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1. Introduction

Polynomial forms of number sequences, beginning with Fibonacci polynomials, hold an important
place in various subfields of mathematics such as geometry and algebra [1-3]. Fibonacci and Lucas
polynomials constitute significant recursive sequences with remarkable algebraic and combinatorial
properties. These polynomials have been extensively studied for their theoretical importance and
applicability in interdisciplinary fields such as coding theory, quantum computing, and symbolic
computation. Their structural characteristics enable efficient formulations in both pure and applied
mathematics. In particular, Fibonacci-type polynomials have considerable applications in number
theory [4-7]. For any variable quantity x, the Fibonacci polynomial F),(z) is defined as

Fo(x) = 2F,_1(z) + F—2(z), foralln>2

with Fy(x) =0 and Fi(x) = 1. With a similar idea, the Lucas polynomial L, (x) is defined as
L,(z)=aL,—1(x) + Ly—2o(x), foralln>2

with Lo(x) = 2 and Ly (z) = z. For more details, see [8,9].

In 1958, Vietoris used Appell polynomials in connection with positivity problems of trigonometric
sums [10]. Positivity as an interdisciplinary subject was an active research field, and several works
were conducted using Vietoris’ results [11]. Later on, in [12], the authors studied Vietoris’ number
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=513 "

where <[§ J> is the central binomial coefficient [13] and |.| represents the floor function. This sequence
2
is associated with the sequence A283208 in the Online Encyclopedia of Integer Sequences (OEILS) [14].

sequence {vs}s>0 with s-th term formula

N[V

As can be observed from [13,15-19], Vietoris’ sequence is one of the members of rational sequences,
and some terms are as follows:
L1133 5 5 55 35 6 6
72727878167 167 1287 1287 2567 256’
In addition, the sequence of Appell-Vietoris polynomials [20], namely {V,,(z)}, -, is defined. For this
sequence, -
n n
Vo(z) = Z Tozk = Z (Z) Cn_p "
k=0 k=0
where T} and ¢ are triangle, i.e., these numbers form a triangular array with n + 1 rows, indexed
from k =0 to k = n, and k—th term of the Vietoris sequence, respectively. In [20], it can be seen that
Vietoris’ sequence via the sequence of Appell-Vietoris polynomials for x = 0.

In this paper, we investigate the following questions: Is it possible to determine a special type of Vietoris-
like polynomials by considering the properties of Vietoris’ numbers? If so, what relations, identities,
and properties do they satisfy? What conditions must be imposed on Vietoris-like polynomials to
obtain meaningful results? This paper aims to explore and provide answers to the questions posed.

The rest of this study is structured as follows: Section 2 introduces the fundamental concepts to be
utilized throughout the paper. Section 3 defines special Vietoris-like polynomials, investigates some of
their basic properties, and analyzes their recurrence relations, special equalities, and identities such as

those of Catalan, Cassini, and d’Ocagne. Finally, Section 4 provides the conclusions.
2. Preliminaries

This section discusses the basic properties of Vietoris’ number sequence {vs}s>0 with the s-th element
n (1.1), For more details, see [10-18]. Even members of {vs}s>0 are as follows:

1 (2n
Ui = g R n>0

where vgy, = v2,_1. The two-term recurrence relation for {vey, }n>0 is as follows:

Vont2 = L(2n)ve,, n >0 (2.1)

where b1
Lk)=——, k>0 2.2
=210 k> (2

Thus, the expression for vg, in terms of any wvgy is as follows:

n—k
Vop, = H L(2n —2l)ve,, n>k
=1
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Similarly, ve,, in terms of vy is as follows:

(2n + )N

Voan+2 = H £ 2Z W

1=0
Here, the double factorial of a number is defined as the product of all positive integers up to this
number that shares the same parity (odd or even) as itself. The three consecutive-term recurrence

relation for {vap, }n>0 is as follows [17]:

1 1
Voan42 = §U2n+1 + §£(2n)112n, n>0 (2.3)
The characteristic equation for the recurrence relation in (2.3) is given by [17]:
1 1
t? — ~t—-L(2n) =0
5t = 5£(2n)
with roots
1 1
it (1 i+ 8£(2n)) and rft = (1 /1t 8£(2n)) (2.4)

