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CONVERGENCE OF MULTI-STEP ITERATIVE SEQUENCE FOR
NONLINEAR UNIFORMLY L-LIPSCHITZIAN MAPPINGS

ADESANMI ALAO MOGBADEMU

(Communicated by Nihal YILMAZ OZGUR)

ABSTRACT. In this paper, by using the proof method of Xue, Rafiq and Zhou[19]
some strong convergence results of multi-step iterative sequence are proved for
nearly uniformly L— Lipschitzian mappings in real Banach spaces. Our results
generalise and improve some recent results in this area of research.

1. INTRODUCTION

We denote by J the normalized duality mapping from X into 2% by
J(x) ={f € X" : (z, f) = |=]* = I£]”},

where X* denotes the dual space of real Banach space X and (.,.) denotes the
generalized duality pairing between elements of X and X*. We first recall and
define some concepts as follows (see [4]):

Let K be a nonempty subset of real Banach space X.

The mapping T is said to be uniformly L- Lipschitzian if there exists a constant
L > 0 such that

[T"x = T"y[| < Lllz — yl|,

for any z,y € K and Vn > 1.
The mapping T is said to be asymptotically pseudocontractive if there exists a
sequence (k,) C [1,00) with lim, .ok, = 1 and for any z,y € K there exists
j(x —y) € J(z —y) such that

The concept of asymptotically pseudocontractive mappings was introduced by
Schu [17].

A mapping T : K — X is called Lipschitzian if there exists a constant L > 0
such that

[Tz — Tyl < Lllz - yl|,
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for all z,y € K and is called generalized Lipschitzian if there exists a constant
L > 0 such that

[Tz =Tyl < Lz -yl + 1),

for all z,y € K.
A mapping T : K — K is called uniformly L- Lipschitzian if for each n € N,
there exists a constant L > 0 such that

[Tz = T"y|| < Lz —yl|,

for all z,y € K.

It is obvious that the class of generalized Lipschitzian map includes the class of
Lipschitz map. Moreover, every mapping with a bounded range is a generalized
Lipschitzian mapping.

Sahu [18] introduced the following new class of nonlinear map which is more gen-
eral than the class of generalized Lipschitzian mappings and the class of uniformly
L- Lipschitzian mappings. In fact, he introduced the following class of nearly Lip-
schitzian: Let K be a non empty subset of a normed space X and let {ay,}n>0 be
a sequence in [0, 00) such that lim,_,.ca, = 0.

Fix a sequence {a,}n>o in [0, co] with a, — 0 as n — occ.

A mapping T : K — K is called nearly Lipschitzian with respect to {a,} if for
each n € N, there exists a constant k,, > 0 such that

(1.1) T2 —T"y[| < kn(lz —yll +an), V 2,y € K.
Define

[Tz — T"y||
— i,y K,x .
ol Y #y}

Observe that for any sequence {k,}, > 1 satisfying (1.1) u(T™) < k Vn € N and
that

[Tz =Ty < w(T*)(lx = yll + an), ¥V x,y € K

u(T™) is called the nearly Lipschitz constant of the mapping T. A nearly Lips-
chitzian mapping T is said to be

(i) nearly contraction if p(7™) < 1 for all n € N;

(ii) nearly nonexpansive if u(7™) =1 for all n € N;

(iii) nearly asymptotically nonexpansive if u(7™) > 1 for all n € N and

limy, 0o p(T7) = 1;

(iv) nearly uniformly L— Lipschitzian if p(7") < L for all n € N;

(v) nearly uniformly k— contraction if pu(7T™) < k < 1 for all n € N.

A nearly Lipschitzian mapping T' with sequence {a, } is said to be nearly uniformly
L— Lipschitzian if k,, = L for all n € N.

Observe that the class of nearly uniformly L— Lipschitzian mapping is more general
than the class of uniformly L— Lipschitzian mappings.

Example 1.1. (see Sahu [18]). Let E = R, K = [0,1].
Define T : K — K by
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1/2, © €[0,1/2),
0, z € (1/2,1].
It is obvious that T is not continuous, and thus not Lipschitz. However, T is nearly

nonexpansive. Infact, for a real sequence {a,}, > 1 with a; = % and a,, — 0 as
n — 0o, we have

Tz ={

[Tz — Ty|| < ||z — yl| + a1, Yo,y € K
and

[Tz = T"y|| < [|lz —y|[ + an, Yo,y € K, n > 2.
This is because T"xz = %,Vw €[0,1], n > 2.

