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Abstract

This paper aims to improve the analysis of a stochastic SIVR epidemic model with an imperfect
vaccination process, taking into consideration the fact that a fraction of vaccinated individuals becomes
susceptible to infection. The uniqueness of the positive solution is shown. Further, we obtain the
threshold of the stochastic SIVR model which determines whether the epidemic will persist or die
out. In the extinction case, we prove that the solution converges almost surely toward the disease-free
equilibrium of the deterministic SIVR model. Some numerical illustrations are given to confirm our
theoretical results.
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1 Introduction

Mathematical treatment using differential equations is largely used to forecast the spread of
infectious diseases. This approach consists of dividing the total population within which the
diseases spread, into several compartments [1-8]. Most compartmental epidemic models descend
from the works [1-3]. To control the spread of diseases, quarantine and vaccination are commonly
used. Vaccination is considered to be the most effective strategy to mitigate or stop the spread of
infectious diseases and reduce their associated morbidity and mortality rates [9-11].

In deterministic models, the indicator that measures the ability of an infectious disease to spread
within a population is called the "basic reproduction number". It is considered as the average
number of new infections caused by an infected individual in a fully susceptible population at

the onset of contamination [12]. Let Ry = y% be the basic reproduction number of model (1)
and R, = Ry ’; il;frabc the basic reproduction number in a population such that a proportion had
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been vaccinated and by R, o the value of R, , when b = 0. If R,y < 1, the system (1) has a unique

disease-free equilibrium (wy, xo, yo, z0) = (#, 0, #, 0) which is globally asymptotically stable.
If R, 0 > 1, model (1) presents a bifurcation leading to the existence of multiple endemic equilibria
[13, 14].

It is known that epidemic models are inevitably affected by random environmental disturbance
(see [15-17]). For this reason, Tornatore et al. [18] formulated and studied various aspects of
stochastic stability related to the stochastic counterpart of system (1), obtained by substituting the
contact rate fin (1) by B + 0%, where B(t) is a standard Brownian motion on a stochastic basis
(Q), .7, (%t)1>0, P) with intensity o2 >0.

In this paper, we consider the following deterministic epidemic model

dw = [p— (p + a)w— Bxw + by| dt,
dx = [B(w + cy)x — (p + 7)x] dt,
dy = [aw — cBxy — (u + b)y| dt,

dz = [yx — uz] dt,

@

where w, x, y and z denote the number of susceptible, infected, vaccinated, and recovered individ-

uals, respectively.

The other parameters involved in system (1) are defined below:

: The natural birth and death rate .

7 : The recovery rate of infected individuals.

a: The rate at which susceptible individuals become vaccinated.

b: A fraction of vaccinated individuals becoming susceptibles.

c: A positive parameter satisfying: 0 < ¢ < 1, with ¢ = 0 means that the vaccine is perfectly
effective, and ¢ = 1 implies that the vaccination has no impact.

The concerned stochastic model is defined by the following stochastic differential system

dw = [u— (u+a)w— Bxw + by| dt — oxwdB(t),

dx = [B(w + cy)x — (u + v)x] dt + o(w + cy)xdB(t),
dy = [aw — cBxy — (u + b)y| dt — ocxydB(t),

dz = [yx — puz| dt.

@)

In case b = 0, conditions guaranteeing the persistence and extinction of model (2) are established

. . . + 2 +

in relation with the threshold Rj = ﬁ B P;l - %(%)2] (see [19]).

In this paper, we are going to improve the analysis of (2) by taking into consideration the existence
of the parameter b and we will determine conditions ensuring the extinction and persistence of

the disease.

Remark 1 Tornatore et al. [20] have shown the existence of a positive global solution and they have studied
the stochastic stability of the disease-free equilibrium related to the following model

dw = [p— (p + a)w — Bxw + by + yx] dt — oxwdB(t),
dx = [B(w + cy)x — (u + y)x] dt + o(w + cy)xdB(t), 3)
dy = [aw — cBxy — (u + b)y] dt — ocxydB(t).