4
(2.4), Vietoris’ number sequence provides the following Binet-like formula [17]:

oo = by, ()" el ()™

According to the roots in

where

e B o OB

(k)™ = (o)™ i () - ()™

1
By the roots in (2.4), the following holds: 1"0 = +4‘/5 (half of the golden ratio), T;}L + TTQ =5 and

on H (27";?@ - ) Tok

r;}@r;ﬁ = —@ [17]. Using (2.1), (2.3) of order two for the even index is rewritten as [17]:

1 1
Vopto = §£(2n)v2n + §£(2n)£(2n —2)vgp—g, n>1
The characteristic equation of this recurrence is as follows [17]:
9 1 1
e — §E(2n)t - 55(271)[,(271 -2)=0
with roots

rh = L(zn) (1 - \/1 + 8%) and rl = E(zn) (1 + \/1 + 8%) (2.5)

According to these roots, Vietoris’ number sequence provides the Binet-like formula [17]:

van = ey, (ef2) " el ()

where
i (2n —1)N <—£(2n) (r%) + ( ;?H2>2n+2>
1 =
() ) ) ()™
and »
j (zn =1 {26z (xh) " - (o))
2 —
Con anpl ((rgn)zn ( )2n+2 B (r;i)zn (r£}1+2)2n+2)
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By the roots in (2.5), the following hold: b f2 — £2n) drhirlz = _£(2n)£(2n—2) 17
y .5), g hold: ry), + ry?, 5 and ry,Ty, 5 [17].

Moreover, the generating function is given by [15]:

VI VT &

= Poo0< |zl <1
g(Z) Z\/m pz;)vpz ‘Z|

3. Special Vietoris-like Polynomials

This section introduces special Vietoris-like polynomials and presents several of their properties.

Definition 3.1. For real variable x, the s-th element of Vietoris-like polynomial sequence {Vs(x)}s>0
is defined by

L(s—1)Vs_1(z), if sisodd
Ve(x) = (3.1)
ZELL(s — 2)Vs—a(z), if 5 is even
where Vy(z) = 1.
The first few Vietoris-like polynomials are
1.1 a2+l 3(z+1)  3(z+1)2 5(z+1)2  5(xz+1)3  35(xz+1)3  35(x4+1)*  63(x+1)*  63(z+1)° 3.9
v 20 T4 0 16 0 32 o 64 o 128 o 1024 2048 > ~ 4096 > ~ 8192 ' °° (3-2)
In particular, for x = 1, Vietoris-like polynomials are equal to Vietoris’ sequence. For x = —1,Vs(z) =0

where s > 2. It can be observed the graphs of the first eleven elements of Vietoris-like polynomial
sequence in Figure 1, for —5 < x < 5.

— Vo(z) =1 5(z

1)
Vi(z) = 2552
Vi(z) = 'L 35(x+1)%
Vi(e) = B
— V(@) =z -
35(2+1)
Vs(@) = =5
— Vs(z) = “%U ’ 1
’ Vy(z) = Bt
S N 3tn)?
— ,,/ Vi) * Vio(z) = 63(a+1)°
N L——" - . 8192
— 2 _ 5(x+1)?
-4 ,// < 4 — Vs() = 75
—— -1}

Figure 1. First eleven elements of Vietoris-like polynomial sequence

Corollary 3.2. Let {Vs(x)}s>0 be Vietoris-like polynomial sequence. Then, two-term recurrence
relation, for {Vay(z)}n>0 is obtained from (3.1), for s = 2n + 2 as follows:

rz+1
Vonto(z) =

£(2n)Von(z) (3.3)

Moreover, even members can be also written using (2.2) such that:

Von(z) = (m;1>n2%<2n> n>0 (3.4)

n

Corollary 3.3. Let {Vs(z)}s>0 be Vietoris-like polynomial sequence. Considering (3.3) in terms of
{V2n(x)}n207
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Vonsa(z) = (”3 ;“ 1)2 LERLE2n - 2)Von_a(z), n>1 (3.5)

Additionally, the term Vs, (x) in terms of any Vo (z) is as follows:

