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Abstract

In this study, we define a new generalization of the hybrid k-Pell sequence consisting of hybrid numbers with
generalized hybrid k-Pell numbers as coefficients. We establish some algebraic properties and also the Binet
formula, generating function, and exponential generating function related to this new sequence. In addition,
some identities are provided as sum identities, and Catalan, Cassini, and d’Ocagne’s identities. The particular
cases are studied, namely, the hybrid numbers with hybrid k-Pell numbers as coefficients, the hybrid numbers
with hybrid k-Pell-Lucas numbers as coefficients, and the hybrid numbers with hybrid Modified k-Pell numbers as
coefficients.
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1. Introduction

The classical Pell sequence is defined by the recurrence relation
Py =2P 1+ P2,

with initial values Py =0 and P; = 1. The first elements of the Pell sequence are 0, 1, 2, 5, 12, 29, 70, and so on. These numbers
have interesting properties and connections to various mathematical concepts, such as continued fractions and square roots (see
more about this sequence and others in [1]). Several researchers have studied generalizations of the Pell sequences and their
properties (see, for instance, references [2], [3], and [4]).

In this work, we have, as a base, one of these sequences of integers - the k-Pell sequence - which is also related to two other
examples - that of the k-Pell sequence. For any positive real number k, a generalization for Pell numbers, k-Pell numbers, was
introduced by the second author in [5], denoted by {Pk,n}nzo and defined by

Pen =2Pcn1+kPip o,
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with P o = 0 and P;; = 1. Others important generalizations are k-Pell-Lucas, {Qx ,}»>0 and Modified k-Pell, {g, }n>0,
defined, respectively, by the recurrences relations

Okn =20k n—1+kQin—2,

Gin = 2qkn—1 + kg n—2,

with Qro = Ok1 =2 and gx o = qx,1 = 1 as the respective initial values. The first k-Pell numbers are 0, 1, 2, 4+k, 8+
4k, 164 12k + k2, 32+ 32k + 8k2, 64 + 80k + 28k + k3. The first k-Pell-Lucas numbers are 2, 2, 4+ 2k, 8+ 6k, 16+ 16k +
2k%, 32+ 40k + 10k%, 64 +96k + 36k* + 2k>. The first Modified k-Pell numbers are 1, 1, 2+ 2k, 4+ 5k, 8+ 12k + 2k, 16+
28k 4 9k?, 32 + 64k + 30k> 4 2k>. These sequences are generalizations of the sequence of Pell numbers.

By considering the extensions of sequences in other sets of numbers, let us consider the set of numbers introduced in [6],
where the author defined the set of hybrid numbers that is a generalization of complex, hyperbolic, and dual number systems, as

K ={a+bi+ce+dh:ab,c,d cR,i*=—1,e>=0,h>=1,jh=—hi=¢g+i},

where i, €, h are hybrid units (see, for instance, [6, 7]). From the definition of hybrid numbers, the multiplication table of the
hybrid units is given by Table 1.1.

e 1| i [ & | h
1 1 i € h
i i -1 1—h | e+i
€| € h+1 0 -€
h|h|—(e+i)]| e 1

Table 1.1. The multiplication table for Hybrid units

Table 1.1 shows that the multiplication of hybrid numbers is not commutative. It is important to remark that, in this article,
we chose to multiply imaginary units to the right of the coefficients. According [6], the set of hybrid numbers (K, +) is an
Abelian group.

Also, in Catarino [8], and in Catarino and Bilgici [9] were studied the hybrid k-Pell, k-Pell-Lucas and Modified k-Pell
sequence, denoted respectively by {HP; ,},

{HQk n}n>0 and {Hqy p }n>0, and defined by

HP,, = Py + P pp1i+ P o€+ P pyish
where P, , are terms of k-Pell sequence,

HQOpn = Qkn+ Qi 1i+ OQpni2€ + Ok nish,
where Oy, are terms of k-Pell-Lucas sequence,

Hqn = Gipn + Qipr1i+ qep2€ + Gpssh

where P, , are terms of Modified k-Pell sequence.
Consider a positive real number k. Let { P}, },>0 be a sequence defined by the recurrence relation

