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1. Introduction

In 1985, the first studies on paracontact structures and paracontact geometry were presented by
Kaneyuki and Williams [1]. Later, paracontact geometry studies were continued by Zamkovoy [2]
with his systematic studies on paracontact manifolds and submanifolds. The more general case of
paracontact metric manifolds, (x, p)-paracontact metric manifolds and (k, u, v)- paracontact metric
manifolds continue to be studied by many authors [3-7].

Let M be a (2n + 1)-dimensional smooth manifold, and let ¢ be a (1, 1)-tensor field, { a characteristic
vector field, and n a 1-form on M. The triple (¢,&,n) is called an almost paracontact structure on M
if it satisfies the following conditions:

i. $(§) =0,n0¢=0,and () =1
i. $*01 =01 —n(01)€ and o1 € x(M)

i1i. The tensor field ¢ induces an almost paracomplex structure on each fibre of D = ker(n), meaning
that the eigendistributions D¢ and D~ ¢ of ¢, corresponding to the eigenvalues 1 and —1, respectively,

have equal dimension n.

The (M, ¢,&,n) quadruple together with the (¢, &, n) structure on M is called an almost paracontact
manifold [2]. There exists a semi-Riemannian metric g on the almost paracontact metric manifold M
such that
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g(bo1, ¢02) = —g(o1, 02) +n(01)n(02), g(01,€) = nle1) (1.1)

and

g(po1,02) + g(o01,p02) =0

Let (M?"*1 ¢, &,m) be an almost paracontact manifold. Then, the semi-Riemannian metric g is
called an almost paracontact metric on (M?"*1 ¢, £, ), the structure (¢,&,7,g) is called an almost
paracontact metric structure, and the quintet (M?"+1 ¢, &, 1, g) is called an almost paracontact metric
manifold [2]. If
1
dn(e1, 02) = 5(@177(92) — 02n(01) — n([o1, 02]))

is defined, then

® (01, 02) = g(o1, P02) = dn(o1, 02)

The (¢,£,1,9) quadruplet is called a paracontact metric structure, and the quintet (M, ¢,&,n, g) is
called a paracontact metric manifold [2]. If M is a (2n 4 1)-dimensional almost paracontact metric
manifold and the vector field £ in the structure (¢, &, n,g) is a Killing vector field concerning g. The
paracontact structure on M is called a K-paracontact structure, and M is called a K-paracontact
metric manifold [2]. On a paracontact metric manifold, h is a symmetric operator, and the following
properties hold:

hé =0, h¢=—¢h, and Trh=Tr¢h=0 (1.2)

2ho1 = (Leg)or = Lepor — ¢Leor = [€; po1] — 9[€, 01]
Vo€ = —do1 + dhar
Here, L is the Lie derivative [2].

Motivated by the above studies, this work investigates some symmetry conditions of a (k, u)-paracontact
metric manifold. This paper consists of four sections. The first section provides basic information about
almost paracontact metric manifolds. The second section introduces basic definitions and properties of
(k, p)-paracontact metric manifolds and semiconformal curvature tensors. The third section obtains
the results when a (k, p)-paracontact metric manifold is semiconformally semisymmetric. The fourth
section investigates the condition for a (k, p)-paracontact metric manifold to be semiconformally Ricci
semisymmetric and characterizes the manifold according to the obtained results. The last section

concludes the paper.
2. Preliminaries

This section presents some notions to be needed in the following sections.

Definition 2.1. [4] A paracontact metric manifold is said to be a (k, u)-paracontact manifold if the
curvature tensor R satisfies the following conditions

R(e1, 02)§ = r(n(e2)er —n(e1)e2) + pu(n(e2)her — n(e1)he2) (2.1)
for all 01,00 € x(M) and x and u are real constants.

Here, if p = 0, then the (k, u)-paracontact metric manifold is called N (x)-paracontact metric manifold.
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In a (k, uu)-paracontact metric manifold (M?"*+1 ¢, €., g) such that n > 1, the following relations hold:
W’ = (k+1)¢?
(Vor0)o2 = —g(o1 — ho1, 02)€ +n(02)(01 — hor)

for k# —1.

