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core results are derived by employing Krasnoselskii’s fixed point theorem and the Leray-
Schauder fixed point theorem. We end this study by two illustrative numerical examples,
which validate the applicability of our obtained results.

1. Introduction

Fractional calculus has emerged as a critical field in mathematics, generalizing traditional differentiation and integration to non-integer
orders. This extension provides a powerful framework for modeling complex phenomena and systems across diverse disciplines such as
physics, engineering, biology, engineering, mechanics, economics, and other fields [1-5].

Boundary value problems (BVPs) for fractional differential equations (FDEs) that emerge and describe linear and nonlinear phenomena
have obtained much attention in the scientific community and specially in engineering. Recently, there are several researchers [6—10] that
have used FDEs to model natural phenomena. In this regard, due to this exponential growth of the fractional calculus added to differential
equations, many researchers have focused their attention on the investigation of existence, uniqueness and stability of solutions of FDEs
under different types of boundary conditions by using a set of fixed point theories, such as Banach’s, the Leray- Schauder alternative, Darbo’s
theorem and Monch’s fixed point theorem [11-15] and the references therein. Sequential FDEs have also received considerable attention for
instance see [16-22].

It is worth mentioning that Mahmudov et al. [23] establish the existence of solutions for the following nonlinear sequential fractional
differential equation subject to nonlocal fractional integral conditions:

(°DY + D" k(1) = f(1,x(1), D" 'k (1)), 1 <v<2,0<T<T,
o () +Pix(T) =11 Jy k()ds+e1,
CDV () + BCDY ke (T) = 1 [ k() ds + &,
where €DV is the standard Caputo fractional derivative of order v,0<n <T,0< & < { < T, o4, o2, B1, B2, Y1, V2, €1, & ER.
In [24], Awadalla et al. studied the following nonlinear sequential FDE to nonseparated nonlocal integral fractional boundary conditions:
(DY + D" k(1) = f(7,x(7)), 1 <Vv<2,0<T<T,
o1k (0)+pix(T) =1 fy k(§)dC,
@DV ik (0) + DYk (T) = vy [ K (§)dE,

where 0 <o <T,0<n<¢<T,weR, 0, i, p1, P2, V1, 1 €R.

Email addresses: djameleddine.hettadj@univ-relizane.dz, djourdem.habib7 @gmail.com
Cite as: D. Hettadj, D. Djourdem, A study of Caputo sequential fractional differential with mixed boundary conditions, Univers. J. Math. Appl.,
8(2) (2025), 56-70.



https://doi.org/10.32323/ujma.1653542
https://dergipark.org.tr/en/pub/ujma
https://orcid.org/0009-0002-3448-1570
https://orcid.org/0000-0002-7992-581X
https://ror.org/04tz4vh74
https://ror.org/059et2b68

Universal Journal of Mathematics and Applications 57

In [25], Yan investigated the existence and uniqueness of solutions to the boundary value problem of a nonlinear FDEs:

{ DVu (1) +DV ! p(t)u(v)] =h(t,u(r),0< <1,
u(0)=u'(0)=pu'(1)=0,

where 2 < u <3, h€C[0,1] and p € C3([0,1],R).
Inspired by the works mentioned above, we investigate the existence results for a sequential FDEs of the form

(‘DY + 0 DY) k(1) = f(7,%(7), DV 'K(7)), 1<Vv<2,0>0,7€[0,1],
k(0)+Bxr(1) =1""Tk(u)+1"k(n), 0<p<l,

/ / . . 1.1
K (0)+7 (1) = DY Tie(w) +°DV (), B,y ER, (4D
K (0)=0.
Here ¢DY*+1, €DV CDV’1 are the Caputo fractional derivatives of order v+ 1, v, and v — 1 respectively, f : [0, 1] x R — R is a continuous
1
function, and 147y — r% v);éO 1+ - v++l” #0.

The rest of this paper is organised as follows. Section 2 presents definitions and preliminary concepts. Section 3 investigates the existence of
solutions for the problem (1.1) by using Krasnoselskii’s fixed point theorem and the Leray-Schauder fixed point theorem. Section 4 gives
examples, and conclusion section is deticated to summarizing our obtained results.

2. Preliminaries

In this section, it is essential to present some basic concepts and important lemmas. For more details, the interested readers can consult [3].

Definition 2.1. The Riemann-Liouville fractional integral of order v > 0 for a function f : (0,+) — R is defined as

PAO) = i ) (=9 s,

provided the right side is pointwise defined on (0,4c0) where I'(.) is the Gamma function.