Remark 1.1. The class of nearly uniformly L— Lipschitzian is not necessarily con-
tinuous.

In recent years, many authors have given much attention to iterative methods
for approximating fixed points of Lipschitz asymptotically type nonlinear mappings
(see [1-4, 6, 9, 17, 18]).

Schu [17] proved the following theorem:

Theorem 1.1. [17] Let H be a Hilbert space, K be a nonempty bounded closed con-
vex subset of H and T : K — K be completely continuous, uniformly L-Lipschitzian
and asymptotically pseudocontractive mapping with a sequence k,, C [1,00) satisfy-
ing the following conditions:

(i) kn = 1 as n — oo (i) >0, ¢2 — 1 < oo, where ¢, = 2k — 1.

Suppose further that {a,}52, and {B,}22, be two sequences in [0,1] such that
€< an<pBn<b ¥Yn>1, wheree>0 and b c (0,L72[(1 + L2)2 — 1]) are some
positive numbers. For any x1 € K, let {x,}2 be iterative sequence defined by

Ty = (1 — ap)xy + T x,, n>1.
Then {x,}52, converges strongly to a fized point of T in K.

In [1], Chang extended Theorem 1.1 to a real uniformly smooth Banach space
and proved the following theorem:

Theorem 1.2. [1] Let E be a real uniformly smooth Banach space, K be a nonempty
bounded closed convex subset of E, T : K — K be an asymptotically pseudocontrac-
tive mapping with a sequence k, C [1,00) with k, — 1 and F(T) # ¢, where F(T)
is the set of fized points of T in K. Let {a,}52 be a sequence in [0,1] satisfying
the following conditions: (i) lim, oo o, = 0 (i)Y 0 g o = 00. For any zo € K,
let {xn}22, be the iterative sequence defined by

Ty = (1 — ap)xy + T x,, n>0.
If there exists a strictly increasing function ® : [0,00) — [0, 00) with ®(0) = 0 such
that

<T"wn = p,j(an = p) >< kallen — ol = @(l|lzn — pll), >0
where p € F(T) is some fized point of T in K, then x,, — p as n — oo.
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Ofoedu [13] used the modified Mann iteration process introduced by Schu [17] ,

(1.2) Tpt1 = (1 —ap)zy + T2y, n>0,

to obtain a strong convergence theorem for uniformly Lipschitzian asymptotically
pseudocontractive mapping in real Banach space setting. He proved the following
theorem:

Theorem 1.3. [13] Let E be a real Banach space, K be a nonempty closed convex
subset of E, T : K — K , be a uniformly L-Lipschitzian asymptotically mappings
with a sequence ky, C [1,00) , k, — 1 such that p € F(T), where F(T) is the set
of fized points of T in K. Let {a,}52, be a sequence in [0,1] satisfying the fol-
lowing conditions: (1) Yo" g, = 00 (i) Y oo g0 < 0o (iii) Y ooy Bn < 00 (iv)
oo o anlkn — 1) < 0.

For any xg € K, let {x,}52, be the iterative sequence defined by (1.1).

If there exists a strictly increasing function ® : [0,00) — [0, 00) with ®(0) = 0 such
that

< Ty = p,j(@n = p) >< knllzn — ol = @(||lzn — o))
for all x € K, then {x,}5°, converges strongly to p.

Obviously, this result extends Theorem 1.2 of Chang [1] from a real uniformly
smooth Banach space to an arbitrary real Banach space and removes the bounded-
ness condition imposed on K.

Chang et al.[3] used an Ishikawa iteration sequence to prove a strong convergence
theorem for a pair of L— Lipschitzian mappings instead of a single map used in
Ofoedu [13].

Rafig, Acu and Sofonea [15], improved the results of Chang et al. [3] in a
significant more general context. They then gave an open problem whether their
results can be extended for the case of three mappings which are more general than
the two maps. Indeed, they proved the following theorem.

