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Infinity; is a concept that appears in fields such as art, literature, philosophy,
mathematics, etc., and is difficult to understand and define. The concept of infinity,
which began to be interpreted with the question "What is the essence of existence?"
that mythology could not answer, first appeared in philosophy before mathematics.
The first thinker to interpret the concept of infinity in Ancient Greece was
Anaximander of Miletus (610-546 BC). According to Anaximander, the essence, end,
and limit of all things is an entity that is boundless: "aperion" (Cevik, 2019). The
Greek word "peras" is translated as "end or bounded," while "apeiron," with the
negative prefix "a-," carries the meanings of "unbounded or infinite." Although
Anaximander identified the apeiron with goodness, beauty, and perfection,
Pythagoras (570-495 BC) and the Pythagorean school characterized the apeiron as
evil, ugly, and incomprehensible, showing no interest in the concept of infinity.
Thanks to the various paradoxes proposed by the ancient Greek philosopher Zeno of
Elea (490-430 BC), the concept of infinity gained interest and began to be
contemplated. As expressed by Dubinsky, Weller, McDonald & Brown (2005), the
first classification put forth to analyze the structure of infinity is known as the
distinction between potential infinity and actual infinity by Aristotle (384-322 BC).
According to him, processes that always continue and correspond to a finite value at
any point are potentially infinite. True infinity, on the other hand, is the construction
of a single and whole structure in the individual's mind that encompasses the potential
process. Infinity is a dynamic process in the "potential” sense, while in the "real"
sense, it is a static object. Aristotle believed that the human brain could only
comprehend infinity as "potential” and rejected the idea of "actual" infinity by stating
that infinity within a whole cannot be perceived (as cited in Pala and Narli, 2018a).

For centuries, the concept of infinity, which was avoided to steer clear of its
contradictions, began to be widely used in the 17th and 18th centuries with the
introduction of the concepts of "infinitesimal” and "infinite" as tools of mathematical
analysis (Karagay, 2014). In the early 19th century, the first person to approach the
formal definition of infinite sets by dealing with the paradoxes of infinity was Bernard
Bolzano (1781-1848) (Mancosu, 2016). Bolzano defined the finite-infinite set as
follows: Let's create a sequence of subsets from a non-empty set A. Each subset in the
sequence should contain the previous subset and have one more element than the
previous subset. If this sequence of subsets terminates, meaning it has one more
element than the previous subset but there is no subsequent set that contains it, then
set A is finite. If this sequence of subsets does not terminate, set A is infinite (Bolzano,
1950). Dedekind obtained a precise definition of infinite sets for the first time: "A set
is infinite if it has at least one proper subset that is equivalent to itself." Sets that have
no subset equal to themselves are finite." (Ferreiros, 2016).

With Georg Cantor's (1845-1918) significant contributions to the development
of set theory, the mathematical meaning of "infinity" has been understood (Nesin,
2019). Cantor introduced the concept of cardinality in set theory. If a suitable one-
to-one correspondence can be shown between the elements of two sets, those two sets
are said to be equinumerous. Cantor, who developed the ideas of Bolzano and
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Dedekind, provided the formal definition of an infinite set. Let A be a set. If a one-
to-one and onto (bijective) function can be defined for any proper subset of the set A,
then the set A is called an infinite set. Cantor, with this definition, demonstrated that
a part (subset) can be equinumerous to the whole (the set itself). The idea that a part
can be equinumerous to the whole has caused a significant stir in the mathematical
world.

The Concept of Infinity and Some Research on Infinite Sets

In the literature, studies conducted to determine the perceptions, intuitions,
comprehension, mental processes and cognitive levels of students of various age
groups and mathematics teachers about the concept of infinity (Jirotkova & Littler
2004; Singer & Voica, 2008; Asik, 2010; Celik & Aksan, 2013; Bozkus, Ucar, &
Cetin, 2015; Date-Huxtable, Cavanagh, Coady, & Easey, 2018) as well as potential
and actual infinity, comparison and equivalence of infinite sets, proofs about the
equivalence of infinite sets; Isleyen, 2016; Date-Huxtable, Cavanagh, Coady, &
Easey, 2018) as well as studies on potential and actual infinity, comparison and
equivalence of infinite sets, and proof approaches related to equivalence of infinite
sets (Tirosh & Tsamir, 1996; Tsamir 1999; Giliven & Karatas, 2004; Aztekin 2008;
Pala & Narli, 2008b). There are also many studies on the topics related to the concept
of infinity such as indefiniteness and indeterminacy, formal definition of infinite set,
countable and uncountable infinite sets, infinitely large and infinitely small, limits and
SO on.

When examining the mathematics education literature, there are various studies
focusing on candidates' understanding of the concept of infinity and the difficulties
they experience. Asik (2010) found that the vast majority of candidates treated the
infinity symbol as a number (object), while Celik and Aksan (2013) found that
candidates based their explanations of the concept of infinity predominantly on the
concepts of “endless” and “boundless.” Mamolo and Zazkis (2008) state that
candidates perceive infinity as an ongoing process rather than a completed one and
experience difficulties with the concept of infinitely small. In their research, Kolar
and Cadez (2012) asked candidates the question, “What is the greatest number?” and
received the answers, “There is no such number; there can always be a larger number
after any number.” and “There is no greatest number because there are an infinite
number of numbers.” Furthermore, it was found that the idea that infinity could exist
in a limited area or be related to very small quantities was contrary to the participants'
intuitions. Oflaz and Polat (2022) found in their study that students' primary intuitions,
acquired through their daily life experiences, did not significantly change their
perception of infinity, despite their undergraduate education.

Research on infinite sets conducted with candidates is also included in the
literature. Dogan and Unan (2011) stated that 17% of candidates did not know the
difference between an infinite set and a countable infinite set. They found that 40%
of candidates were unable to comment when determining the number of elements in
infinite sets. Narli and Bager (2008) found a low success rate in the test they
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administered to determine the readiness of first-year mathematics teacher candidates
regarding the concepts of relations, functions, and sets. Pala (2016) reported that
candidates frequently used an intuitive approach to determine the equivalence of
infinite sets; in other words, they reached conclusions by producing informal
approaches rather than formal mathematical approaches. In Aztekin's (2008) research,
it was observed that doctoral students' understanding shifted from potential infinity to
actual infinity when they encountered different understandings of infinity in set theory
courses. However, in teaching the concept of limits, it is suggested that different
conceptions of infinity, such as those in Cantor's set theory, can be used to reduce
students' misconceptions about the concept of dynamic limits.

Problem Status

In this study, the formal definitions and explanations of the topics related to
infinite sets, namely the lowest/greatest element, lower/upper bound, and bounded set,
are as follows:

Let A be a set and weA. For every a€A, if w<a holds, then the element w of A
is called the lowest element of the set A. Similarly, let A be a set and u€eA. For every
a€A, if a<u holds, then the element u of A is called the greatest element of the set A.
For example, for the set A = [-3,5), the definition of the lowest element is satisfied,
and w = -3 € A is the lowest element of the set A. The set A has no greatest element.
All elements of the set A are less than 5, but 5 is not an element of the set A.

Let X be a set and A be a subset of X. If an element weX is less than or equal to
every element of A, then w is said to be a lower bound of the set A. If an element ueX
is greater than or equal to every element of A, then u is said to be an upper bound of
the set A. If a set has both a lower and upper bound, it is called a bounded set"
(Karacay, 2014). In other cases, the set is called unbounded. As seen in the definitions,
the lower bound w and upper bound u are elements of the set X. However, as can be
understood from the phrase “less than/greater than or equal to” in the definitions, u
and/or w, which are the lower and/or upper bounds of the set A, may or may not be
elements of the set A. For example, while 5, one of the upper bounds of the set
A=(—3,5], which is a subset of the real numbers, is an element of the set A, -3, one of
the lower bounds, is not an element of the set A. At the same time, since set A is
bounded both from below and above, it is a bounded set. Similarly, if we consider the
set B = (-,5], which is also a subset of the real numbers, one of its upper bounds is
5, but it has no lower bound, so set B is an unbounded set.

If a set has a lowest element, it is one of the lower bounds of that set. Similarly,
if a set has a greatest element, it is one of the upper bounds of that set. However, the
converse is not true. That is, the lower bound may not be the lowest element of the
set, and the upper bound may not be the greatest element of the set. For example, the
set A= {a € R |a € (—3,5]} has no lowest element, but one of its lower bounds is
—3. The greatest element of set A is 5, and 5 is also one of the upper bounds of the
set. Set A is bounded and has an infinite number of elements.
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The concept of infinity is fundamental to many topics in elementary and middle
school, such as natural numbers, integers, rational numbers, irrational numbers, real
numbers, number intervals, solution sets of inequalities, line segments, rays, lines,
planes, etc. and in high school, it forms the basis of many topics such as functions,
sequences, limits, derivatives, series, integrals, convergence, etc., and plays an
important role in the structuring of the aforementioned topics. The developmental
process of the concept of infinity in children begins at a very early age, and since there
is no intervention in the curriculum to support a conceptual change until the end of
secondary education, students who reach university level have no cognitive
preparation to internalize the concept of infinity. On the other hand, even in the
abstract mathematics course offered for only one semester in most mathematics
education undergraduate programs, topics such as the formal definition of
mathematical infinity, comparison of infinite number sets, and properties of infinite
sets are not covered. Therefore, the inadequacy of the teaching process and vague
intuitions about infinity can lead to certain obstacles and misconceptions in learning
the concept (Waldegg, 1996). Along with the epistemological difficulties arising from
the abstract nature of the concept, topics related to the concept of infinity remain a
difficult concept to understand not only for students but also for teachers. The concept
of infinity is shaped in students with almost no teacher intervention. If there is any
intervention, the intuitive approaches made by teachers due to their incomplete and
unstructured knowledge of the concept of infinity result in the development of
misconceptions about infinity and, beyond that, conceptual misconceptions. There are
studies in the mathematics education literature that have identified some
misconceptions related to this topic in different age groups.

Bolzano (1950) did not accept the definition “Infinite is without end”. He thinks
that incorrect expressions arise here because “end” is sometimes used as equivalent
to “limit”. For example, the space between two parallel lines in a plane is bounded by
these lines, but it is still infinite. Fischbein (1979) found that students' intuitive
conceptions of limiting processes tended to focus on the infinity of the process rather
than the finite value of the limit. Singer and Voica (2004) reported that when asked
the lowest fraction between 2 and 5, a 14-year-old student answered ‘“2.0000..1 (too
many zeros and ones after 2)”, and when asked if he could name a smaller fraction
than this, he said “yes, there is, but I can't, there are infinitely many numbers like this”.
In their study, Belmonte and Sierra (2011) found that one of the intuitive models that
students between the ages of 11-19 have on infinity-related concepts is the bounded -
finite / unbounded - infinite model. This model is a product of the relationship between
the definition of a finite or infinite set and the cardinality of the set. The absence of
boundary in infinite sets of numbers leads to some expressions in the framework of
potential infinity: For example, the set [0, o) has more elements than the set [0, 1]
because it is infinite... Therefore, they found that examples of infinite number sets
represented by line segments or set intervals would have a definite effect on the
expression of the subject. Bozkus et al. (2015) concluded in their study with middle
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school students that they think that a finite number of fractions can be written because
the interval [0,1] is bounded.

In everyday language, the terms “finite” and “infinite” are often used
interchangeably. This leads to common misconceptions such as assuming that a finite
set is a limited set and an infinite set is an unlimited set. It cannot be generalized that
an infinite set is necessarily bounded. Similarly since students often fail to correctly
distinguish between the lowest bound (lowest element) and upper bound (greatest
element) in infinite number sets, it is possible to encounter incorrect generalizations
such as “if an infinite set has no lowest (greatest) element, then it also has no lower
(upper) bound.” Within the framework of these problems encountered in dialogues
with undergraduate students in the classroom, the literature was reviewed, and it was
found that there was no study conducted with candidates on the relationship between
infinity and boundedness. Motivated by this, the focus was placed on the finiteness of
infinite sets, which is an extension of the candidates' understanding of the concept of
infinity, and the aim was to reveal the candidates' approaches to the relationship
between infinity and boundedness, their misconceptions, and the difficulties they
experience. In line with this objective, the research problem was defined as “What are
pre-service mathematics teachers' understandings of the boundedness of infinite
sets?”

This study, which examines the relationship between infinite sets and finiteness,
aims to identify the types of difficulties students experience in their mathematical
thinking and to uncover conceptual misconceptions by examining their understanding.
The findings obtained are expected to be beneficial in preventing the informal
learning-based development of infinity and to serve purposes such as increasing
students' awareness of the field, creating meaningful learning outcomes, and ensuring
that teachers are well-equipped to teach infinity. Furthermore, it is anticipated that the
research findings will inform teaching staff who conduct analysis and abstract
mathematics courses at the university about the difficulties that may be encountered
in teaching infinite sets and related concepts, thereby helping them take the necessary
precautions. Since infinity is not directly addressed at the undergraduate level, it is
considered that encouraging candidates to think about this topic and conducting
studies that reveal their understanding will contribute to the field.

Method

In this study, case study design, one of the qualitative research methods, was
used. Based on “How” and “Why” questions, case study is a method of obtaining in-
depth information about a current event over which the researcher has little or no
control (Yin, 2009). Since the pre-service teachers' conceptions about the
boundedness of infinite sets will be examined in detail, the case study method was
preferred.
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Participants

This study was conducted in the 1st semester of the 2023-2024 academic year
with 51 pre-service teachers studying in the 3rd grade of Elementary Mathematics
Teacher Education at a state university in Ankara. Criterion sampling, one of the
purposeful sampling methods, was preferred when determining the study group
(Patton, 2005). The study group was selected among the pre-service teachers who
successfully completed “Analysis 1”7, “Analysis II” and “Abstract Mathematics”
courses. The mentioned courses were used as a criterion to ensure participants had
prior knowledge of the study topic.

Data Collection Tools

During the data collection phase, five questions were selected from an open-
ended questionnaire designed to determine prospective teachers' prior knowledge of
the concept of infinity as part of a doctoral thesis research project. This questionnaire
was finalized after consulting with three experts in the field. The five questions used
in the study are listed below:

1) Does an infinite number set have the lowest element? Give an example.

2) Is there a maximum element of an infinite set of numbers? Give an example.
3) Can an infinite set of numbers be bounded below? Explain with examples.
4) Can an infinite set of numbers be bounded above? Explain with examples.

5) Can an infinite set of numbers be bounded both above and below? Explain
with examples.

The responses given by candidates to the open-ended questions prepared were
evaluated by the researcher and the supervising faculty member. In addition, semi-
structured interviews lasting approximately 20 minutes were conducted with 12
candidates selected on a voluntary basis in order to examine the reasons behind their
responses in more detail. Individual interview questions were prepared based on the
answer sheets for candidates who provided incorrect or incomplete answers to the
open-ended questions. The interviews were audio recorded. These candidates were
coded as OA1, OA2, ..., OA12 in the dialogues.