Definition 2.2. Let a function f : [0,+o0) — R, the Caputo derivative of fractional order v > 0 is defined as

D f(c) = — ) [ @y sy =)+ 1,

T(n—v)
where [V] denotes the integer part of the real number v, provided the right side is pointwise defined on (0, +oo).
Lemma 2.3. Let v >0 and f € ACN[0,1). Then the equation

DY f(z) =0,

has a unique solution

N—1
(1))=Y a,
i=0
and
IVCDVf + Z ait

forsomea; €R,i=0,1,2,...N—1, N=[v]+1.
Lemma24. Letv >0 >0and f € LP(0,1) C L'(0,1),0 < p < 4-oo. Then the next formulas hold.

(i) (DI f)(7) =1""° f(7),
(i) (“D'I"f)(7) = f(7).

Definition 2.5. ( [26]) The sequential fractional derivative for a function f can be written as
DY f(t)=D""D"*...D"" (1),

where Vv = (V{,Va,..., V) is a multi-index.

Lemma 2.6. For a given & € C([0,1],R), the unique solution of the problem

(DY + 0 DV)k(r) = E(x), TE0,1],
k() + Br(1) = "~ () + 1V ke(u),
K (0)+ 7 (1) = DY~ k() +< DV ke(u),
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is expressed as

= [ orgoo s &[0 -o) [ % <([Teee e ) ao
+/0“%[(1_w)ﬂg( )+1""1E(0)|do +yw/ o(1- ‘”l“é(c)do—ﬂ”é(l)}
- / [ L r(?)v ‘} ( /Oﬁe_w(o_m,vw)dﬁ) do @1

_ 1-v
s [ - e o)+ oo +o [ O @)o —nE )

where
2—v v—1 \4 \4
i vy +pu p'u+v+1)
O =1+y—=———, =1 - =—F—-L. 22
1 =1+7 Govy @ +B S Tv12) B (2.2)
Proof. By Lemma 2.3, we find
(D+o)k(t)=1"E(T) +ag+ar T, (2.3)

where ag,a; € R. Then, (2.3) is equivalent to
D(e®"k (1)) = T (IVE(T) +ag +a17),
and integrating this expression from O to 7, we have
T T
®x(7) = /0 1 E(0)do + (20— A eury Doy (4D, ().

Therefore we deduce that
T
k(1) = +Br+Ce 7 +/ e 9 VE(5)do, (2.4)
0

where o = @ —2b, B =T and ¢ = 7L — 2 +x(0).

0 0
Then, the second derivative of function x with respect to 7 is given by

/

K (0) = 70Pe 402 [ OO (o)do— ol E(7) + 1" (o)

By condition k" (0) = 0, we have ¢ = 0.
From (2.4), we get

DYk (u) + DV k() = /O“ w [(0* - w)/oce"”("’ml"é(ﬁ)dﬁ +(1-0)IYE(o) +1"1E(0) + B do

2-v)
and
v- v . L (=0 p—0)"? (n—o)!
I 11((/,1)+I = 0 ( v—l ) >d0+@/ ( Tv—1) + F(v) )GdG
“ M*G)v_l % w(e-0)v
+ A < ) )(/O e O é(ﬁ)dﬁ)dc.
The condition x(0) + Bx(1) =1V~ 1K(,u)+IV k(1) gives

o (oo [ (52 o) (o= (2= M) o)

(2.5)
_[H (u—0)? (u—o)! O (o)
- 2+ i) (f eeoraos ao,
and the condition & (0) + yx (1) =¢ DYl () +¢ DV (1) gives
2—v _ 1-v Nl
% (1 y— h) = (0” - 0) /0” % (/0 e’“’m’ml"é(ﬁ)dﬁ) do
(2.6)

_ 1-v
s [P - o E o)+ o o [ 00N e - E)
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A simultaneous solution of (2.5) and (2.6) yields to

el [y (e e oreos o
Voo Ty ([t o

o 1-v
+/O“%[(1—w)ﬂ§( )+ 1V 1E(0))do + yco/ (- ‘”I“é(o)dc—wvé(l)},

s [ -0 e(o) + 1 e(ollao 10 [ OO (a)o - e
Inserting the values of <7, 28 and € into (2.4), we get (2.1). O
Lemma 2.7. For & € C(10,1],R) with [ ]| = supgc o,y 1€ (%), we have
D) 117E(0)] < ropy -

ii)

J§ e @O (0)do| < et IIE]

v _ op 1
iii) ‘fo W(oce g (D Wﬁ)“k%”ﬂ

) [[f U2 11— @)1 E(0) +1" 1 E(0))do| < Aol ).