Van(z) = [] ( 5 ) L(2n —20)Vor(z), n>k (3.6)
=1
The following equality in terms of Vy(z) is obtained:
r+ 1\ 2 , r+1\"" 2n+ 1!
Vansa(o) = (“5) ] £eivie) = (57) G (3.7)
PROOF. By putting s = 2n + 2 and s = 2n in (3.1), (3.3) and
r+1
Von(x) = 5 L(2n — 2)Vay_o(x) (3.8)

calculates, respectively. When (3.8) is substituted into (3.3), (3.5) is obtained. If this process continues,
(3.6) is obtained. Moreover, for a particular value k = 0, (3.6) is transformed into (3.7). Here, it is

clear that [] £(2i) = @t ia (2.2) O
=0

= @nt2)n
Corollary 3.4. The three consecutive-term recurrence relation for {Va,(z)}n>0 is as follows:
L(2n)
2
PROOF. From (3.3), Voniao(z) = ZHL(2n)Vo,(z). Then, it follows Vayio(z) = 2L(2n)Von(z) +

$L(2n)Vay(z). From (3.1), £(2n)Va,(z) for Va,11. This ultimately leads to the three-consecutive-term
recurrence relation (3.9). O

Vonya(x) = sznH(l") + Von () (3.9)

Corollary 3.5. Let {Vi(x)}s>0 be Vietoris-like polynomial sequence. Then, two-term recurrence
relation, for {Van11(x)}n>0 is obtained from (3.1), for s = 2n + 1 as follows:

r+1
2

Moreover, odd members can be also written using (2.2) such that:

x4+ 1\t 1 [2n
= (3 (1),

Corollary 3.6. Let {Vs(z)}s>0 be Vietoris-like polynomial sequence. Considering (3.10) in terms of
Vans1(2) bnzo,

V2n+1($) = E(2H)V2n_1(x) (310)

Vonti1(x) = (a:—;— 1>2 L(2n)L(2n — 2)Vap—3(z), n>1 (3.11)
Additionally, by using (3.10), the term Vo, 11(x) in terms of any Vori1(x) is as follows:
Vo1 (x) = nﬂk (“’ . 1)n_k LOn—2MVop 1(z), 1>k (3.12)
=1
the term Vo, 11(x) in terms of Vy(z) is obtained as follows:
Va1 (z) = (9” : 1)nﬁ)£(2i)vo(:c) _ (x . 1>n E;Z i ;;:: (3.13)



Girses and Caglar Cay / Toward the Determination of Vietoris-like Polynomials 15

PROOF. By putting s =2n+ 1 and s =2n — 1 in (3.1), (3.10) and
r+1

Von-1(z) =

is calculated, respectively. When (3.14) is substituted into (3.10), (3.11) is obtained. If this process

continues, (3.12) is obtained. Moreover, for a particular value k = 0, (3.12) is transformed into (3.13).

Here, it is clear that ﬁ L(2i) = E%Zig" via (2.2) O
i=0

/:(277, - 2)V2n_3(x), (3.14)

Theorem 3.7 (Binet-like Formula-Form 1). Let {Va,(z)},>0 be Vietoris-like polynomial sequence.
Then, for n > 1, it provides Binet-like formula:

Van(z) = ChL () (RY, (2))2" + CI2 (2) (R (2)) (3.15)
where
Rl (2) = i (x Y 8£(2n)> R (2) = i (x + e+ 8£(2n)) (3.16)
and

n— R Volx n
@m»=kf)lm%$” (i;%g@@u>xm5m
on\L xr

T (3.17)
w1 Vo) - (Rl@) e T
Ch(r) = (" . 1 (2R3 (x) — 2R3 ()
2 2 G- e "
ProOOF. Considering (3.9), characteristic equation for {Vay(z)}n>0 is written by
1 1
2 ot — 21009 = 1
t 2xt 2£( n) =0 (3.18)
Thus, its roots R;;L(ac) and R;ﬁl(x) are
1 1
Rl = <:p S 8£(2n)) and Rf(x) = (1‘ 2+ 8£(2n)> (3.19)

By (3.17),

n 1 5 2n
oy ((Bh@)™" - va@) T Rl - e (Rhe)’
2 (Rl @)™ - (Bh@)™

() (ve0) - (Rh@)") T RS @) - )R @) (R @)

2 (R @) " ~ (Rl @)™

w1 (R @)™ (@)™ T Rl @) - 2R - (@)™ (R @) " TR - )R @)

-5 e -

O3 (@) (R ()" + CL2 () (RE ()% = (

w1 a(o) (Bp@) " T @R @) - 2) R0 + Va(o) (R) " T 2R @) - o) R )