Pey =2P, 1 +kP, s, (1.1)

with arbitrary initial values P}’ = ao and P;; = . The generalized hybrid k-Pell sequence, denoted by {HP;, },>n, are
defined by the recurrence relation

HPI:F.,n = Plzn+P/in+1i+Plj.n+28+Pl:n+3hv

where P,jn are given by (1.1). Observe that, if we take Expression (1.1) with initial values P,j‘o =0and Pk =1, or Pk 0o=F =2,
or P} 0 = =P %1 = 1 we obtain, the hybrid k-Pell numbers, hybrid k-Pell-Lucas numbers and hybrid M0d1ﬁed k-Pell numbers,
respectlvely

The study of hybrid numbers has been explored through several mathematical perspectives, including binomial transfor-
mations [10], algebraic structures [11], and ratio analysis [12], offering new insights into the connection between numerical
sequences and hybrid algebraic systems. Motivated by the generalizations and results given in [13], in this article, we will
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introduce the hybrid numbers with generalized hybrid k-Pell numbers as coefficients. To do this, we consider the sequence of
generalized hybrid k-Pell numbers defined by (1.1) with arbitrary initial values as coefficients.

This article is organized as follows. Section 1 introduces the hybrid numbers with generalized hybrid k-Pell numbers as
coefficients, and two recurrence relations for this new sequence were provided. Section 2 is devoted to studying the Binet
formula for the hybrid numbers with generalized hybrid k-Pell numbers as coefficients. Moreover, the generating function
and exponential generating function are stated. In Section 3, we established the Catalan, Cassini, and d’Ocagne identities,
each one of two types, related to the hybrid numbers with generalized hybrid k-Pell numbers as coefficients. Moreover, some
identities are provided in this section. In addition, results for the hybrid numbers with hybrid k-Pell numbers as coefficients, the
hybrid numbers with hybrid k-Pell-Lucas numbers as coefficients, and hybrid numbers with hybrid Modified k-Pell numbers as
coefficients are established as particular cases of the general propositions and theorems.

2. Hybrid Numbers with Generalized Hybrid k-Pell Numbers as Coefficients

In this section, we define hybrid numbers with generalized hybrid k-Pell numbers as coefficients and provide some properties
of this new sequence of numbers. We start considering the following definition,

Definition 2.1. Consider a positive real number k. For integers n > 0, the generalized hybrid numbers with generalized hybrid
k-Pell number coefficients are defined recursively by

Pen=HP, +HP;, i+HP, ,e+HP, 3h,
where HP, is the n-th generalized hybrid k-Pell number, i,€ and h are hybrid units.

According [8], [9], the sequence {HP ,, } of hybrid k-Pell numbers satisfies the following second order recursive relation:
HP 1 =2HP,, +kHP 1,

with initial values HP, o = 0+i+2e+ (4+k)hand HP, | = 1+ 2i+ (4 +k)e + (8 + 4k)h. We can show that the generalized
hybrid k-Pell verifies this property sequence, i.e., it is valid the recurrence relation

HP,;,HI :2HP,in+kHP,§n71, 2.1

with initial values HP, = & + oui+ P ,€ + P 3hand HP | = a1 + B ,i+ P ;€ + P /h. More generally, as a consequence of
the recurrence relation given in equation (2.1), we have the next result.

Proposition 2.2. Consider a positive real number k. The sequence of the hybrid numbers with generalized hybrid k-Pell
numbers as coefficients satisfies the following second-order recursive relation:

]IDZ,}1+1 = 2]P)lt,n + kplinfl ’ 2.2)

with initial values P} y = HP; , +HP} i +HPk*72£ +HP shand P} | = HP; |+ HP},i +HPZ3£ +HP; ;h, where HPzn is the
n-th generalized hybrid k-Pell number.

Now, we obtain another recurrence relation for the hybrid numbers with generalized hybrid k-Pell numbers as coefficients,
given in the next result.