— I'(v+1)[

v—1

-2 _ —e 2v—1 2v
) 1f0[ e +“‘rf’v>) | (J§ e @o-Drve(9)a0) do| < Ui 120 g

where IYE(7) = [§ S E(m)dn, 17 1E (1) = f§ Sl ().

Proof. For & € C([0,1],R) with [[§ ]| = supyeo,1)[§(7)], we have
i)

T _ v—1
re@|=| [ oo

T(t—0o)V!
< /0 T|<‘;<<r>|dcr

A

(v+1) I

< e -

ii)

’ —o(t—0) v K —o(t—0) |7V
e IYé(o)do| < [ e |IYé(o)|do
0 0

ISl (7 oo
—F(v+l)/e o
1-—
(v+1)lléll
iii)
C@emt 0
/o I'(v) dn I'(v+1)

and

° —-0(c—-1) v’ o’ /G —w(c—19) _ c'(1—e"9)
/0 e U< ) e dd = of(v+1)
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Hence

I8 % (/(;G"’*w“*l’)lvé(ﬁ)dﬁ) do‘

(u—0)'"V 6V (1 —e @)
r2-v) ol(v+1)

<lEl f, do

- ' # oYy
<lell (2 v)wF(v—H)/ (1-e"*")do

popte 1) ey
T 0T2-v)I(v+1)

iv)
w-0),
/0 r(2 /F2 V)
and
g =| [ O e na 1)< pe 140
Hence
 iev S EY
| T - oreo) e goao < [T HETIE 1-alireo)] + [ teio)]ao
(u—o)'V [l-w|c”+ve’"
S_/o r2-v) { L(v+1) ]“éudc
—1 -V
< Sy [ e
wugu
“T(v+1Ir@3-v)
V)
/u(u—o)V*ZdG_MH /“(M—G)V*Id(;_ u
o Tv—1) °TTVW b T S Tv+D)
and
Gefw(cfﬂ)v M
/0 15(0)dﬁ‘§ oFv T 1) &1
Hence

[ ) (s

St

/G e"”("’ml"é(ﬁ)dﬁ' do
0

pY(1—e?) Hl(u=0)V? (p—0)! (1—e @) (vp*¥ ' 4+ p?)
< e g [ [ O Jao < (e 2O 2 g,

O
Lemma 2.8. (Krasnoselskii’s fixed point theorem [27]). Let X be a Banach space, Y C X be nonempty, bounded, closed and convex. Let
T1,%, be two maps and satisfy:

(i) Tay1+ Ty €Y, Vy,m €Y;
(ii) T, is compact and continuous;
(iii) X, is a contraction mapping.

Then there exists y3 € Y such that y3 = T1y3 +%,y3.

Lemma 2.9. (Leray-Schauder fixed point theorem [28]) Let X be a Banach space, Y C X be nonempty, bounded and convex, H be an open
subset of Y with 0 € H. Let map & : H — Y be continuous and compact (that is, & (H) is a relatively compact subset of Y ). Then, one of
the following representations is true:

(i) there exist z € dH and € € (0,1) such that z = €6(z);
(ii) & has a fixed point z € H.
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3. Existence Results

This section deals with the existence results for problem (1.1).

Let X = {k | k € C([0,1],R) and °D¥~ 'k € C([0,1],R)} denote the Banach space of all continuous functions from [0, 1] into R endowed

with the usual norm defined by

-1
llcll e = [l + ‘D" k(1)

’

"valez sup |k(7)|+ sup
7€(0,1] 7€(0,1]

where 1 < v <2.
In view of Lemma 2.6, we transform problem (1.1) to an equivalent fixed point problem as

K = 6K,
(6K)(7) = /0 " 00N f( 5, k(0) DY k())do

_s)1V
+/o” %[(1 —o)I"f(0,k(0), D" 'k(0))+1"" ' f(0,Kk(0),° D" 'k(0))do
+7w/01 e 191 f(0,x(0), D" 'k(0))do — v f(1,k(1), D"~ K(l))}

[ (oo s o)

0, B (=) ([T i o o
6,0 {(“’2_“’)/0 m(/o e @Y £(9,x(8),° D lk(ﬁ))dﬁ)dc

_ 1-v
+/0” %[(1 —o)"f(0,x(0), D" 'k(0))+1"" f(0,k(0). D' 'k(0))|do
+ Ya)/ol e_ﬂ)(l—O')IVf(()'7 K(G)chv—] K(G))do’ _ ’)/Ivf(l, K'(l),CDV_l K'(l)):| )

For convenience, we let

1=e @ u(|s]+10s]) (e + op — 1) |0* — o]

