃t)
a
∂a(

ccỸt)
β +(ccX̃t)

α
∂α (

ccỸt)
β +(ccX̃t)

α
∂α (

ccỸt)
β

−(ccỸt)
a
∂a(

ccX̃t)
β − (ccỸt)

α
∂α (

ccX̃t)
β − (ccỸt)

α
∂α (

ccX̃t)
β

= (ccX̃t)
α

∂α (
ccỸt)

β − (ccỸt)
α

∂α (
ccX̃t)

β

= Xα
∂αY β −Y α

∂α Xβ

= [X ,Y ]β
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by virtue of (3.1). Thirdly, if J = β , then we have

[ccX̃t ,
cc Ỹt ]

β = (ccX̃t)
I
∂I(

ccỸt)
β − (ccỸt)

I
∂I(

ccX̃t)
β

= (ccX̃t)
a
∂a(

ccỸt)
β +(ccX̃t)

α
∂α (

ccỸt)
β +(ccX̃t)

α
∂α (

ccỸt)
β

−(ccỸt)
a
∂a(

ccX̃t)
β − (ccỸt)

α
∂α (

ccX̃t)
β − (ccỸt)

α
∂α (

ccX̃t)
β

= Xα
∂α (yε

∂εY β )+ yε
∂ε Xα

∂α yσ
∂σY β

−Y α
∂α (yε

∂ε Xβ )− yε
∂εY α

∂α yσ
∂σ Xβ

= yε Xα
∂α ∂εY β + yε (∂ε Xσ )

(
∂σY β

)
−yεY α

∂α ∂ε Xβ − yε (∂εY σ )
(

∂σ Xβ
)

= yε
∂ε [X ,Y ]β

by virtue of (3.1). On the other hand, we know that cc[X̃ ,Y ] have components

cc[X̃ ,Y ]t =

 [X̃ ,Y ]b

[X ,Y ]β

yε ∂ε [X ,Y ]β


with respect to the coordinates (xb,xβ ,xβ ) on t(Mn).
Thus, we have [ccX̃t ,

cc Ỹt ] =
cc [X̃ ,Y ]t in t(Bm).

Let X̃ and Ỹ be a Killing vector fields on Mn. Then we have

L
[X̃ ,Y ]t

g = [LX̃ ,LỸ ]g = LX̃ ◦LỸ g−LỸ ◦LX̃ g = 0,

i.e. [X̃ ,Y ]t is a Killing vector field. Since cc[X̃ ,Y ]t = [ccX̃t ,
cc Ỹt ] and cc[X̃ ,Y ]t∗ = [ccX̃t∗ ,

cc Ỹt∗ ] (see [4]), from Theorem 1. and Theorem 2. we
have

Theorem 3. If X̃ and Ỹ be a Killing vector fields on Mn, then

g[∗[
ccX̃t ,

cc Ỹt ] = [ccX̃t∗ ,
cc Ỹt∗ ],

where g[∗ is a differential (pushforward) of musical isomorphism g[.

4. Transfer of (γF)t and (γT )t

For any F ∈ ℑ1
1(Bm), if we take account of (1.4), we can prove that (γF)′t = A(γF)t where (γF)t is a vector field on the semi-tangent bundle

t(Bm) defined by

(γF)t =
(

γF I
)

t
=

 0
0
yε Fα

ε

 (4.1)

with respect to the coordinates (xa,xα ,xα ) . On the other hand, vector field (γF)t∗ on the semi-cotangent bundle t∗(Bm) is defined by [4]:

(γF)t∗ =
(

γF I
)

t∗
=

 0
0
pα Fα

ε

 .

Let T ∈ ℑ1
2(Bm). On putting

(γT )t =
(

γT I
J

)
t
=

 0 0 0
0 0 0
0 yε T α

ε β 0

 , (4.2)

from (1.4), we easily see that
(

γT I′
J′

)
t
= AI′

I AJ
J′
(
γT I

J
)

t , where
(
A
)−1

=
(
AJ

J′
)

is the inverse matrix of A.

Theorem 4. If F ∈ ℑ1
1(Bm) and T ∈ ℑ1

2(Bm), then

(i) g[∗ (γF)t = (γF)t∗ ,
(ii) g[∗ (γT )t = (γT )t∗ .
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Proof. (i) From (1.1) and (4.1), we have:

g[∗ (γF)t =

 δ b
a 0 0
0 δ

β
α 0

0 yε ∂gβε

∂xα gβα


 0

0
yε Fα

ε

=

 0
0
gβα yε Fα

ε


=

 0
0
pα Fα

ε

= (γF)t∗ .