Proposition 2.3. Consider a positive real number k. For n > 2 the hybrid sequence {]P’Z,n}nzo satisfies the recurrence relation
PZ,M»I = (k + 4)[?;;1171 + kaz,nf%

with initial values Py o = HP o+ HP; i+ HP;,¢ + HP sh and P} | = HP{ | + HP},i+ HP; ;¢ + HP }h, where HP;, is the
n-th generalized hybrid k-Pell number. ' , ! ! ,

Proof. We have that
Prat1 = 2Pp, kP,
Pen = 2Pp, 1 +kP, 5.
Then,
2P g — KB, = (AP, +2KPE, ) — (2P, +K°Pf, o)
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= 4P, —K'P;, .
Thus, we obtain
2P i1 = (4HRP, — kP, - 23)
By replacing the equation (2.2) in equation (2.3) we get

ZPZ,nJrl = (4 + k) <2Plt,n71 + kPZ.n72) - ksz,nfz
= (B+26)Pp, | +4kP;, 5
And we get the result. O

3. The Binet Formula and the Generating Functions

This section provides the Binet formula and the exponential and ordinary generating functions for the hybrid numbers with
generalized hybrid k-Pell numbers as coefficients. The next subsection establishes the Binet formula.

3.1 The Binet formula

In this subsection, we establish the Binet formula for the hybrid numbers with generalized hybrid k-Pell numbers as
coefficients.

The characteristic equation associated with the recurrence (2.2) is given by

P —2r—k=0, (3.1
whose roots are ry = 1++/1+k and r, = 1 —+/1 + k. Thus, we have the next result.

Theorem 3.1. Consider a positive real number k. For positive integer n, the Binet formula for hybrid numbers with generalized
hybrid k-Pell numbers coefficients is given by,

. () ()"
Pin= *—)r _*( ; (3.2)
1 =1

where ry = 1++/1+k and r; = 1 —~/1+k are the roots of the characteristic equation (3.1), ry =P | =P} yr2 and rp =
=% + P or1, and initial values P} , and IP} ;. '

Proof. Since r; = 1++/1+kand r; = 1 —+/1 +k are the roots of the characteristic equation x> — 2x — k = 0. The sequence
Pen=c1(rn)" +ca(r2)" (3.3)

is the solution of the equation (2.2). Giving to n the values n = 0 and n = 1 and solving this system of linear equations, we
obtain a unique value for ¢y and c,. So, we get the following distinct values,

* *
Pri—Pror
=
r—nr
—Pry —Pron
)= —————————"—".
ry—nr
s _ % % _ * * H — r—l Ay — r2
Since r| = IP’kA’l — IP’k70r2 and rp = _]P)lal —|—]P’k70r1, we can express ¢| and c;, respectively by ¢| = p— and ¢, = p——

Now, using (3.3), we obtain (3.2) as required.

In particular cases, considering the hybrid numbers with hybrid k-Pell numbers as coefficients, hybrid k-Pell-Lucas numbers
as coefficients, and hybrid Modified k-Pell numbers as coefficients, we get the following corollaries.

Corollary 3.2. Consider a positive real number k. For n > 0, the Binet formula for hybrid numbers with hybrid k-Pell numbers
as coefficients is given by,
o n(r)" +n(n)"
Pen = )
1=
where ri = 14++/1+k and r» = 1 —/1+k are the roots of the characteristic equation (3.1), ri =1+ (2—r2)i+ (4+k—
2ry)e+ (8+4k—4ry—kry)hand ry = —1+4(ry —2)i+ (-4 —k+2r))e+ (-8 — 4k +4r; +kry)h.
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Corollary 3.3. Consider a positive real number k. For n > 0, the Binet formula for hybrid numbers with hybrid k-Pell-Lucas
numbers as coefficients is given by,
o _n(n)" ()"
Pen= =

1=
where ri = 14++/1+k and ry =1 —+/1+k are the roots of the characteristic equation (3.1), ri = (2—2r2) + (44 2k —2r2)i +
(8 + 6k — (442k)r2)€ + (16 + 16k +2k* — (8 + 6k)ra)h and ry = (=2 +2r1 ) + (—4 — 2k +2r1 )i + (—8 — 6k + (4 + 2k)r1 )€ +
(=16 — 16k — 2k* + (8 4 6k)ry ).