At first sight, it seems that the two models (2) and (3) are the same, but there exists a systematic difference.
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In model (2), the parameter vy signifies a fraction of infected individuals who come back into the recovered
class, whereas in model (3) it signifies a fraction of infected individuals whose goes back in the susceptible
class.

For simplicity, we define

and
R: = {(x1,.,x4) ER* 1 ;> 0,i = 1,...,4}.

The rest of the paper is organized as follows. In Section 2, we prove the existence of a global
positive solution for system (2). In Section 3, we present several lemmas that will be used in the
following sections. Section 4 is devoted to establishing conditions under which the disease goes
extinct exponentially. Moreover, the solution of system (2) converges almost surely (abbreviated

as a.s.) to the disease-free equilibrium (wy, xp, yp, z) = < m ﬁlr;rf:b, 0, m +‘; 5 O> of the deterministic

system (1), when the extinction conditions are fulfilled. If the condition Rg > 1 holds, we show
that the disease will be persistent almost surely, in Section 5. In the penultimate section (Section 6),
numerical simulations are given to confirm the theoretical results. The paper ends with a brief
conclusion Section 7.

2  Well-posedness of model (2)

First of all, we define the subset
A={(w,x,y,2z):w>0x>0y>0,z>0, w+x+y+z=1}.
Since
d(w(t) +x(t) +y(t) +2(8)) = (u— p(w(t) + x(8) + y(t) +2(¢)))dt,
then
w(t) +x(t) +y(t) +z(t) = 1+ (w(0) + x(0) + y(0) + z(0) — 1)e *.
Therefore, A is a positive invariant set for the stochastic model (2).

Theorem 1 Let (w(0),x(0),y(0),z(0)) € A, then the system (2) admits a unique positive solution
(w(t),x(t),y(t),z(t)) ont > 0.

Proof Since the coefficients of system (2) satisfy the local Lipschitz property, then for any
(w(0),x(0),y(0),2(0)) € R4, there is unique local solution (w(t), x(t),y(t),z(t)) € R% which
may blow up at time 7, such that t € [0, 7.) (see [21]). To show this solution is global, we only
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need to prove that 7, = oo a.s. Let ¢g > 0 such that w(0), x(0), y(0), z(0) > €g. For each € > ¢,
we define the stopping times

Te =inf{t € [0,7) : w(t) <eorx(t) <eory(t) <eorz(t) <e},
T= lirr(1)r€ =inf{t € [0,7) : w(t) <eorx(t) <eory(t) <eorz(t) <e}.
€—

Let us consider the twice differentiable function 7t defined, for X = (w, x,y,z) € A, by
m(X)=—Inw—Inx—Iny—Inz.

Applying It6 formula to 71, we obtain forall t > 0, s € [0,t A\ T¢],

drt(X(s)) = {—% + Bx(s) + cBx(s) — B(w(s) + cy(s)) — ”;U(S) B WZJES)] s

+ Bazxz(s) + %az(w(s) +cy(s))? + %Uzczxz(s) +duta+t 7} ds
+|(14e)x(s) = (w(s) +cy(s)) | dB(s)

<|@rap+ 3 -t aty|ds o1+ 0x(6) ~ (w0(s) + eyls) [ aB(s)

=D.ds +0|(1+c)x(s) — (w(s) + cy(s)) | dB(s).

Integrating both sides of the above inequality from 0 to t /\ 7. followed by taking the expectation
[E on both sides, one obtains

E(n(X(tA1))) < n(X(0))+ DE(t A1) < m(X(0)) 4+ Dt.
Since (X (t A\ 1)) > 0, then
E[r(X(EAT)] = E [A(X(EAT) ren] + B | m(X(EAT) iz,

>E [ﬂ(x(t/\'&))l{uﬁt}} /

where 1 4 is the indicator function of set .A. Note that there are some components of X(7¢) equal
to €. Therefore, 71(X(t)) > —Ine. Thus

E[7(X(tAT))] > E [no((mre)ﬂ{w}} > _P(t < t)Ine. (4)

Hence

(X(0)) + Dt.