I

T ol(v+1) |01[62] @2T(2 — v)[(v +1)
Y02 +103)2—e?) | (18] +105) (|1 —0|p? +vu) = (1—e M) (vu> " +u?)
61|62 T(v+1) 61|62 T(v+1)T'(3~vV) o]0 [T(v+1)]?
= (e +y)2—e?) ple " +op-1)|o° - o 1 —o|u*+vu
27 e T(v+1) 0| T2—V)T(v+1) @ |6 T(v+DIB—v)
~ 1—e @
== v
2—e @
=1L~

Theorem 3.1. Assume f : [0,1] x R — R be a continuous function, which satisfies the following conditions:
(%B1) There exists a constant q > 0 such that

[f(z,x1,00) = f(t.K1,K)| <q (ki — & | + [k — &),
vt e(0,1], k, k5 € R,i=1,2.

(%2) VT e [07 1]> v K1, K2 € R,HG € C([07 l]7R+) : ‘f(rv K1, K2)| < 9(1’-)
Then the problem (1.1) has at least one solution on [0, 1] if

- 8
I+ ——— 1
q( 1+F(3—v)>< )

where IATJl,lr'IVZ are given by (3.3).

3.1

(3.2)

(3.3)



62 Universal Journal of Mathematics and Applications

Proof. Setsupycpo)|x(7)| = ||k][, we fix

p= (M 5y ) I

where IT;, IT, given by (3.2) and define the ball .7, = {k € X : ||x||x < p}. Consider the operators &; and &, on .7}
T
(Qﬁlx)(r):/ e 29V f(6,x(0),°D" k(o)) do,
0
T 2 H(u—o) /(F —o(c—0) v crv—1
=— - —_ I"f(%,x(8),°D V))dd)d
(©20)(0) = g [(@* o) [T HT ([ J(0,x(9), D" K(9)) ) do

#0000, K(6). D 0)) 17 (0. 5(0), D (o) do
1

+yo | e f(0,1(0), DY k(o)) do — yI* £ (1, (1), D" x(1)]

_ v—1 o
+@/0 {(/'ll_‘( 6_)1) + (1 1-*((:,)) ](/0 eiw(afﬁ)lvf(ﬁ,K(@),CDV*IK(ﬁ))dﬂ)dG

—_e)l-Vv o
s [(whw)/oﬂ%(/o e OO (5 k(9),DY " (9)) D) do

_ 1-v
+ OH % [(1- )" f(0,x(c),“D" 'k(0)) +1"" f(0,k(0),°D"'k(0))] do

1
+y0 / e 0O f(6,K(0),D* k() do — 1Y £ (1,x(1), DY k(1))
Jo
In what follows, we use three steps to complete the proof of the theorem.

Step 1. Vki, k2 € p, (61k1)(7) + (62K)(7) € Fp.
From Lemma 2.7 and by the use of condition (85), for each 1,k € .%)

|(Q51K1)() (B212)(7)]
<|fFeot- "IVf(oyKI(G),CD"_IKl(G))do"

& | [|0? — of [ U (I e @@ D1 £(9,12(9). DY 1x(9))d9 ) do |

+ ‘fo“ b D (1= ) (0, k2(0)S DY 12(0)) + 1" £(0, 12(0). D* ks (0))Jdo|

+lyol| [} e @191 f(0, k2(0). DY ia(0))do| + 111 (1, a(1).F DY o (1)

i [ [ ) (000100 D)0 )t

[C2]
0,0,

Uw ~ ol | U (7 e @ (9, 1:(9).E DY i (9))d ) do|

+

+‘f0”%[(1fa))l"f(cr,Kz(c),CD"*IKz(G))+IV*1f(G,Kz(o),”D"*IKz(c))]d(f’
+ 70l [[§ e (0, 12(0). D* i (0))do |+ 11 1 £ (1,2 (1), DY a(1)

o e rou-1)|o’ ol [1-olu’ +vu
< et nenw( sl o) 4 ookt o)

IV\( 4 e M) (vu?v lﬂtzv
+ G 16] + ity el ) + U= ) g

|85] ple ®H+op—1)|0’-o| 1-o|u2 +Vli
+|®1|®z|( s 1O+ rvrreoy 19l

+ e 6]+ iz llell)

< Le0 B8O (e tou—1)]o? o]

oI (V) 61 ][0T (2—V)T(v-+1)

L0183 (2—¢ ) | (0s]+3])([1- 0l +via)
ooV e e T v B-)

(1 wu)(vﬂZV 1+#2v
0[6|[T(v+1) )”9”

+
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<I|e|.
Thus

[(B1x1) + (Sakx)|| < Iy [|O]].