Corollary 3.4. Consider a positive real number k. For n > 0, the Binet formula for hybrid numbers with hybrid Modified k-Pell
numbers as coefficients is given by,

. n(r)" +r(r)"
Pren = T —
1—n
where ri = 1++/1+k and ry =1 —/1+k are the roots of the characteristic equation (3.1), ry = (1 —r2)+ (2+2k—rp)i+
(44 5k — (2+2k)r2)e + (8 + 12k +2k* — (4 +5k)r2)h and ry = (=1 +711) + (=2 =2k +11)i + (—4 — Sk + (2 +2k)r1 )€ +
(—8 — 12k — 2k? + (4 + 5k)ry ).

3.2 Generating functions
Theorem 3.1 allows us to provide the exponential generating function for the generating function of the hybrid numbers
with generalized hybrid k-Pell coefficients by considering equation (3.2).

Proposition 3.5. Consider a positive real number k. For n > 0, the exponential generating function for hybrid numbers with
generalized hybrid k-Pell numbers as coefficients is given by,

Y i,
n=0

where ri = 14/ 14k and ri = 1 —+/1+k are the roots of the characteristic equation (3.1), r =P} | — IP’Z‘Org and ry =
—P; | + P o1, and initial values Py , and P . '

tn Qerlt +Qer21

nl r—mr

n

t
Proof. LetYy, Py . ot be the exponential generating function of the hybrid numbers with hybrid k-Pell number coefficients.
n

By using Expression (3.2) we obtain

0 . o ') rl(rl)n+r2<r2)iz o
yr. -1 .
n=0 n=0 n

nl

ry—nr
(e () n O\ v (rt)"
o r—r Z n! + r—r Z n!
n=0 . n=0 .
_Q€r1t+Q€r2t
B r—ry

O

Next, we establish the ordinary generating function of the hybrid numbers with generalized hybrid k-Pell numbers as
coefficients. For reach our goal, let }'° (P 1" be the generating function of I} , .
Given the recurrence relation [P, = 2P+ kPZ,nfz’ we obtain

= = oo

Y Pt =2 Y P, kY Py, ot
n=2 n=2 n=2

= 21‘(2 }P)lt?nfltrhl - ]P)It,O) +kt2 Z ]P)Z,nfﬂniz'
n=1 n=2
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Thus,

* N __ ¥ * % .n
Z Ppnt" =Pro+1Pp, + Z Py nt
n=0 n=2

=Pio+iPr +1 Y P, " kY P, "
n=2 n=2

=)

=Py +1Pyy +2t( Z P/t,nfltnfl —Pro)+ kt® Z JP’Z,nfzt”’z

n=1 n=2

=(1-20)Po+1Pp +2t Y Pp, " ke Y PE, 1"
n=1 n=2

Then, we obtain

(1=2t —ke?) Y Py " = (1= 20)Pf o+ 1P |
n=0

Therefore, we get the following result.
Theorem 3.6. Consider a positive real number k. For n > 0, the generating function for hybrid numbers with generalized

hybrid k-Pell numbers as coefficients is given by,

ip* o (1=20)PF,+1P
o : :
o (1—2t —ke?)

where P} o = HP{(+HP; i+ HP,€ + HP shand P | = HP[ | + HP{,i+ HP; ;¢ + HP /h, and HP} , is the n-th generalized
hybrid k-Pell number. '

Theorem 3.6 allows us to obtain the generating function for the hybrid numbers with the hybrid k-Pell numbers as
coefficients, the hybrid k-Pell-Lucas numbers as coefficients, and the hybrid Modified k-Pell numbers as coefficients, given in
the next corollaries.

Corollary 3.7. Consider a positive real number k. For n > 0, the generating function for hybrid numbers with hybrid k-Pell
numbers as coefficients is given by,

i PE g (1=20)P; o +1P;
i (1—2t — ke?)

where ]P)Z,O = HPky() -I-HPk‘li -l—HPk?gS +HPk’3h and ]P)/t,l = HPkJ -I-HPkYgi +HPk738 +HPk14l’l, and HP]:JZ is the n-th hybrid
k-Pell number.