< < —
Plre<t) < Ine

Letting € to 0, we obtain for all t > 0, P(7 < t) = 0, which means that P(7 = o) = 1. As7 < 7,
then T,c = T, = 0 a.s. |

In the following section, we present two lemmas that will be useful in the upcoming sections.
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3 Toolbox

Lemma 1 Let (w(t),x(t),y(t),z(t)) be a solution of system (2) with (w(0),x(0),y(0),z(0)) € A.
Then

_ptbrac (-
(wtey) =" = (G) + {o) — e (-9 Ki(),
where
t t
Gy(t) =cx + c'yJ x(s)e *(=5)ds + b (1 —c)J x(s)e(HHatb)(t=s)gg
0 0
t t
+ﬁ(1_c)J w(s)x(s)e (HHat)(t=s)gg 4 b(l—c)J z(s)e~ W Hatb)(t=s) gg,
0 0
=— —ut — V—"'b _ —(p +a+b)t
¢ (t) [cz(O)e + (1 c)(y 0 }
and

r w(s)x(s)e(V”*b)(vs)dB(s)] do.

Proof From Eq. (2), we get

_ u+b o u+b —(u+atb)t Jt —(p+a+b)(t—s)
w(t) RTETEY (I/’ i w(O))e c 0(x(s)+z(s))e ds

t t
— B J w(s)x(s)e”HFatOE=s)gg U’J w(s)x(s)e”HTAHDE=s)gB(s),
0 0
t

z(t) =z(0)e M + o J x(s)e * (=5 ds.
0

Then

w(t) +cy(t) = c(w(t) +y(t)) + (1 —c)w(t)

pAbtab Jt (i) 1 J (e +a+b)(t—s)
BETEY cx +cy Ox(s)e ds +b(l—c) Ox(s)e ds
t t
+ B(1—¢) J w(s)x(s)e”FHHDE=S)gs 4 (1 —c)J z(s)e_(”+a+b)(t_s)ds]
0 0

u+b

m — w(0) )ef(y +a+b)t

— [CZ(O)EW + (1 —c)(

—0o(l1—c¢) J; w(s)x(s)e” HFAHOE=s)gB(s).

This leads to the desired result. [ |

Lemma 2 Let (w(t), x(t),y(t),z(t)) be a solution of system (2) with (w(0),x(0),y(0),z(0)) € A.
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Then

U +b+ac
p+a+b

((w+ey)?) = ( ) 4 (Ga) + 9 (1) + Kalt),

where

1 c?
Galt) = — (W +ey) -+ py)x + gox(w+ ey’
b2a+yab—|—abc_ ,Bczx

p(p+a+b)? p

c(l—c)a

w(x+z)—(1—c)

y(w+cy) — %xw

H
b(l1—c)
H

ac(l—c) b B
T [y+a+b(x+z)+y+a+bxw]
a(l1—c) a(l—c)?>(u +0) b B
+[ p " p(p +a+b) HHHb(HZH }

_b(l—c)[ .. a4 Bc x]
Hu u+a+b u+a+b y+a+by

a(l—c)? B 2 o? 2.2
” {y+a+bw<x+z)+y+a+wa_2(y+a+b)wx ,

_|_

(w(t) +cy(t)* — (w(0) +cy(0))*  (w(t) +cy(t)) — (w(0)+cy(0))
2ut ut
a(1—c?)  a(l—c)*(u+b)] w(t)—w(0)
i [ i i tatd) } (1 +atb)
b(1—c) y(t)—y(0) | a(l—c)*w?(t) —w?(0)
o (p+a+b)t n 2(p +a+b)t’

and

Ka(t) o (a(l—c) N a(l—c)?(u +b)) lrx(s)w(s) dB(s)

