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ABSTRACT. Soft set theory, initiated by Molodtsov, is a tool for modeling
various types of uncertainty. In this paper, upper and lower a-inclusions of a
soft set are defined. By using these new notions, some analyzes with respect to
group theory are made and it is shown that some of the subgroups of a group
can be obtained easily with the help of these notions. It is also illustrated that
a soft int-group and a soft uni-group can be obtained by its upper a-subgroups
and lower a-subgroups, respectively. Furthermore, soft int-group by its family
of upper a-subgroups is characterized under a certain equivalence relation.
Finally, a new method used to construct a soft int-group with the help of its
upper a-subgroups are introduced and an application of this method is given.

1. INTRODUCTION

The notion of soft set was introduced in 1999 by Molodtsov [I]. Since its incep-
tion, Maji et al. [2] and Ali et al. [3] introduced several operations of soft sets and
Sezgin et al. [4] studied on soft set operations in more detail. And the theory of
soft set has gone through remarkably rapid strides with a wide-ranging applications
especially in decision making [Bl 6] [7] [8, [0} 10, 111, 12} I3]. There have been also at-
tempt to softificate various mathematical structures like groups [14], semirings [15],
BCK/BCl-algebras [106, [I7], p-ideals [I8], BCH-algebras [19], rings [20], near-rings
[21], mappings [22], soft lattices [23], substructures of rings, fields and modules [24].
Cagman et al. [25] introduced the concept of soft int-group which is based on the
inclusion relation and the intersection of sets, and therefore more functional for
developing the theory of soft groups. With the motivation of soft int-group, Sezgin
et al. [26] moreover defined soft uni-group which is based on the inclusion relation
and the union of sets and Mustuoglu et al. [27] studied its basic properties of soft
uni-groups as regards normal soft uni-groups as well.

In this paper, first the notions of upper/lower a-inclusions and proper up-
per/lower a-inclusions of a soft set are introduced and their basic properties are
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studied. In this connection, the notions of upper a-subgroups of a soft uni-group
and lower a-subgroups of a soft uni-group are introduced. It is shown that some
of the subgroups of a group can be obtained via a soft int-group and its upper
a-subgroups and via a soft uni-group and its lower a-subgroups. And also it is
illustrated that under certain conditions, one can obtain a soft int-group with the
help of its upper a-subgroups and a soft uni-group with the help of its lower a-
subgroups. Since the theory of groups occupies a significant role in mathematics,
with many practical applications, these notions are analyzed in more detail and
some applications of these notions on group theory especially more concerning with
upper a-subgroups of a soft int-group are made. An answer whether the family of
upper a-subgroups of a soft int-group determine the soft int-group uniquely or not
are tried to be found. Firstly, an example to show that two soft int-groups may
have an identical family of upper a-subgroups, but may not be soft equal is given,
and it is proved that for the equality, their image sets have to be equal. Also, it
is shown that given any chain of subgroups of a group, there always exists a soft
int-group whose upper a-subgroups are exactly the members of this chain. Further,
a method used for constructing a soft int-group of G with the help of the subgroups
of G is defined. Finally, it is shown how an upper a-subgroup of a soft int-group is
softificated.

2. PRELIMINARIES

In this section, some basic definition of soft set theory for the sake of completeness
are recalled. Throughout this paper, U refers to an initial universe, F is a set of
parameters, A C E and P(U) is the power set of U .

Definition 1. [I] A4 soft set fa over U is a set defined by
fa:E— P(U) such thatfa(z) =0 if v ¢ A.

Here, fa is also called approzimate function. A soft set over U can be represented
by the set of ordered pairs

fa=A{(z, fa(z)) 2 € E, fa(z) € P(U)}.

It is clear to see that a soft set is a parametrized family of subsets of the set
U. Tt is worth noting that the sets f4(z) may be arbitrary. Some of them may be
empty, some may have nonempty intersection. Throughout this paper, fa(z) # 0 if
x € A, all of the soft sets are over U unless otherwise specified and Im(f4) denotes
the image set of fa.

Definition 2.~[6] Let fa, f be soft sets over U. Then, fa is a soft subset of fp,
denoted by faCfp, if fa(z) C fp(x) for allxz € E.

Definition 3. [6] Let fa, fp be soft sets over U. Then, fa and fp are soft equal,
denoted by fa = fB, if and only if fa(x) = fe(x) for allx € E.
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Definition 4. [6] The complement of the soft set f4 over U is defined by f§, where
fila) =U\ fala) for alla € E.
Definition 5. [25] Let G be a group and fg be a soft set over U. Then, fq is
called a soft int-group of G over U if

1) fa(ey) 2 fa(z) N faly) for all z,y € G,

ii) fo(x™!) = fa(x) for all x € G.
Definition 6. [26] Let G be a group and fo be a soft set over U. Then, fg is
called an soft uni-group of G over U if

i) fa(ey) € fa(z) U faly) for all z,y € G,

i) fo(z™!) = fo(z) for allx € G.

For the sake of ease, a soft uni-group is designated by SU-group and a soft
int-group by SI-group in what follows.