Also we have

(& k1) (7 :—w/ O(T=0) IV (5, k) (6),C DY~ k1 (0))do + 1 f (7, k1 (7)€ DY~ 'y (7).

1-v

(@’m)(r):@il {(wtw)/o”%(/an*wwﬂ’)ﬂf(qs,xz(a) DYk (ﬁ))dﬁ) do
_ 1-v
+ [T 00 (0. 1(0) D o) 41 (0 2(0) DV ()l

+7(0/ o(l-0)v- l flo,x(0),f "DVl % (0))do — ylvf(lyKz(l),ch_le(l))},

Hence
(1)) + (822 ()|
<w /Ore’“’“"’)l"f(o,Kl(o),"D"’lkl(G))dG‘ + (1Y f(7, % (r),"DV’IKI(r))‘
1 H(u—o)V O w(c—0)v v—
+@Uw2 w(/o W(/0 e I F(0,Kk:(9).C DV ke (ﬂ))dﬁ)dc’
_ 1-v
| G 1= (o k() D (o) 1 o ka(@) D ()]
o [ e ok o) D ra()do] + 111 ka1 D 1)
1- 1 p(e ' +op—1)|0* - o
Sr(v+1)” I 1P Terere v 19
[1-o|p*+vu [Y[(1—e"®) 7]
O[T+ TG —v) | H+|@|F(v+l) l6ll+ v 1!
_ (el +he—e®)  ple +op—1)|o’—ol
=\ erve D 0,0 T(2 - VT (v+ 1)
-0l +vu 5 )lel
|| T(v+1I'(3—v)
<In|e].

From Definition 2.2 with 1 < v <2, we get
1 \4
-v)
<1h 6] /

<IL |6

‘DK + Bri0) (7 ’_/ (6/1K1+®/2K2)(0') do

(3 V)
I,
<———|0].
<t5oy el
From the above inequalities, we get

1K1+ G2k x = [[E1K1 + ok +

cpv-] (6] K] +®2K‘2)H
I
(Hler) 6]
<p.

Thus, &1k + &2k € Sp.
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Step 2. &, : C([0,1],R) — C([0,1],R) is continuous and compact.
Let 71,7 € [0,1] with 7; < 7, and k € .%). By using Lemma 2.7 and condition (B ), one can find

}(@1 K‘)(’L’z) - (@1 K)(Tl)‘ _ )/Tz e_w(TZ—G)IVf(G, K‘(G)7CDV—1 K‘(G)) do— /Ofl e_a)(Tl—(F)IVf(G7 K(G)7CDV—1 K‘(G)) dG’
- / " (90 (0% _ =0V (. k(0),°DY k(o )do+ | " ooy f(0,x(0),D"" k(o)) do|
S/O a)c‘efwrz efamHlvf( ( ch 1 }dG—I—/ wTziG)‘I"f(G,K(G),CDV71K(G))’dG

1 5
< 7</ P00 _ 0T d0'+/ e @(n-0) dG) 0l.
o ([ el jdo+ [ Jol

and

(1 — 7" T _ \1-v
0 @) )~ D" @) = | [ D@ e)do - [ B @ o)
K — 1-v T _ 1-v
’/ - r(2 (VT; O (& x)(0)do + : %( \x)(0)do
v /| (51— )11 do
+ (12* )Y ’do‘)
( v+1 /Tl, ‘52— Tl )I—V|dG

+/ (n=0)"""do) 6]

Clearly, |(&K)(72) — (61%)(7)| — 0 and |°D¥~! (6 k) (%) = DY~ (&, x)(11)| — 0 independent of k as 7 — 7. Thus & is relatively
compact on Sp. Then, by the Arzeld-Ascoli theorem, & is compact on ..

Step 3. &, : C([0,1],R) — C([0,1],R) is contraction.
From Lemma 2.7 and the use of condition (B), for 7 € [0, 1], k1, % € 7}, we can derive

(@251)(5) — (62k0) (¢ >\<' H]w o)

“(,U—G)l ’ ° —0(0— v c V—
/0 W(/O eIV [F(8, 11 (8),° DV k1 (9))
I-v
—f (8, Kk(8) £ DV iy (9))]d 9 dc‘+‘/ % [(1—w)lv[f(a,K1(6),CDV*1K1(G))  Houk(0) D k()
+ 1" [f(o,x1(0) DY k1 (0)) ~ f(0.K2(0). D" kr(0))] | o]

sirol] [l oo [1(0,x1(0) D Ki(0)) ~flovle) D o) dof

+ | (). DY i (1) = £ (D) DY ()]
il “[(‘;(vc—);zw;fv))v_l} </oae"°("*‘”1“[f<ﬂ,m(ﬂ)ﬁ'DV*m(m) /(3. 12(9). D" a(9))]a ) do|
‘@1232 Uaﬂ—w( '[)“%(/je—ww—ﬁ)ﬂ #0501 (9)5D" k1 (9)) ~£(B,12(9) D" x(8))] 9 ) o]
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J’_