Theorem 1.4. [16] Let K be a nonempty closed convex subset of a real Banach
space E, T; : K — K , (i = 1,2) be two uniformly L-Lipschitzian mappings with se-
quence ky, C [1,00), >0, (kn—1) < 0o such that F(T1)NF(Ty) # ¢, where F(T}) is
the set of fized points of T; in K and p be a point in F(T1)NF(T3). Let {an}5%, and
{Bn}52 be two sequences in [0,1] such that Y 7 | o = 00, limy ooy, = Bn = 0.
For any x1 € K, let {x,}52, be a sequence iteratively defined by

Tnt1 = (1 —ap)zn + T yn

Suppose there exists a strictly increasing function ® : [0,00) — [0, 00) with ®(0) =0
such that

<TPwn = pj(an — p) >< knllzn — pll* = @(|lzn — pll), V2 € K(i = 1,2),
then {x,}5°; converges strongly to p € F(T1) N F(T3).
In [10], the author established a new result on convergence of the modified Noor

iteration for three nearly Lipschitzian mappings. His result extends, improves and
unifies a host of recent results. Although, Mogbademu and Xue [9] had earlier
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obtained a strong convergence theorem for asymptotically generalized ®— hemi-
contractive map in real Banach spaces using the iterative sequence generated by
this map.

More recently, Xue, Rafiq and Zhou [19] employed an analytical technique to
prove the convergent of an Ishikawa and Mann iterations for nonlinear mappings
in uniformly smooth real Banach spaces. It is the purpose of this paper, using the
style of proof by Xue, Rafig and Zhou [19] to prove strong convergence theorems
of multistep iteration scheme (1.3) for nearly uniformly Lipschitzian mappings in
a real Banach space. Our results significantly generalise and improve some recent
results of [1-3, 6, 13, 17, 18] in some aspects. For this, we need the following
concepts and Lemmas.

The following iteration (see Rhoades and Soltuz [16]):

Tpt1 = (1 —ap)z, + anT”ny, n >0,
Yl = (1= B )z, + BTy i =1,2,....p—2,

(1.3) Pl — (1 — P~ Y, + BTz, n>0,p> 2.

n

is called the multistep iteration sequence, where p > 2 is fixed order, {a,}, {85}
are sequences in [0,1] for : =1,2,...,p — 1.
Taking p = 3 in (1.3) we obtain the Noor iteration scheme as follows:

Tnt1 = (1 — ap)z, + anT”y}L, n >0,
y}z = (1 - B}L)xn + ﬁ}lT"yi,
(1.4) yi =(1- ,Bi)xn + ﬂiT"JSn, n > 0.

where {a,, }, {3%} are sequences in [0, 1] for i = 1,2.
Taking p = 2 in (1.3) we obtain the Ishikawa iteration scheme as follows:

Tnt1l = (1 - O‘n)xn + anTnyvlm n >0,

(1.5) yrlz =(1- 67%)3% + BvlzTnmna

where {a,, },{BL} are sequences in [0, 1].
In particular, if 8} = 0 for n > 0 in (1.5) the sequence {z,} defined by

(1.6) Tnt1 = (1 —ap)zy + @, T2y, n >0,

is called the Mann iteration sequence (see [7]).

We remark that iteration (1.3) generalises the Mann, Ishikawa and Noor iteration
sequences. The multistep iteration sequence (1.3) can be viewed as the predictor-
corrector methods for solving nonlinear equations in Banach spaces. For the con-
vergence analysis of the predictor-corrector and multistep iteration sequences for
solving the variational inequalities and optimization problems (see Noor [11], Noor
et al. [12]).

Lemma 1.1. [1] Let E be real Banach Space and J : E — 2F" be the normalized
duality mapping. Then,for any x,y € £

lz+yll> < |z +2 <y, jlx+y) >Vi@+y) € J(x+y).
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Lemma 1.2. [8] Let ® : [0,00) — [0,00) be an increasing function with ®(zx) =
0< 2z =0 and let {b,}32, be a positive real sequence satisfying

an =400 and lim b, =0.
70 n—oo

Suppose that {an}22 is a nonnegative real sequence. If there exists an integer
Ny > 0 satisfying

a2,y < az +o(by) — by ®(ant1), Yn > No
where lim,, _, o % =0, then lim,, o a, = 0.