) (o T

(1+1)"-1 (Ra@)™ (R @)" nHl (2 (Rii(@)" — 2Rj(x) T) (2 (Ri(@)" ~ 2Rl (x ))

= 2 (R? )Zn B ( 21 )Zn

- (Bh@)™ "[[ (2 (Ri(@)” - 2Rl ) + (R @) E (2 (R (@)’ - ol (w)>
(@)™ - (Ahe)”

+Va(2) (m;l)”

Since R;;(x) and R;fl(at) in (3.19) satisfies (3.18), then

2 (RYy(2))” — eRY(2) = £L2k) and 2 (RE() — 2R (@) = L(2k)



Girses and Caglar Cay / Toward the Determination of Vietoris-like Polynomials 16

Then,
o (B @) T 22b) + (Bl @) T L2k
C )R 0)" + Cla () (RS ()P = Vo) (1) e e
(RE(@)" — (Rh(@)
n—1n—1
— V() (xgl) T 2ok
k=1

n—1 n—1
Furthermore, using (3.6), for £ = 1, the equality Va, () = [] (‘”Tl) L(2n — 21)Va(x) is obtained,
and thus (3.15) is valid. O

Example 3.8. Calculate Vg(x) and Vg(x) using Binet-like Formula-Form 1 for n = 3 and n = 4,
respectively. Through (3.16) and (3.17),

G}

1 —
R’ () = 4096
6
T <x + V22 + 7)
R (z) =
4096
V2178
Ch( ) (m+1)2(x+\/m) <x+\/@) (—:C+%(:C+\/5627+6)) (—:c+% <x+\/@)> (%(_1_35)4.%)
|\ = 6 6
| (T EET
and
(o112 aT6) (-T2 (-t 3 (o vi756)) (- (/225 ) ) (13-(“”*7 Zoi”))
Ce’(z) =

4096 4096

Then, Vs(z) = C§* (2) (R (1)) + C (2) (R (2))° = 5("'“;;81)3. It can also be observed that Vs(x) via
(3.2). Similarly, through (3.16) and (3.17),

8
Rl () = (x— \/ T —i—%G)

65536
8
x4/ a2+ 38
R¢*(z) = ( ° )
65536
otr/a2138)°
(x+1>3(_x+m)(z+m)(—g+% x2+%0) (x+ x2+%§)(_z+m)(x+m)(;(_x_1>+(*65§3§5))
CE];l (x) = 3 s
z—/a2438 /a2 36
2048 <( 6555::3 = ) ( . 6553:; : ) )
and
e /221 88)°
(z+1)3(71‘7\/z2+6) (:vfx/:zZJrG) <a:7 z2+%0) <7%7%\/12+%> (*z*\/m) (Z*\/m) (111(.6552;;J)>
082 (I) = 8 8
z—y/zQ 3—!“’ z4+/22 %
2048 <_( 65532 a) ( u 6553+6 ) )

Then, it follows that Vg(z) = Cgl(sc)(R;r;1 (7))® + C’éh (a:)(REE2 (7)) = 35%1;)4. It can also be checked
via (3.2).

Remark 3.9. The following hold for R;;l(x) and R;%(x)
i. R(T)Q(l) = 1+T\/g7 which is half of the golden ratio
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ii. R () + R (x) =2
iii. Ry (x)RI (x) = —£C0)

Theorem 3.10 (Binet-like Formula-Form 2). Let {Va,(z)}n>0 be Vietoris-like polynomial sequence.
Then, it provides Binet-like formula

Van () = Chi () (RY, ()" + CL2 () (R, (x))™" (3.20)
where
Rb (x) = E(in) (CE — \/x2 + Aot 1 2n —2) )
(3.21)
R;i(w)zﬁ(in) <x+\/x2+4(m+1 (2n = 2) )
and
o= (57 (20— 1)1 (—ﬁ( 2n) (Rl (2))*" + (RE, 2(2))" )
" 2/ amml (RA (@))20 (RE 4o (2))72 — (REE (2))2 (REL 1 () +2)
(3.22)

b= (252)' (20— 1) (ﬁ( 20)(Rhy (#)" = (Rl o >>2”+2)
2/ 2l (RA ()7 (R, ()42 = (RE ()2 (R, () +2)