. _ 1-v
[ (0= oo (@0 (0) - (o k(0) D o))
+1"![f(0,%1(0). DY k1 (0)) — £(0,12(0). D ko ()] do|
+ |yo| ‘/ o(l- ")IV (G,Kl (6),°DY k(o)) - f(o, K2(6)7CDV_1K2(G))] dc’

IO (10D i (1) = £(L k(D). DY i (1))

< (rl@ltes)e  tou Do’ -0 | y(6:|He:)(2—e) | (O] o) (1ol tvy) (176’“’“)(\';1”*‘%”))
(6116, [@T (2~ V)T (v +1) [61[[:[T(v-1) @I (v (3-v) PCAINCARVE

q(]|x1 — kol +

L'val K 7ch71 KZH)

<qI (|| — =2 +

ch71K1 7CDV71K2H)'
Also

|(&2k1)(5) = (& 210)(2)| < aTha (11 — | +

CDV71K1 _CDV71K2H)'

Which implies that

1 v
D (O2k1)(0) D" (Bar(e)] < [T

-v)

(82k1)(0) — (Q5’2'<2)(<7)‘fchr

T(t—o)lV

< gIh(||x| — x cpvly —CD"’lrcH / ~— . __do
< qIL([[x1 — & ||+ 1 2(|) b T2—v)

7. v—1 v—1 2 v
<H(;<f;< P’ —D KH)i
<gqID ( |k — kol + ) ra=v)

ally ( eVl o ey H>

—— | ||x] — K D K1 —“D K .
TG [l — Ko || + 1 o3

From the above inequalities, we have

[&2k1 — Baka|[x = [[G2K1 — Brka|| +

D1 (@am) D )|

CDV71K1 7CDV71K2H)

— 1
< - —
—q<111+1“(3—v)> (HKl K+

~ Ip
< I+ ———— —K .
Q< 1+r(3v)>”K1 o1|PS

As g (1"17 + %) <1, &; is contraction. From Lemma 2.8, there exists k € .%p such that k(1) = (&x)(7) + (&2k)(7) = (&x)(7),
which means that k is the solution of problem (1.1). O

The prove of the next result is based on Lemma 2.9.

Theorem 3.2. Let f € C ([0,1] x R?,R) and assume that

(B3) For all (t,k1,k2) € [0,1] x R?, there exist a function # € C([0,1],RT), and a nondecreasing continuous function % : [0,0) — [0, o)
such that

[f(z, k)| < 7 (D2 (k] + [le2l]):
(By) there exists a constant N > 0 such that

I,
r3-v)’

> I +

N
1711 %(N)

where I1,IT, are given by (3.2).

Then problem (1.1) has at least one solution on [0,1].
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Proof. Consider the operator & : X — X defined in (3.1). At first, we show that & maps bounded sets into bounded sets in C([0, 1],R). For
p>0,let D, ={xkeC([0,1],R) : ||x| & < p} be a bounded set in C([0, 1],R). Then

./0” % (/OG el p (9, K(ﬁ),CDV*IK(ﬂ))dﬂ) do‘

/0” (“r(_ﬁ[u — )" f(6,x(c). D k() + 1" f(0,K(5),C DV K(G))]dcr’

1
+|yo| ‘/O e*w<1*<’>1Vf(c,K(o),CDV*IK(o))dc’ +]

I"f(l,K(l),“D"*IK(l))”

[ 2 ) (o oo <o)

(B

. _ -y
I %m — )" f(0,k(0) D" K(0))

+1"7 1 f(0,k(0), DY i ( ]do’ + |yo| '/ o(=0)1v #(g, (0'),CD"’1K(G))dG‘

|1 71 (1), DY ()|
1—e @  u(|6]+0s])(e " +ou—1)|0* — ol
ol(v+1) 101|102 @ T (2—Vv)[(Vv+1)

N +16s)(2—e"®) (18] + 05)) (|1 — @] u2 + vi)
(1—e @) (vp '+ p*) V-
= ) 11 (1t + [ ]

<)z 0% (Il + [D"x||) = 17 1 (el ),

1

|©;]