Theorem 7. [25] A soft set fo over U is a SI-group over U if and only if
fa(zy™") 2 fa(x) N faly) for allz,y € G.

Theorem 8. [26] A soft set fo over U is a SU-group over U if and only if
fa(zy™) C fa(z) U fa(y) for all z,y € G.
Theorem 9. [25] Let f¢ be a SI-group over U. Then, fa(e) 2 fa(zx) forallz € G.

Theorem 10. [26] Let fg be a soft set over U. Then, fg is a SU-group over U if
and only if f& is a SI-group over U.

3. a-INCLUSIONS OF A SOFT SET

In this section, first upper and proper upper a-inclusions, lower and proper lower
a-inclusions of a soft set are introduced and their basic properties are given. From
now on, f4 is a soft set over U, a and «ay, where 4 € I and [ is an arbitrary finite
index set, represents the subsets of U.

Definition 11. [25] Let fa be a soft set over U. Then, upper a-inclusion of the
soft set fa, denoted by ffo‘, is defined as

2 ={zxcA: fa(z) Da}.

In particular, proper upper a-inclusion of the soft set f4, denoted by fio‘, 18 defined
as

1Y ={rcA: fa(z) Da},
where fa(x) 2 a means that fa(z) 2 a and fa(z) # a.

Definition 12. Let f4 be a soft set over U. Then, lower a-inclusion of the soft
set fa, denoted by fga, is defined as

SY—{zxecA: fa(z) Cal.
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In particular, proper lower a-inclusion of the soft set fa, denoted by f%a, is defined
as

it ={r €A fa(z) C o},
where fa(x) € a means that fa(x) C a and fa(z) # .

Note that, f5” = 370 = A and f$%U f3% # A.
In the following theorem, it is shown that each approximate elements of the soft
set can be characterized with the help of lower and upper a-inclusions.

Proposition 13. Let fa be a soft set over U and © € A. Then,

(1) fal@)=N{a CU:ze 5}
(2) falw)=U{a C Uz € 7).

Proposition 14. Let fa be a soft set over U. Then,
() DaCf andfCaCngoz.

(2) 3% = Aa and f5° = %aif and only if o ¢ Im(fa), that is to say, there
is no x € A such that fa(z) = «.

Proposition 15. Let f4 be a soft set over U and A = E. Then, if a1, as € Im(fa)
such that oy # ag, then fjo“ # f3 30‘2 and me #* f%a2.

Propositiongives the idea that different elements of Im(f4) generates different
upper/lower a-inclusions.

Note 16. It is obvious that if A # E, then 0 is always an element of Im(fa).
Thus, Pmposition is not valid if there is an element, say oy, in Im(fa) which is
contained in all of the elements of the image set and not equal to null set. Because,
then f%a = f2°%, but 0 # ay.

Proposition 17. Let f4 be a soft set over U and ay,as C U such that oy C .
Then,

(1) f3** € f3™ and f3° € f3.

(2) f3™ C J5" and f5° < f3.

In Proposition it is shown that if a; C s, then whether a; and ay are
elements of I'm(f4) does not become an issue. However in Proposition and
it is seen that if oy C g, then it has great importance whether oy and g are
elements of Im(fa).

Proposition 18. Let fa be a soft set over U and ay,as C U such that a1 C ao.
If ay, 0 ¢ Im(fa), then

(1) f2°* C 3™ and f3°* C f3™'.

(2) 5 C 5 and f5° C 52
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Proof. i) Let = € f7“2, then
fal@) 22 200 = w e f3% = 37 C 3™

fiaz c fial follows from fAD—O‘Z - fi—al and PrOpOSitiOn

i) Let z € 5, then
falw) Con Cag = we f57 = 37 C [3™
f%al C f%az follows from f%al C f%‘” and Proposition O
Proposition 19. Let f4 be a soft set over U and oy, a2 C U such that a1 € as.
If an ¢ Im(fa) and az € Im(fa), then
(1) f2%* G f2™ and 3 C £3°.
(2) F2°* C 3™ and f5° C f5™
Proposition 20. Let fa be a soft set over U and ay,as C U such that a1 € ao.
If ay, 0 € Im(fa), then
2a2 21 Ca Caz
(1) fa™ S fa" and f37 C 3™
(2) f3°° S fX™ and 5™ C £

Note that in Proposition and whether the set Im(f4) is ordered by

inclusion or not has an important role, too.

Proposition 21. Let fa be a soft set over U and o =U \ a. Then,

T = (52 and [3° = ()=

Proof. Let fa be a soft set over U. Then,

() = fwed:fi@)2a’}
= {xEAZU\fA(x)Qa,}
= {zecA: falx) Ca}

— Ca
- A

The other equality can be shown similarly, hence omitted. O

4. APPLICATIONS OF «-INCLUSIONS TO GROUP THEORY

In this section, the notion of upper a-subgroups of a SI-groups and lower -
subgroups of a SU-groups are introduced and these notions are studied with respect
to group theory. From now on, G denotes a group with identity e and also G is the
set of parameters under consideration unless otherwise specified.