:y+a+b U u(p +a+0) tJo
2| @+ Aot dnis) - TIEEZEL T x(ots) a5

ca(l—c)?
u(p +a+b)t

o [ 2
- | ) e @) + e2y(e))x(s) aB(o)

cac(l—c)
u(p +a+b)t

t t
J w?(s)x(s) dB(s) + J x(s)w(s) dB(s)
0 0
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Proof Applying Itd formula to system (2), we obtain

w(t) —w(0) u+b b B

Gitatb)i T idass agarp it
_ m Jo x(s)w(s)dB(s),

) =— L0 | G P N L —

(u -I-a-l—b) +y+a+b u+a+b

(1) = -

~

ptb (w) — b
(;4+a+b y+a+b w+a+b

: .
) ey )~ Gy T )
pe?
-2

(w(x +z2))

y+a+b Lx
<w2> _ ( ) (;)t

w?x) +

( ()+Cy( )) — (W(O)—Cy(())) +1— a(l_c)<w> _ E(

w+cy) = —
( Y) 0 " I

xy)

xXw

and

(w(t) +cy(t)? — (w(0) +cy(0))? +(wtcy) — a(l—c)?

2ut Iz
2

1 g
= A+ en) e+ py) + o (P +cy))

ac(l—c)wx z ~b(1-c)
. R (w(x+2)) — ——=

opt E (w(s) + cy(s)) (w(s) + c?y(s))x(s) dB(s).

(w?)

(w+cy)®) = —

(y(w+cy))

Injecting the expressions of (w), (y), (w?) and (w + cy) into the expression of ((w + cy)?), we get

EALEIN L (Ga) + 9 (6) + KalD).

(w+en) = (ot

4 Exponential extinction of the disease

Theorem 2 Let (w(t),x(t),y(t),z(t)) be a solution of system (2) with (w(0),x(0),y(0),z(0)) € A.
We consider the two following assumptions

‘32
(A) 20_—2 < U+

zy-i—b +ac

B
® p+a+b

— B <0and R} <1.
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Then

2
limsup%lnx(t) g% — (g +7v) <0 as., if (A) holds;

t—o0

limsupllnx(t) < +9)(RE —1) + (02 p+b+ac

t i rasp ~PIHD) <0 as if(B)holds
t—o0

Proof Applying It6 formula, gives

2
tin 2 <plwey) - (n+) - Gt ey + o) ©

2 2 2
<L -G Jwren- 5| rome

<P

<502~ (ty)+oM),

where

M(E) = 7 | (w(r) +cy(r)dB(r).

to

If the assumption (A) holds, we get

limsupllnx(t) <0 as.

t—o0

Returning to Eq. (5) and applying Lemma 1, one has

(t)

1. «x u—+b+ac
- <
F 030 SP

p+a+b

— B(G1) +B(¢) — B (1—c)Ki(t)

— e romt) - 5| (BEEEE i) e (1) - o -o)kan)’
2 L2 — (6o (o) e 10k |
We define
¥ = (o) —c(1-0)ka(n) +2( L2 — (G0) (o) - o 1-0)ka(n).

Since (w(0),x(0),y(0),z(0)) € A, then

lim ¥(t) =0 as,

t—o0

limsupllnx(t) < ‘Bw

o2 +b 4ac \2 +b 4 ac
i) < SEELEE ) (B (e

2\ g +atb EYEN _ﬁ)<G1> as.
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If assumption (B) is taking into consideration, we obtain

limsup%lnx(t) < 0 as.

t—o0
|
Theorem 3 If one of the two assumptions in Theorem 2 holds, then
(w(t), x(t),y(t),z(t)) = (wp, Xp, Yp, 2p)  a.s. as t — oo.
Proof Applying Itd formula to the first equation in system (2) leads to
R L Dy _BED
d(y—f—a-i—b w) _[Z‘wa(y+a+b w) 2(y+u+b)(;¢+a+b w)
+2b (P‘ i—;i 2 —w)(x + z) +gzx2w2]dt
u+b _
+20xw<y+a+b )dB(t)
It follows that
Jt <y—+b — w(s))zds < ;[ 1+2(B+b)w Jt x(s)ds 4 o> Jt x2(s)ds
o \p+a+h “2(ntatb) Pt 0
t
+2bwg J 2(s)ds | + B (1),
0
where
—~ o t
M) = JO x(s)w(s)dB(s)
|

is a continuous local martingale. For the rest of the proof, we use the idea exposed in [19].