@162 /OM % </06e*ﬂ’(6719)lvf(197K(ﬁ)f-Dv—l K(ﬂ))dﬁ) do‘

+

+

where I1; are given in (3.2).
Hence

1&x| < I || 712 (Ixllx) -

Also we have

05 1) ( < a)‘/ —o(t=o) v r( (cr),CDV’IK(G))dG‘ +

IV f(r, x(r),ﬂDV*IK(T))}
+|(;71| Uaﬂ,w’ /0 % (/an—w(a_ﬂ)lvf(ﬁ,K(ﬂ),CDv_lK(ﬂ))dﬂ> dc‘

P B
[ UG [0 0 se(@) D" k(o)) + 1" o, k(o) D ki) dof

+

1
Hlo| [ e o.(@) D" x(@)dal + I
0

Y f(1,x(1)£ DV K‘(l))”

~ (el +)2—e®)  ple +op—1)|w’—ol
- |61 T(v+1) |01] 02T (2 — v)[(v 1)
[1—o|u*+vu

oy ) 11 (1 + o0

<1h | 7% (Il + |D""x||) = 17 1 (Il ).

where I, given by (3.2).
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By Definition 2.2 for v € (1,2], we get

Cval(QSK)(T)‘ < (" (t—0)

_./om

(@’K)(c)‘dc

T o 1-v
S AR A=

2—V

<H2H/H<%”(IIKH3€)TV)

11
STEV)II/H%(HKIBQ

Hence

16K x = [|&x[ +

D] < (4 s ) 171 (el

< (m+ g5y ) 17 196)

Next we show that & maps bounded sets into equicontinuous sets of C([0, 1],R). Let 7,7 € [0,1] with 7; < 7, and k¥ € D, where D, is a
bounded set of C([0, 1],R). Then we obtain

(6x) (1) — (B%)(7)] < ‘/0 =m0 f(0,k(0). DY "' k(0))do
7/011 e M=)V (5, k(6), DV K‘(G))dd‘
. _ 1-v o
’(a)z - w)/O“ % (/O e @O-0) Y (9, K(ﬁ),CDV*IK(zs))da) do

n /“ (u— Ci)l’v [(1— )" f(o,k(0), D" 'k(0)) + 1" f(0,x(5), D" 'k(0))]|do

T—T

+~5

+7/0)/ o(l- UI" (G),"D"’IK(G))deyIVf(l,K(l),"D"’IK(l))‘
S/O wc‘efw‘rz 7w‘rl’
IVf(O',K(c),”DV’IK(G))‘dG

”(#—G)H’ o —w(c—-0) v cv—
’(mtw)/o WUO e @OO) Y (9 1(9), D 1K(19))d19>d0'

+ /‘” W[(l — )" f(0,x(0), DY k(0)) + 1" (5, k(0), DY k(0))|do

Y (o, (o)f‘DV*IK(a))]dG

+ " 267(‘)(»'[276)

T

T—T

+~&

+ ya)/ o1~ ")Ivf (0,x(c ),CDV_IK‘(O‘))dcfj/[vf(l,K(l),ch_]K(l))‘

g(/o €90 |¢~0m 7“”“dc+/ ol )%

|2 (“’2_“’)./0 % (./Oge*wwﬂ”ﬂf(ﬁ,K(ﬂ),EDV*IK(ﬁ))dﬂ) do

(O] re-v
+/u w[(l —o)I"f(0,k(0), D" 'k(c)) +1"" f(0,x(0). D" 'k (0))]do

+ Y(D/ o(l-o [V (G),CDvilk'(G))dO'—'yIVf(l,K(l),Cvalk(]))‘,
Also

Tz 12_

DV (B K)(12) < D'~ (&) (1) ‘/ 2_)1)7‘/(6/1()(0')510'7/0

T (Tl _ G)lfv
re-v)

(®/K')(G)d6‘

! (1—0)17|

al(n-0)v-
S/0 r2-v)

T _ 1-v _ _ 1-v T _ 1 v
s(/o |(z2 c)m_(vr; I Mdc)ﬂﬁ/”%(hc”x)

T

o |(n,—0) Y|
o r2z-v)

(& K)(G)‘d6+

(6'K)(0) ‘ do

Obviously, the right-hand side of the above inequality tends to zero independently of k € D, as 7, — 71 — 0. As & verifies the above
assumptions, then by the use of Arzeld-Ascoli theorem, we claim that & : C([0,1],R) — C([0, 1], R) is completely continuous.
To achieve the satisfaction of the hypotheses of the Leray-Schauder nonlinear alternative theorem, is to show the boundedness of the set
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of all solutions to equation k = A&« for A € [0,1]. Assume that x is a solution, then in the same manner as we show the operator & is
bounded, we can obtain

[k(7)| = [A(&x)(7)| <IN || 7 || Z (||| )-

Also we have
K (@) = [2(8"0)()| < L7 ().