Theorem 22. [25] Let fo be a soft set over U and « be a subset of U such that
0 CacC fele). If fg is a SI-group over U, then fgo‘ s a subgroup of G.



a-INCLUSIONS APPLIED TO GROUP THEORY VIA SOFT SET 339

Theorem 23. Let fo be a soft set over U and a be a subset of U such that
0 C fale) Ca. If fo is a SU-group over U, then f(%o‘ is a subgroup of G.

Proof. Let fg be a SU-group over U, then f& is a SI-group over U by Theorem
It is needed to show that fc%a is a subgroup of G. Since ngO‘ = (fé)ga/
by Proposition it is enough to show that (fé)ga/ is a subgroup of G. Since
fa(e) C a, it follows that e € f5* and

04 5% C G, s00# (f)2 CG.

Now assume that z,y € (f&)2%, then

fé(x) 2 @’ and fG(y) 2o,
Since f& is a SI-group over U, then

felzy™) 2 fe@) N fa(y) 20 Na’ =a.
This shows that zy~! € (fé)gal, which completes the proof. |

From now on, if fg is a SI-group over U, then it is assumed that § C o C fg(e)
and if fg is a SU-group over U, then § C fo(e) C « is satisfied for all « C U.

Definition 24. If fo is a SI-group over U, then the subgroups fc%o‘ are called

upper a-subgroups of fa. If fa is a SU-group over U, then the subgroups f(%a are
called lower a-subgroups of fa.

It is known that if G is a finite group, then the number of subgroups of G is

finite. Now, consider the upper a-subgroups of a SI-group fg. It seems that as
the subsets of U changes, so does the upper a-subgroups of fg. But, since each
upper a-subgroup of fg is in fact a subgroup of G, it can be deduced that not all
these upper a-subgroups are distinct, that is, some of the subsets of U generates
the same upper a-subgroups. Otherwise, the number of the subgroups of G would
be equal to 2P W)l which is not the case.
This idea motivates us to find the same upper a-subgroups of a SI-group and lower
a-subgroups of a SU-group while characterizing the number of upper a-subgroups
and lower a-subgroups subgroups with respect to the number of subgroups of a
group. First let us give an example to clarify what is wanted to be meaned.

Example 25. Let G = Zy4 be the set of parameters and U = Z4 be the universal
set IF a soﬁ set over U is constructed by

then one can easily show that the soft set fg is a SI-group over Zy. Here, the
universal set Z, has 2* = 16 different improper subsets. However, all the upper
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a-subgroups of fa are:

{GD}Z4 _ f§{072>3} _ fG2{17273} _ fGQ{OJ»Q} _ f§{273} _ fg{LQ} _ fg{OaQ} _ fg{Q} _
0y,
F200L3Y _ p2113) _ 2003 _ 203} _ (0 9) qnd
Stoay _ S0y _ 2100 _ 000

fa =fa =1 =l =2

Not to our surprise, some of the upper a-subgroups coincide with each others,
since Z4 has only three subgroups, that is, {0}, {0,2} and Z,. Also since Im(fg) =

{{0,1},{0,1,3},Z4}, it follows from Note and Proposition that fc%{o’l} #+
fg 0.1,3} #* fgz“. These ideas may evoke the following questions:

(1) Does the image set of fg have a role in determining the number of upper
a-subgroups of fg?

(2) Why are some of the upper a-subgroups of fg are the same and some of
them different? Under which conditions does the upper a-subgroups of fg
coincide with each others?

(3) In Example[25] is it a coincidence that fgo‘, where a € I'm(fg) constitutes
all the upper a-subgroups of fg? If so, can we obtain all the subgroups of
G by all the upper a-subgroups of fg?

The same questions can be raised for a SU-groups and its lower a-subgroups.

The answers of the first question is found in Theorem the second in Theorem
26l and Theorem 28 and the third in Theorem B3 and Note 341

Theorem 26. Let fo be a SI-group over U. Then, the subgroups fc—?al and fGQO‘2
(with oy C ag and a1, a0 € Im(fa)) of fa are equal if and only if there is no x € G
such that a; C fa(x) C as.

Proof. (=) Assume that f2® = f2°* and there exists z € G such that a; C
fa(z) € ag. Tt follows that = € f2** and = ¢ 2%, implying f2** ¢ f2°*, which
is a contradiction with the hypothesis.

(<) Let there be no z € G such that ay C fg(z) € as. Since ay C as, and
a1, a0 € Im(fg), then nga2 - fgal by Proposition (i). Now, let z € fGQO“,
then fg(x) 2 a1 and fg(z) D as because fi(x) can not be a proper subset of as.
Thus, z € f° and fg*" = f2°°. O

In Theorem [26} it is handled the subgroups fc—?al and fG:—)O‘2 of fg with a1 C as
and ag,as ¢ Im(fg) and investigate the condition that makes them equal. We can
not make such a characterization for the subgroups fc—?‘“ and fGQ“2 with a1 € as
and aj, a0 € Im(fg). Because, if aj,as € Im(fg) such that a; # a9, then

obviously fa* # f3*2.