Corollary 3.8. Consider a positive real number k. For n > 0, the generating function for hybrid numbers with hybrid
k—Pell-Lucas numbers as coefficients is given by,

5 b o (120 +1P;,
e (1 =2t —ke?)

where PZ 0= HQ/(7() —|—HQk’1i —I—HQkQE —|—HQk’3h and Pz 1= HQkJ —|—HQk72i +HQi3€ —|—I’IQ/(74h7 and HQ/(_’n is the n-th hybrid
k—Pell-Lucas number.

Corollary 3.9. Consider a positive real number k. For n > 0, the generating function for hybrid numbers with hybrid Modified

k-Pell numbers as coefficients is given by,

i Pr g (1 —2t)]13’,’§70+t19>,i1
o (1—2t —ke?)

where P} o = Hqro + Hap i+ Hgp€ + Har sh and P | = Hay ) + Haioi+ Hay3€ + Hgy sh, and Hgy, is the n-th hybrid
Modified k-Pell number.
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4. Some Identities and Sum Formulas

This section provides the Catalan, Cassini, and d’Ocagne identities related to the hybrid numbers with generalized hybrid
k-Pell coefficients. In addition, sum formulas are provided.

4.1 ldentities

The Catalan, Cassini, and d’Ocagne identities related to a sequence of numbers are important because they describe an
elegant relationship between the elements of the sequence. In this subsection, we establish the Catalan, Cassini, and d’Ocagne
identities related to the hybrid numbers with generalized hybrid k-Pell numbers as coefficients. Observe that we have two
versions of each identity since the multiplication of hybrid numbers is not commutative.

Theorem 4.1 (First Catalan’s identity). Consider a positive real number k. For positive integers n and r, with n > r, then the
following identity is verified

(—k)" (rir2(1 = r"r5) +rari (1= i1y "))

4+ 4k @D

* 2 * *
(Pk,n) - ]P)k,nfr]P)k,ner -
where ry = 1++/1+k and r, = 1 —~/1+k are the roots of the characteristic equation (3.1), ry =P | =P} yr2 and rp =
—P, + Pzﬁorl, and initial values Py , and P ;. ' '

Proof. From the Binet formula given in equation (3.2), we obtain

r)" 4 ra(r)" ) 2 <r1(r1)"r +72(r2)"’> (rl(rl)"“ +72(r2)”“)

ry—nrn ry—nr ry—nr

(Ip)k,n)2 - Pk,n—rPk,n+r = (

(r2(r)? + ri(r)"ra(r2)" + ra(r2)"ri(r1)" + 2% (r2)*")

(r—r)?
(22(r1)2n_r71(r1)n—rr2( )n+r ( ) ( )n+r_22(r2)2n)
(r—r)?
rirp(rir)" (l—r1 r2)+r2r] rir) (l—rfrgr)
B (r—r2)?
Since rir, = —k and r| — rp = 2+/1 +k, then we obtain the result . O

As a consequence, according to Theorem 4.1, we have the Cassini identity in the next result.

Proposition 4.2 (First Cassini’s identity). Let k be a positive real number. For a positive integer n, the following identity is
verified

(—k)" " (rira(k—r3) +rari (k—r}))
4+4k '

(]P)i,n)z - ]P)It,nfl IP)lj;.,nJrl =

where ri = 1++/1+k and r, = 1 —/1+k are the roots of the characteristic equation (3.1), r| = ]P’,’;l — ]P’,’;.Orz and ry =
—Pi+ IP’,’;Orl, and initial values P} , and ]P’Z‘yl. '

Proof. Making r = 1 in equation (4.1) we obtain

(0" (nra(l=ri 'ra) +on (1= )

(Plt,n>2 - ]P)Z,nflplt,nJrl =

4+ 4k
Sinee % B %1)2 and % - %2)2, then we get
k.n kon—1+ kn+1 4+4k .