5 Persistence in mean
Theorem 4 Let (w(t),x(t),y(t),z(t)) be a solution of system (2) with (w(0),x(0),y(0),z(0)) € A.
If Rg > 1, then the disease will be persistent in mean, that is,

it} (R} —1) as.,

Iiminf(x) > ————
t—)oo< > lBDl—f—%zDz b
where
by = oy xlbtenta)  (A-c)b+p)
u(p+a+b) u+a+b
0> c(1—c)a 0%
D, = 5+T<1+7)

a(l—c) a(l—c)?*(u+b) a(l—c)*> ac(l—c)\[uB+ub+7b
+< TR R ) )(ﬂ(u+a+b))'
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Furthermore,

e U
=
) = it

liminf(y) > na

mr Be+ut0)Bprutarb) ™

and
. 2
liminf(z) = —liminf(x) a.s.

t—o00 U t—o00

Proof From system (2), one has

x 2
tin 2 = plwey) = () = Sl en)?) +o MO,

where

M) = 1 | (w(s)+ey(s) dB(s)

is a martingale. According to Lemma 1 and Lemma 2, we obtain

Hn 20 =B A B(G) + Blp) — Br(1-c)Kil)— (4 )
2 2 2 2 2
-z (%) = 234G~ T () - ToKa(t) + o M),
One can see that
Ky (t) = u+++b% E (1 — e~ +atD)(E9) )y (s (s) dB(s).

Since (w(0),x(0),y(0),z(0)) € A, then the strong law of large numbers for martingales implies

lim Ki(t) = lim Ky(¢) = lim M(t) = 0 as.
t—oo t—o0 t—o0
Notice that
< - 7 I
(G1) < Dafx) +- /= (0)(e 1),
and
_ )2
(Gy) < a(l—c)(c+b+bc) +ab(l c) 2(0)(e ) + Dy(x).

K H
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Thus

liminf(x) > 77 (RS ~1) >0 as.
t—o0 ‘3D1 + %Dz

Next, to show that system (2) is persistent in mean, it remains to show that w, y and z are persistent.
From system (2), we have

B w(t) —w(0) W 7 t
(e s 2 Gy e aTE G e O,

x(s)y(s)dB(s) = a(w) — (e +p +b)(y),

and

z(t) —2(0)

2 = () — (2,

By using the strong law of large numbers for martingales, we obtain the desired results. [ |
6 Numerical simulations

In this section, we report three experiments to verify the theoretical results shown in the previous
sections. We denote w(t) = S(t),x(t) = I(t),y(t) = V(t)and z(t) = R(t), for allt > 0.

Example 1 We choose the parameters as follows:
c=08u=01=06a=08c=05v7=03andb=0.2.

The initial value is (w(0), x(0),y(0),z(0)) = (0.6,0.2,0.1,0.1).
Then

ﬁZ
m - (‘M + ’)’) = —0.1188,

which confirms Theorem 2, condition (A) (see Figure 1).

Example 2 Let the noise intensity o = 0.602, and all the other parameters be the same as in the previous
example. In this case, we have

RS — 09248 and o2 PV g 4599,
w+a+b
Then
. 1 S > U +b+ac
- < — AL I .
hiigptlnﬂt) < +7)Ry—1)+ (0 T B)(Hi) <0

That is, x(t) tends exponentially to zero, according to Theorem 2, condition (B) (see Figure 2).



188 | Bulletin of Biomathematics, 2023, Vol. 1, No. 2, 177-191

Example 3 In model (2), we choose the parameters as follows:
c=02,u=02p=06a=02,c=04,v=0.2099 and b = 0.4.