2. MAIN RESULTS

Theorem 2.1. Let X be a real Banach space, K be a nonempty closed convex subset
of X, T : K — K be a nearly uniformly L-Lipschitzian mapping with sequence {a, }.
Let sequence ky, C [1,00) and €, be sequences with lim, o ky, = 1, lim, o0 €, =0
and F(T) = {p € K : Tp = p}. Let {an}n>0 and {8 }n>0,(i = 1,2,...,p — 1) be
real sequences in [0,1] satisfying the following conditions: (1)), <, om = 00 (ii)
lim, o0 n, 85 =0, (i = 1,2,....,p — 1). For arbitrary xo € K, let {z,}n>0 be iter-
atively defined by (1.83). If there exists a strictly increasing function ® : [0,00) —
[0,00) with ®(0) =0 such that

<T e —T"p,j(x — p) >< knllz = pl* = @(||z — pl) + €n
for all x € K. Then, {x,}n>0 converges strongly to p € F(T).

Proof. Since there exists a strictly increasing continuous function ® : [0,00) —
[0, 00) with ®(0) = 0 such that

(2.1) (T"x = T"p,j(x — p)) < knllz = pl* = (Il = pl)) + €n,
for x € K, p € F(T), that is

(2.2) én + (kn(z = p) = (T"2 = p), j(x = p)) = O([lx — p|)-

Choose some xg € K and x¢ # Txg such that e, + (k, + L)||xo — p||> + L||zo — p||* €
R(®) and denote that ag = €, + (k, + L)||zo — p||*> + Ll|zo — p||?, R(®) is the
range of ®. Indeed, if ®(a) — +00 as a — oo, then ag € R(P); if sup{P(a) : a €
[0,00]} = a1 < 400 with a; < ag, then for p € K, there exists a sequence {u,} in
K such that w,, — p as n — oo with u,, # p. Clearly, Tu, — Tp as n — oo thus
{t,, — Tu,} is a bounded sequence. Therefore, there exists a natural number ng
such that €, + (kn, + L)|lun — p||* + Ll — p||> < % for n > ng, then we redefine
To = Up, and €, + (k, + L)|lwo — p||?> + L||xo — p||* € R(®). This is to ensure that
®~1(ag) is well defined.

Step 1. We first show that {z,}52 is a bounded sequence.

Set R = ®~(ag), then from above (2.2), we obtain that ||x,, — p| < R. Denote

(2.3) Bi={xeK:|lxt—p[| <R}, Ba={xeK:|z—-p| <2R}.

Now, we want to prove that z, € B;. If n = 0, then zg € B;. Now assume
that it holds for some n, that is, x,, € By. Suppose that, it is not the case, then
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[€nt1 —pll > R> 4.
Since {a,} € [0, 00] with a,, = 0, set M = sup{a, : n € N}. Denote

_ : 2(F) 2(3) (%) 2(5)
(2.4) o = min{l, 32R? T6R2(L(2R+M)+R)+M]> T6R[L2R+M)+R]> 8 }

Since lim,, o0 v, B, = 0 for i = 1,2, ....;p — 1 and lim,, o k, = 1. Without loss
of generality, let 0 < o, 8., kn, — 1,6, < 79 for any n > 0. Then, we have the
following estimates from (2.1) for i = 1,2,...,p — 1.

(1= BEYllen = pll + BE T 2y — pll
R+7oL(R+ M)
2R.

lyh= = pll

INIAIN

then y?~! € By. Similarly,

lyn=2 = pl < (1= B572)llwn — pll + BE 2T Y2~ — ]
R+ 71L(2R+ M)
2R.

INIA

then y?~2 € Bs..., we have

lus — ol < (=B lzn —pll + BT y2 — pll
< R+7L(2R+ M)
<

2R.
then for y' € By. We get

(1= )|z — pll + an [Ty, — pll
R+ 1L(2R+ M)
2R.

[2n-1 = pll

VAIVASIZAY

Therefore, we have

O‘n”Tnyvlz |

an(ITys = pll + llzn — pll)
70o(L(2R + M) + R).