Ethical Committee Approval

The planning and implementation of this research were approved by the Ethics
Committee of the Senate of Hacettepe University with the decision dated 21.03.2023
and numbered E-35853172-399-00002757048.

Data Analysis

Content analysis technique was used in the analysis of data. Content analysis
involves coding, categorizing (creating meaningful categories where words, phrases,
sentences, etc. can be placed), comparing (establishing connections between
categories), and drawing conclusions (Cohen, Manion, & Morrison, 2000). Following
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the administration of an open-ended questionnaire to 51 teacher candidates, their
responses were subjected to content analysis. The categories obtained as a result of
the analysis are presented in tables along with frequency and percentage values for
each category, along with example explanations. Additionally, some tables include
subcategories that provide more detailed explanations. Some of the examples
provided in writing by candidates when discussing categories are listed below.

Audio recordings obtained from semi-structured interviews were transcribed and
analyzed. The analysis consisted of interpreting the responses obtained from semi-
structured interviews, which required detailed information about the participant’s
incorrect or incomplete answers, and reporting any changes in their opinions.
Candidates were asked to provide examples for all five questions. Candidates who did
not provide examples were asked to provide examples during the interviews. The
changing ideas of candidates did not affect the categorization in the interviews. The
categories were created based on the candidate's written response.

Validity and Reliability

In qualitative research, reporting the collected data in detail and explaining how
the researcher reached the results in detail is considered an important criterion of
validity and reliability (Cohen et al., 2000). Since this research was conducted by two
researchers working together, the similarities and differences of the categories
obtained as a result of the analysis process were compared by the researchers and the
most appropriate classification was decided. When in-depth descriptions are made in
the transfer of findings, the results become more realistic and enriched, and this
process increases the validity of the findings (Creswell, 2017). In this study, semi-
structured interviews were conducted to deepen the responses of candidates. Miles
and Huberman (1994) state that for good reliability, the similarity rate formed by
comparing the codes made by the researchers should be at least 80%. In this study,
the codes created by two researchers who performed the coding process separately
were compared and the similarity rate was found to be 92%. This level of consistency
is considered sufficient for the reliability of the study.

Results

This section presents the findings obtained from the open-ended questionnaire
and semi-structured interviews. The findings obtained for each question asked about
number sets are presented below under five separate subheadings. In the
questionnaire, candidates were asked to answer five questions about infinite number
sets and to explain their answers with examples. Categories were created based on the
answers given to the questions. When the explanations given by the candidates were
examined, it was observed that some did not provide any explanation, some supported
their answers with examples, and some attempted to justify their answers with very
short statements (instead of giving examples from number sets). Due to these
differences in the explanations of the answers, the differences were classified in the
“Example Explanations” section corresponding to some categories in the tables
created for each question, and “Group Explanations” were created.
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Findings on the Lowest Element of the Infinite Number Set

The participants' answers to the question “Does the infinite set of numbers have
the lowest element? Give an example.” are presented in Table 1.

Table 1
Categories and Explanations Related to the First Question

Categories Example Explanations Group n %
Explanations

It has the lowest The lowest element in the set

element of natural numbers is 0.
- 8 16%
The lowest element in the set
of positive integers is 1.
It has no lowest No 11 21,5%
element explanation
Set of integers Explanation 5 10%
with
Set of real numbers examples
Negative integers
It cannot be limited by Explanation 11 21,5%
boundaries. with reasoned
. statements
It has no beginning.
It has infinite elements.
It does not exist because it is
infinite.
Even the lowest element goes
to infinity; it has no end.
Some infinite sets ~ While there is a set of natural Explanation 12 23%
of numbers have a numbers, there is no set of with
lowest element. integers. examples
If it is bounded from below, Explanation 4 8%
it exists. with reasoned
statements
Total - - 51 100%

As shown in Table 1, candidates in the “It has the lowest element” category
provided examples that were consistent with their answers. OA5 in the “It has the
lowest element” category supported his/her answer with an example from the set of
positive integers. The following is an excerpt from the interview with OAS, in
response to a question asked using an example that does not have the lowest element:
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Researcher: What is the lowest element of the infinite set [2,3]?
0A5: Itis 2.

Researcher: What is the lowest element of the infinite set (2,3)?
0AS5: | cannot determine it in this set.

OA5 determines the lowest element of a number set given as a closed interval,
but cannot give the answer “there is no lowest element” for a number set given as an
open interval.

All candidates in the “there is a lowest element” category and a group of
candidates in the “there is no lowest element” category provided examples appropriate
to their answers. Some of the examples given for the categories “there is a lowest
element” and “there is no lowest element” are as follows: “Positive integers have a
lowest element, which is 1 (one)”, “Integers do not have a lowest element”.
Considering the answers given, it was observed that candidates generalized based on
only one example of an infinite set with or without the lowest element and concluded
that “there is” or “there is not.”

Below is an excerpt from an interview with OA9, who answered “There is no
lowest element” for the infinite set of numbers, without providing any explanation:

Researcher: Why is there no lowest element of an infinite set of numbers?

0A9: We don't know how far the elements are, | can say that if - o is an element,
it exists.

Researcher: Can you reconsider your answer for the infinite set Z+?

0A9: Yes, it has the lowest element +1... | get it now, when we say infinite set, |
thought of two-sided infinite sets like R, Z, in the form of (-o0, +0).

In an interview with OA9, who answered “no” to the question “Does the infinite
set have a lowest element?”, the phrase “two-sided infinite set” stands out in his
explanation, “When we say infinite set, what comes to my mind are two-sided infinite
sets such as R and Z.”

As seen in Table 1, candidates' ideas that an infinite set “has no beginning,” “has
infinite elements,” and “cannot be limited by a boundary” led them to interpret that
the set has no lowest element. The following is a quote from an interview with a
candidate who stated, “It is impossible to limit it with a boundary, so it has no lowest
element.”A candidate who commented, "It is not possible to restrict with a limit,
therefore there is no lowest element,"” is quoted below:

Researcher: When you say bound, should I understand the lower bound?

0A4: Yes, | meant the lower bound.
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Researcher: What is the difference between a lower bound and the lowest
element?

0A4: The lower boundary is the lower boundary that will be valid beyond that
boundary in a set, | can choose the lower boundary from the set, but the lowest element
must be an element of the set and it is the lowest of all elements.

Researcher: Can you explain with an example?

0A4: For example, the set of natural numbers is an infinite set and 0 is the lowest
element.

Researcher: Does the set of natural numbers have a lower bound?

0A4: Yes, I can represent the set of natural numbers as [0,00) and 0 is the lower
bound.

Researcher: What do you think about the lowest element and lower bound for
A=(1,5],A cR?

0A4: Since 1 is not included in the set, its lowest element is 2 and its lower
bound is 1.

It is understood from OA4's explanations that she knows the difference between
the concepts of lower bound and lowest element. However, it is seen that he did not
pay attention to the fact that the set A, for which he chose the lowest element 2, was
given as a subset of real numbers.

Finally, candidates in the category “Some infinite sets have a lowest element”
explained their answers as “if it is bounded from below, the infinite set has a lowest
element.” However, there are also infinite sets that are bounded from below but do
not have a lowest element. Since this situation was addressed in the dialogue
mentioned above under OA4, no example of an interview excerpt has been included.

Findings on the Greatest Element of the Infinite Number Set

The participants' answers to the question “Does the infinite set of numbers have
the greatest element? Give an example.” are presented in Table 2.
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Table 2
Categories and Explanations Related to the Second Question
Categories Example Explanations Group n %
Explanations
It has the greatest The 5 elements in the range
element [2.5]
- 5 10%
The set of negative integers is
-1
It has no greatest No 13 25%
element explanation
Set of positive integers Explanation 9 18%
with
Real numbers examples
We cannot know its end. We Explanation 10 20%
cannot determine it. with reasoned
R . statements
It has infinite multitude.
Since its beginning and end are
unknown, it does not exist.
Some infinite sets There is a element 0 in the Explanation 10 19%
of numbers have a interval [-0,0], but there is no with
greatest element. element in the interval [4,00]. examples
There are negative integers, but
there are no natural numbers.
If it is bounded from above, it Explanation 4 8%
exists. with reasoned
statements
Total - - 51 100%

According to Table 2, candidates in the “There is a greatest element” category
provided examples that were consistent with their answers.

Some of the examples given in the categories of “has the greatest element” or
“does not have the greatest element” are as follows: “The infinite set [2,5] has the
greatest element, which is 5 (five)”, “Positive integers do not have the greatest
element”. Considering the answers given, it was observed that candidates generalized
based on only one example of an infinite set that has or does not have the greatest
element and concluded that “there is” or “there is not.”

The following is an excerpt from an interview with OA8, who answered “there
is no greatest element” but did not support his answer with an example.
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Researcher: What is the greatest element for negative integers?

0A48: It ends at -1, yes, it has the greatest element.

Researcher: What is the greatest element of the infinite number set [2,3] c Q?
048: Itis 3.

During the OAS interview, it was understood that there may also be sets that do
not have the lowest element.

As seen in Table 2 in the “no greatest element” category, candidates' thoughts
such as “infinite multitude,” “we cannot know the end,” “the beginning and end are
unknown,” etc. led them to interpret that an infinite set has no greatest element. The
following is an excerpt from the interview with OA2, who answered, “Since the
beginning and end are unknown, an infinite set does not have the greatest element.”

Researcher: Is there a greatest element of the set Z~?

0A42: Umm... Yes, there is, it is -1. | thought of it as a finite set if it has a definite
beginning and end, and as an infinite set if it is indefinite.

In this interview conducted with OA2, the statement “I thought of it as a finite
set if it has a definite beginning and end” is quite striking. Similar statements are also
seen in the dialogues that will be presented later, which are based on infinite sets that
are bounded from both below and above.

Some of the candidates in the category “Some infinite sets have the greatest
element” were able to give examples appropriate to the category. These candidates,
who gave examples of infinite sets with and without the greatest element, appear to
have a correct understanding of the greatest element of infinite sets. On the other hand,
there are also candidates in the same category who, instead of giving examples,
explain their answers as “if it is bounded from above, the infinite set has the greatest
element.” It is seen that the candidates in this group do not have an understanding that
there can also be infinite sets that are bounded from above and do not have the greatest
element.

The percentage of those who think “there is no greatest element” in Table 2 is
10% higher than those who think “there is no lowest element” in Table 1. However,
the difference between the percentage of the “there is a greatest element” category in
Table 2 (10%) and the percentage of the “there is no greatest element” category (63%)
is quite large. Considering these comparisons, it can be said that the dominant belief
among candidates is that the infinite number of elements in a set cannot continuously
increase to reach a specific number, and that the number reached cannot be included
in the set.

Findings on the Lower Boundedness of the Infinite Number Set

The participants' answers to the question “Can an infinite set of humbers be
bounded from below? Explain with examples.” are presented in Table 3.
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Table 3
Categories and Explanations Related to the Third Question
Categories Example Explanations Group n %
Explanation
May be bounded Positive integers are bounded
from the below below by 1.
- 45 88%
[2,0) has a lower bound of 2.
It cannot be - No 1 2%
bounded from explanation
below
The negative part of the set of Explanation 1 2%
integers goes on to infinity. with
examples
The set of infinite numbers has Explanation 2 4%
no boundaries. with reasoned
e statements
No, because it is infinite.
Those who do not While there is a set of natural Explanation 2 4%
answer the numbers, there is no set of with
question integers. examples
Total - - 51 100%

According to Table 3, the number of candidates who answered “It may be
bounded from below” is significantly higher than those who answered “It cannot be
bounded from below.” However, while more than half of the participants in Table 1
(53%) think that there is no lowest element in an infinite set, the high percentage of
responses indicating that it can be bounded from below (88%) in Table 3 is
noteworthy.

One of the candidates who answered “it cannot be lower bounded” explained
that “it is infinite.” Another candidate gave the example of the set of integers and
commented that “the negative part goes to infinity.” The following is an excerpt from
an interview with OA2, who answered “it cannot be lower bounded” without giving
an explanation:

Researcher: Why can't an infinite set of numbers be lower bounded?

0A2: | didn't think it could have a lower bound because | thought it couldn't
have a lowest element, but if I say integers from 0 to ©, then my lower bound could

be 0.

Researcher: Would it be lower bounded if it were given as (0,00)?
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0A2: Yes, the lower bound is 1. Because it is not in that set, it does not have the
lowest element. But | went to the lowest element again... If | had considered rational
numbers instead of integers, it would be after 0, not including 0.

Researcher: You didn't say anything definite about the lower bound. Would you
like to think about it again?

0A2: | can't say that 0 is the bound right now, but I feel like it's lower bounded.
When I think about the number line beyond 0, | get a little confused...

It can be seen that OA2 has difficulty determining the lower bound of the set
given as (a,b), as it considers the lower bound to be the same as the lowest element.

From the explanations of the candidates who answered that it could be lower
bounded, it is understood that they thought the lower bound should be included in the
set. The candidates' example explanations, which included examples in the form [a,0),
drew attention, and their thoughts on whether an infinite set in the form (a,») has a
lower bound became a matter of curiosity. For this reason, the candidates’ opinions on
the (a,0) example were sought during the interview. The following is an excerpt from
the interview with OA1, who gave the example of “positive integers: [1,+00)”:

Researcher: What do you think about the set (1,0)? Is it lower bounded?

OAI: It is no longer 1; the lowest number greater than 1 becomes the lower
bound.

Researcher: What number is that?

OAI: If we say it is an integer, it is 2.

Researcher: What if it is defined in rational numbers?

Researcher: What if it is defined in rational numbers?

0AI: We can add zeros, like 1.00000..1. We find an approximate value.
Researcher: What about the lowest element?

OAI: It has the same lower bound, so we cannot give a definite value.

Another candidate gave the example of [-2,00) by saying that an infinite set of
numbers can be bounded from below. The excerpt from the interview with OA12 is
as follows:

Researcher: Does the set (-2,00) have a lower bound, and if so, what is it?

0A12: Again, it is bounded from below. There is an approach to -2. It will be
very close, but it will not be -2, we will see it as starting from -2.

Researcher: Well, does the set (-2,00) have the lowest element?
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0A12: 1t does not have a lowest element because it approaches -2 but it can
never be -2.

When considering the interview excerpts of OA1 and OA12 presented above, it
is understood that neither of them can give a definite value for the lower bound in the
examples given of type (a,0), but rather refer to an approximate value. OA12 states
that there is no lowest element. It is understood that OA12 knows the difference
between the lower bound and the lowest element. Furthermore, while OA1 answered
that there is no lower bound because the element -2 is not included in the set, OA12
was able to say that there is a lower bound even though it is not included.

Findings on the Upper Boundedness of the Infinite Number Set

The participants' answers to the question “Can an infinite set of numbers be
bounded from above? Explain with examples.” are presented in Table 4.