S(e1;02) = (2(1 = n) +wvp)g(er, 02) + (2(n = 1) + p)g(her, 02) + (2(n — 1) + n(2k — p))n(e1)n(e2)

S(01,€) = 2nkn(o1) (2.2)
Qo1 = (2(1 —n) +np)or + (2(n — 1) + phor + (2(n — 1) +n(2k — p))n(01)§
o€ = 2nkg

and
Qe —¢Q =2(2(n — 1) + p)ho

In 2017, Kim [8] defined a curvature tensor of (1,3)—type that remains invariant under conharmonic
transformation, called semiconformal curvature tensor, and obtained some results. The semiconformal
curvature tensor is a generalization of the conformal curvature tensor and the conharmonic curvature
tensor. Recently, many conditions of the semiconformal curvature tensor have been studied by many
researchers [8-20]. The semiconformal curvature tensor P of (1,3)—type on a Riemann manifold
(M?"*1 g), n > 1, is as follows:

P(o1,02)03 = —(n —2)bC (01, 02)03 + (a + (n — 2)b)H (01, 02)03 (2.3)

where a and b are constants and not simultaneously zero, C'(o1, 02)03 denotes the conformal curvature
tensor of (1,3)—type, and H(p1, 02)0s denotes the conharmonic curvature tensor of (1,3)—type. The
conformal curvature tensor of (1,3)—type and the conharmonic curvature tensor of (1,3)—type are
given as:
Clo1,02)03 = R(o01,02)03 — —5(S(02, 03)01 — S(01, 03)02 + g(02, 03)Qo01 — g(01, 03)Q02) (
2.4)
+m(9(92, 03)01 — 9(01, 03)02)

and

1
H(o1, 02)03 = Rlo1, 02)03 — ———(5(02, 03)e1 — S(e1, 03)02 + 9(02, 03)Q01 — g(o1, 03)Q02)  (2.5)

where 7 is scalar curvature, R is Riemann curvature tensor of (1,3)—type of the manifold M?"*1 and
S is the Ricci tensor of the manifold, given by ¢(Qo1, 02) = S(01, 02), where @ is the Ricci operator.
Here, if (2.5) and (2.4) are used in (2.3), then (2.3) is reduced to the following form:

br
P(o1, 02)es = aH (e1, 02)03 — — (g(e2, 03)01 — (o1, 3) 02) (2.6)

Putting Z = £ and using (1.1), (2.1), and (2.2),

H(or, 00) = (=202 (5(00) 01 — ml01)02) + (252652 (n(o2)her — n(ea)hes) — (27)

Put g2 = ¢ in (2.7),

H(o1,02)¢ = <_(Fu i ;ZL__Z(M - 2)> (01 —n(e1)§) + <(2M ;j)_(nl_ 1)) ho (2.8)
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Moreover, putting o1 = & in (2.5),
2n —npu —4
H(E e)es = (750 ) oo 096~ nlen)e) —
2n —1
Putting g1 = ¢ in (2.6) and using (2.9),

P(¢, 00)03 = (L5244 — 1) (g(02, 03)€ — n(e3)02) — (2241 (g(hes, 03)€ — n(03)ho2) (2.10)

Similarly, choosing g3 = £ in (2.6) and (2.8),

P(o1, 02)€ = (D=2 B (305) 01 — m(01)02) + (225241 ) ((02)hor — n(or)hea)2.11)

2(n—1)(p—1)
2n—1

) alhes,ex)é — nlex)hen) (29)

3. Semiconformally Semisymmetric (x, p)-paracontact Metric Manifold

This section introduces a semiconformally semisymmetric (k, )-paracontact metric manifold.

Definition 3.1. A (k, u)-paracontact metric manifold M?"*! is said to be semiconformally semisym-
metric if the semiconformal curvature tensor satisfies the condition

R(01,02)P =0
for all vector fields p; and g9 on M.

Theorem 3.2. Let M be a (2n 4+ 1)—dimensional (x, u)-paracontact metric manifold. Then, M is
semiconformally semisymmetric if and only if at least one of the following statements is true:

i. M is a (k, 1)-paracontact metric manifold.

74. The semiconformal curvature tensor P of M reduces to the form
—br
2n —1

P(o1,02)03 = (g(02, 03)01 — g(o1, 03)02)

for all o1, 02, 03 € x(M).
iii. (k+1)(k — p(k+1)h? + (u— Kk)h = 0.