Proor. Considering (3.5), the characteristic equation of Vietoris-like polynomials is as follows:

x+1L2n)L(2n — 2)
2 2

Thus, its roots R;;L (z) and Rgi(m) are as follows:

o L(2n) Mo+ DL(2n —2)
Rop () = 1 (x - \/xQ + £0n) )

=0

12 — §L(2n)t -

and

. L(2n) 4(x+1)L(2n — 2)
R (x) = 1 <x + \/xz + £@n) )

By using (3.22), calculate C;L;L(;U)(RE}I(:E))Q” + C’gfl(:lz)(RT2 (2))%" as:

(2 (2 — DN (—£(2n) (RE (@))*" + (RE: () +2) (R, ()"
2/ ol (R4 (2))2(RE45(2)) 2 — (R (2)) 2 (R o (2))>+2)

. ( 4 1)n (2n = 1) (L(20) (R, (2))2 = (RE, 45(2))27+2) (RE ()"
2] omnl (R (2)2(RE 4o(2))2m42 — (RE (2))2(RE 45())242)

(m T 1>n (2n — D (R (2))2 (RE 45(2)) 22 — (RE (2))2 (RE}, 1 5(2))2+?)
2] ot (R ()2 (RE g(@)20+2 — (RE, (2))2 (RE . o2))2+2)

2nn

_ <x+ 1>n (2n — 1!
2

() e
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Using (3.7), (3.20) is obtained. [J
Example 3.11. Calculate Vs(z) with Binet-like Formula-Form 2 for n = 3. Through (3.21) and (3.22),

6
117649 80 (x+1
Rgl(Iﬁ): 64 (x—\/:BQ—F(Zl))

6
117649 80 (x + 1)
Ri2(z) = a (g; - \/:1,2 + )

8 6
1679616 (3z+1/922 +35x+35 —
1953125(z+1)? < ( 390625 ) 7825315243 ("”+ Z2+480(;1+])) )

ch =

6 :

4608((3z+\/912+35z+35)8(721z+\/21\/2112+801+80)67(73z+\/912+35z+35)8(21z+\/21\/2112+801+80)6)
and
s 1679616( 30+ 9w2+35w+35)8 93543 80(at1) 6
1953125(x+1)" | — 390625 +5512 =Y/ T
2 i
Co (z) =

4608 <(31’+\/9I2 352435 (—21z++v/21v/210%+ 800180 "~ (—3z+/927 +35x+35)8(21m+\/ﬁ\/2112+80m+80)6>

Then, Vs(z) = Cgl (z)(R§ (x))° —I—Cg2 (av)(Rg2 (2))8 = %. It can be checked via (3.2). It can also be
observed that R(z) and C(z) values obtained in this example are different from R(z) and C(z) values
found in Example 3.8.

Remark 3.12. The following hold for R;%(x) and R;Z(ZL‘)
L(2n)x

2
L(2n)L(2n —2)(x + 1)

4
Remark 3.13. By setting x = 1 in the previously obtained results, the concepts related to Vietoris

i REL(2) + RiA(x) =

ii. RY,(2)RE (z) = —

number sequence {vs}s>p can be observed.

It can be observed that Theorem 3.7 presents Binet-like formula based on the three consecutive-term
recurrence relation (3.9). Theorem 3.10 adapts the recurrence relation (3.1) into (3.9) and also derives
Binet-like formula again. This leads to two alternative expressions, referred to as Form 1 and Form 2,
for the Binet-like formula.

3.1. Some Identities for Vietoris-like Polynomials
This subsection investigates several identities for Vietoris-like polynomial sequence {Vs(x)}s>0.

Proposition 3.14. Let {Vs(z)}s>0 be Vietoris-like polynomial sequence. Then, the following properties
hold:

T+ 3

. Vop(z) +Vop—1(x) = L(2n — 2)Vop,_o(x)

i, Von(x) — Van1(x) = xTc(zn Vo a()
iii. Vans1(2) + Van-1(2) = (Z51L(20) +1) L(2n = 2)Van s (2)

iv. Vans1(2) = Van-1(2) = (Z5L(20) = 1) L(2n — 2)Van s (2)

/N

v. Vo () + Vapio(z) = %HE(Zn) + 1) Von(x) = (% + 1) Von ()
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vi: Vou(®) = Vanga(@) = (S51L(2n0) = 1) Van () = (Y525 — 1) Vau(a)

PRrROOF. Let {Vs(z)}s>0 be Vietoris-like polynomial sequence.

i. From (3.8) and (3.1), Van(z) = EH L(2n—2)Vap_o(z) and Vap—1(z) = L(2n—2)Vay_a(z), respectively.
The proof is completed when these equations are added side by side.

ii. From (3.3) and (3.8), Vap(x) + Vapt2(z) = (xTJrlﬁ(Qn) + 1) Von(x). Since % = ZEL£(2n), the
desired result is obtained.