Table 4
Categories and Explanations Related to the Fourth Question
Categories Example Explanations Group n %

Explanations

May be bounded Real numbers in the interval

from the above (—00,0]
- 43 84%
The set of negative real
numbers is upper bounded.
No explanation 3 6%
Explanation with 2 4%
-, examples
It cannot be The positive part of the set of
bounded from integers goes on to infinity.
above
The set of natural numbers
goes on to infinity.
It cannot be, because if it Explanation with 1 2%
were, we could not call it an reasoned
infinite set. statements
Those who do not - - 2 4%
answer the
question
Total - - 51 100%

According to Table 4, the number of candidates who answered “It may be upper
bounded” is significantly higher than those who answered “It cannot be upper
bounded.” However, while many of the participants in Table 2 (63%) believe that an
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infinite set of numbers does not have a greatest element, the percentage of those who
answered “may be bounded from above” in Table 4 (84%) is quite high.

One of the candidates who answered ‘it cannot be upper bounded’ gave the set
of natural numbers as an example and explained that ‘it goes to infinity.” Another
candidate gave the set of integers as an example and commented that 'the positive part
goes to infinity.'

Nearly all of the explanations given by candidates who answered that they could
be bounded from above included the upper bound in their examples. OA7, who
answered that they could be bounded from above, gave the example of ‘real numbers
between negative infinity and 0.” The interview excerpt is as follows:

Researcher: Which one do you mean (-o0,0) or (-,0]?
0A47: 1 meant the set (-o0,0].
Researcher: Why not the set (-,0)?

0A7: | think it should be a closed interval for it to be bounded. If O is not
included, which number will we accept as the boundary, then we are not bounded.

According to OA7's explanations, it appears that he believes that samples of the
type (-0, a] may be upper bounded. It appears that the candidate, who believes that
the upper bound must be included in the set, does not have an understanding that
would reveal the difference between the upper bound and the greatest element.

Findings Related to the Boundedness of the Infinite Number Set Both from
Below and Above

The participants' answers to the question "Can an infinite set of numbers be
bounded both from below and above? Explain with examples." are presented in Table
5.
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Table 5

Categories and Explanations Related to the Fifth Question

Categories Example Explanations Group n %
Explanations
It can be bounded - No explanation 11 22%
both from the below
and the above - -
(0,1) open interval of real Explanation 15 29%
numbers with examples
[2,3] closed interval of real
numbers
Cannot be bounded - No explanation 7 14%
from both above and
below If it does, it cannot go on Explanation 14 27%
to infinity. with reasoned
statements
If it is bounded, it becomes
a finite set.
On the one hand, it must
go on to infinity.
There may be a lower
boundary, but there cannot
be an upper one.
Those who do not - - 4 8%
answer the question
Total - - 51 100%

The number of respondents who believe that an infinite set in Table 3 or Table
4 “may be bounded from below or above” has decreased compared to those who
believe that it “may be bounded from both below and above” in Table 5. According
to Table 5, the difference between the percentage of those who answered “an infinite
set of numbers can be bounded both from below and above” and those who answered
“it cannot be bounded” is not significant.

15 candidates who commented that “it can be bounded from both below and
above” provided examples of appropriate intervals for their answers, with six
candidates providing closed interval examples and nine providing open or semi-open
interval examples. However, the examples listed below from four candidates in this
category are particularly noteworthy:

e A={aeZ|3 <a<6},A={4,5}

o {1,2,3}
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e N*ab= {1011,..,99}
e  Set of positive odd digits, [1,9]

The examples given above are not infinite sets of numbers, but finite sets of
numbers. OA4, who provided this type of example, explained by giving the finite set
example of “the set of positive single digits, [1,9].” The excerpt from the interview
with OA4 is provided below.

Researcher: Can you think more about the example you wrote as odd digits?
0A4: Its elements are bounded to 1 at the below and 9 at the above.
Researcher: Are odd digits an infinite set of numbers?

OA4: ... No. | said that if it specifies an interval, it would be a finite set, but here
I gave a wrong example that it is an infinite set of numbers.

During the interviews with the candidates, as a result of questions asked to make
them reconsider their answers, the candidates realized that their answers were
inconsistent with their examples.

Another noteworthy situation is seen in the category of “cannot be bounded from
both below and above.” There are candidates (3 candidates) who stated that if it is
bounded from below and above, it will be a “finite set” but did not give examples.
The excerpt from the interview with OA3, who gave the answer “it will be a finite
set” but did not give examples, is given below.

Researcher: If it is bounded above and below, should it be a finite set?

0A43: | thought that if we know where it starts and ends, that is, if we know the
boundaries, it would be a finite set of numbers.

Researcher: What would you say about the interval [2,3] in the set of rational
numbers, is it a finite set?

0A3: Hmm... But when it is a rational number, there are many numbers in this
range, then it is not a finite set.

Candidates find it easy to interpret examples given in the form [a,b], but they
have difficulty determining the lower and upper bounds in examples given in the form
(a,b) (because they are searching within the set). Below is an excerpt from an
interview with a candidate who commented that “it cannot be bounded from both the
below and the above.”

Researcher: What about the lower and upper bounds of the interval [-1,1]?

0A11: The lower bound is -1 and the upper bound is +1. I would like to change
my answer to maybe.

Researcher: What is the upper and lower bound for the interval (-1,1)?
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0A11: We can say bounded, but we cannot specify the boundaries.

Some candidates who answered “It cannot be bounded from both below and
above” also stated that “it can be bounded from below but not from above.” This
statement suggests that they believe that the values of numbers in an infinite set will
continue to increase and that there cannot be a number smaller than all the numbers
in the set. This idea can be interpreted as a one-way infinity to the right on the number
line.

Discussion, Conclusion and Suggestions

In this study, it is aimed to examine how prospective mathematics teachers
understand the boundedness of infinite sets. Additionally, it was aimed to determine
the teacher candidates' understanding of the concepts of lower bound — lowest element
and upper bound — greatest element in infinite sets.

In questions 1 and 2, which ask “Does an infinite set have the lowest/greatest
element?” (i.e., “infinite multitude” and “has infinite elements”), the explanatory
examples of those who answered “no” to both questions are noteworthy. It is
understood that candidates believe that when a set of numbers has an infinite multitude
of elements, it cannot have the lowest and/or greatest element. Similarly, the reasoned
explanations given by those who answered questions 1 and 2, such as “it has no
beginning,” “we cannot determine it,” and “we cannot know its end,” are consistent
with the “two-sided infinite set” pattern. Therefore, it is thought that among
candidates, the idea that the values of the elements of a number set with an infinite
number of elements cannot reach a finite number by continuously increasing and/or
decreasing is more dominant.

Considering the answers given as examples in the category “no lowest element”
for question 1, such as “negative integers,” and in the category “no greatest element”
When considering the answers given, it was determined that candidates, based on only
one example of an infinite number set that does not have the lowest/greatest element,
made an excessive generalization and thought that all infinite number sets cannot have
the lowest/greatest element.

The explanation given for question 1 in the category “some infinite sets have a
lowest element” is “if it is bounded from below, then it exists.” Similarly, the
explanation given for question 2 in the category “some infinite sets of numbers have
a greatest element” is “if it is bounded above, then it exists.” It is understood that
students in this category believe that the lowest element and the lower bound, and the
greatest element and the upper bound, are equivalent, and that one implies the other.

When examining the explanations in Tables 1 and 2, it appears that while it is
possible, albeit unlikely, for a set of infinite numbers to have the lowest element, it is
not possible for it to have the greatest element. A similar stance is observed in the
answers to the question “Can an infinite set of numbers be bounded from
above/below?” (Questions 3/4). When Tables 3 and 4 are examined together, it can
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be said that candidates believe that the probability of an infinite set of numbers being
bounded from above is lower than the probability of it being bounded from below.
However, considering that the number of appropriate answers to questions 1 and 2 is
significantly higher than that of questions 3 and 4, it can be understood that candidates
are far from the idea that an infinite set of numbers can have a lowest/greatest element,
but are quite close to the idea that it can have a lower/upper bound.

As in questions 1 and 2, the example explanations of those who answered “no”
to both questions 3 and 4, which asked, “Can an infinite set of numbers be bounded
from below/above?” From the sample explanations of those who answered “no” to
both questions 3 and 4, it is understood that candidates believe that when a set of
numbers has an infinite number of elements, that set cannot be bounded from below
and/or above. The examples given by candidates who answered “it can be” to these
questions are of the type [a,+), (-0,b]. As can be seen from the examples, it is
understood that the candidates believe that the lower or upper limits of a set must be
elements of the set. In the interviews with the candidates, some of them, who were
prompted to reconsider their answers through guided questions, were able to provide
examples of sets that are bounded from below/above, such as (a,+o0) and (-oo,b).
Another notable situation in questions 3 and 4 is that very few candidates provided
examples of the form (a,b] or (a,b) for the lower bound and [a,b) or (a,b) for the upper
bound.

Finally, the statements “if so, it cannot go to infinity” and “it may be bounded
from below but not from above” in the explanatory examples given by those who
answered “no” to the question “can an infinite set be bounded from both below and
above?” “it must go to infinity on one side,” or “it can be bounded from below but not
from above” are consistent with the findings obtained in questions 3 and 4. The most
striking example explanation given by those who answered “no” is the statement “if
it is bounded, it becomes a finite set.” However, it is also quite interesting that there
are candidates (4 candidates) who answered “yes” to the question but supported their
answers with examples of finite sets. Considering that question 5 could not be
answered with appropriate examples among all the questions, and that the percentage
of those who did not answer question 5 was quite high compared to the other
questions, it can be said that the candidates were somewhat hesitant and struggled to
come up with ideas about infinite sets being bounded from below and above. On the
other hand, the candidates who answered ‘it is possible’ (10 people) did not experience
a contradiction between the concepts of infinity and finiteness and demonstrated
sufficient awareness, as evidenced by their examples of open intervals of the form
(a,b).

When the incorrect answers given to questions about the lowest/greatest
elements and boundedness of infinite sets are analyzed, the misconceptions of
candidates regarding comprehension, the incorrect ideas they form in line with their
understanding, in general,

1. A set with infinitely many elements
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a) cannot have the lowest and/or the greatest element
b) cannot be bounded from the below and/or above
2. a) lowest and/or greatest element

b) “overgeneralizing” from the example of an infinite set without a lower
and/or upper bound, and concluding that for all infinite sets there is no lowest
and/or greatest element or lower and/or upper bound

3. The lower and/or upper bounds of an infinite set must be elements of the
set

4. An infinite set
a) if bounded from the below, the lowest
b) if bounded from the above, the greatest element can be

5. The infinity of a set must be “two-sided” (as in (-o0,+)) or “one-sided”
(as in (-OO’a) 5 (aa +OO))

6. A set that is bounded both above and below cannot be an infinite set, it
must be a finite set

can be summarized in bullet points. There are also some studies in the literature
that examine the conceptual obstacles and misconceptions related to the concept of
infinite sets.

According to Oflaz and Polat (2022), the fact that candidates think of infinity as
“a continuously ongoing, limitless state” may indicate that they have a language-based
epistemological barrier. The idea that “it cannot be bounded from both below and
above; infinity must expand in one direction” shows that the idea of potential infinity
prevails, and that the concept of true infinity, which considers infinity as a whole, is
neglected. It is understood that candidates have the misconception that a set bounded
from both below and above cannot be an infinite set and must be a finite set. Similarly,
Tsamir (1999) noted that candidates overgeneralize from finite sets to infinite sets,
attributing finite properties to infinite sets. Pala and Narli (2018b) found that
candidates fall into various misconceptions by generalizing some properties of finite
sets to infinite sets.

In line with the idea that the infinity of a set obtained in this study must be “two-
sided” or “one-sided,” Narli and Narl1 (2012) in their study conducted with 13-14-
year-old primary school students, found that they tended to explain infinity with the
concept of boundlessness, thinking that infinity could have a beginning but not an end.
Similarly, Isleyen (2013) found that nearly half of the 72 secondary school students
participating in the study stated that “the infinite has no limit.” The general perception
of the students is that infinity is the greatest amount imaginable, which cannot be
surpassed and is undefined.
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There are studies that align with the idea that a set with an infinite number of
elements, which is a product of prospective teachers' intuitive approach, cannot be
bounded from below and/or above. In their study, Date-Huxtable et al. (2018) asked
candidates the question, “Can anything real be infinite?”” One of the answers they gave
was “lack of boundaries”; for example, the set of integers starting from zero is infinite
because there is no greatest integer. One of the misconceptions found in Baragli's
(2004) thesis study is that elementary school teachers believe infinity is boundless and
that infinity means at least one lack of boundary. In a study by Jirotkova and Littler
(2004), candidates were asked to “define a straight line.” Some of the responses
obtained were: “it is an infinite set of points,” “the endpoints are infinite,” “it goes to
infinity in both directions,” “it has neither a starting point nor an endpoint,” “it cannot
be bounded by a beginning and an end.”

The findings obtained from this study are similar to and consistent with those
identified in the literature. However, items 1a, 2a, 3, and 4 do not match the literature.
The reason for this is that no study has been found in the literature on the lowest and/or
greatest elements of an infinite set for items 1a and 2a. On the other hand, in studies
conducted in the literature, the concepts of infinity or infinite sets are generally
associated with ‘to be bounded,’ and since this boundedness is not detailed as a ‘lower
bound’ or ‘upper bound,” items 3 and 4, which are related to lower/upper bounds,
could not be matched with the literature. It is believed that studies on the unmatched
items will contribute to the field.

In mathematics courses, it is observed that the concept of infinity, which is
expected to be included at the high school and university levels, is not explicitly
discussed and is not directly addressed as a topic, learning outcome, or activity
(Ozmantar, Bingélbali, & Akkog, 2008). Since conceptual knowledge is not provided,
the formal knowledge of students who demonstrate an intuitive approach cannot be
structured, leading to incorrect generalizations and misconceptions. Kim et al. (2005)
stated that students' first encounters with the concept occur through everyday language
and teachers' mathematical discourse. To prevent misconceptions, learning outcomes
can be included in the high school curriculum and in basic courses at the
undergraduate level.

Ergene (2021), in his study with prospective mathematics teachers, emphasized
that the concept of infinity is only included intuitively in the mathematics curriculum
and is not sufficiently covered in teacher training programs. He stated that prospective
teachers lack knowledge about the concept of infinity and do not have sufficient
information about the teaching process of infinity. Due to its abstract and
contradictory nature, the concept of infinity is difficult to understand not only for
students but also for teachers. Since the concept of infinity, which is implicitly
covered in teaching programs, is related to many mathematical topics, it is believed
that studies on the difficulties and perceptions of teachers, who play a role in teaching
the concept, regarding their mathematical understanding of infinity will contribute to
mathematics education and teacher education in our country. An analysis of these
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studies suggests that effective education on the concept of infinity can be achieved
through careful planning in both teaching practices and teacher training programs.