The initial value is (w(0), x(0),y(0),z(0)) = (0.6,0.2,0.1,0.1).
We compute that

RS _ 1 y+b+ac_a_2 u+b+ac

2
- = 1.2090 > 1.
b y+7‘3y+a+b Z(y-l—a-l—b)

According to Theorem 4, the solution of model (2) is persistent in mean (see Figure 3).
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Figure 1. Numerical simulations of the populations in model (2) for the given values in Example 1.
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Figure 2. Numerical simulations of the populations in model (2) for the given values in Example 2.
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Figure 3. Numerical simulations of the populations in model (2) for the given values in Example 3.

7 Conclusion

In this paper, we considered a stochastic epidemic model with a variable vaccination rate. First,
we showed the uniqueness of a positive solution for system (2). Second, we gave two conditions
for the disease extinction. Under these two conditions, we proved that the solution of system (2)
converges almost surely toward (wy, X, Yy, 2p). Further, we showed that the disease is permanent
in mean when Rg > 1. We also notice that the large noise suppresses the disease. If the noise is
small enough, the condition R} > 1 is sufficient for guaranteeing the prevalence of the disease.

Declarations
Ethical approval

The authors state that this research complies with ethical standards. This research does not involve
either human participants or animals.

Consent for publication

Not applicable

Conflicts of interest

The author declares that he has no known competing interests regarding the work reported in this
article.

Funding
Not applicable

Author’s contributions

The author has made substantial contributions to the conception, and design of the work, the
acquisition, analysis, interpretation of data, and the creation of new software used in the work.



190 | Bulletin of Biomathematics, 2023, Vol. 1, No. 2, 177-191

Acknowledgements
Not applicable
References

[1] Kermack, W.O. and McKendrick, A.G. Contributions to the mathematical theory of epidemics-
1. 1927. Bulletin of Mathematical Biology, 53(1-2), 33-55, (1991). [CrossRef]

[2] Anderson, R. M. and May, R.M. Population biology of infectious disease: Part I. Nature, 280,
361-367, (1979). [CrossRef]

[3] May, R.M. and Anderson, R.M. Population biology of infectious disease: Part II. Nature, 280,
455-461, (1979). [CrossRef]

[4] Danane, J., Yavuz, M. and Yildiz, M. Stochastic modeling of three-species Prey—Predator
model driven by Lévy Jump with Mixed Holling-II and Beddington-DeAngelis functional
responses. Fractal and Fractional, 7(10), 751, (2023). [CrossRef]

[5] Ikram, R., Khan, A., Zahri, M., Saeed, A., Yavuz, M. and Kumam, P. Extinction and stationary
distribution of a stochastic COVID-19 epidemic model with time-delay. Computers in Biology
and Medicine, 141, 105115, (2022). [CrossRef]

[6] Naim, M., Sabbar, Y. and Zeb, A. Stability characterization of a fractional-order viral system
with the non-cytolytic immune assumption. Mathematical Modelling and Numerical Simulation
with Applications, 2(3), 164-176, (2022). [CrossRef]

[7] Din, A. and Abidin, M.Z. Analysis of fractional-order vaccinated Hepatitis-B epidemic model
with Mittag-Leffler kernels. Mathematical Modelling and Numerical Simulation with Applications,
2(2), 59-72, (2022). [CrossRef]

[8] Sinan, M., Leng, J., Anjum, M. and Fiaz, M. Asymptotic behavior and semi-analytic solution
of a novel compartmental biological model. Mathematical Modelling and Numerical Simulation
with Applications, 2(2), 88-107, (2022). [CrossRef]

[9] Hethcote, H.W. The mathematics of infectious diseases. SIAM Review, 42(4), 599-653, (2000).
[CrossRef]

[10] Korobeinikov, A., Maini, PK. and Walker, W.]J. Estimation of effective vaccination rate: per-
tussis in New Zealand as a case study. Journal of Theoretical Biology, 224(2), 269-275, (2003).
[CrossRef]

[11] Li, J. and Ma, Z. Qualitative analyses of SIS epidemic model with vaccination and varying total
population size. Mathematical and Computer Modelling, 35(11-12), 1235-1243, (2002). [CrossRef]

[12] Fraser, C., Donnelly, C.A., Cauchemez, S., Hanage, W.P,, Van Kerkhove, M.D., Griffin, J. et
al. Pandemic potential of a strain of influenza A (H1N1): early findings. Science, 324(5934),
1557-1561, (2009). [CrossRef]

[13] Brauer, F. Backward bifurcations in a simple vaccination models. Mathematical Analysis and
Applications, 298(2), 418-431, (2004). [CrossRef]

[14] Arino, J., Cooke, K.L., Van Den Driessche, P. and Velasco-Hernandez, J. An epidemiology
model that includes a leaky vaccine with a general waning function. Discrete and Continuous
Dynamical Systems, 4(2), 479-495, (2004).