In a similar way to Theorem 4.1, we obtain
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Theorem 4.3 (First d’Ocagne’s identity). Let k be a positive real number. For positive integers n,m and t with n = m+t, then
the following identity is verified

nra ()" (r2)"™ = ()™ (r2)") | ran ()" ()" = ()" (1))

]Plt,nplt,erl - PZ,nJrlPlt,n = (rl — r2)2 (rl — r2)2 ’

where ry = 1++/1+k and r; = 1 —~/1+k are the roots of the characteristic equation (3.1), ry =Py | =P} yr2 and rp =
—P% 1 + P or1, and initial values P} , and P} ;. '

Proof. From the Binet formula given by equation (3.2), we obtain

Ll(rl)n _1_’,2(,,2);1) (rl(rl)mﬂ +’,2(r2)m+1> |

k.nt km+1 k.n+1- k.n r—r ri—r

Thus,

n ()" ()™ = ()™ (r2)") Frany((r2) ()" = ()" (1))

PinPlmr = PiniPin = (r1—r2)? (ri—mr)?

Since multiplication in K is not commutative, we also have the following results.

Theorem 4.4 (Second Catalan’s identity). Let k be a positive real number. For positive integers n and r with n > r, then the
following identity is verified

(=k)" (rura(1 = ()" (r2) ") + rara (1= (r1) "(r2)"))

(P;n)z - Pz,n—&-r]}pz,n—r = 4+ 4k ’

where ry = 1 ++/1+k and ry = 1 —+/1+k are the roots of the characteristic equation (3.1), r| = ]P’,’;l — IP’,’;Org and ry =
=Py | + P or1, and initial values P o and Py .

Proposition 4.5 (Second Cassini’s identity). Consider a positive real number k. For positive integer n, then the following
identity is verified

(—k)" " (rira(k—r3) +rari (k—r3))
4+ 4k ’

2
(]P)It,n> _]P)Z,n+lplt,nfl =
where ry = 1++/1+k and r; = 1 —~/1+k are the roots of the characteristic equation (3.1), ry =P | =P} yrp and rp =
—P% 1 + P or1, and initial values P} , and P} ;. '

Theorem 4.6 (Second d’Ocagne’s identity). Consider a positive real number k. For positive integers n,m and t withn = m+t,
then the following identity is verified

rira ((r)" 1 (r2)" = (r)"(r2)™ ™) +rar ()" (r)" = (r2)" ()" 1))
(ri —r2)? (ri=r2)? ’

where ri = 14/ 14k and ry = 1 —+/1+k are the roots of the characteristic equation (3.1), r =P} | — IP’Z‘Org and ry =
P, +PZ$OF1, and initial values IP} , and ]P’ZJ.

* * * * _
]Pk,n+1HDk,m - HDk,nPk,m—O—l -

In particular, considering the hybrid numbers with hybrid k-Pell numbers as coefficients, hybrid k-Pell-Lucas numbers as
coefficients, and hybrid Modified k-Pell numbers as coefficients, we get interesting identities. Next, we consider the hybrid
numbers with hybrid k-Pell numbers as coefficients, but the analogous result can be provided for hybrid k-Pell-Lucas numbers
and hybrid Modified k-Pell numbers as coefficients.

Corollary 4.7. For n,m > 0, the hybrid numbers with hybrid k-Pell numbers as coefficients verify the following identities
1.

(—k)" (nn(1=r ") +rn(1=riry"))
4+ 4k ’

(Pz,n)z - HDlt.,n—rﬂbi.n+r =
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2.
" " " (7]{)"_1 (rlrz(kfr%)qtrzrl (k*l”%))
(]P)k,n)z_Pk,nflPk,n‘Fl = — 4+4k — ?
3.
]P)* ]P* _P* ]P* _ m((rl)n(rz)m-ﬁ-l o (I’])"H'l(rz)") N m(((’.z)n(rl)m+1 . (i’z)m+1(l’1)n))
k.n™ kym+1 kn+1% km (r] . 7'2)2 (r] _r2)2 ’
) - (=k)" (rira (1= riry ") +rar (1= r{ 1))
(]P)k,n)z —PrniPrnr= 444k ’
4.
. . . (—k)=1 (rlrz(k—r%)qtrzrl(kfr%))
(]P)k,n)z - IP)k.,rH»lIEDk,}’lfl = - 4+ 4k - ’
5.

nr ()" ()" = ()" 2)"™) o ()" ()" = (r2)" (1))

* * % Tk _
IP)Ic.,errl}P)k,m - Pkn]Pk,mH - (”1 — r2)2 (rl _ r2)2

where ri = 14++/1+k and r» = 1 —/1+k are the roots of the characteristic equation (3.1), ri =1+ 2—r2)i+ (4+k—
2r)e+ (8+4k—4ry—kry)hand ry = —1+4(r) —2)i+ (—4 —k+2r))e+ (-8 — 4k +4ri +kry)h.