Through adjustments to teacher training programs, teachers can be encouraged
to take a more active role in teaching by utilizing their formal knowledge of the
concept of infinity and gaining awareness in their mathematical discourse. Teachers
with subject knowledge can prevent misconceptions that may arise from students'
intuitive approaches. Learning environments that stimulate curiosity can be provided
in lessons through activities involving problem solving, research, paradoxes, and
discussions related to the concept of infinity. To reinforce the research, the study
group can be expanded to include candidates, teachers, and high school students from
different universities and repeated.
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Sonsuzluk; sanat, edebiyat, felsefe, matematik vb. alanlarinda kargimiza ¢ikan
anlagilmasi1 ve tanimlanmasi zor olan bir kavramdir. Mitolojinin cevap veremedigi
“Varligimn 6zl nedir?” sorusuyla yorumlanmaya baglanan sonsuzluk kavrami,
matematikten once felsefede ortaya ¢ikmaktadir. Antik Yunan’da sonsuz kavramini
yorumlayan ilk diisiiniir Miletli Anaksimandros’tur (MO 610-546). Anaksimandros’a
gore biitlin seylerin 6zii, sonu ve sinir1 olmayan bir varliktir: “aperion” (Cevik, 2019).
Yunanca “peras” kelimesi “son veya sinirli” olarak ¢evrilir, apeiron ise a- olumsuzluk
eki ile “sinirsiz veya sonsuz” anlamlarini tasimaktadir. Anaksimandros, aperionu iyi,
giizel, miikemmellik ile 6zdeslestirmisse de Pisagor (MO 570-495) ve Pisagor okulu
aperionu kotli, c¢irkin, anlagilmaz olarak nitelemis ve sonsuz kavrami ile
ilgilenmemislerdir. Antik Yunan filozoflarindan Elea’li Zeno’nun (MO 490-430)
ortaya attig1 cesitli paradokslar sayesinde sonsuzluk kavrami ilgi gormiis ve
distiniilmeye baglanmistir. Dubinsky, Weller, McDonald & Brown (2005) tarafindan
ifade edildigi {izere, sonsuzlugun yapisini ¢oziimlemek adina ortaya konan ilk
smiflama Aristoteles’in (MO 384-322) potansiyel sonsuzluk ile gercek sonsuzluk
fikirleri arasindaki ayrimi olarak bilinmektedir. Ona gore daima devam eden ve
herhangi bir noktasinda sonlu bir degere karsilik gelen siirecler potansiyel anlamda
sonsuzdur. Gergek sonsuzluk ise potansiyel siireci kapsayan tek ve biitiin bir yapinin
bireyin zihninde insa edilmesidir. Sonsuzluk “potansiyel” anlamda dinamik bir
stiregcken, “gercek” anlamda ise statik bir nesnedir. Aristoteles insan beyninin
sonsuzlugu ancak “potansiyel” olarak anlamlandirabilecegine inanmis ve bir biitiin
icerisinde yer alan sonsuzlugun algilanamayacagini belirterek “ger¢ek” sonsuzluk
fikrini reddetmistir (Akt. Pala ve Narli, 2018a).

Yiizyillar boyunca, getirdigi ¢eliskilerden sakinmak i¢in uzak durulan sonsuzluk
kavrami, 17. ve 18. yilizyilda matematiksel analizin bir araci olarak “sonsuz kiigiik”
ve “sonsuz biyik” kavramlarmin, matematige kazandirilmasiyla genis Olgiide
kullanilmaya baslanmistir (Karacay, 2014). 19. yilizyilin baslarinda, sonsuzlugun
paradokslartyla ugrasarak sonsuz kiimenin formal tanimina yaklasan ilk kisi Bernard
Bolzano (1781-1848) olmustur (Mancosu, 2016). Bolzano sonlu-sonsuz kiime tarifini
su sekilde yapmustir: Bos olmayan bir A kiimesinin alt kiimelerinden bir dizi
olusturalim. Dizideki her alt kiime kendisinden bir onceki alt kiimeyi igersin ve
eleman sayis1 bir 6nceki alt kiimenin eleman sayisindan bir fazla olsun. Bu alt kiimeler
dizisi sonlantyorsa, yani dnceki alt kiimeden bir fazla elemana sahip ancak kapsandig1
bir sonraki kiime yoksa A kiimesi sonludur. Bu alt kiimeler dizisi sonlanmriyorsa, A
kiimesi sonsuzdur (Bolzano, 1950). Dedekind, ilk kez sonsuz kiimelerin kesin bir
tanimini elde etmistir: “Bir kiimenin en az bir 6z alt kiimesi kendine es ise bu kiime
sonsuzdur. Higbir alt kiimesine es olmayan kiimeler ise sonludur.” (Ferreirés, 2016).

Georg Cantor’un (1845-1918), kiimeler kuraminin gelismesine sagladig: biiyiik
katkilarla birlikte matematiksel anlamda “sonsuz”un ne anlama geldigi anlagilmistir
(Nesin, 2019). Cantor kiimeler kuraminda, es gii¢liiliik kavramin1 ortaya koymustur.
iki kiimenin elemanlar1 arasinda uygun birebir esleme gosterilebiliyorsa o iki kiime
es giicliidiir denir. Bolzano ve Dedekind’in fikirlerini gelistiren Cantor’un, Sonsuz
kiimenin formal tanimini vermistir. Bir A kiimesi verilsin, eger A kiimesinin herhangi
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bir 6z alt kiimesine, birebir ve orten (bijektif) bir fonksiyon tanimlanabiliyorsa, A
kiimesine sonsuz kiime denir. Cantor, bu tanimla par¢anin (6z alt kiime) biitline
(kiimenin kendisi) es giiglii olabilecegini ortaya koymustur. Biitiiniin par¢asina es
giiclii olmasi fikri, matematik diinyasinda biiyiik yanki uyandirmigtir.

Sonsuzluk Kavram ve Sonsuz Kiimeler Uzerine Yapilmis Bazi Aragtirmalar

Alanyazinda ¢esitli yas gruplarindaki 6 grencilerin ve matematik 6gretmenlerinin
sonsuzluk kavramiyla ilgili algilarini, sezgilerini, kavrayislarini, zihinsel siire¢lerini
ve bilissel seviyelerini belirlemek amaciyla yapilan ¢aligmalarin (Jirotkova ve Littler
2004; Singer ve Voica, 2008; Asik, 2010; Celik ve Aksan, 2013; Bozkus, Ugar ve
Cetin, 2015; Isleyen, 2016; Date-Huxtable, Cavanagh, Coady ve Easey, 2018) yam
sira potansiyel ve fiili sonsuzluk, sonsuz kiimelerin karsilagtirilmasi ve denkligi,
sonsuz kiimelerin denkligiyle ilgili ispatlama yaklasimlari tizerine yapilmis ¢caligmalar
da (Tirosh ve Tsamir, 1996; Tsamir 1999; Giiven ve Karatas, 2004; Aztekin 2008;
Pala ve Narli, 2008b) vardir. Sonsuzluk kavramiyla iligkili olan tanimsizlik ve
belirsizlik, sonsuz kiimenin formal tanimi, sayilabilen ve sayilamayan sonsuz
kiimeler, sonsuz biiyiik ve sonsuz kii¢iik, limit ve benzeri konulari {izerine yapilmis
birgok aragtirma da alanyazinda yer almaktadir.

Matematik egitimi alanyazinina bakildiginda, 6gretmen adaylarinin sonsuzluk
kavramii kavrayislar1 ve yasadiklari giigliiklerin belirlenmesine odaklanan farkl
arastirmalar mevcuttur. Asik (2010), adaylarin biiyiik ¢ogunlugunun sonsuz
semboliinii bir say1 (nesne) olarak ele aldiklarini, Celik ve Aksan (2013), adaylarin
sonsuzluk kavramina iligkin agiklamalarini agirlikli olarak, “sonu olmayan, sinirsiz”
kavramlarina dayandirdiklarini bulgulamistir. Mamolo ve Zazkis (2008), adaylarin
sonsuzlugu tamamlanmis bir siire¢ yerine devam eden bir siire¢ olarak algiladiklarini
ve sonsuz kii¢iik kavramina iligkin zorluklar yasadiklarint belirtmektedir. Kolar ve
Cadez (2012), arastirmalarinda adaylara, yonelttikleri “En biiyiik say1 nedir?”
sorusuna “Boyle bir say1 yoktur, her saymin ardindan daha biiyligii gelebilir.” ve
“Sonsuz ¢oklukta say1 oldugu i¢in, en biiyiik say1 yoktur.” yanitlar1 alinmistir. Ayrica,
sonsuzlugun sinirli bir alanda var olabilecegi ya da ¢ok kiigiik bir miktarlarla iliskili
olabilecegi fikrinin katilimcilarin sezgilerine aykirt oldugu bulgulanmistir. Oflaz ve
Polat (2022) yaptiklari ¢alisma sonucunda 6grencilerin giinlitk hayat deneyimleriyle
edindikleri birincil sezgilerinin, lisans egitimi almalarina ragmen, sonsuzluk algilarinm
cok fazla degistirmedigi tespit etmislerdir.

Ogretmen adaylarryla sonsuz say1 kiimeleri {izerine yapilmis arastirmalar da
alanyazinda yer almaktadir. Dogan ve Unan (2011), adaylarin %17’sinin sonsuz
elemanli kiimeyle sayilabilir sonsuz elemanli kiimeyi bilmediklerini ifade etmislerdir.
Sonsuz say1 kiimelerinin eleman sayilarini belirlerken adaylarn %40’ min yorum
yapamadigini tespit etmislerdir. Narli ve Bager (2008), 1. sinif matematik gretmen
adaylariin bagmti, fonksiyon ve kiime kavramlarina ait hazir bulunusluklarim
belirlemek igin uyguladiklar1 testte diisiik sayilabilecek bir basar1 yiizdesi
bulgulamiglardir. Pala (2016), adaylarin sonsuz kiimelerin denkligini belirlemede
siklikla sezgisel yaklasimi kullandiklarini baska bir ifadeyle formal matematiksel
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yaklagimlar yerine informal yaklagimlar iireterek sonuca ulagtiklarini raporlamustir.
Aztekin’in (2008) yapmis oldugu arastirmada kiime teorisi derslerinde farkli
sonsuzluk anlayislariyla kargilagmalari {izerine, doktora 6grencilerinin anlayislarinda
potansiyel sonsuzluktan gercek sonsuzluga dogru bir kayma oldugu goriilmiistiir.
Bununla birlikte, limit konusu 6gretiminde, 6grencilerin dinamik limit kavramiyla
ilgili kavram yanilgilarin1 azaltmak ic¢in Cantor’un kiime teorisindeki gibi farkli
sonsuzluk anlayislarindan faydalanilabilecegi dnerilmektedir.

Problem Durumu

Bu arastirmada sonsuz kiimelerle ilgili ele alinacak konu basliklari olan en
kiiglik/biiyiik eleman, alt/iist sinir ve smirli kiime kavramlarinin formal tanimi ve
aciklamalari su sekildedir:

A bir kilme ve we€A olsun. Her a€A i¢in eger w<a saglaniyorsa, A’nin w
elemanina A kiimesinin en kiigiik eleman1 denir. Benzer olarak, A bir kiime ve u€A
olsun. Her a€A igin eger a<u saglaniyorsa, A’nin u elemanina A kiimesinin en biiyiik
elemani denir. Ornegin A= [-3,5) kiimesi i¢in en kiiciik eleman tanimi saglanir ve w=
-3€A kiimesinin en kiiclik elemanidir. A kiimesinin en biiyiik eleman1 yoktur. A
kiimesinin tiim elemanlar1 5 ten kiigiiktiir ancak A kiimesinin eleman1 degildir.

“X bir kiime olsun ve A, X alt kiimesi verilsin. Eger bir weX eleman1 A’nin
her elemanindan kii¢iik veya esitse, w elemanina A kiimesinin bir alt siniridir denir.
Eger bir ueX elemant A’nin her elemanindan biiyiik veya esitse, u elemanimna A
kiimesinin bir iist siniridir denir. Bir kiime hem alt hem {ist sinira sahip ise o kiime,
siirlt kiimedir” (Karagay, 2014). Diger durumlarda kiimeye sinirsiz kiime denir.
Yapilan tanimlarda goriildiigii iizere alt sinir olan w ve iist sinir olan u elemanlart X
kiimesinin elemanlaridir. Ancak tanimlardaki “kii¢lik/biiyiik veya esitse” ifadesinden
de anlasilacagt lizere A kiimesinin alt ve/ya iist sinirt olan u ve/ya w, a kiimesinin
elemani olabilir de olmayabilir de. Ornegin, reel sayilari alt kiimesi olan A=(—3,5]
kiimesinin st sinirlarindan biri olan 5 A kiimesinin elemani iken, alt sinirlarindan biri
olan -3 A kiimesinin elemani degildir. Ayni zamanda A kiimesi, hem alttan hem iistten
smirli oldugu i¢in sinirlt kiimedir. Yine reel sayilarin alt kiimesi olan, B=(—o0, 5]
kiimesini ele alirsak st sinirlarindan biri 5’tir, alt sinirt ise yoktur dolayisiyla B
kiimesi sinirsiz bir kiimedir.

Bir kiimenin varsa en kiigiik elemani o kiimenin alt sinirlarindan biridir. Benzer
olarak bir kiimenin varsa en biiyiik elemani o kiimenin iist sinirlarindan biridir. Ancak,
bunlarin tersi dogru degildir. Yani, alt sinir kiimenin en kiiciik eleman, {ist sinur ise
kiimenin en biiyiik elemam olmayabilir. Ornegin A= {a € R |a € (—3,5]} kiimesinin
en kiiclik eleman1 yoktur ancak alt sinirlarindan biri -3 tiir. A kiimesinin en biiylik
elemani 5’tir ve ayn1 zamanda 5 kiimenin iist sinirlarindan biridir. A kiimesi sinirlidir
ve sonsuz ¢oklukta elemana sahiptir.

