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ABSTRACT. We study screen transversal lightlike submanifolds of semi-Riemannian
product manifolds. We give examples, investigate the geometry of distributions
and obtain necessary and sufficient conditions for the induced connection on
these submanifolds to be metric connection. We also obtain characterization

of screen transversal anti-invariant lightlike submanifolds.

1. Introduction

A submanifold M of a semi-Riemannian manifold M is called lightlike ( degener-
ate) submanifold if the induced metric on M is degenerate. Lightlike submanifolds
of a semi-Riemannian manifold have been studied by Duggal-Bejancu and Kupeli in
[5] and [12], respectively. Kupeli’s approach is intrinsic while Duggal-Bejancu’s ap-
proach is extrinsic. Lightlike submanifolds have their applications in mathematical
physics. Indeed, lightlike submanifolds appear in general relativity as some smooth
parts of event horizons of the Kruskal and Keer black holes[10] . In [5], Duggal
and Bejancu introduced CR- lightlike submanifolds of indefinite Kaehler manifold
and discussed lightlike version of non-degenerate CR- submanifolds. They show
that such lightlike submanifolds do not contain invariant and anti-invariant sub-
manifolds contrary to the non-degenerate CR-submanifolds.Therefore, in [8] ( see
also[9]), Duggal and Sahin introduced screen CR-lightlike submanifolds, and showed
that such lightlike submanifolds include invariant lightlike submanifolds as well as
anti-invariant( screen real) submanifolds of indefinite Kaehler manifolds.

They also show that there is no inclusion relation between CR-lightlike subman-
ifolds and SCR-lightlike submanifolds. On the other hand, lightlike submanifolds
of almost para Hermitian manifolds were investigated by Bejan in [2]. She mainly
studied invariant lightlike submanifolds of para-Hermitian manifolds in that paper.
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As an analogue of CR-lightlike submanifolds, semi-invariant lightlike submani-
folds of semi-Riemannian product manifolds were introduced by Atceken and Kilic
in [1]. Kilic and Sahin[11] introduced radical anti invariant lightlike submanifolds
of semi-Riemannian product manifolds and studied their geometry. On the other
hand, screen transversal lightlike submanifolds of indefinite Kaehler manifolds were
introduced in [15] and such submanifolds were also studied in indefinite contact ge-
ometry. They show that such submanifolds include real curves of indefinite contact
manifolds. They investigated the geometry of distributions and obtained necessary
and sufficient conditions for the induced connection on these submanifolds to be
metric connection. They also check the existence of screen transversal lightlike
submanifolds in indefinite Sasakian manifolds.

Considering above information on radical anti-invariant lightlike submanifolds of
semi-Riemannian product manifolds and screen transversal lightlike submanifolds
of indefinite Sasakian manifolds, similar research is needed for the screen transversal
lightlike submanifolds of semi-Riemannian product manifolds. Therefore, as a first
step, in this paper, we introduce screen transversal lightlike submanifolds of semi-
Riemannian product manifolds and study their geometry.

The paper is organized as follows: In section 2, we give basic information needed
for this paper. In section 3 and section 4, we introduce semi-Riemannian product
manifold along with its subclasses ( radical screen transversal, screen transver-
sal anti-invariant lightlike submanifolds) and obtain a characterization of screen
transversal anti-invariant lightlike submanifolds. We investigate the geometry of
distributions and obtain necessary and sufficient condition for induced connection
to be a metric connection. In section 5, we study radical screen transversal lightlike
submanifolds and find the integrability of distributions. We give two examples.

2. PRELIMINARIES

A submanifold M™ immersed in a semi-Riemannian manifold (]\_4 mtk g) is
called a lightlike submanifold if it admits a degenerate metric g induced from g
whose radical distribution which is a semi-Riemannian complementary distribution

of RadTM is of rank r , wherel < r < m.RadTM =TM NTM~* |, where
(2.1) TM* = Ugen {u €T, M | g(u,v) =0,YveT,M}.

Let S(TM) be a screen distribution which is a semi-Riemannian complementary
distribution of RadT'M in TM . ie., TM = RadTM 1 S(TM).