Example 27. In Ezample[23, {0,2} ¢ Im(fc) and {0,2,3} ¢ Im(fc) also {0,2} C
{0,2,3}. Since there is no x € G such that

{072} c fG(ZL') - {07273}7
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it follows that fg{O’Q} = f§{0’2’3}. Now, {0} ¢ Im(fa) and {0,1,2} ¢ Im(fg) and
{0} € {0,1,2}. However, since there is x =1 € G such that

{0} € fa(1) € {0,1,2},
it follows that fg{o} #* fGQ{O’l’Q},

Caq Cas

Theorem 28. Let fg be a SU-group over U. Then, the subgroups f5°' and fg
(with oy C ag and ay, a0 € Im(fa)) of fa are equal if and only if there is no x € G
such that a1 € fa(x) C as.

Proof. (=) Assume that f5* = f&™ and there exists € G such that o C
fa(z) C ay. Tt follows that z € f5* and = ¢ 5, implying f&** ¢ f5**, which
contradicts the hypothesis.

(<) Conversely, let there be no x € G such that oy € fa(x) C as. Since o C g,
and ay,aq ¢ Im(fg), then f5*' C f5** by Proposition (18] (ii). Now, let = € f52,
then fg(x) C ag and fe(z) C a1 because o can not be a proper subset of fg(x).
Thus, x € ngal and so ngal = Ggo‘z. O

In Theorem [22] and Theorem [23] it is shown that some of the subgroups of a
group can be obtained by using a SI-group and its upper a-subgroups and by a SU-
group and its lower a-subgroups. With the following two theorems, it is illustrated
that under certain conditions, a ST-group and a SU-group can be obtained by their
upper a-subgroups and lower a-subgroups, respectively.

Theorem 29. Let fg be a soft set over U, fc%a be upper a-subgroups of fg for
each « C U and the set Im(fg) be ordered by inclusion. Then, fo is a SI-group
over U.

Proof. Let z,y € G and fg(z) = a1 and fg(y) = as. Suppose that ay C ag. It is
obvious that x € fgo“ and y € fg(”. Since a1 C ao, it follows by Proposition

that z,y € fgal and since fGQQ is a subgroup of G for all a C U, it follows that

2ai

zy~' € 5. Hence,

falzy™) 2 a1 = a1 Naz = fao(z) N fa(y).
Thus, fg is a SI-group over U. O

Theorem 30. Let fg be a soft set over U, nga be lower a-subgroups of fa for
each « C U and the set Im(fq) be ordered by inclusion. Then, fq is a SU-group
over U.

Proof. Let z,y € G and fg(z) = a1 and fg(y) = as. Suppose that ay C ag. It is
obvious that x € ngo“1 andy € ngo‘Q. Since a1 C ao, it follows from by Proposition
that z,y € f(%a‘" and since nga is a subgroup of G for all a C U, it follows that

zy~le fC%O‘Q. Hence,

falzy™) Caz = a1 Uas = fa(x) U fa(y).
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Therefore, fg is a SU-group over U. O

From now on, it will be more concerned with a SI-group and its upper a-
subgroups.

Note 31. If fg is a SI-group over U, then the set Im(fg) does not need to be
ordered by inclusion as in the case of Example [33 However, it is an immediate
result of Definition [2] that fe attains an infimum on all the upper a-subgroups

even Im(fg) does not form a chain. This significant fact is used in the proof of
Theorem [33.

Example 32. Assume that U = Ss is the universal set and G = Zg is the set of
parameters. If a soft set is constructed by

fa(0) = Ss

fe(1) = fa(5) ={(12),(13),(132)}

fa(2) = fa(4) ={(12),(13),(23),(123), (132)}
3) = {(1),(12),(13),(132)}

then fg is a SI-group over U, whose image set is not ordered by inclusion. Note
that

g% = {0}
AW a2,09.05) - _ g 5
fg{(w),(l?,),(23),(123),(132)} _ {0,274}
pRlanas.as) g

Thus, upper a-subgroup {0} attains an infimum on 0, {0,3} on 3, {0,2,4} on 2
and 4, since fa(2) = fa(4), and Zg on 1 and 5.

Theorem 33. Let G be a finite group, fa be a SI-group over U and I be an
arbitrary finite index set. Then,

G(fz*) ={fg" ri €I a; € Im(fa)}
contains all the upper a-subgroups of fa.

Proof. Let fga be any upper a-subgroup of fg. It is wanted to be shown that
fga € G( 30“) If & = o for some i € I, then there is nothing to prove. Assume
that o # «; for all ¢ € I. Then, there does not exist x € G such that fg(z) = a.
Let H={x € G: fa(x) 2 a}. First, let us show that H is a subgroup of G. Since
fc is a SI-group over U, where ) C a C f(e) and since there does not exist z € G
such that fg(z) = a, it follows that e € fz* and () # f2* C G. Now assume that
z,y € f2°, then fe(z) 2 a and fe(y) 2 «, thus

fa(y™) 2 fa(z) N faly) 2 a.
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Since there does not exist x € G such that fg(z) = a, fo(zy™t) D a,soxzy~! € H,
implying that H is a subgroup of G. Moreover, it is obvious from the definition
of H that fg attains an infimum on H (similar to Note |31). Thus, there exists
h* € H such that

fa(h*) = Inf{fa(h): h € H}.
Now, fa(h*) € Im(fe) and thus, fa(h*) = a;+ for some ¢* € I. Then, we have