PROOF. Assume that the (2n+1)—dimensional (k, u)-paracontact metric manifold M is semiconformally
semisymmetric. Then, for all g1, 02, 03, 04, 05 € xX(M),

(R(o1,02)P) (04, 05, 03) = R(01,02)P (04, 05)03 — P(R(01, 02) 04, 05) 03 — P(04, R(01, 02)05)03

—P(04, 05)R(01, 02) 03
=0

Choosing g3 = ¢ in (3.1),
R(01,02)P(04,05)§ — P(R(01, 02)04, 05)§ — P04, R(01,02)05)§ — P(04,05)R(01,02)§ =0 (3.2)
Using (2.1) and (2.11) in (3.2),
0 = An(es)R(01, 02)04 — An(0a) R(01, 02)05 + Bn(es) R(01, 02)hos
—Bn(e4)R(01, 02)hos — An(os)R(01, 02) 04 + An(R(o1, 02)04)05
—Bn(o05)hR(o1, 02)04 + Bn(R(o1, 02)04)hos — An(R(o1, 02)05)04
+An(e4) R(e1, 02)05 — Bn(R(01, 02)05)hos + Bn(oa)hR(01, 02)05
—rn(02)P(04, 05)01 + Kn(01) P (04, 05)02 — 1n(02) P04, 05)ho1
+un(o1)P (04, 05)ho2
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where
A:—a(ﬁ+2)—an(u—2)7bl and B:2a(n—1)(,u—1)
2n —1 2n 2n—1

Thus,
0 = Bn(os)R(o1, 02)hos — Bn(oa)R(01, 02)hos + An(R(o1, 02)04) 05

—Bn(os)hR(o1, 02)04 + Bn(R(01, 02)04)hos — An(R (o1, 02)05)04

(3.3)
—Bn(R(01,02)05)hos + Bn(ea)hR(01, 02)05 — kn(02) P (04, 05)01
+rn(01)P(04, 05) 02 — pn(02) P (04, 05)ho1r + pn(o1) P (04, 05)ho2
Putting Y = U = ¢ in (3.3) and using (1.1), (1.2), (2.1), (2.10), and (2.11),
0 = Brg(o1, 05)¢ — Brn(os)o1 + Bg(hot, 05) — Bun(os)hor — An(o1)os + Brn(o1)hos (3.4

—Bn(o1)hos + Akn(o1)0s — Brg(hos, 01)§ + Brn(o1)hos + Brn(o1)hos — pBg(hos, ho1)&
In (3.4), taking inner product with £ € x(M),

B (k (g(01, 05) — n(os)n(o1) — g(hes, 01)) + 1 (g(ho1, 05) — g(hos, ho1))) = 0 (3.5)

This equation is satisfied for the following three cases:

i, B =200 — 0 and k (g(o1, 05) — nes)n(e1) — g(hos, 01)) + i (g(hor, 05) — g(hos, ho1)) # 0

ii. B =22 D0l o0 and k (g(o1, 05) — 1(0s)n(01) — glhos, 01)) + 1 (g(hor, 05) — g(hos, hor)) =0

i, B = 2200 — g and « (g(o1, 05) — 1(0s)n(e1) — g(hos, 01)) + 1 (g(hot, 05) — g(hos, ho1)) = 0

Here, if B = % =0, then p =1 and M is reduced to a (x, 1) manifold. If a = 0, then from
(2.6)

br
2n —1

P(Xo01,02)03 = — (g(02, 03)01 — g(01, 03)02)

Finally, from (3.5),

r(g(o1, 05) —n(es)n(o1) — g(hos, 01)) + p(g(hor, 05) — g(hes, ho1)) =0
Since h is symmetric, then

k(g(01, 05) — n(es)n(er) — g(hos, 01)) + (g(her, 05) — g(h*0s, 01)) = 0 (3.6)
Using (1.1) in (3.6),

k(g(po1, pos) — g(hot, 05)) + u(g(hot, 05) — (K + 1)g(¢°01, 05)) = 0

and thus
i (—9(6%01, 05) — g(hor, 05)) + 1 (9(hor, 05) = (1 + 1)g(¢%01, 05)) = 0 (3.7)
From (3.7),
9(¢% 01, 05)[—k — p(r + 1)) + g(her, 05) (1 — k) = 0
and thus
(5 +1)(—k — p(k + 1))g(hor, hos) + (u — k)g(her, 05) = 0
Therefore,