It is well known that (γF)t∗ have components [4]:

(γF)t∗ =
(

γF I
)

t∗
=

 0
0
pα Fα

ε


with respect to the coordinates (xa,xα ,xα ) on the semi-cotangent bundle t∗(Bm). Thus, we have (i) of Theorem 4.
(ii) For simplicity we take g[∗ (γT )t =

(
γT I

J
)

t∗ . In fact,(
γT α

β

)
t∗

= gασ δ
θ

β
yε T σ

ε θ = gασ yε T σ
ε β = gασ δ

ε
α δ

α
ε yε T σ

ε β = gασ δ
ε
α δ

α
ε yε T σ

ε β

= gασ δ
α
ε yε T σ

α β = gασ yα T σ
α β = gασ yα T σ

α β = gασ δ
ε
σ δ

σ
ε yα T σ

α β

= gασ δ
σ
ε yα T ε

α β = gαε yα T ε
α β = pε T ε

α β = pε δ
α

β
δ

β
α T ε

α β = pε T ε

βα

Thus, we have
(

γT α

β

)
t∗
= pε T ε

βα
. Similarly, from (1.1) and (4.2), we can easily find all other components of

(
γT I

J
)

t∗ equal to zero, where

I = (a,α,α), J =
(

b,β ,β
)
. We know that (γT )t∗ have components on t∗(Bm) [4]:

(γT )t∗ =
(

γT I
J

)
t∗
=

 0 0 0
0 0 0
0 pε T ε

βα
0


with respect to the coordinates (xa,xα ,xα ) . Thus, we have g[∗ (γT )t = (γT )t∗ .

5. Complete lift of affinor fields

Let F̃ ∈ ℑ1
1(Mn) be a projectable affinor field [10] with projection F = Fα

β
(xα )∂α ⊗dxβ , i.e. F̃ has components

F̃ =
(

F̃ i
j

)
=

(
F̃a

b (x
α ,xα ) F̃a

β
(xα ,xα )

0 Fα

β
(xα )

)
with respect to the coordinates (xa,xα ). On putting

(
ccF̃
)

t
=
(

ccF̃A
B

)
t
=

 F̃a
b F̃a

β
0

0 Fα

β
0

0 yε ∂ε Fα

β
Fα

β

 (5.1)

we easily see that
(

ccF̃ I′
J′

)
t
= AI′

J AI
J′

(
ccF̃ I

J

)
t
.

We call
(

ccF̃ I′
J′

)
t

the complete lift of the tensor field F̃ of type (1,1) to the semi-tangent bundle t(Bm).

Proof. For simplicity, we put I′ = α
′, J′ = β ′ in

cc
F I′

J′ and take account of (1.4) and (5.1), we obtain(
ccF̃α

′

β ′

)
t

= Aα ′
α

Aβ

β ′
cc

Fα

β
+Aα ′

α
Aβ

β ′
cc

Fα

β
+Aα ′

α Aβ

β ′
cc

Fα

β

= Aα ′
α Aβ

β ′σ
′yσ ′Fα

β
+Aα ′

α Aβ

β ′
yσ ′

∂σ ′F
α

β
+Aα ′

α σ ′y
σ ′Aβ

β ′
Fα

β

= Aα ′
α yσ ′

∂σ ′A
β

β ′
Fα

β
+Aα ′

α Aβ

β ′
yσ ′
(

∂σ ′F
α

β

)
+ yσ ′

(
∂σ ′A

α ′
α

)
Aβ

β ′
Fα

β

= yσ ′Aα ′
α

(
∂σ ′A

β

β ′

)
Fα

β
+ yσ ′Aα ′

α Aβ

β ′

(
∂σ ′F

α

β

)
+yσ ′

(
∂σ ′A

α ′
α

)
Aβ

β ′
Fα

β

= yσ ′
∂σ ′

(
Aα ′

α Aβ

β ′
Fα

β

)
= yε ′

∂ε ′F
α ′

β ′ .

Similarly, we can easily find another components of
(

ccF̃ I′
J′

)
t
.