Sonsuzluk kavrami ilk ve ortaokul siirecindeki dogal sayilar, tam sayilar,
rasyonel sayilar, irrasyonel sayilar, reel sayilar, say:1 araliklari, esitsizliklerin ¢6ziim
kiimeleri, dogru pargasi, 1s1n, dogru, diizlem vb.; lise siirecinde ise fonksiyon, dizi,



Matematik Ogretmeni Adaylarinin Sonsuz Sayi Kiimelerinin Smrliligina fliﬂfin Kavrayiglarvun Incelenmesi 1125

limit, tiirev, seri, integral, yakinsaklik vb. gibi birgok konunun temelinde yer almakta
ve bahsedilen konularin yapilandirilmasinda 6nemli bir rol oynamaktadir. Cocuklarda
sonsuzluk kavrami erken yasta gelismeye baslasa da, ortadgretim sonuna kadar
kavramsal degisimi destekleyen bir miidahale olmadigindan {iniversiteye gelen
ogrenciler kavramu i¢sellestirmeye biligsel olarak hazirliksizdir. Diger taraftan, ¢ogu
lisans programlarinda sadece bir donemlik verilen soyut matematikte sonsuzlugun
formal tanimi, sonsuz say1 kiimelerinin karsilastirilmasi ve 6zellikleri vb. konulara yer
verilememektedir. Dolayisiyla, 6gretim siirecinin yetersizligi ve sonsuzlukla ilgili
belirsiz sezgiler kavramin 6grenimine yonelik bazi engellere ve kavram yanilgilarina
yol agabilir (Waldegg, 1996). Kavramin soyut dogasindan kaynaklanan epistemolojik
giicliikle birlikte, sonsuzluk kavramuyla iliskili konular sadece 6grenciler igin degil,
6gretmenler i¢in de anlagilmasi zor bir kavram olarak kalmaktadir. Sonsuzluk kavrami
6grencilerde neredeyse hicbir 6gretmen miidahalesi olmaksizin sekillenmektedir. Bir
miidahale oluyorsa da oOgretmenlerin sonsuzluk kavramina yonelik eksik ve
yapilandirilmamis bilgileri sebebiyle yaptiklar1 sezgisel yaklasimlar, sonsuzluga
iligkin yanlis anlayislarin ve kavram yanilgilarinin gelisimiyle sonu¢lanmaktadir.

Bolzano (1950), “Sonsuz, sonu olmayandir.” tanimini kabul etmemistir. Burada
“son”un bazen “smir”a esdeger anlamda kullanimindan dolayi, yanlis ifadelerin
ortaya ciktigini diisiinmektedir. Ornegin, bir diizlemdeki iki paralel ¢izgi arasindaki
uzay bu ¢izgilerle sinirlidir, ancak yine de sonsuzdur. Fischbein'in (1979) yapnus
oldugu calismada, 6grencilerin sinirlayici siireglere iligkin sezgisel kavramlarinin
limitin sonlu degerinden ¢ok, siirecin sonsuzluguna odaklanma egiliminde oldugunu
bulgulamigtir. Singer ve Voica (2004) yaptiklar1 arastirmada yast 14 olan bir
Ogrencinin 2 ile 5 arasindaki en kiigiik kesir sayisi soruldugunda “2,0000..1 (2’den
sonra ¢ok fazla sifir ve 1)” olarak cevap verdigi, bundan daha kii¢ligiinii sGyleyebilir
mMisin sorusuna ise “Evet vardir ama sdyleyemem, bunun gibi sonsuz sayida say1 var.”
ifadesini verdigi belirtilmistir. Belmonte ve Sierra (2011), yapmus olduklari
arastirmada yaglar1 11-19 arasinda 6grencilerin, sonsuzlukla iligkili kavramlar iizerine
sahip olduklari sezgisel modellerden birinin, sinirli — sonlu / sinirsiz — sonsuz modeli
oldugunu bulgulamiglardir. Bu model, siirlt veya sinirsiz kiime tanimiyla kiimenin
kardinalitesi arasinda kurulan iligkinin bir tiriiniidiir. Sonsuz say1 kiimelerinde sinirin
yoklugu, potansiyel sonsuzluk cergevesinde bazi ifadelere yol agar: Ornegin, [0,00)
kiimesinin, [0,1] kiimesinden daha fazla elemani vardir ¢ilinkii bitmez, gibi...
Dolayistyla, dogru pargasi veya kiime araliklariyla temsil edilen sonsuz say1 kiimesi
orneklerinin, konunun anlatimi iizerinde etkili olacagi tespitinde bulunmuslardir.
Bozkus vd. (2015) ortaokul 6grencileriyle yaptiklari ¢alismada [0,1] araliginin sinirli
olmasindan dolayr sonlu sayida kesir yazilabilecegini disiindiikleri sonucuna
varmistir.

Giinliik dilde smrli ile sonlu, sonsuz ile smirsiz birbirlerinin yerine
kullanilabilen kelimeler olarak karsimiza ¢ikmaktadir. Bu bakimdan sezgisel olarak
sinirli kiime sonlu kiimedir, sonsuz kiime ise sinirsiz kiimedir gibi yaygin kavram
yanilgilart  olusmaktadir. Sonsuz bir kiime smirli olabilir genellemesi
yapilamamaktadir. Benzer olarak sonsuz say1 kiimelerinde alt sinirla en kiigiik eleman
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ve ist sinirla en biiyiikk eleman arasindaki ayrim, 6grenciler tarafindan dogru
yapilandirilmadigindan sonsuz bir kiimenin en kiigiik(biiyiik) eleman1 yoksa alt(iist)
siir1 da yoktur gibi yanlis genellemelere rastlanmasi da miimkiindiir. Lisans
ogrencileriyle ders ortaminda yapilan diyaloglarda karsilasilan bu sorunlar
cergevesinde alanyazin incelenmis, adaylarla sonsuzluk ve smirlilik iligkisi iizerine
yapilmis bir c¢alismanin bulunmadigi goriilmiistiir. Bu motivasyonla adaylarin
sonsuzluk kavramina iliskin anlayislarinin bir uzantis1 olan sonsuz kiimelerin
smirliligina  odaklanilmis ve Ogrencilerin - sonsuzluk-simirsizlik iliskisindeki
yaklagimlarinin, kavram yanilgilarin1 ve yasadiklar1 giicliiklerin ortaya ¢ikarilmasi
amaglanmistir. Buamag dogrultusunda arastirmanin problemi “Matematik 6gretmeni
adaylarinin sonsuz sayr kiimelerinin sinirliligina iligkin kavrayislart nasildir?”
seklinde belirlenmistir.

Sonsuz sayr kiimelerinin smurlilikla iligkisinin incelendigi bu ¢aligmada,
6grencilerin kavrayiglarinin incelenmesiyle matematiksel diisinmelerinde ne tiir
giiclikler yasandiginin belirlenmesi ve kavram yanilgilarin1 ortaya c¢ikarilmasi
amaciyla elde edilen bulgularin, sonsuzlugun informal 6grenmeye dayali gelisiminin
ontine gegmek adina bir fayda saglayacagi ve dgrencilerin alana yonelik farkindalik
kazanmalari, anlamli 6grenme ¢iktilarinin olusturulmasi, dgretmenlerin sonsuzluk
konusunda donanimli olmalar1 vb. amaglar dogrultusunda &gretim programlarinda
yapilabilecek diizenlemeler i¢in bir veri olusturacagi diisiiniilmektedir. Ayrica,
arastirma ¢iktilarinin, liniversitede analiz ve soyut matematik derslerini yiiriiten
Ogretim elemanlarina, sonsuz kiimeler ve iligkili kavramlarin 6gretiminde
yaganabilecek giiclilkler hakkinda bilgilendirerek gerekli Onlemleri almalarina
yardimer olacagi ongoriilmektedir. Lisans diizeyinde sonsuzluk dogrudan
islenmediginden, adaylarin bu konuda diisinmeye tesvik edilmesi ve kavrayisglarin
ortaya koyacak c¢alismalarin alana katki saglayacagi degerlendirilmektedir.

Yontem

Bu c¢alismada, nitel arastirma yoOntemlerinden durum ¢aligmasi deseni
kullanilmistir.  “Nasil” ve “Neden” sorularini temel alan durum g¢alismasi,
arastirmacinin tizerinde ¢ok az kontrol sahibi oldugu veya hi¢ kontrol sahibi olmadig
giincel bir olay hakkinda derinlemesine bilgi edinme yontemidir (Yin, 2009).
Ogretmen adaylarinin sonsuz kiimelerin sinirhligiyla ilgili kavrayislar: ayrintil olarak
inceleneceginden durum c¢aligmasi yontemi tercih edilmistir.

Calisma Grubu

Bu galigma 2023-2024 egitim-6gretim yilinin 1. ddneminde Ankara’da bir devlet
iiniversitesinin ilkdgretim matematik 6gretmenligi 3. sinifta 6grenim gérmekte olan
51 adayla yiritilmistir. Calisma grubu belirlenirken amagh 6rnekleme
yontemlerinden oSlgiit 6rnekleme tercih edilmistir (Patton, 2005). Calisma grubu,
“Analiz I”, “Analiz II” ve “Soyut Matematik” derslerini basariyla tamamlamis adaylar
arasindan belirlenmistir. Bahsi gegen derslerin alinmis olmasi ¢aligilacak olan konuya
on bilgi olusturmasi agisindan 6l¢iit olarak alinmistir.
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Verilerin Toplanma Siireci

Verilerin toplanmasi asamasinda, bir doktora tez arastirmasi kapsaminda
adaylarin sonsuzluk kavramiyla ilgili sahip olduklar1 6n bilgileri belirlemek amaciyla
hazirlanan agik u¢lu soru formundan, arastirma konusu gergevesinde bes soru
secilmigtir. Bu form, alaninda uzman i¢ kisinin goriisii alinarak son haline
getirilmistir. Calismada kullanilan bes soru asagida verilmistir:

1) Sonsuz say1 kiimesinin en kiiciik eleman1 var midir? Ornekleyiniz.
2) Sonsuz say1 kiimesinin en biiyiik eleman1 var midir? Ornekleyiniz.
3) Sonsuz bir say1 kiimesi alttan simrli olabilir mi? Orneklerle agiklaymiz.
4) Sonsuz bir say1 kiimesi {istten simirl olabilir mi? Orneklerle agiklayimz.

5) Sonsuz bir say1 kiimesi hem alttan hem iistten sinirl olabilir mi? Orneklerle
aciklayiniz.

Adaylarin hazirlanan agik uclu sorulara verdikleri yanitlar1 aragtirmact ve
danisman Ogretim iiyesi tarafindan degerlendirilmistir. Ayrica adaylarin verdikleri
cevaplarin nedenlerini daha ayrintili incelemek i¢in yine goniilliilik esasina gore
belirlenen 12 adayla yaklasik 20 dakikalik birebir yar1 yapilandirilmig gériismeler
yaptlmigtir. A¢ik uglu sorulara yanlis veya eksik cevap vermis adaylara cevap
kagitlar Gizerinden bireysel goriisme sorulart hazirlanmistir. Yapilan gériigmelerin ses

kayitlar1 almmustir. Adaylar diyaloglarda, OA1, OA2, ..., OAl12 bigiminde
kodlanarak sunulmustur.
Etik Kurul Karari

Bu arastirmanin planlanmasi ve yiiriitiilmesi, Hacettepe Universitesi Senatosu
Etik Komisyonu’nun 21.03.2023 tarihli ve E-35853172-399-00002757048 sayili
karartyla uygun bulunmustur.

Verilerin Analizi

Verilerin analizinde igerik analiz teknigi kullanilmustir. igerik analizi kodlamayt,
kategorize etmeyi (kelimeler, ifadeler, climleler vb. yerlestirilebilecegi anlamli
kategoriler olusturma), karsilastirmay: (kategoriler ve bunlar arasinda baglantilar
kurmay1) ve sonuglar ¢ikarmayi igerir (Cohen, Manion ve Morrison, 2000). 51 adaya
acik u¢lu soru formunun uygulanmasinin ardindan, verdikleri cevaplar igerik
analizine tabi tutulmustur. Analiz sonucunda elde edilen kategoriler, bu kategorilere
ait frekans ve yiizde degerleri ile birlikte 6rnek agiklamalar hazirlanan tablolarda yer
almaktadir. Ayrica bazi tablolarda 6rnek agiklamalari ayrintili hale getiren alt
kategoriler yer almaktadir. Kategorilerden bahsederken adaylarin yazili olarak
verdikleri 6rnek agiklamalarin bazilart listelenmistir.

Yari yapilandirilmig gériismelerden elde edilen ses kayitlart yaziya dokiilmiis ve
¢ozlimlenmistir. Coziimleme, katilimcinin yanlis veya eksik yanit1 hakkinda detaylh
bilgi verilmesi istenen yar1 yapilandirilmis goriismelerden elde edilen yanitlarin
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yorumlanmasi, varsa degisen fikirlerinin raporlanmas: seklinde yapilmistir. Bes
soruda da adaylardan ornekler vermeleri istenmistir. Ornek agiklama yapmayan
adaylardan gorlismeler esnasinda Ornekler vermeleri istenmistir. Gorligmelerde
adaylarin degisen fikirleri kategorizasyonu etkilememistir. Kategoriler adayin yazili
cevabina gore olusturulmustur.

Gegerlik ve Giivenirlik

Nitel aragtirmada ise toplanan verilerin ayrintili olarak rapor edilmesi ve
aragtirmacinin sonuglara nasil ulastigini ayrintili olarak aciklamasi gecerlik ve
giivenirligin  6nemli bir 6lciitii kabul edilmektedir (Cohen vd., 2000). Iki
aragtirmacinin bir arada ¢alistig1 bir arastirma yapildigindan, analiz islemi sonucunda
elde edilen kategorilerin benzerlikleri ve farkliliklart arastirmacilar tarafindan
karsilagtirtlmistir, en uygun siniflandirmaya karar verilmistir. Bulgularin aktariminda
derinlemesine betimleme yapildig1 zaman sonuglar daha gergekei olur ve zenginlesir,
bu siire¢ bulgularin gegerligini arttirir (Creswell, 2017). Bu ¢alismada yari
yapilandirilmis goriismeler, adaylarin yanitlarini derinlestirmek igin yapilmustir.
Miles ve Huberman (1994), iyi bir giivenirlik i¢in arastirmacilarin yaptigi kodlarin
karsilastirilmasiyla olusan benzerlik oraninin en az %80 diizeyinde olmas1 gerektigi
belirtmektedir. Bu arasgtirmada kodlama iglemini ayr1 ayr1 yapan iki arastirmaci
olusturduklart kodlar karsilastirilmis ve benzerlik oranint %92 olarak bulmuslardir.
Bu tutarlilik diizeyi ¢aligmanin giivenirligi i¢in yeterli kabul edilmektedir.

Bulgular

Bu boliimde agik uclu soru formundan ve yari yapilandirilmis goriismelerden
elde edilen bulgular yer almaktadir. Say1 kiimeleriyle ilgili sorulan her bir soru igin
elde edilen bulgular asagida bes ayri alt baglikta verilmistir. Soru formunda
adaylardan sonsuz say1 kiimeleriyle ilgili bes soruyu cevaplamalar1 ve cevaplarini da
orneklerle agiklamalari istenmistir. Sorulara verilen cevaplar esas alinarak kategoriler
olusturulmustur. Adaylarin cevaplarina yonelik agiklamalar incelendiginde, kimisinin
higbir agiklama yapmadigi, kimisinin cevaplarini 6rnek vererek destekledigi,
kimisinin de (say1 kiimelerinden 6rnek vermek yerine) cevaplarini ¢ok kisa ifadelerle
gerekgelendirmeye calistiklart goriilmiistiir. Cevaplarin agiklanmasinda olusan bu
farkliliklardan dolayi, her bir soru i¢in olusturulan tablolardaki bazi kategorilere
karsilik gelen, “Ornek A¢iklamalar” boliimiinde bu farkliliklar siniflandirilarak “Grup
Agiklamalar1” olusturulmustur.