[15] Liu, Q. and Chen, Q. Analysis of the deterministic and stochastic SIRS epidemic models with
nonlinear incidence. Physica A: Statistical Mechanics and its Applications, 428, 140-153, (2015).
[CrossRef]


https://doi.org/10.1007/bf02464423
https://doi.org/10.1038/280361a0
https://doi.org/10.1038/280455a0
https://doi.org/10.3390/fractalfract7100751
https://doi.org/10.1016/j.compbiomed.2021.105115
https://doi.org/10.53391/mmnsa.2022.013
https://doi.org/10.53391/mmnsa.2022.006
https://doi.org/10.53391/mmnsa.2022.008
https://doi.org/10.1137/S0036144500371907
https://doi.org/10.1016/S0022-5193(03)00163-2
https://doi.org/10.1016/S0895-7177(02)00082-1
https://doi.org/10.1126/science.1176062
https://doi.org/10.1016/j.jmaa.2004.05.045
https://doi.org/10.1016/j.physa.2015.01.075

Lahcen Boulaasair | 191

[16] Renshaw, E. Modelling Biological Populations in Space and Time. Cambridge University Press:
UK, (1991).

[17] Beretta, E., Kolmanovskii, V. and Shaikhet, L. Stability of epidemic model with time delays

influenced by stochastic perturbations. Mathematics and Computers in Simulation, 45, 269-277,
(1998). [CrossRef]

[18] Tornatore, E., Buccellato, S.M. and Vetro, P. SIVR epidemic model with stochastic perturbation.
Neural Computing and Applications, 24, 309-315, (2014). [CrossRef]

[19] Zhao, D. and Yuan, S. Persistence and stability of the disease-free equilibrium in a stochastic
epidemic model with imperfect vaccine. Advances in Difference Equations, 280(2016), (2016).
[CrossRef]

[20] Tornatore, E., Buccellato, S.M. and Vetro, P. On a stochastic disease model with vaccination.
Rendiconti del Circolo Matematico di Palermo, 55, 223-240, (2006). [CrossRef]

[21] Mao, X. Stochastic Differential Equations and Applications. Horwood Publishing Limited: UK,
(1997).

Bulletin of Biomathematics (BBM)
(https:/ /bulletinbiomath.org)

Copyright: © 2023 by the authors. This work is licensed under a Creative Commons Attribution
4.0 (CC BY) International License. The authors retain ownership of the copyright for their article,
but they allow anyone to download, reuse, reprint, modity, distribute, and/or copy articles in
BBM, so long as the original authors and source are credited. To see the complete license contents,
please visit (http:/ /creativecommons.org/licenses/by/4.0/).

How to cite this article: Boulaasair, L. (2023). Threshold properties of a stochastic epi-
demic model with a variable vaccination rate. Bulletin of Biomathematics, 1(2), 177-191.
https:/ /doi.org/10.59292 /bulletinbiomath.2023009



https://doi.org/10.1016/S0378-4754(97)00106-7
https://doi.org/10.1007/s00521-012-1225-6
https://doi.org/10.1186/s13662-016-1010-4
https://doi.org/10.1007/BF02874704
https://bulletinbiomath.org
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Well-posedness of model (2)
	Toolbox
	Exponential extinction of the disease
	Persistence in mean
	Numerical simulations
	Conclusion
	Ethical approval
	Consent for publication
	Conflicts of interest
	Funding
	Author's contributions
	Acknowledgements