(k+ 1) (=K — (s + 1A%+ (u — K)h =0
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Moreover, if the trace of (3.6) is considered,
2nk — ptrh? = 2nk — (k + Dpd? = 2nk — 2n(k + D =0
It means that
k—(k+1)p=0

If K+ 1 =0 then k = 0. However, this contradicts K + 1 = 0. So k + 1 can never vanish (zero). Hence,

Here, u = 0 if and only if K = 0. In this case, R(X,Y)¢ = 0. Using Zamkovoy classification, M is
H?" x R.

4. Semiconformally Ricci Semisymmetric (x, u)-Paracontact Metric Manifold

This section defines a semiconformally Ricci semisymmetric (k, p1)-paracontact metric manifold.

Definition 4.1. A (k, u)-paracontact metric manifold M?"*! is said to be semiconformally Ricci

semisymmetric if the semiconformal curvature tensor satisfies the condition
P(o1,02)S =0
for all vector fields p; and g3 on M.

Definition 4.2. A (k, u)-paracontact metric manifold M2?"*! is said to be n—Einstein manifold if its
Ricci tensor S satisfies the condition

S(o1,02) = ag(e1, 02) + An(e1)n(o2)

for all vector fields p; and g2 and some real constants o and 3. For 5 = 0, it reduces to an Einstein

manifold.

Theorem 4.3. Let M be a (2n + 1)—dimensional (k, pu)-paracontact metric manifold. Then, M is
semiconformally semisymmetric if and only if M is an Einstein manifold.

PROOF. Suppose that M is a (2n + 1)—dimensional (k, u)-paracontact metric manifold that is semi-
conformally semisymmetric. Then, for all o1, 02, 03, 04 € x(M),

P(o1,02)5(03,04) =0 (4.1)
From (4.1),
S(P(e1, 02)03, 04) + S(e3, P01, 02)04) = 0 (4.2)
Choosing o1 = o3 = € in (4.2),
S(P(S; 02)8, 04) + 2nrn(P (¢, 02)04) = 0 (4.3)

Using (2.10) and (2.11) in (4.3),
0= (% — %) 1(02)S(&, 04) — (% — %}) S(02, 04) + (%) S(ho, 04)

+ (4=t — 2 2nrg 02, 04) — (U2 B ) 2 (02)n(0s) — (224N 2nkg(hos, 04)
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which implies

0= (P2 = ) Sloz0a) — (U5 — 5 2nmg(on, 01) + (PG S(hes. 04)

- (4.4)
_ (%) 2nkg(hY 02, 04)
Choosing Y = hY in (4.4),
0= (42t — 1) S(her,01) - (“Z2=2 — &) 2nm(hen. ) (45)

+ (2R (154 1)S (02, 04) — (205U (1 4+ 1) (5 + 1)20k9(02, 04)
From (4.4) and (4.5),

S(02, 04) = 2nkg(02, 04)

This shows that a (k, u)-paracontact metric manifold with (2n + 1)-dimensional semiconformally Ricci

semisymmetric is an Einstein manifold. [J
5. Conclusion

This paper obtained significant and manifold-characterizing results for the semiconformally semisymme-
try case of a (k, p)-paracontact metric manifold. First, it can be observed that the (k, u)-paracontact
metric manifold reduces to a more special case of the (k,1)— paracontact metric manifold. Another
result of the theorem is that the semiconformal curvature tensor on the manifold is reduced to the

following form:

br
P(o1,02)03 = —%[9(927 03)o1 — g(o1, 03)02]
When this case is considered, if
br
P(o1,02)03 = —%[9(027 03)01 — g(01, 03)02]

then the manifold is said to be reduced to the real space form with constant section curvature. However,
there is no classification expressed in the literature regarding the condition obtained. It is an open
problem whether a classification, such as semiconformal real space form, can be made by examining

this situation. In addition, as another result of the theorem, the following relation is obtained:
(k + 1) (=K — (s + 1A%+ (u — K)h =0

A second open problem is to determine to which special case of a (k, u)-paracontact metric manifold
this relation reduces.
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