Sonsuz Say:1 Kiimesinin En Kiiciik Elemanina Ait Bulgular

Katilimeilarin = “Sonsuz sayt kiimesinin en kiigiik elemant var mudur?
Ornekleyiniz.” sorusuna vermis oldugu cevaplar Tablo 1’de sunulmustur.
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Tablo 1
Birinci Soruya Iliskin Kategoriler ve A¢iklamalar
Kategoriler Ornek Agiklamalar Grup n %
Agiklamalari
En kiigiik eleman1 Dogal sayilar kiimesinin en
vardir kiigiik elemani 0°dir.
- 8 %16

Pozitif tam sayilar kiimesinin
en kiigiik elemani 1’dir.

En kiigiik eleman1 Agiklama yok 11 %21,5
yoktur
Ornek vererek 5 %10
aciklama

Tam sayilar kiimesi
Reel sayilar kiimesi

Negatif tam sayilar

Sinirla kisitlamak miimkiin Gerekgeli 11 %21,5
degildir. ifadelerle
aciklama
Bagslangici yoktur.

Sonsuz elemani vardir.
Sonsuz oldugu i¢in yoktur.

En kiigiik eleman da sonsuza
gider, sonu yoktur.

Bazi sonsuz say1 Dogal sayilar kiimesinin Ornek vererek 12 %23

kiimelerinin en varken tam sayilar kiimesinin agiklama
kiigiik elemani yoktur.
vardir
Alttan sinirh ise vardir. Gerekgeli 4 %8

ifadelerle
agiklama

Toplam - - 51 %100

Tablo 1’de goriildiigi lizere, “En kiigiik eleman1 vardir” kategorisindeki adaylar
verdikleri cevaba uygun Orneklemeler yapmislardir. “En kiigiik elemani vardir”
kategorisinde yer alan OAS5 cevabini pozitif tam sayilar kiimesi Ornegiyle
desteklemistir.  OAS5 ile yapilan goriismede en kiiciik eleman1 olmayan bir &rnek
iizerinden sorulan soruya yonelik cevabi asagida alintilanmistir:

Arastirmaci: [2,3] sonsuz sayi kiimesinin en kiiciik elemani nedir?

OA5: 27dir.
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Arastirmaci: (2,3) sonsuz sayi kiimesinin en kii¢iik elemani nedir?
OAS5: Bu kiimede belirleyemiyorum.

OAS, kapali aralik seklinde verilen sayr kiimesinin en kiiciik elemanini
belirlerken, agik aralik olarak verilen say1 kiimesi i¢in “en kiigiik eleman1 yoktur”
cevabini verememistir.

“En kiiclik eleman1 vardir” kategorisinde biitiin adaylar ve “En kii¢iik elemani
yoktur” kategorisinde de bir grup aday cevaplarina uygun Orneklendirmeler
yapmuslardir. En kiigiik elemani vardir veya yoktur kategorilerinde uygun sayi
kiimeleri iizerinden yapilan drneklemelerden bazilari su sekildedir: “Pozitif tam
sayilarin en kiigiik elemani vardir ve 1(bir)’dir”, “Tam sayilarin en kii¢iik elemani
yoktur”. Verilen cevaplar gozetildiginde, adaylarin en kiigiik elemana sahip olan veya
olmayan sadece bir sonsuz kiime 6rnegi lizerinden genelleme yaparak “vardir” veya
“yoktur” sonucunu ¢ikardiklar: gériilmiistiir.

Asagida, herhangi bir agiklama yapmadan, sonsuz say1 kiimesinin “En kii¢iik
elemani yoktur” cevabini veren OA9 ile yapilan goriisme alintisina yer verilmektedir:

Arastirmact: Neden sonsuz sayi kiimesinin en kii¢iik elemani yoktur?

0A9: Bilmiyoruz elemanlar nereye kadar, - o bir elemansa vardir diyebilirim.
Arastirmaci: Z* sonsuz kiimesi i¢in yanitini tekrar diistiniir miisiin?

OAY9: Evet, en kiiciik elemani vardir +1°dir... Anladim simdi, sonsuz kiime
dedigimizde benim aklima R, Z gibi iki tarafli sonsuz kiimeler geldi, (-, +w) seklinde.

“Sonsuz say1 kiimesinin en kiigiik eleman1 var midir?” sorusunu “yoktur” olarak
yanitlayan OA9 ile yapilan gériismede “sonsuz kiime dedigimizde benim aklima R, Z
gibi iki tarafli sonsuz kiimeler geldi” seklindeki agiklamasinda “iki tarafli sonsuz
kiime” kelime grubu dikkat ¢gekmektedir.

Tablo 1°de gorildiigii tizere, adaylarin sahip olduklari sonsuz bir kiimenin
“baslangict yoktur”, “sonsuz elemani vardir” ve “sinirla kisitlamak miimkiin degildir”
vb. gibi diisiinceler sebebiyle kiimenin en kiiciik elemani da yoktur seklinde
yorumlamalarina yol agmigtir. “Bir sinirla kisitlamak miimkiin degildir, dolayisiyla
en kiiciik elemani yoktur” ifadesini veren bir adayin goriisme alintist asagida

verilmigtir:
Arastirmaci: Sinwr derken alt sinirt mi anlamalyim?
OA4: Evet alt simirt demek istedim.

Arastirmacu: Alt sinirla en kiigiik eleman arasindaki fark nedir?
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0A4: Alt simr, bir kiimede o sinirdan ilerisi icin gecerli olacak alt sinrt kendim
segebilirim kiimeden, ama en kiiciik eleman, adl iistiinde kiimenin elemani olmalidir
ve tiim elemanlarin i¢inde en kiigiigiidiir.

Arastirmaci: Ornekle agiklayabilir misin?

0A4: Mesela dogal sayilar kiimesi sonsuz bir kiimedir ve 0 en kiiciik elemandur.
Arastirmaci: Dogal sayilar kiimesi alt sinira sahip midir?

0A4: Evet, dogal sayilar kiimesi [0,00) seklinde gosterebilirim ve 0 alt sinirdur.
Arastirmaci: A=(1,5], Ac R i¢in en kiiciik eleman ve alt sur hakkinda ne
diistiniirstin?

0A4: 1 kiimeye dahil olmadigt icin en kiiciik elemam 2, alt sinurt 1'dir.

OA4’iin agiklamalarindan alt sinir ve en kiiciik eleman kavramlari arasinda farki
bildigi anlasilmaktadir. Ancak, en kiigiik eleman 2’dir se¢imini yaptig1 A kiimesinin
reel sayilarin alt kiimesi olarak verildigine dikkat edilmedigi goriilmiistiir.

Son olarak, “Baz1 sonsuz kiimelerin en kii¢lik eleman vardir” kategorisinde
bulunan adaylar cevaplarini “alttan sinirli ise sonsuz kiimenin en kiiciik elemani
vardir” seklinde agiklamislardir. Oysaki alttan sinirli olup en kiigiik eleman1 olmayan
sonsuz kiimeler de vardir. Bu duruma yukarida OA4 ile gecen diyalogda yer verildigi
icin, 6rnek bir goriigme alintisina yer verilmemistir.

Sonsuz Say1 Kiimesinin En Biiyiik Elemanina Ait Bulgular

Katilimeilarin = “Sonsuz  say1 kiimesinin en biiyilk elemant var mudir?
Ornekleyiniz.” sorusuna vermis oldugu cevaplar Tablo 2’de sunulmustur.
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Tablo 2

Ikinci Soruya Iliskin Kategoriler ve A¢iklamalar

Kategoriler Ornek Agiklamalar Grup n %
Aciklamalari
En biiyiik eleman1 [2,5] araligindaki 5 elemant
vardir . . .
Negatif tam sayilar kiimesinin - - 5 %10
1°dir
En biiyiik elemant - Aciklama yok 13 %25
yoktur
Ornek vererek 9 %18
. L acgiklama
Pozitif tam sayilar kiimesi
Reel sayilar
Bitigini bilemeyiz. Gerekgeli 10 %20
. . ifadelerle
Belirleyemeyiz. aciklama
Sonsuz gokluga sahiptir.
Baslangici ve sonu belli
olmadig i¢in yoktur.
Baz1 sonsuz say1 [-00, 0] araliginda O elemani
kiimelerinin en varken [4,00] araliginda yoktur. .. 0
biiyiik elemant . Ornek vererek 10 %19
vardir Negatif tam sayllar'm' varken agiklama
dogal sayilar kiimesinin yoktur.
Ustten simirh ise vardir. Gerekgeli 4 %8
ifadelerle
agiklama
Toplam - - 51 %100

Tablo 2’ye gore, “En biiyiik elemani vardir” kategorisindeki adaylar verdikleri
cevaba uygun 6rneklemeler yapmuslardir.

En biiylik elemani vardir veya yoktur kategorilerinde uygun say: kiimeleri
iizerinden yapilan drneklemelerden bazilari su sekildedir: “[2,5] sonsuz kiimesinin en
biiyiik eleman1 vardir ve 5(bes)’tir”, “Pozitif tam sayilarin en biiyiik eleman1 yoktur”.
Verilen cevaplar gozetildiginde, adaylarin en biiyiik elemana sahip olan veya olmayan
sadece bir sonsuz kiime 6rnegi lizerinden genelleme yaparak “vardir” veya “yoktur”
sonucunu ¢ikardiklarr gorilmistiir.

“En biiyiik elemam yoktur” cevabmni veren ancak cevabmi bir érnek ile
desteklemeyen OAS ile yapilan goriisme alintis1 asagidadir:
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Aragtirmaci: Negatif tam sayilar icin en biiyiik eleman nedir?
0AS8: -1'de bitiyor, evet en biiyiik elemani varmis.

Arastirmaci: [2,3] € Q sonsuz sayt kiimesinin en biiyiik elemani nedir?
0A8: 3 tiir.

OA8 goriisme sirasinda en kiiciik elemana sahip olmayan kiimelerin de
olabilecegi kavrayisina ulagsmstir.

Tablo 2’de ““en biiyiik eleman1 yoktur” kategorisinde goriildiigii tizere, adaylarin
sahip olduklar1 “sonsuz ¢cokluk”, “bitisini bilemeyiz”, “baglangici sonu belli degil” vb.
gibi diisiinceler sebebiyle sonsuz bir kiimenin en biiyiik elemant yoktur seklinde
yorumlamalarina yol agmustir. “Baslangici ve sonu belli olmadigindan sonsuz
kiimenin en biiyiik eleman1 yoktur” seklinde cevap veren OA2 ile yapilan goriisme
alintis1 agagidadir:

Arastirmaci: Z~ sonsuz kiimesinin en biiyiik elemant var midir?
0A2: Aaa... Evet, vardir -1 °dir. Ben baslangici ve sonu belirli ise sonlu kiime, belirsiz
ise sonsuz kiime olarak diistinmiistiim.

OA2 ile yapilan bu goriismede “baslangici ve sonu belirli ise sonlu kiime olarak
disiinmiistiim” ifadesi oldukga dikkat ¢ekicidir. Buna benzer ifadeler, hem alttan hem
de istten sinirl sonsuz kiime iizerine yapilan ve ilerde verilecek olan diyaloglarda da
goriilmektedir.

“Bazi sonsuz kiimelerin en biiylik elemani vardir” kategorisinde bulunan
adaylarin bir kismi kategoriye uygun drneklendirmeler yapabilmislerdir. En biiyiik
elemant olan ve en biiyiik elemani olmayan sonsuz say1 kiimelerinden 6rnekler veren
bu adaylarin sonsuz kiimelerin en biiyiik elemanina yonelik dogru bir kavrayisa sahip
olduklar1 goriilmektedir. Diger taraftan aymi kategoride olup, 6rnekleme yapmak
yerine, cevaplarint “{istten sinirli ise sonsuz kiimenin en biiyiik elemant vardir”
seklinde agiklayan adaylar da mevcuttur. Bu gruptaki adaylarin iistten sinirlt olup en
biiyiik elemani olmayan sonsuz kiimelerin de olabilecegi kavrayisina sahip
olmadiklart goériilmektedir.

Tablo 2’deki “en biiylik elemani yoktur” seklinde diisiinenlerin oran1 Tablo
1’deki “en kii¢iik eleman1 yoktur” seklinde diislinenlerden %10 daha fazladir. Bununla
birlikte, Tablo 2’deki “en biiyiik elemani1 vardir” kategori yiizdeligi %10 ile “en biiyiik
eleman1 yoktur” kategorisinin yiizdeligi %63 arasindaki fark oldukg¢a fazladir. Bu
kargilagtirmalar géz oniine alindiginda, adaylarda, bir kiimedeki sonsuz ¢okluktaki
sayilarin siirekli artarak bir say1ya ulasamayacagi ve ulasilan bu sayinin kiimeye dahil
olamayacagi diisiincesinin baskin oldugu sdylenebilir.



1134

Tuba Sevyut ve Yeter Sahiner

Sonsuz Say1 Kiimesinin Alttan Simirhihigina Ait Bulgular

Katilimeilarin  “Sonsuz bir say1 kiimesi alttan sinirli olabilir mi? Orneklerle
aciklayiniz.” sorusuna vermis oldugu cevaplar Tablo 3’te sunulmustur.

Tablo 3
Ugiincii Soruya Iliskin Kategoriler ve A¢iklamalar
Kategoriler Ornek Agiklamalar Grup n %
Agiklamalari
Alttan sinirl Pozitif tam sayilar 1’de alttan
olabilir sinirhdir.
- 45 %88
[2,00), alt sinir1 2°dir.
Agiklama yok 1 %2
Ornek vererek 1 %2
. . . aciklama
Alttan sinirl Tam sayilar kiimesinde negatif
olamaz kisim sonsuza kadar gider.
Sonsuz say1 kiimesinin sinirlari Gerekgeli 2 %4
yoktur. ifadelerle
o aciklama
Hayur, ¢iinkii sonsuz.
Soruya herhangi bir - - 2 %4
yanit vermeyenler
Toplam - - 51 %100

Tablo 3’e gore “Alttan sinirli olabilir” cevabini veren adaylarin sayis1 “Alttan
siirli olamaz” cevabimi verenlerden oldukga fazladir. Bununla birlikte, Tablo 1°de
katilimcilardan yaridan fazlasinin (%53), sonsuz bir say1 kiimesinin en kiigiik elemant
olmadigini diisiiniirken, Tablo 3’te alttan sinirli olabilir cevabinin (%88) yiiksek orani

dikkat ¢ekicidir.