Inf{fa(x): fa(z) 2 a} = az-.
Clearly, a;+ 2 . Also, since there does not exist € G such that a C fa(z) C a;-,

by Proposition and fga = fc%a, thus fga € G(fgo”), completing the
proof. ([l

Note 34. Theorem does not mean that we can obtain all the subgroups of G
by constructing a SI-group and then finding its upper a-subgroups fc%a, where a €
Im(fe)-

In Example we could obtain all the subgroups of Z4 with the help of upper
a-subgroups, where o € Im(fq) = {{0},{0,1,3},{Z4}}. But this is not always
the case. Because there is not only one SI-group of a group G over U. While
constructing a ST-group, we are free, even we can change the number of the elements
of Im(fg). For example, consider Example If we define a soft set hg over
U = Z4 such that hg(0) = {0,3}, ha(1) = ha(2) = ha(3) = {3}, then hg is an SI-
group, where G is again Z,. But, since Im(h¢) = {{3},{0,3}}, by Theorem 33| the
only upper a-subgroups of hg are hc%{g} = Z4 and hg{o’B = {0}. This means that
we can not obtain the other subgroup {0, 2} of Z4 by hg and its upper a-subgroups.
Namely, there is not any o € Im(hg) such that h2* = {0,2}. However, see the
following:

Theorem 35. Any subgroup H of a group G can be realized as an upper a-subgroup
of some SI-group over U.

Proof. Let fo be a soft set over U defined by
o, ifxeH

fG(x){ 0, ifz¢H

Then, fq is a SI-group over U. Let a,b € G.

Case 1: Suppose a € H and b € H, then ab € H. It follows that fg(ab) = o and
fa(a) = fa(b) = a. Thus, fg(ab) O fe(a)N fe(b). And also if @ € H, then so is
a~t, thus fg(a) = fa(a™t) = a.

Case 2: Now, suppose a € H and b ¢ H, then ab ¢ H. It follows that fg(a) =
and fg(b) = fg(ab) = 0. Therefore, fg(ab) 2 fa(a) N fa(b), furthermore fg(a)
fala ) ifa€e Hora¢ H.

«
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Case 3: Now, suppose that a« ¢ H and b ¢ H. Then either ab € H or ab ¢ H. It
is easy to show that in any cases, fg(ab) O fc(a) N fa(b) and fg(a) = fa(a™).
Hence, fg is a SI-group over U. Moreover for this SI-group, fé"‘ =H. ]

Note 36. It is known that if fo is a SI-group over U, then fa(e) 2 fa(x) for all
x € G. Let fa(e) = e, then it turns out to be an interesting case to investigate
the upper a.-subgroup fgae of fa. Because, if x € fc%ae, then fa(xz) 2 a = fa(e)

and it appears that only e € fc—?ae. But that is not always the case as seen in the

following example.

Example 37. Consider the SI-group fg in Theorem . Assume that H # {e}
and H # G. It is known that fg is a SI-group over U and Im(fg) = {0,a}. Thus,
by Theorem[33, two upper a-subgroups are

gsz and f2% ={z € G : fg(z) Da} = H.
Since e € H, fa(e) = a; but fga = H, which is not equal to “e".
Definition 38. [26] Let fg be a SU-group over U. Then e-set of fa, denoted by

Gy, is defined as
Gro ={z €G: fa(z) = fa(e)}

Theorem 39. Let fo be a SI-group over U. If fa(e) = ., then fGQ% =Gy,

Proof. fgo‘e ={ze€eG: feg(x) Da}={zeG: fag(zx) = a.}, since a. 2 fa(z),
Vz € G by Theorem @ Writing a. = fa(e),

2ae

g e={req: fo(z) = fale)} = Gys-
O

In Theorem [33] it is seen that the image set of a SI-group has a significant
role in determining the upper a-subgroups, thus from now on the image set of the
S1-group is more concerned.

Note 40. When considering Proposition and Theorem together, it can be
deduced that if fa is a SI-group over U and {ag, a1,...,a,} € Im(fq), satisfying
that ag 2 -+ 2 a,, then the family of upper a-subgroups form a chain, which is
denoted by C(fa) as below:

Clfo) =1g" < fa™ -+ ¢ f3°",

where fgo‘o = Gy,. Moreover since fg attains an infimum on all of the i- upper
a-subgroups and fgo”, where o; € Im(fg) constitutes all the upper a-subgroups,

fga" which is at the end point of the chain is of course equal to G.

Not to our surprise, only some of the upper a-subgroups of fg form a chain,
since all the subgroups of G, in general, does not form a chain. That is, it makes
no sense to hope all the upper a-subgroups form a chain. In this connection, see
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Example {0,3} € {0,2,4} and {0,2,4} Z {0,3}. Of course if the members of
the I'm(f¢) forms a chain, so does the upper a-subgroups of fg. For further detail,
refer to Theorem [41]

Theorem 41. Let G be a finite group, fa be a SI-group over U and I be an
arbitrary finite index set and

G(fz™) ={fa" rie L a; € Im(fa)}.