By Definition 2.2 for 1 < v <2, we get

chflk.(,r)‘ _

/chval(QSK)(f)) < % H/H%(”KH:’E)

Hence

epy-1 H<(n1+r( ))n/n%(nkux»

l[ll = Il +

Consequently, we have

I,

[ENIES
<I) + —————.
o r3—v)

I 1 %(xllx) ~

In view of (By4), there exists N such that ||x|| 5 # N.
Let us set

¥V ={xeC([0,1],R) : ||k|[x <N}.

Note that the operator & : ¥ — C([0,1],R) is continuous and completely continuous. From the choice of ¥, there is no k € 9% with
K = A®xk for some A € [0, 1]. Consequently, by Lemma 2.9, we conclude that & has a fixed point k¥ € ¥ which is a solution of the problem
(1.1). O

4. Examples
Example 4.1. Consider the following sequential fractional boundary value problem involving Caputo-type derivative :

(‘D3 +2°D3)k(1) = f(7.x(7)SD7k(r)), T€[0,1],
K(0)+ k(1) = I7k(3) + 12 k(4
K (0)+ ' (1) = D2 k(L) +¢

"

Kk (0)=0.

) (4.1)

Herev:%a):Z,ﬁ:}/:l,u:%.
With the given values, it is found that
0; ~1.202115439,0, ~ 0.936153918,05 ~ —0.202115439, where O1,0, and O3 defined by (2.2).
We take

1
f(z, k(1) D2x(1)) = 5(%#12) (cos(K(T) +1)+

3

D k(o) ,
L +e Tsint | in(4.1). Then
3+<D2 k(1)

F(2,51(2), D ki (1) = (5, 82(0) D ko (1)

I (PSP i o B il
< ——— | [cos(kq(T)+1)—cos(ka(T)+ 1)+ -
5(% +42) 34¢DIK(T)  34CD2ky(T)
< 2 (la(®) - @)+ D (n) D))
= 5(t2+42)
SQ(HM—KzHJr ‘DrKy —CD%K2H>7
withq:%, and
] 2 3 CD%K‘(’L‘)‘ .
f(r,K(r),CDfK(r))‘ = '7 cos(k(t)+1)+ —————+e€ "sint
’ 5(t2 +42) 3+¢D2k(t)

2(4+e "sint)
< S@rmy @

We found H1 ~ 2.412349768 and 1'12 1.905439962 (Hl, H2 defined by (3.3)). Further q (H1 + G- )> ~(.043451509 < 1. Thus, all
the conditions of Theorem 3.1 are fulfilled. Hence, the problem (4.1) has a solution on [0, 1].
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Example 4.2. Consider the problem (4.1) and

f(z, K(’L‘),CD% k(7)) <tan’1(K(T)+ 1) +1In(

1 el
= — D2x(t)|+2)).
NG ®]+2)

Clearly, we get

1z, K(T),CD%K(T))‘ < 'Nﬁ ‘tanfl(K(z)Jr 1) +1In( CD%K(T)] +2)]
< # =5 (|K(’L’)| + CD%K(T)‘ +3)

< J(@O%(|llx),

where 7 (7) = 5ess. Z(||xll2) = K] +3.
With the obove assumption, we can obtain IT} ~2.737572985, IT, ~ 3.308139177 (I1), IT, defined by (3.2)), || #|| = 5L4.
By the use of condition (B4), we find N > 0.408402939. Hence by Theorem 3.2, the problem (4.1) has a solution on [0, 1].

5. Conclusion

In this paper, we investigate the existence of solutions for a sequential FDEs with integro-differential bounday conditions. Our study is based
on Krasnoselskii’s fixed point theorem and the Leray-Schauder fixed point theorem under some suitable conditions.

Our research can be extented to the inclusion form of our considerd problem by applying the multivalued fixed point theorems such as the
nonlinear alternative of Leray-Schauder type for Kakutani maps, the fixed point theorem contraction multivalued maps due to Covitz and
Nadler.

For future works, we plan to investigate the existence results of these equations involving other fractional derivatives, such as Caputo-
Hadamard and Hilfer. The stochastic versions of the sequential FDEs will be among the aim of our forthcoming studies. Furthermore,
we will study the systems of nonlinear sequential FDEs with deviated arguments by employing numerical methods to approximate their
solutions.
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