Alttan sinirli olamaz cevabini veren adaylardan birinin “glinkii sonsuzdur”
aciklamasinda bulundugu goriilmiistiir. Bagka bir aday da tam sayilar kiimesini drnek
vererek ‘“negatif kisim sonsuza kadar gider” yorumunu yapmustir. Agiklama
yapmadan alttan simirli olamaz yanitim veren QA2 ile yapilan gériisme alintisi su

sekildedir:

Arastirmaci: Sonsuz bir sayi kiimesi neden alttan simirli olamaz?

0A2: En kiiciik elemam olamayacagimi diigiindiigiim icin bir alt sinr



Matematik Ogretmeni Adaylarinin Sonsuz Sayi Kiimelerinin Smrliligina flisjfin Kavrayiglarvun Incelenmesi 1135

olabilecegini diisiinmedim, ama 0’dan oo'a kadar tam sayilar dersem alt sinirim 0
olabilir

Arastirmacu: (0,0) seklinde verilseydi alttan sinirlt olur muydu?

0A2: Evet, 1 'dir alt sinir: Ciinkii o kiimede olmadigt icin, en kiiciik elemant yok.
Ama en kiiciik elemana gittim yine... Tam sayilar degil de rasyonel sayilarda ele
alsaydim, 0 dahil olmayan 0'dan sonrast.

Arastirmacui: Alt sinir hakkinda net bir sey demedin, tekrar diisiiniir miisiin?

0A42: Su an 0'a sinwr diyemiyorum ama alttan siirl gibi hissediyorum. 0'dan
sonrasi var sayi dogrusu tizerinde diigtindiigiimde. Karigtirdim biraz...

OA2’nin en kiigiik elemanla alt smir1 ayn1 kabul ettigi, (a,b) seklinde verilen
kiimenin alt sinirin1 belirlemede zorlandigr goriilmektedir.

Alttan simirlt olabilir cevabinit veren adaylarin agiklamalarindan alt sinirin
kiimeye dahil olmasi gerektigini diislindiikleri anlasilmaktadir. Adaylarin 6rnek
aciklamalarinda [a,00) formunda 6rnek vermeleri dikkat ¢ekmis, (a,0) formunda bir
sonsuz kiimenin alt sinirinin olup olmadigina dair diisiinceleri merak konusu
olmustur. Bu sebeple adaylarla yapilan goriismede (a,00) 6rnegine yonelik goriisleri
alinmistir. “Pozitif tam sayilar: [1,+00) kiimesini” 6rnek gosteren OA1 ile yapilan
goriisme alintisi su sekildedir:

Arastirmacu: (1,00) kiimesi i¢in ne diisiiniirsiin alttan sinrly midr?

0AI1: 1 degil artik, 1°den biiyiik en kiiciik sayt alt sinir olur:

Arastirmaci: Hangi sayi olur?

0A1: Tam say1 olarak dersek 2 olur:

Arastirmaci: Rasyonel sayilarda tanimli olursa ne dersin?

0A1: 1,00000..1 gibi bir sey sifirlart artirabiliriz. Yaklasik bir deger buluruz.
Arastirmaci: En kiiciik eleman icin ne soylersin?

0A1: O da ayni alt sinirla, kesin bir deger soyleyemeyiz.

Bagka bir aday, sonsuz bir say1 kiimesi alttan sinirli olabilir diyerek [—2, o)
drnegini vermistir. OA12 ile yapilan goriisme alintisi su sekildedir:

Arastirmaci: (-2,00) kiimesinin alt sinirt var midur, varsa nedir?

OA12: Yine alttan sumrl olur. -2’ye yaklasim soz konusudur. Cok yaklasacak ama
—2 olmayacak biz onu -2 ’den basliyor gibi gorecegiz.

Arastirmaci: Peki, (-2,00) kiimesinin en kiigiik elemani var midur?

OA12: En kiiciik elemani yoktur ¢iinkii -2 ’ye yaklasir ama hi¢hir zaman -2 olamaz.



1136 Tuba Sevyut ve Yeter Sahiner

Yukarida sunulan OA1 ve OAI2’nin goriisme alintilart gozetildiginde her
ikisinin de (a,0) tipinde verilen Orneklerde alt smirla ilgili kesin bir deger
soyleyemedikleri, yaklasik bir degerden bahsettikleri anlasilmaktadir. OA12 ise en
kii¢iik elemaninin olmadigim belirtmistir. OA12’nin, alt simrla en kiiciik eleman
arasindaki farkli bildigi anlagilmaktadir. Ayrica OAl, -2 elemam kiimeye dahil
olmadig1 igin alt sinir1 yoktur seklinde cevap verirken, OA12 dahil olmasa da alt sinir1
vardir diyebildigi goriilmektedir.

Sonsuz Say1 Kiimesinin Ustten Stmrlihgma Ait Bulgular

Katilimeilarin “Sonsuz bir say1 kiimesi iistten smirli olabilir mi? Orneklerle
aciklayiniz.” sorusuna vermis oldugu cevaplar Tablo 4’te sunulmustur.

Tablo 4

Doérdiincii Soruya Iliskin Kategoriler ve Aciklamalar

Kategoriler Ornek Aciklamalar Grup n %
Agiklamalari
Ustten simirh (-0,0] araligindaki reel sayilar
olabilir . . .
Negatif reel sayilar kiimesi - 43 %84
ustten sinirhidir.
Agiklama yok 3 %6
Ornek vererek 2 %4
.. B X . agiklama
Ustten smirh Tam sayilar kiimesinde pozitif
olamaz kisim sonsuza kadar gider.
Dogal sayilar kiimesi sonsuza
gitmektedir.
Olamaz, olursa sonsuz say1 Gerekgeli 1 %2
kiimesi diyemeyiz. ifadelerle
agiklama
Soruya herhangi bir - - 2 %4
yanit vermeyenler
Toplam - - 51 %100

Tablo 4’e gore “Ustten simirli olabilir” cevabini veren adaylarin sayis1 “Ustten
sinirlt olamaz” cevabini verenlerden oldukga fazladir. Bununla birlikte, Tablo 2’deki
katilimeilarin birgogu (%63) sonsuz bir say1 kiimesinin en biiyiik elemana sahip
olmadigint disiiniirken, Tablo 4’teki iistten sinirli olabilir cevabinin orami (%84)
oldukga yiiksektir.
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Ustten smirli olamaz cevabim veren adaylardan biri dogal sayilar kiimesini
ornek gostererek “sonsuza gitmektedir” agiklamasinda bulunmustur. Bagka bir aday
da tam sayilar kiimesini drnek vererek “pozitif kisim sonsuza kadar gider” yorumunu
yapmustir.

Ustten sinirl1 olabilir cevabim veren adaylarin agiklamalarmin tamamina yakini,
orneklerinde iist sinir1 kiimeye dahil etme ihtiyac1 duymuslardir. Ustten sinirl1 olabilir
cevabmi veren OA7’nin aciklamasinda “eksi sonsuzla 0 arasindaki reel sayilar”
ornegini vermistir. Yapilan gériisme alintis1 su sekildedir:

Arastirmacu: (-0, 0) veya (-oo, 0] hangisini kastettiniz?

0A7: (-0,0] kiimesini demek istedim.

Aragtirmaci: Neden (-o0, 0) kiimesi olmuyor?

0A7: Bence kapali aralik olmalidir sinirli olmast icin. 0 dahil degilse hangi sayiy
stir kabul edecegiz o zaman suirlandirmis olmuyoruz.

OA7’nin agiklamalarina gore (-oo, a] tipindeki aralik rneklerinin {istten simrl
olabilecegini diisiindiigii anlasilmaktadir. Ust simirin kiimeye dahil olmas1 gerektigini
diistinen adayin iist sinirla en biiyiik eleman arasindaki farki ortaya koyacak bir
kavrayisa sahip olmadig1 goriilmektedir.

Sonsuz Say1 Kiimesinin Hem Alttan Hem Ustten Simrhhigina Ait Bulgular

Katilimeilarin “Sonsuz bir say1 kiimesi hem alttan hem iistten sinirlt olabilir mi?
Orneklerle aciklayiniz.” sorusuna vermis oldugu cevaplar Tablo 5’te sunulmustur.
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Tablo 5
Besinci Soruya Iliskin Kategoriler ve Agiklamalar
Kategoriler Ornek Agiklamalar Grup n %
Aciklamalari
Hem alttan hem - Agiklama yok 11 %22
tistten sinirlt
olabilir
(0,1) agik aralig: reel sayilar Ornek vererek 15 %29
agiklama
[2,3] kapal1 aralig1 reel sayilar
Hem alttan hem - Agiklama yok 7 %14
istten sinirl
olamaz
Olursa sonsuza gidemez. Gerekgeli 14 %27
. ifadelerle
Sinirli olursa sonlu kiime olur. aciklama
Bir taraftan sonsuza gitmelidir.
Alttan sinir1 olabilir ama iistten
olamaz.
Soruya herhangi bir - - 4 %8
yanit vermeyenler
Toplam - - 51 %100

Tablo 3 ya da Tablo 4’teki sonsuz bir kiime i¢in “alttan ya da listten sinirl
olabilir” seklinde diisiinenlerin sayisi, Tablo 5’teki “hem alttan hem de tstten sinirli
olabilir” seklinde diisiinenlere gdre bir azalma gostermistir. Tablo 5’e gore, “sonsuz
bir say1 kiimesi hem alttan hem iistten sinirli olabilir” cevabini verenlerin yiizdesiyle
olamaz cevabini verenlerin yiizdesi arasindaki farkin ¢ok olmadig1 goriilmektedir.

“Hem alttan hem iistten sinirl olabilir” yorumunda bulunan 15 aday cevaplarina
uygun aralik drnekleri vermis, alti aday kapali aralik 6rnegi verirken dokuzu agik veya
yar1 agik aralik 6rneklerine yer vermistir. Ancak bu kategorideki dort adayin asagida
listelenen 6rnekleri dikkat ¢ekicidir:

e A={aeZ|3 <a<6},A={4,5}
o {1,2,3}

e N*ab= {1011,..,99}

o  Pozitif tek rakamlar kiimesi, [1,9]

Yukarida verilen ornekler, sonsuz sayr kiimeleri degil, sonlu say1 kiime
ornekleridir. Bu tip drnekleme yapan OA4, “pozitif tek rakamlar kiimesi, [1,9]” sonlu
kiime 6rnegi vererek aciklamada bulunmustur. OA4 ile yapilan goriisme alintisi
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asagidadir.

Arastirmacu: Tek rakamlar olarak yazdigin ornegi biraz daha diigiiniir miistin?
OA4: Elemanlart 1 ile alttan, 9 ile iistten sinirlidur.

Arastirmaci: Tek rakamlar sonsuz bir sayt kiimesi midir?

0A4: ... Haywr. Bir aralik belirtiyorsa sonlu kiime olur demistim, ama burada sonsuz
sayi kiimesi diyor yanlg bir 6rnek vermisim.

Adaylar ile yapilan goriismede, cevaplarini tekrar diigiinmelerine yoénelik
sorulan sorular sonucunda, adaylar, verdikleri cevap ile Orneklerinin uyumsuz
oldugunun farkina varmislardir.

Bunun gibi dikkat ¢eken diger bir durum ise “hem alttan hem de iistten sinirli
olamaz” kategorisinde goriilmektedir. Alttan ve iistten sinirlt olursa, “sonlu kiime”
olacagini ifade eden fakat 6rnek vermeyen (3 aday) adaylar mevcuttur. “Sonlu kiime
olur” yanitim1 veren ancak o&rnek vermeyen OA3 ile yapilan goriisme alintisi
asagidadir.

Arastirmacu: Alttan ve tistten sinirlt ise sonlu kiime mi olmalidir?

0A3: Basladig ve bittigi yeri bilirsek yani sinirlart bilirsek sonlu sayr kiimesi
olur diye diisiinmiigtiim.

Arastirmaci: Rasyonel sayilar kiimesinde [2,3] araligt i¢in ne séylersin sonlu
kiime midir?

0A3: Himm... Ama rasyonel sayt oldugunda bu aralikta bir siirii sayt var, o
zaman degil sonlu kiime olmaz.

Adaylarin, [a,b] formunda verilen 6rnek i¢in kolay yorum yaparken (a,b)
formunda verilen &rneklerde alt sinir1 ve st sinirt (kiime iginde aradiklart igin)
belirlemede zorluk yasadiklar1 goriilmektedir. Asagida “hem alttan hem {istten sinirlt
olamaz” yorumunda bulunan bir aday ile yapilan goriigme alintisina yer verilmektedir.

Arastirmacu: [-1,1] araliginin alt ve tist simirt ile ilgili ne dersin?

OAll: Alt stmir -1, dist st +1°dir. Olabilir olarak cevabimi degistirmek
istiyorum...

Arastirmaci: (-1,1) araligi i¢in alt ve iist sinir nedir?

0A11: Sinwrl: diyebiliriz ama simirlart belirtemeyiz.

“Hem alttan hem {istten sinirli olamaz.” seklinde cevap veren bazi adaylarin
aciklamalarinda “alttan smirli olabilir ama dstten sinirli olamaz” ifadesine de
rastlanmistir. Bu ifade ile sonsuz bir kiimedeki sayir degerlerinin siirekli artig
gosterecegini ve kiimedeki tiim sayilardan kiigiik olan bir sayinin olamayacagini
diisiindiikleri anlagilmaktadir. Bu diisiince say1 dogrusu iizerinde saga dogru tek yonlii
sonsuzluk seklinde yorumlanabilir.
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Tartisma, Sonug ve Oneriler

Bu arastirmada, matematik égretmen adaylarinin sonsuz kiimelerin sinirliligini
nasil kavradiklarinin incelenmesi amaglanmistir. Ayrica, adaylarin sonsuz kiimelerde
alt sinir — en kiigiik eleman ve iist sinir — en biiyilk eleman kavramlariyla ilgili
kavrayiglar1 da belirlenmek istenmistir.

“Sonsuz kiimenin en kiigiik/biiyiik elemanit var midir?” seklinde sorulan 1. ve 2.
soruda ikisine birden “yoktur” cevabini verenlerin drnek agiklamalarindaki “sonsuz
cokluk”, “sonsuz elemant vardir” gibi ifadeler dikkat cekmektedir. Adaylarin, bir say1
kiimesinin sonsuz ¢oklukta eleman1 oldugunda o kiimenin en kiigiik ve/ya en biiyiik
eleman1 olamayacagi diisiindiikleri anlagilmaktadir. Yine 1. ve 2. soruya cevap
verenlerin “baslangici yoktur”, “belirleyemeyiz”, “bitigini bilemeyiz” gibi gerekgeli
aciklamalar1 da “iki tarafli sonsuz kiime” kalibina uygundur. Dolayisiyla, adaylarda,
sonsuz c¢oklukta elemana sahip olan bir say1 kiimesinin eleman degerlerinin siirekli
artarak ve/ya azalarak sonlu bir sayiya ulagamayacag fikrinin daha baskin oldugu
diigiiniilmektedir.