Then, we have the followings:

There exists a unique ie € I such that oy, 2 «;, Vi € 1.

)
(2) ch - mzeIDfDal = Dale .
®3) G=Uie f6™
(4) If the members of Im(fq) forms a chain, so does G( Dal).

Proof. i) Since fg(e) € Im(fg), there exists a unique i, € I such that fg(e) = oy, .
By Theorem [9] fc(e) 2 fo(z) for all 2 € G. It follows that a;, 2 fa(z), Vo € G.
Thus, o, 2 oy, Vi € 1.

ii) Since in Theorem [39} it is proved that Gy, = f5“**, where fg( ) = aj,, it
is only shown that f5%" = mier f2°%. Since ay, D oy, Vi € I, f5% C 2,

Vi € I by Proposition Thus, fGO”e C ﬂlel fjai Now, let = € (¢, fGa‘, then

x € fgo”, Vi € I. Since i, € I, thus z € fG , implying that Do“ = gaie.

zGI
Thus, the proof is completed.

iii) Since fgo"' C G, VYiel, Upge; fg‘“ C G. Now let x € G. It is obvious
that since fg(x) € Im(fq), there exists i, € I such that fg(x) = a;,. Clearly,

x € fDa” and thus, z € U,.; fa**. Therefore, G C Uier f3%, s0 G = U fa%.

161 ZEI

iv) Assume that the members of Im(fs) form a chain under proper inclusion.
Then, for any 4, j € I, either a; C o or aj € ;. It follows by Proposition that

= =

3“’ c é)a] or GD% - 3“’. Of course, if a; C o or a; C @, it follows that
fa% c fDa’ or fgaj C f2% by Proposition O

5. CHARACTERIZATION OF SI-GROUPS

In this section, it is tried to find an answer whether the family of upper a-
subgroups of a SI-group determine the SI-group uniquely or not. The following
example shows that two SI-groups of a G over U may have an identical family of
upper a-subgroups, but the SI-groups may not be soft equal.

Example 42. Let G = Z4 be the set of parameters and U = {1,—1,i,—i} be
the universal set. If a soft set over U is constructed by fc(0) = {1,—1,4,—i},
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fae() = fa(3) = {i}, fa(2) = {1,i}, clearly fo is a SI-group over U. Here,
Im(fe) = {{i},{1,4i},{1,—1,4,—i}}, thus all the upper a-subgroups of fa are

fGQ{i} = 74, fGQ{Li} = {0,2}, fGQ{L*l,iﬁi} = {o}.

Now, let us define a soft set over U such that hg(0) = {1,—-1,i}, ha(1) = ha(3) =
{—1}, ha(2) = {—1,i}. Obviously, hg is a SI-group over U, too and the family of
upper a-subgroups of hg are

hGQ{*l} = Z4, hGQ{*Li} = {0,2}, hGQ{l,*U} = {0}.

It is seen that two SI-groups fg and hg have the same family of upper a-subgroups,
however fq is not soft equal to hg.

Proposition 43. Let Sg be the class of SI-groups of a group G over U. If I define
a relation R on Sg by faRhg if and only if fa and hg have an identical family of
upper a-subgroups, then the relation R is an equivalence relation.

In Example[42] it is shown that f and he may be such that feRhe but fe and
he need not to be soft equal. The equivalence relation defined in Proposition
partitions S¢ into equivalence classes. Let fo € Sg and [fg] denote the equivalence
class contained fg. If the group G is finite, then the number of possible distinct
upper a-subgroups are finite, as each upper a-subgroups is a subgroup of G in
the usual sense. In Theorem it is shown that any subgroup of a group can be
realized as an upper a-subgroup of a SI-group. All these remarks lead us to the
conclusion that the number of possible chains of upper a-subgroups is finite. Since
each equivalence class can be characterized by its chain of upper a-subgroups, we
have with the following that the number of equivalence classes is finite, although
S¢ is an infinite family when U is infinite.

Corollary 44. If G is a finite group, then the number of distinct equivalence classes
in S¢ under the definition of equivalence defined in Proposition[{J is finite. More-
over, Sg can be written as a disjoint union

Se = [f&]ULfE10- -~ UlfE]

where [f&],1 <i < k are all distinct equivalence classes. Here, again note that [f&]
has an infinite number of SI-groups when U is infinite.

Theorem 45. Let fg and hg be two SI-groups of a finite group G having the
identical family of upper a-subgroups and the sets Im(fa) and Im(hg) be ordered
by inclusion. If Im(fg) = {ao,...,am} and Im(hg) ={By,--.,8,}, then

(1) m=n,

(2) fa% =ng",0<i<m,

(3) If x € G such that fa(z) = oy, then hg(x) = 5,;,0 <i < m.

Proof. 1) By Theorem [33| that the only upper a-subgroups of fg and hg are the
families of fgai and h%”’, respectively. Since fg and hg have the identical family
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of upper a-subgroups, it follows that m = n.

i) Since ag 2 +++ 2 @ and By 2 -+ 2 S, by Theorem [33]and Theorem [45] (i)
that two chains of upper a-subgroups are

fEeC e c g =G, hgPehg o chgh =aG.