The other proofs are similar. [

Proposition 3.15 (Catalan-like Identity). Let {V(x)}s>0 be Vietoris-like polynomial sequence. For
s>t and K = Vs (7)Vs_i(z) — (Vs())?, the following relation is valid: For all n > 1 and m > 1,

/2 t t/2 .
(n (»‘L‘T“)”2 L(s+t—20)— 1 (%“)W.c(s - 2z)> Vi(2)Vs_i(2), s=2nand t = 2m
=1 =1
(t+1)/2 1 (t+1)/2 1)/
(E(s —t—1) l];[l (%)“ e L(s+t+1-2l)— l];[l (%)(H e L(s— 2[)) Vimi—1(x)Vs(x), s=2nandt=2m—1
=
/2 —4)/2 /2 —4)/2
(n (=) ™ e+t 41— 11 (52) " £ 41 —21)> Vour (2)Vs_ra1 (2), s—2n—1andt=2m
=1 =1
o -1 e t=3
H(ETH>2 £(3+t,21),n<%)2 L(s+1—-20) ) Vey1(x)Vs—t(), s=2n—landt=2m—1
=1 =1

PrOOF. Consider (3.6). For s = 2n and ¢ = 2m,

Veyt(x)Vs—i(x) — (Vs(x))Q =Vantom(z)Van—2m(z) — (VQn(x))Q

ﬁ (95 > 1) (2n + 2m — 21)Von (%) Van—2m(x)

f[ <x ; 1) L(2n = 20)Van (2)Van—2m ()

= <ﬁ (x_gl)mﬁ(Qn—i—Qm—Ql ﬁ (x—i—l) L(2n _QZ)) Von(2)Van—2m ()

— (lﬁ (x;“l)m,c +t —21) ﬁ ( )t/Q L(s — 2l)> Vs(2)Vs—t(2)

For s = 2n and t = 2m — 1, using (3.1),
Vet (2)Vs—t() — (VS(x))z =Vantom—1(2)Van—2m+1(z) — (V2n(x))2

_ 2V2n+2m (I) 2V2n72m+2 (x)

r+1 r+1 B (Vzn(x))Q

m (x4 1\ ™2
~11 (vc ; ) L(2n + 2m — 20)Van (2) Van—2m2(x)
=1

m—1

V(@) [] (z ; 1)m7 L(2n — 20)Van_omsa()

(t+1)/2 (t—3)/2 (t—1)/2 (t—1)/2
1 1
_( I <%> Ci+t+1-2)— ] <%> L(s = 20) | Vyrs1(2)Vs(2)
=1

=1
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For s =2n — 1 and t = 2m,
Vsst(@)Vs—it(x) — Vn(2))? =Vantom—1(2)Van—am—1(z) — Van—1())?

:ﬂ%wﬂﬂﬂ%ﬂﬂﬂ_<ﬂ%wng
z+1 z+1 z+1

- (l:ﬁ (:r —2&— 1)’”‘2 L(2n + 2m — 21) — ﬁ <x —21- 1)m—2 L£(2n — 21)) Von (2)Van—om ()

=1

t/2 (t—4)/2 t/2 (t—4)/2
=(H (7”;1> L(s+t+1721)71‘[(3”;1> Lls+1=20) | Vort(2)Vsoria (2)

=1 =1

Fors=2n—-1and t =2m — 1,
Vet (@) Vst () — (Vs(2))? = Vongom—2(2)Van—am () — (Von—1(2))*

21/2"(33))2
r+1

= Vongom—2(2)Van—om(x )_<

m

(T (5 e L (5 ) v

=1 =1
t
(l

The above proposition is also valid for s >t > 2.