[Znt1 — 2nll
(2.5)

INIAIN

BnHT"yi — x| + anHTnyrlz |
Bu(ITyn = pll + 20 = pll)
+an (| Ty, — pll + [0 — pll)
270(L(2R + M) + R).

Using Lemma 1.1 and the above estimates, we have

1Y — T

(2.6)

IN

[Zns1 —plIP < lan = pl? + 200 < T™y), — 20, § (241 — p) >
= |lzn = ol + 200 < T i1 = Tpp1, § (@01 — p) >
+ < Tng1 — T, J(Tng1 — p) >
+ <T"yp —T"Tps1, j(Tng1 — p) >

< wn = pl? + 200 (knllznt1 — pl* = @(|2ns1 — pll) + €n)
—2ap|zns1 = pl1* + 200 L([lyn — Tntall + an)l[znt1 = pll
+20p |11 — Zoll[|Tnt1 — ol

= lza — ol + 200 (kn = D41 — pl1?
=200 ®(||zn+1 — pll) + 2anen
200 L[y, = Tngr || + an)[[Tns1 — pl|
+2an |Tnt1 — Zoll| a1 — Pl n n

< an = ol — 200 ®(E) + 20, 2L AR? + 20, WF



32 ADESANMI ALAO MOGBADEMU

o(5)
2o Ligrpreronsmen 2RR2(L(2R + M) + R) + M]

()
2 = plI* — 0 ®(%)

INIA

R?,

which is a contradiction. Hence {z,,}5°, is a bounded sequence. So, {y}}, {¢*},...,
{yP~1} are all bounded sequences.

Step 2. We want to prove ||z, — p|| = 0 as n — oo.

Since lim,, o0 ap, BE = 0, lim,, 00 b, = 1 and {x,,}°%, is bounded. From (2.5) and
(2.6), we observed that

(2.8) lim ||#p41 — 2, =0, lim L|y}: — z,11] = 0.
n—00 n—oo

So from (2.7), we have
(2.9)
[Zns1 =P < lan —pl” + 200 < T™y), — 20, § (i1 — p) >
= |lzn — P”2 + 20, <T"ZTpt1 — Tpg1, §(Tnp1 — p) >
+ < Zpt1— .’En,j(l'n+1 - P) >
+ <T"yp —T"Tps1,j(Tng1 — p) >

< len = pl? 4 200 (Bpllzn — pll* = (2041 — pll) + €n)
=20 [|Tny1 — sz + QOan(Hy}l - xn-i-lH + an)l|Znt1 — pll
+2an |21 — Tall|Tns1 — ol

< wn = ol + 200 (ko — Dllznss — pl?

=200, ®([|#n+1 — pll) + €n
+2anL(Hy7ll — Tpy1 + @) |Tn1 — pll
+2ap || Tnt1 — mnH”xn-&-l - /)H
= |lzn — ,0”2 =20, ®(||znt1 — pll) + o(an),
where

20 (kn — D)||zn41 — :0”2 + +2O‘nL(”y¢1:, = Zot1ll + an)l|Tny1 — pll
F2anl|Tny1 — oll|Tnr1 — pl| + 2an€n
= o(ap).

By Lemma 1.2, we obtain that

lim ||z, — p|| = 0.
n—oo

This completes the proof.
O

Remark 2.1. Theorem 2.1 improve and extends the corresponding results of [1-3,
6, 13, 17, 18] in some aspects.

(i) The method of proof of Theorem 2.1 is different from the method given in Chang
[1], Ofoedu [13] and Chang et al. [3] .

(ii) The control conditions (ii)-(iv) in Theorem 2.1 of Chang [1] and that of Ofoedu[13]
are replaced by weaker condition lim,,_~ a,, = 0.

(iii) Under suitable conditions, sequence {z,}5, defined by (2.1) in Theorem 2.1
can also be generalized to multi-step iterative scheme with errors.