1. soruya “en kiiciik elemani yoktur” kategorisinde Ornek agiklama olarak
“negatif tamsayilar” ve 2. soruya “en biiyiik elemani yoktur” kategorisinde drnek
aciklama olarak “pozitif tamsayilar” seklinde verilen cevaplar gozetildiginde,
adaylarin, en kii¢iik/bliylik elemana sahip olmayan sadece bir sonsuz say1 kiimesi
Ornegi lizerinden, asirt genelleme yaparak biitiin sonsuz sayr kiimelerinin en
kiiglik/biiylik elemana sahip olamayacagini diisiindiikleri tespit edilmistir.

1. sorunun “bazi sonsuz sayt kiimelerinin en kiiciik elemani vardir”
kategorisinde verilen agiklama “alttan sinirli ise vardir” seklindedir. Benzer olarak, 2.
sorunun “bazi sonsuz say1 kiimelerinde en biiyiik eleman vardir” kategorisinde verilen
aciklama “iistten sinirli ise vardir” seklindedir. Bu kategorideki 6grencilerin, en kii¢iik
elemanla alt smiri, en biiylik elemanla iist simirt eslestirerek, birinin digerini
gerektirdigi diigiincesine sahip olduklart anlasilmaktadir.

Tablo 1 ve 2’deki aciklamalar incelendiginde, adaylar i¢in sonsuz bir say1
kiimesinin en kii¢iik elemana sahip olabilmesi, olasilik olarak az da olsa miimkiin
iken, en biiyiik elemana sahip olabilmesi miimkiin degil gibi goériinmektedir. Benzer
tutum, (3./4. sorular) “sonsuz bir say1 kiimesi lstten/alttan siirl olabilir mi” soruna
verilen cevaplarda da goriilmektedir. Tablo 3 ve 4 bir arada incelendiginde, adaylarin
sonsuz say1 kiimesinin {iistten sinirli olabilme ihtimalinin, alttan sinirli olabilme
ihtimaline gore daha az oldugu diisiincesine sahip olduklar1 sdylenebilir. Ancak, 1.
ve 2. sorulara verilen uygun cevaplarin 3. ve 4. sorulara verilen uygun cevaplardan
oldukga fazla olmasi durumu da gozetildiginde, adaylarin sonsuz bir say1 kiimesinin
en kii¢lik/biiyiik elemana sahip olmasi fikrine ¢ok uzak, ancak, alt/iist sinira sahip
olabilmesi fikrine oldukga yakin olduklar1 anlagilmaktadir.

1. ve 2. soruda oldugu gibi, “sonsuz bir say1 kiimesi alttan/iistten sinirl1 olabilir
mi?” seklinde sorulan 3./4. sorularin ikisine birden “olamaz” cevabini verenlerin
ornek agiklamalarindan, adaylarin, bir say1r kiimesinin sonsuz coklukta elemamn
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oldugunda o kiimenin alttan ve/ya istten simnirli olamayacagim diisiindiikleri
anlagilmaktadir. Bu sorulara “olabilir” cevabinmi veren adaylarin 6rneklemeleri
[a,+00), (—o0,b] tipindedir. Orneklerden anlasilacag: iizere, adaylari, bir kiimenin alt
veya ist sirlarinin, kiimenin birer elemani olmasi gerektigini diisiindiikleri
anlasilmaktadir. Adaylarla yapilan goriismede, yoOnlendirilmis sorularla tekrar
diigiinmeleri saglanan adaylardan bazilari, (a,+), (—co,b) gibi araliklari da
alttan/listten simirli kiime ornekleri olarak verebilmislerdir. 3./4. sorularda dikkat
¢eken bir durum da, alt sinir i¢in (a,b] veya (a,b), iist sinir i¢in [a,b) veya (a,b) tipinde
ornekleme yapan aday sayisinin ¢ok az olmasidir.

Son olarak, “sonsuz bir say1 kiimesinin hem alttan hem iistten sinirli olabilir mi?”
seklinde sorulan soruya ‘“olamaz” cevabini verenlerin ornek agiklamalarindaki
“olursa sonsuza gidemez”, “bir taraftan sonsuza gitmeli” ya da “alttan sinirlt olabilir
ama ustten olamaz” ifadeleri, 3. ve 4. sorularda elde edilen bulgularla uyumludur.
“Olamaz” cevabimi verenlerin yaptig1 ornek agiklamalardan en dikkat gekici olam
“smurlt olursa sonlu kiime olur” ifadesidir. Bununla birlikte, soruya “olabilir”
cevabini vermesine ragmen, cevaplarii sonlu kiime drnekleriyle destekleyen (4 aday)
adaylarin da olmas1 oldukga ilgingtir. “Sonsuz bir say1 kiimesi hem alttan hem de
istten smrli olabilir mi?” seklinde sorulan 5. sorunun uygun O&rneklerle
cevaplandirilamamasinin yani sira 5. soruya yanit vermeyenlerin yiizdeliginin diger
sorulara gore oldukga yiiksek olusu da goézetildiginde, adaylarin sonsuz kiimelerin
alttan ve istten sinirl olabilmesine yonelik fikir tiretmede biraz ¢ekinik olduklart ve
zorlandiklar1 sdylenebilir. Diger taraftan, soruya “olabilir” dogru cevabini veren
adaylarin (10 kisi), (a,b) agik araliklari tipinde yaptiklar1 6rneklendirmelerinden
dolay1, sonsuz ve smurlilik kavram iligkileri arasinda bir ¢eligski yasamadiklar1 ve
yeterli bir farkindaliga sahip olduklari1 anlagilmaktadir.

Sonsuz kiimelerin en kii¢iik/biiylik elemanlar1 ve sinirliligryla ilgili sorulara
verilmis olan cevaplar analiz edildiginde, adaylarinin kavrama ydnelik yanilgilari,
kavrayislar1 dogrultusunda olusturduklart yanlis fikirleri, genel olarak,

1. Sonsuz goklukta elemana sahip bir kiimenin

a) en kiiciik ve/ya en biiyiik elemaninin olamayacagi
b) alttan ve/ya iistten sinirli olamayacagt

2. a)en kiigiik ve/ya en biiyiik elemani

b) alt sinir1 ve/ya {ist sinir1 olmayan bir sonsuz kiime 6rnegi tizerinden “asirt
genelleme” yaparak tim sonsuz kiimeler i¢in en kiigiik ve/ya en biiyiik
elemanin ya da alt ve/ya list sinirin olmadigi

3. Sonsuz bir kiimenin alt ve/ya iist sinirlarinin, kiimenin birer elemant olmasi
gerektigi
4. Sonsuz bir kiimenin

a) alttan sinurl ise en kiigiik



1142 Tuba Sevyut ve Yeter Sahiner

b) tistten smirli ise en biiyiik
elemaninin olabilecegi

5. Bir kiimenin sonsuzlugunun, “iki tarafli ” ((—oo, +o0) gibi) ya da “tek
tarafli” ((—0,a) , (a,40) gibi) olmasi gerektigi

6. Hem alttan hem iistten sinirli bir kiimenin sonsuz kiime olamayacagi, sonlu
kiime olmas1 gerektigi

seklinde maddeler halinde Ozetlenebilir. Alanyazinda da, sonsuz kiime
kavramina yonelik diisiinsel engelleri ve kavram yanilgilarini inceleyen bazi
calismalar mevcuttur.

Oflaz ve Polat’a (2022) gore, 6gretmen adaylarinin sonsuzlugu “siirekli devam
eden sinirsiz bir durum” oldugunu diisiinmeleri, dile bagh epistemolojik engele sahip
olduklarinin gostergesi olabilecegi yoniindedir. “Hem alttan hem {istten sinirli olamaz,
mutlaka bir tarafa dogru sonsuzluk genislemelidir” diisiincesi, potansiyel sonsuzluk
fikrinin hakim oldugunu, sonsuzu biitlin olarak ele alan ger¢ek sonsuzluk
diistincesinden uzak kalindigini gostermektedir. Adaylarin hem alttan hem iistten
sinirlt bir kiimenin sonsuz kiime olamayacagi sonlu kiime olmasi gerektigi yanilgisina
sahip olduklar1 anlasilmaktadir. Benzer sekilde, Tsamir (1999) adaylarin sonlu
kiimelerden sonsuz kiimelere asiri genelleme yaparak sonlu ozellikleri sonsuz
kiimelere atfettiklerini belirtmistir. Pala ve Narli (2018b) ise adaylarin sonlu
kiimelerin bazi o0zelliklerini sonsuz kiimelere genelleyerek cesitli yanilgilara
diistiiklerini bulgulamistir.

Bu ¢alismada elde edilen bir kiimenin sonsuzlugunun, “iki tarafli” ya da “tek
tarafli” olmasi gerektigi diisiincesine paralel olarak Narli ve Narli (2012), 13-14
yaslarinda ilkdgretim 6grencileriyle gergeklestirdigi ¢alismada sonsuzlugu, sinirsizlik
kavramiyla agiklama egiliminde olduklarini, sonsuzlugun baslangicinin olabilecegini
ama sonunun olamayacagini diigiindiiklerini ortaya koymaktadir. Benzer sekilde,
Isleyen (2013), arastirmaya katilan 72 ortadgretim ogrencisinin yartya yakinin
“sonsuzun simrinin olmayacagmi” belirttigini bulgulamistir. Ogrencilerin genel
algisinin sonsuzu gegilemeyen ve belirli olmayan, diisiiniilebilecek en biiylik miktar
oldugunu belirtmektedir.

Ogretmen adaylarmin sezgisel yaklasimlarinin bir iiriinii olan sonsuz ¢oklukta
elemana sahip bir kiimenin alttan ve/ya ustten smirli olamayacagi diigiincesi ile
Ortiisen ¢aligmalar mevcuttur. Date-Huxtable vd. (2018), yaptiklar1 g¢alismada
adaylara sorduklart “Gergek olan herhangi bir sey sonsuz olabilir mi?' sorusuna
verdikleri yanitlardan biri “sinirdan yoksunluktur, 6rnegin sifirdan baglayan tam
sayilar kiimesi sonsuzdur ¢iinkii en biiyiikk olan bir tam say1 yoktur. Baragli (2004)
tez ¢aligmasinda bulgulanan, ilkokul 6gretmenlerinin sahip oldugu yanilgilardan biri
de sonsuzlugun sinirsiz olduguna ve sonsuzlugun en az bir sinirdan yoksunluk
anlamma geldigine inanmasidir. Jirotkova ve Littler (2004) tarafindan yapilan
calismada, adaylara “diiz ¢izgiyi tamimlayin” sorusu yoneltilmistir, elde edilen
ifadelerden bazilari sunlardir: “sonsuz bir nokta kiimesidir”, “bitis noktalari
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CEINNT3

sonsuzdadir”, “her iki yonde de sonsuza gider”, “ne baslangi¢ ne de bitis noktasi
vardir”, “bir baslangi¢ ve sonla sinirlandirilamaz”.

Bu arastirmadan elde edilen bulgular ile alanyazinda tespit edilmis bulgular
benzerdir, uyumludur. Ancak, la, 2a, 3 ve 4 nolu maddelerinin alanyazinla
eslesmedigi goriilmektedir. Bunun sebebi, 1a ve 2a maddeleri i¢in, alanyazinda sonsuz
bir kiimenin en kii¢iik ve/ya biiyiilk elemanina yonelik bir ¢alismaya rastlanmamis
olmasidir. Diger taraftan, yapilan caligmalarda sonsuzluk ya da sonsuz kiime
kavramlar1 genel olarak “sinirlilik” ile iligkilendirilmis, bu sinirlilik “alt sinir” ya da
“fist sinir” olarak detaylandirilmadigi igin, alt/iist sinirla ilgili olan 3 ve 4 nolu
maddeler alanyazinla eslestirilememistir. Eslesmeyen maddelerle ilgili yapilacak
calismalarin alana katki saglayacag diisiiniilmektedir.

Matematik derslerinde, lise ve liniversite diizeyinde yer almasi beklenen
sonsuzluk kavraminin agik bigimde tartigilmadigi, dogrudan konu, kazanim ya da
etkinlik olarak ele alinmadig1 goriilmektedir (Ozmantar, Bingélbali ve Akkog, 2008).
Kavramsal bilgi verilmediginden, sezgisel yaklagim gdsteren Ogrencilerin formal
bilgisi yapilandirilamamakta, bu da yanlis genelleme ve yanilgilara yol agmaktadir.
Kim vd. (2005), ogrencilerin kavramla ilk karsilagmalarinin giinliik dil ve
Ogretmenlerin matematiksel sdylemleri aracilifiyla oldugunu belirtmistir. Yanilgilari
onlemek icin lise programinda ve lisans diizeyindeki temel derslerde kazanimlara yer
verilebilir.

Ergene (2021), matematik 6gretmen adaylari ile yaptigi calismada, matematik
Ogretim programinda sonsuzluk kavraminin ancak sezgisel olarak yer aldigini ve
Ogretmen yetistirme programinda yeterince yer almadigini vurgulayarak adaylarin
sonsuzluk kavramina yonelik bilgilerinin eksik oldugunu ve sonsuzlugun 6gretim
stireci hakkinda yeterli bilgiye sahip olmadiklarini belirtmistir. Soyut ve ¢eliskili
yapisindan dolay1 sonsuzluk kavrami, sadece dgrenciler i¢in degil, dgretmenler igin
de anlagilmas1 zor bir kavramdir. Ogretim programlarinda {istii kapali olarak gegilen
sonsuzluk kavraminin bircok matematik konusu ile iligkili olmasi sebebiyle,
kavramin Ogretiminde rol oynayan O&gretmenlerin  matematiksel sonsuzluk
kavrayislarindaki zorluklar1 ve algilar1 iizerine yapilacak olan g¢aligmalarin da
iilkemizdeki matematik egitimine ve Ogretmen egitimine katki saglayacagi
diistiniilmektedir. Bu ¢aligmalarin analizi sayesinde, 6gretim ve 6gretmen yetistirme
programlarinda yapilacak planlama ile sonsuzluk kavramina yonelik etkili bir egitim
verilebilir.

Ogretmen yetistirme programlarindaki diizenlemelerle, dgretmenlerin sonsuzluk
kavramina dair formal bilgilerini kullanarak &gretimde daha aktif rol almalar ve
matematiksel sdylemlerinde farkindalik kazanmalar1 saglanabilir. Alan bilgisine sahip
Ogretmen, dgrencilerin sezgisel yaklasimlarindan dogabilecek yanilgilar: onleyebilir.
Derslerde sonsuzluk kavramina iligskin problem ¢dzme, aragtirma, paradokslar ve
tartismalar igeren etkinliklerle merak uyandiran 6grenme ortamlari sunulabilir.
Arastirmanin pekistirilmesi igin ayrica, ¢aligma grubu farkli iiniversitelerdeki adaylar,
ogretmenler ve lise 6grencileriyle genisletilerek tekrarlanabilir.
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