Since the two upper a-subgroups are identical, it is obvious that f& 200 — hgﬁ 0=
{e} Let f3 = h* % for some i>0 (Slnce 20 = hDﬁO) Suppose that f3*' =
h@ I for some j > 1(j # 1). Again, hg; = Dal for some oy 2 «;. It is obvious

that a; # a;. Thus,
_ 28, . ; 28,
GQO‘% = hgﬂl c haﬁJ (since 8; 2 5j), SO fc%m - hc_;ﬁj'

Now
D .
hé’ fc?al - fDO“ (since aq 2 a;) so hG iC fDo“

Note that, f2* C h(‘; 7 and haﬁ’ C f2“ contradicts one another, because the
inclusion are both proper inclusion, so I must have fgal C hgﬁ !, The rest of the
proof follows by induction on i. Finally it is obtained that fz =t = hjﬂ 0<i<m.

iii) Let ¥ € G such that fg(z) = «; and hg(z) = B;. By Theorem (ii),

2o — p2Pi 0 < i < m. Thus, z € h2" implies that hg(z) = B; such that
B; 2 B;- So, h(%ﬁ' h—ﬁ by Proposition Similarly, by Theorem (ii),
hgﬁj = gaj. Therefore, since x € haﬁ (as hg(z) = B;), x € fDaJ and so,
fa(x) = a; D «aj. It follows by Proposition that fgai - fG %7 However, by
Theorem 5| (ii), f&* = h2” and f5% = j. So I have that

hj@ _ fcj;a‘ c fDaJ _ hQBj

thus h—’Bl C h_’H , which contradlcts the fact that h_’BJ C hg 251 if we do not have

héﬁ = hgﬁ . We know that hG I = hgﬁ if and only if 8; = 8,. Thus, fg(z) = «;
and hg(z) = B; = B;, completing the proof. O

Theorem 46. Let fg and hg be two SI-groups of a finite group G such that their
family of upper a-subgroups are identical and their image sets are both ordered by
inclusion. Then,

fo = ha & Im(f&) = Im(he).

Proof. Let fa = hg, then Im(fq) = Im(hg) is obvious. Conversely, suppose that

Im(fe) = Im(hg). Let Im(fg) = {ao, 01, -} and Im(hg) = {8y, B1,--- B}
such that cp 21 2 ... 2 a,and By 2 B, 2 --- 2 3,. Let

Bo € Im(fc), thus By = a4, for some 2.
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Let ay, # ap. It follows that a, 2 ag, since ag is the maximal element of the
chain. Now, let 8, € Im(f¢) and so 8; = a4, for some ¢;. Since 5, 2 /5, it implies
that oy, 2 ay,. Continuing similarly,

Qg D gy D -+ Dy, where By = ay, D .

This means that there does not exist any 5, € Im(hg) such that ap = 3;. But
this contradicts the fact that Im(fg) = Im(hg). Hence we must have 8, = ap.
Similarly, one can obtain that 8, = a;, 0 <4 <r. Now, let ag, a1, ... a, be different
elements of G such that

fola) = a;,0<i<r.
By Theorem (iil), hg(a;) = B;, 0 < i <r. Since o; = f3;, then fg(a;) = ha(as),
Va; € G. Hence fo = hg, completing the proof. O

Since all the subgroups of G, in general, do not form a chain, we can conclude
that not all subgroups of G are upper a-subgroups of a given SI-group whose
image sets form a chain. Therefore, it turns out to be an interesting problem to
find a ST-group whose image sets form a chain and which accommodates as many
subgroups of G as possible in the chain of upper a-subgroups of the SI-group. For
this characterization, I have the following:

Theorem 47. Let G be a group, H; be subgroups of G such that
{}=HyCH C- CH =G
and a; be any sets such that cg Qa1 2 ... D a, foralli=1,2...r. If
fa(Ho) = ao,
fa(Hi\H;~1) = a;(0<i<r),
foralli=1,2...7, then fg is a SI-group over U.

Here, note that the length of the arbitrary chain of sets and the subgroups have
to be the same.

Proof. Before starting the proof, note that if h € H;, then fg(h) 2 «;. In fact,
H;,_1 - H;. Then, if h € H;, h € Hi\Hj or h € Hj, Wherej <i. If h € H; \Hj,
then fg(h) = «y, it h € H; (say h € H; \ Hj_1), then fg(h) = «;, where j < i.
Since j < i, it follows that a; D «;. It means that fg(h) 2 ;. Let z,y € G. 1

handle the proof in two cases: Case 1: Let z,y € H;, but not in H;_;, namely,
x,y € H; \ H;—1. Then,
fa(z) = fa(y) = i
Since H; is a subgroup of G, it follows that xy € H;. Thus,
fa(zy) 2 i = fa(z) N fa(y).