(iv) The assumption that there exists a strictly increasing function @ : [0,00) —
[0, 00) with ®(0) = 0 such that

< T"a —T",j(x — p) >< kullz = plI? = @ (|l - p])
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for all x € K used by several authors in literature is extended to a more general
assumption: there exists a strictly increasing function ® : [0,00) — [0,00) with
®(0) = 0 such that

<T"x = T"p,j(x = p) >< kalle = pl* = ®(llz — pll) + en
forallz € K
(v) The iteration sequences used in Chang [1], Ofoedu [13] Chang et al. [3] and
Mogbademu [10] are extended to (1.3).
(vi) The mappings in [1, 3, 9, 13, 15] is extended to a more general class of nearly
Lipschitzian mappings.

The following reveals that Theorem 2.1 is applicable.
Application 2.1. Let X = R, K =[0,1] and T : K — K be a map defined by

x
Tr=——\Vze|0,1
* 1+ z€[0.1)

Clearly, T is nearly uniformly Lipschitzian (a, = 5) with F(0) = 0.
Define @ : [0,00) — [0, 00) by

12
d(t) =
®) 1+nt

then, ® is a strictly increasing function with ®(0) = 0. For all x € K,p € F(T),
we have that operator T in Theorem 2.1 satisfies

< T"a =T, j(x — p) >< kullz — plI? = (|l = pll) + €

2
x

14+nz"

with the sequences k, = 1 and ¢, =
1,2,...,p—1) ¥n > 0.

_ 1 i o _1 S
Setan—mandﬂn—m,(l—

Remark 2.2. Our results enrich and develop the theory of multi-step iterative se-
quence introduced by Rhoades and Soltuz [16].

Taking p = 3 in (1.3), Theorem 2.1 leads to the following corollaries.

Corollary 2.1. Let X be a real Banach space, K be a nonempty closed convex
subset of X, T : K — K be a nearly uniformly L-Lipschitzian mapping with se-
quence {an}. Let sequence k, C [1,00) and €, be sequences with lim, oo kn =
1, limy oo €n =0 and F(T) = {p € K : Tp = p}. Let {an}n>0 and {8} n>o, (i =
1,2) be real sequences in [0,1] satisfying the following conditions: (i)}, <, 0n = 00
(i1) imy,— 00 o, B4 = 0, (i = 1,2). For arbitrary xo € K, let {z,}n>0 be iteratively
defined by (1.4). If there exists a strictly increasing function

® : [0,00) — [0,00) with ®(0) =0 such that

<T"w =T"p,j(x — p) >< knllz — pl|* = (|2 — pll) + €n
for all x € K. Then, {xy}n>0 converges strongly to p € F(T).

Taking p = 2 in (1.3), Theorem 2.1 leads to the following results.

Corollary 2.2. Let X be a real Banach space, K be a monempty closed convex
subset of X, T : K — K be a nearly uniformly L-Lipschitzian mapping with se-
quence {an}. Let sequence k, C [1,00) and €, be sequences with lim, o, k, =

1, limy o0 €n =0 and F(T) ={p € K : Tp = p}. Let {a,}n>0 and {B%}n>0, (i =
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1) be real sequences in [0,1] satisfying the following conditions: (i)}, <, 0n = 00
(i1) limy, 00 n, B2 = 0, (i = 1). For arbitrary xo € K, let {x,}n>0 be iteratively
defined by (1.5). If there exists a strictly increasing function

® : [0,00) — [0,00) with ®(0) =0 such that

<T"z—T"p,j(x —p) >< knllz — p||* — @(l|lz — pll) + €n
for all x € K. Then, {z,}n>0 converges strongly to p € F(T).

Corollary 2.3. Let X be a real Banach space, K be a monempty closed convex
subset of X, T : K — K be a nearly uniformly L-Lipschitzian mapping with se-
quence {an}. Let sequence k, C [l,00) and €, be sequences with lim, o, k, =
1, limy yoo€p, =0 and F(T) = {p € K : Tp = p}. Let {an}n>0 be a real sequence
in [0,1] satisfying the following conditions: (1)), <o 0n = 00 (#) limy, 0 = 0.
For arbitrary xg € K, let {x,}n>0 be iteratively defined by (1.6). If there ezists a
strictly increasing function

P : [0,00) — [0,00) with ®(0) =0 such that

< Ttz —T"p,j(x — p) >< kallz — pl* = @(l|z — pl|) + €n
for all x € K. Then, {x,}n>0 converges strongly to p € F(T).
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