1 t+1 ‘3

1 (x—gl)t;ﬁ e 121 ( )7 flod 21)) e

1

O

Example 3.16. Considering (3.2), we compute Vig(z)Va(x) — Ve(2)? = 133(;%?6, where s = 6 and

t = 4. Besides, using the above formula, we obtain the same results
2 2 2 2
Vio(z)Va(z) — Vs(z)? = (lnl (=) £(10 - 21) - s (=) £(6 - 21)) Ve(z)Va()
13(x + 1)°
32768

Similarly, for s = 6 and t = 3,
Vo)Vl ~ Vel = (202 >lﬁ1 (=41) (0 —20) - lﬁl (=8) £6 - 2)) Vo(opwa(o)
~(#+1)° (—89 + 100z)
65536

For s =9 and t =4,
2 2
Vis(@)Vs(x) — Vo(w)? = <ln1 £(14—20) — T £(10- 25)) Vio(@)Ve(2)
321(1 4 z)®
16777216
For s =5 and t = 3,

2
Ve(z)a(z) — Vs(2)? = (w;lg(es) - T £(6- 21)) Ve(2)Va(2)

5(z + 1) (=3 + 7x)
8192
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Proposition 3.17. For n > 1,

el 2
Vea(@Viale) = V(@) =4 o)
2 (s+1)(s+3)

Moreover, for = 1, considering (3.1), we obtain the following result as in [18]:

Vs(x)Vs—2(x), s=2n

Ve(@)Vs-2(z), s=2n—1

2
VsVs—_2, s=2n
2
Vs42Vs—2 — (U5)2 = 8(82 )
A D)(s gt s=2n-1

Proposition 3.18 (Cassini-like Identity). Let {Vs(z)}s>0 be Vietoris-like polynomial sequence. Then,

) =L (L(s) = =) Ve (@))?, s=2n
Va1 (@) Vs-1(z) — (Vs(2))” = 1 5
L(s—1) (% —L(s — 1)) (Vs—1(z))?, s=2n-—1
where n > 1.
ProoOF. Consider (3.12). For s = 2n,

Va1 (2)Vso1(2) = (Vs(2))? = Vans1(2)Von-1(z) — (Vau(x))?

+1 +1 ?
= z £(2n)V2n_1(x)V2n_1(x) — (x 9 Vzn_1>

= T (em - ) Ve @)?
el CORE S [RIE)
For s =2n — 1,
Verr @Vt (2) = (Vo(@))® = Viu (@) Van-a(2) — (Va1 ())?
_ ;_ 1E(2n — 2)Vap—2(z)Vap—2(z) — 52(2" - 2)0)2”*2(95))2
= £(2n - 2) (w L en- 2)) (Van—2(2))?
=L(s—1) (w 1 L(s — 1)> (Vso1(2))?
OJ

Proposition 3.19 (d’Ocagne-like Identity). Let {Vs(z)}s>0 be Vietoris-like polynomial sequence.
Then,

(L(t) — L(s)) Vs(x)Ve(), s=2nand t =2m
(1 — 255?) Vs(2)Viy1(x), s=2nandt=2m—1
Vs(2)Vig1(z) = Vsr1(2)Ve(x) = (3.23)
(Qfﬁ) - 1) Vsr1(@)Ve(z), s=2n—1andt=2m
0, s=2n—landt=2m -1

where n,m > 1.
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ProoOF. Consider (3.3). For s = 2n and ¢ = 2m,
Vs(2)Vig1(2) = Ver1(2)Ve(2) = Vo (2)Vomt1(x) — Vanta(2)Vam(2)
= Von () L(2m)Vay, () — L(2n)Vay, () Vo ()
= (£(2m) — L(2n)) Van () Vam(z)
= (L(t) = L(s)) Vs(x)Vi()
Additionally, by (2.2),

Vy(@) Vi1 (@) — Vais (2)Vi(z) = (( i

8—|—2)(t—|—2)) Vs(z)Vi(x)

Then, for s = 2n and t = 2m — 1,
Vs(@)Vir1(x) = Vsp1(2)Vi(z) = Vau(2)Vam (7) — Vany1(2)Vam—1(z)

Vo ()
r+1

= Von(2)Vom (z) — L(2n)Va, ()

- (1 . ﬁ”) Vo () Vo )
_ (1 - iﬁfl)) Vs(@)Vera (2)