4.2 Some sum formulas

Next, we present results concerning the recurrence of sums of terms of hybrid numbers with the generalized hybrid k-Pell
numbers as coefficients by using some results of generalized hybrid k-Pell sequence.

Here S, represents the partial sum of n terms of [Py ,, that is,

Sn=Pio+Pi ++P;, =Y Pi,;.
=0

Since
Pko
Pk
Pro = 2P | + kP
Prs = 2P o + kP

]P)Iin = 2]P);;n—l + kPlt,n—%
then

Sn=2Pp 1 +Pio+- +Ppy) Th(Pro+Pri+ -+ P, )
= Z(on + ]P)It,l +o IP);;,nfl + ]P;lt,n + k(on +eee PZ,H*Z + ]P)Z.nfl + Pz,n)z(PZ,O + ]P)lt,n) - k(Pz,nfl + ]P;lt,n)
=285, +kS, — Z(IF)ZO + Pz,n) - k(]P)lt,nfl + ]P)Zn)

Therefore, we have
kSn+Sn =2(Pro+Pr ) + k(P 1 + P )

Indeed, we will show that S,, can also be given by a recurrence, and we get the following result.
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Theorem 4.8. Consider S, =P}, St =P} o+ P} | and for all n > 2, then the following sum identity is verifies

n P + (24 k)P;
ZP]?[ _ k.n+1 ( ) k.,n ) (42)
= k+1

As a consequence of Theorem 4.8, we have the following proposition.
Proposition 4.9. Forn > 0,
1.

i P — ]P)lt,n-&-z + (4 + k)Pltn - k(k+ 1)PZ,2n
= Bk k+1)

(4.3)

Pt GHRPL, —k(k+ 1) (4 = K)Pp o, =23 — k) (k+ 1Py

;)szZf*‘ N (1—k)(3—k)(k+1) : “4

Proof. First, we prove the identity (4.3). Note that
ProtPrat - +Pran =2k 1 +Prs+ -+ P oy 1) +k(Pro+Pro+ - +Poy)) -
Thus,
3(Pro+Prat - +Pian) =2(Pko+Pri - + Pt +Pr0) +h(Pro+ -+ Pr ooty T Pian) = kP
or equivalently
(3 —k)S2n =28, — kP »,-
Therefore by equation (4.2), we obtain

Pz,n—H + (2 + k)PZ,n) P
TR k2n

—k)S,, =2
(3-K)S> ( k+1

and the first result is verified.

Now, consider the following identity,

Pey+Pist o+ P =2(Ph + Prat -+ o) + k(P +Prs+- o +Proyy)
=2(Pro+Prot - +Proy) +k(Pry + s+ + Py g +Proyiy) —2Pro —kProyiy -

Then
Sont1 =280 +kSon1—2Pro — kPp 5011
or equivalently
(1 =k)Sony1 =282 — 2P 0 —kIPy 5,0 -
Thus, by equation (4.3)

]P’z_ 2—|—(4+k)]P’,t —k(k—&—l)[@;2 .
(1—k)Sons1 =2 ( 2t 3 —k)()t—&— ) = — 2Pk — kPy 2py1 >

and equation (4.4) is valid. O
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5. Conclusion

In this study, we introduced a new generalization of the hybrid k-Pell sequence, the hybrid numbers with generalized hybrid
k-Pell numbers as coefficients. We provide two recurrence relations of this new sequence and also the Binet formula, generating
function, and exponential generating function. In addition, we established several identities, namely, the identities of the First
and Second Catalan, the identities of the First and Second Cassini, and the identities of the First and Second d’Ocagne. As a
special case, we derived all results for the hybrid numbers with hybrid k-Pell numbers as coefficients, the hybrid numbers with
hybrid k-Pell-Lucas numbers as coefficients, and the hybrid numbers with hybrid Modified k-Pell numbers as coefficients. It
seems that all the results given here are new in the literature.
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