176 Konuralp Journal of Mathematics

6. Transfer of complete lifts of affinor fields

Let F̃ be projectable affinor fields [10] on Mn with projection F on Bm. Using (1.1), (1.2) and (5.1), we have

g[∗
(

ccF̃ I
J

)
t

= AI
KAL

J
ccF̃K

L

=

 F̃a
b F̃a

β
0

0 Fβ
α 0

0 yε (∂θ gβε )F
θ
α +gβθ yε ∂ε Fθ

α +gβθ pε (∂α gσε )Fθ
σ gβθ gσα Fθ

σ

 . (6.1)

Since g =
(
gαβ

)
and g−1 =

(
gαβ

)
are pure tensor fields with respect to F , we find

gβθ gσα Fθ
σ = gβθ gθσ Fα

σ = δ
σ

β
Fα

σ = Fα

β
(6.2)

and

= yε (∂θ gβε )F
θ
α +gβθ yε

∂ε Fθ
α +gβθ pε (∂α gσε )Fθ

σ

= yε (φα gβε +∂α (g◦F)βε −gθε ∂β Fθ
α )+gβθ pε (∂α gσε )Fθ

σ

= yε
φα gεβ + yε

∂α (g◦F)βε − pθ ∂β Fθ
α +gβθ pε (∂α gσε )Fθ

σ

= yε
φα gεβ − pθ ∂β Fθ

α + yε
∂α (g◦F)βε +gβθ pε (∂α gσε )Fθ

σ

= yε
φα gεβ − pθ ∂β Fθ

α + yε
∂α (gεγ Fγ

β
)+gβθ pε (∂α gσε )Fθ

σ

= yε
φα gεβ − pθ ∂β Fθ

α + yε (∂α gεγ )F
γ

β
+ yε (∂α Fγ

β
)gεγ

+gβγ pε (∂α gσε )Fγ
σ

= yε
φα gεβ − pθ ∂β Fθ

α + yε (∂α gεγ )F
γ

β
+ yε (∂α Fγ

β
)gεγ

+gγσ pε (∂α gσε )Fγ

β

= yε
φα gεβ − pθ ∂β Fθ

α + yε (∂α gεγ )F
γ

β
+ yε (∂α Fγ

β
)gεγ

−gσε pε (∂α gγσ )F
γ

β

= yε
φα gεβ − pθ ∂β Fθ

α + yε (∂α gεγ )F
γ

β
+ pγ (∂α Fγ

β
)

−yσ (∂α gγσ )F
γ

β

= yε
φα gεβ + pε (∂α Fε

β
−∂β Fε

α ). (6.3)

Where I = (a,α,α), J =
(

b,β ,β
)

, K =
(
c,θ ,θ

)
, L = (d,σ ,σ) . Also, the component

(
ccF̃α

β

)
t

of
(

ccF̃ I
J

)
t

is defined as Tachibana operator
φF g of F , i.e.,

φσ gθβ = Fγ
σ ∂γ gθβ −∂σ (g◦F)θβ +gγβ ∂θ Fγ

σ +gθγ ∂β Fγ
σ .

Substituting (6.2) and (6.3) into (6.1), we obtain

g[∗
(

ccF̃ I
J

)
t
=

 F̃a
b F̃a

β
0

0 Fβ
α 0

0 yε φα gεβ + pε (∂α Fε

β
−∂β Fε

α ) Fα

β

 . (6.4)

It is well known that the complete lift
(

ccF̃
)

t∗
of F̃ ∈ ℑ1

1(Mn) to the semi-cotangent bundle t∗(Bm) is given by [4]

(
ccF̃
)

t∗
=
(

ccF̃ I
J

)
t∗
=

 F̃a
b F̃a

β
0

0 Fβ
α 0

0 pε (∂α Fε

β
−∂β Fε

α ) Fα

β

 (6.5)

with respect to the coordinates (xa,xα ,xα ) on t∗(Bm). From (6.4) and (6.5), we easily obtain

g[∗
(

ccF̃
)

t
=
(

ccF̃
)

t∗
+ γ(φF g),

where

γ(φF g) =

 0 0 0
0 0 0
0 yε φα gεβ 0

 .

Finally, we can prove

Theorem 5. Let
(

ccF̃
)

t
and

(
ccF̃
)

t∗
be complete lifts of F̃ ∈ ℑ1

1(Mn) to the semi-tangent and semi-cotangent bundles, respectively. Then

the differential of
(

ccF̃
)

t
by g[ coincides with

(
ccF̃
)

t∗
, i.e. g[∗

(
ccF̃
)

t
=
(

ccF̃
)

t∗
if and only if φF g = 0.
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