For s =2n — 1 and t = 2m,

Vs(2)Ver1 (@) = Vi1 (2)Ve(2) = Van—1(2)Vomt1(2) — Von (2) Vo ()

= 2};21(?5(2771)1)%(95) — Von(2)Vam(2)
_ (ii(? _ 1) Ver1(2)Vi(z)

For s=2n—1and t =2m —1,

Vs(2)Ver1 (@) = Vi1 (2)Ve(2) = Van—1(2)Vom (2) — Van(2)Vom—1(2)

_ 2V2n(1') 2V2m($)
r+1 rz+1

=0

VQm (.7)) — Vgn (:U)

O
Remark 3.20. For x = 1, (3.23) becomes the following formula as in [18]:

t—s
(s+2)(t+2)
1
VsUt41 — Us+10t = s+ 2
—H_]-2'l)5+1'l)t, s=2n—1and t =2m
0, s=2n—1landt=2m—1

VsVt s=2nand t =2m

VsV¢t1, s=2nandt=2m—1
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Proposition 3.21. Let {Vs(z)}s>0 be Vietoris-like polynomial sequence and n > 2. Then,

Vanto(z) = (x ; 1)2 222(2;11)7/271—2(37) + (li Z 1) (;Vzn@?) chh 1V2n 1(z )) (3.24)

PROOF. From (3.4) and the Pascal’s identity (}) = (Zj) + (”;1),
x4+ I\t 1 [(2n+2
= (432) (257
< >”+1 1 on+1 N o+ 1
22n+2 n n+1
_<a:+1>"+1 1 2n ), (20)  (20) ([ 20
o 2 22n+2 n—1 n n n4+1
( >”+1 1 n N n N 1 (2n
22n+2 n—1 n+ 1 22n+1 n

x4+ 1\t 1 2n 2n 1 2n
V2n+2(95): < 2 > <22n+2 ((nl) + <2nn1>> +22n+1<n>>
[z 1\ 1 2n 1 (2n
- < 9 > 2n+l\pn -1 + 2n+1\

Using (7) = = (".") and (3.4
y <x+1>”+1 on  (2n—1 +<x+1> <x+1>"1 omn
22 (o 220+ (p+ 1)\ n—1 4 2 22n \ p
r+1\2 2n—1 [z+1 1 [(2n—2 r+1
( ) 22(n+1) ( 2 ) 22”2<n—1>+< 4 )VQ"("T)
1\2 2n—1 1
_ (aH— ) n V2n oo )+<$+ )VQH(@

From (3.1) and (3.3),

Vo o) = (x;r1>2 2n — 1 Vgn_g(x)—i-(xl_l) (;V%(x) x+1V2n (@ )>

O]

Remark 3.22. For z = 1, (3.24) becomes the following equality as in [18]:

Uopt2 = (1vzn + 1U2n—1) + ﬂvzn—% n>2
4 4 4(n+1)

4. Conclusion

Many researchers have studied number sequences and their properties, which play an essential role in
mathematics. Hence, the polynomial forms of these number sequences for any variable quantity = have
also become an area of significant interest. The Fibonacci polynomials were among the first polynomial
forms considered. Since Fibonacci-type polynomials have significant applications in geometry and
algebra, various researchers have extensively studied them in number theory. In this paper, we provided
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an affirmative answer to a question related to the existence of special Vietoris-like polynomials by
using the properties of Vietoris’ numbers. Hence, we derived special Vietoris-like polynomials and
investigated their basic properties, recurrence relations, and special equalities. We also constructed
an analogy with the studies [10-12,15-18] using Vietoris-like polynomial approach and established
some conditions for obtaining interesting results inspired by studies [2-9]. We determined Catalan-like,
Cassini-like and d’Ocagne-like identities. We also presented their special cases corresponding to
the existing identities in Vietoris’ number sequence. We believe that the calculations of this work
contribute to the broader understanding of polynomial structures and their connections with well-known
number sequences and enable new studies. Specifically, the results of Vietoris-like polynomials and
the properties of Vietoris’ hybrid numbers (for more details on hybrid numbers, see [21]) of the form
VHS = vs+ 05110 +EVs10+hvsig where i2 = —1, €2 = 0, h? = 1, and ih = —hi = e+i [22], Vietoris-like
hybrid binomial sequence and its remarkable features represent key areas for future research.
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