Moreover, since € H; (and not in H;_1), and H; is a subgroup of G, x~1 e H;.
Thus,

fel@™) = a; = fa(a).
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Case 2: Let z € H; \ H;_1 and y € H; \ H;_; and assume that ¢ > j. It implies
that a; 2 «; and H; C H;. Moreover, I have fg(z) = o; and fo(y) = ¢;, thus

fa(z) N fa(y) = a;. Also, since y € H; \ H;_1 and i > j, thus y € H;. It follows
that z,y € H; and zy € H; (since H; is a subgroup of G). This implies that

fa(zy) 2 ai = fa(z) N fa(y) = fa(z).
Moreover,
fa@™) = o = fa(x).
Therefore fg is a SI-group over U. (]

Example 48. Consider the group G = Zs. In order to construct a SI-group over
U, I only need an arbitrary chain of sets and subgroups of Zg forming a chain. It
is known that these two chains have to be with the same length. Let the chain of
subgroups of Zg be

{O} - {074} - {0’274’6} - Ls.
Here, Hy = {0}, H; = {0,4}, Hy = {0,2,4,6,8}, H3 = Zg. Let any chain of sets
whose length is four be the following:

{1,2,3,4,5} 2 {1,2,4} 2 {1,2} 2 {1}

Here, ag = {1,2,3,4,5}, an = {1,2,4}, as = {1,2}, ag = {1}. Now it is time to
construct the SI-group.

Since Hy = {0}, then fc(0) = ag = {1,2,3,4,5},

Since Hy \ Hy = {4}, then fa(4) = a1 = {1,2,4},

Since Hy \ Hy = {2,6}, then fa(2) = fq(6) = as = {1, 2},

Since Hs \ Hy = {1,3,5,7}, then fa(1) = fa(3) = fa(5) = fa(7) = as = {1}.
One can easily show that fg is a SI-group over U.

Theorem 49. Let G be a group, H; be subgroups of G such that
HyGCH, G CH, =G

for alli=1,2...7. Then, there exists a SI-group of G whose upper a-subgroups
are exactly the members of this chain.

Proof. Let us consider the chain of sets g 2 a1 2 ... 2 . If a soft set over U is
defined by
fa(Ho) = ao,
fa(Hi\ Hi—1) = a;,(0<i<r)
then fg is a SI-group over U by Theorem Now, Im(fg) = {ap, 01, .., 0.}
Since «; is the element of the chain for all ¢ € T = {1,2...r}, all the upper a-
subgroups of fg are given the chain of subgroups

[T CEN S C g =G
For the final of the proof, note that H; C fga In fact, if © € H;, then fg(z) 2 «;

and it follows that z € fga Moreover, if z € fgai, then fo(z) 2 a4, so fa(x) €
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{ap,a1,...a;}. Therefore, x € H, for some s < i. Since H; C H; for s < i,z € H;.
It follows that fgo” C H;, completing the proof. O

Example 50. In Example ag = {1,2,3,4,5}, a1 = {1,2,4}, as = {1,2},
ag = {1}, that is, ap 2 a1 2 a2 D ag, so when fg is considered, we have

2 = {0}, f5* = {0,4}, £2°* = {0,2,4,6,8} and f3°° = Zs.

It follows that fGQO‘3 2 fgfm 2 ngo‘l B) fgao, Moreover, since Hy = {0}, H; =
{0,4}, Hy = {0,2,4,6,8} and Hs = Zs, it follows that Hs 2 Hs 2 Hy 2 Hy. Here,
note that Hy = fgao,Hl = gal,Hg = 3“2 and Hz = fgas, as required.

Finally, it is time to softificate an upper a-subgroup of a SI-group over U with
the following definition.

Definition 51. Let fg be a SI-group over U and fga be an upper a-subgroup of
fa. Softificated fc%a s a soft set f]fga defined by,
G

f7 (m):{ fa(x), if z e £2°,

f8* 0, otherwise

for all z € G. Clearly, f;gaifc.
G

Theorem 52. Let fo be a SI-group over U and fc%a be an upper a-subgroup of
G. Then, f;ga is a SI-group over U.
G

Proof. Assume that z,y € G and z,y € fga. Since fga is a subgroup of G, it
follows that xy~—! € fgo‘. Then,

Franley™) = folay™) 2 fa(e) N folw) = Fza @)1 £z W)
Now suppose that = € fga and y ¢ fga. It follows that xy~! ¢ fc%a, then
Fraaley™) =02 fa() N0 = Fou) N f2u )

Finally, suppose that z,y ¢ féa. It follows that either zy~! ¢ fc%a orzy~l € fga.
—1 Do
If zy=" ¢ f&°, then

Fraoelry™) =0 2000 = fu() 0 f2(0)
If 2y~ € f2°, then
froa(ay™) = faley™) 2000 = f150(2) N f720()

Thus, f;ga is a SI-group over U. (]
G
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6. CONCLUSION

In this paper, the notions of upper (proper) a-inclusions and lower (proper) a-
inclusions of a soft set, upper a-subgroup of a SI-group and lower a-subgroup of a
SU-group are defined and these notions are analyzed with respect to group theory
in the mean of subgroups of a group in more detail. An answer to the question
whether the family of upper a-subgroup of a SI-group determine the SI-group
uniquely or not have bee found. Besides, a method which helps us to construct a
S1-group of G with the help of the upper a-subgroups of fg is introduced. Finally,
it is shown how an upper a-subgroup of a SI-group is softificated.
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