We consider a screen transversal vector bundle S(T'M=), which is a semi-
Riemannian complementary vector bundle of RadT'M in TM=. It is known that,
for any local basis {¢; }of RadT M , there exists a lightlike transversal vector bundle
ltr(TM) locally spanned by {N;} [5]. Let tr(TM) be complementary ( but not
orthogonal) vector bundle to TM in TM= |5;. Then

tr(TM) = ltrTML1S(TM™%),
TM |y = S(TM)L[RadTM @ IitrTM] L S(TM™).

Although S(T'M) is not unique, it is canonically isomorphic to the factor vector
bundle TM/RadT M [12]. The following result is important to this paper.

Proposition 2.1. [5]. The lightlike second fundamental forms of a lightlike sub-
manifold M do not depend on S(TM), S(TM>) and ltr(TM).
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We say that a submanifold (M, g, S(TM), S(TM*)) of M is
Casel: r-lightlike if » < min{m, k};

Case2: Co-isotropic if r = k < m; S(TM*) = {0};

Case3: Isotropic if r =m =k; S(TM) = {0};

Cased: Totally lightlike if r = k = m; S(TM) = {0} = S(TM™).

The Gauss and Weingarten equations are:
(2.2) VxY = VxY+h(X,Y)VX,Y €T (TM),
(2.3) VxV = —-AyX+VLVVX el (TM),V €T (tr(TM)),

where {VxY, Ay X} and {h(X,Y),V4V} belong to I'(TM) and T (tr (TM)),
respectively. V and V? are linear connections on M and the vector bundle tr(TM),
respectively. Moreover, we have

(2.4) VxY = VxY +h(X,)Y)+h¥(X,Y),VX,Y €T (TM),
(2.5) VxN = —ANX+VYN+D*(X,N),N €T (itr(TM)),
(2.6) VxW = —AwX+ VW + D" (X, W), W eI (S(TM™")).

Denote the projection of TM on S(T'M) by P.Then by using (2.2), (2.4)-(2.6) and
a metric connection V, we obtain

(2.7) g(h* (X,Y) W) +3 (Y, D' (X.W)) = g(AwX.Y),
From the decomposition of the tangent bundle of a lightlike submanifold, we have
(2.9) VxPY = VXPY+h*(X,PY),
(2.10) Vxé = —A{X+V¥
for X, Y € T (TM) and £ € T' (RadT M) . By using above equations, we obtain
g(h* (X, PY),§) = g(AiX,PY),
g(h* (X,PY),N) = g(AyX,PY),

g(r*(X.€),6) = 0,A:=0.

In general, the induced connection V on M is not a metric connection. Since V is
a metric connection, by using (2.4) we get

(2.11) (Vxg) (Y. Z2) =g (h* (X,Y),Z) + g (k" (X,2).,Y).

However, it is important to note that V* is a metric connection on S(T'M). We
recall that the Gauss equation of lightlike submanifolds is given by

R(X7 Y)Z — R(X, Y)Z + Ah“(X7Z)Y - AhZ(Y7Z)X + AhS(X7Z)Y
—Apeiv. X + (Vxh') (Y, 2) — (Vyh') (X, 2)
+D£ (Xa hs (KZ)) - De (Yvhs(Xa Z)) + (ths) <Y7Z)
—(Vyh*) (X, Z) + D*(X,h"(Y, Z)) — D*(Y,h* (X, Z))
for VX,Y,Z € T(TM).
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3. SEMI-RIEMANNIAN PRODUCT MANIFOLDS

Let (M1,g1) and (Maz,g2) be two m; and mg -dimensional semi-Riemannian
manifolds with constant indexes ¢; > 0, g2 > 0, respectively. Let w : My x My — M;
and o : M; x Ms — M, the projections which are given by m(z,y) = = and
o(r,y) =y for any (v,y) € My x My, respectively.

We denote the product manifold by M = (M; x Ma,g), where

g(Xa Y) = gl(’”*Xa W*Y) + 92(0*X7 U*Y)
for any VX,Y € I'(TM). Then we have

2
My = Ty, Ty Os = 05Ty = 0,

ol =0Tt o =1,
where [ is identity transformation. Thus (M ,g) is an (mj + mg)- dimensional
semi-Riemannian manifold with constant index (g; + ¢2). The semi-Riemannian
product manifold M = M; x M, is characterized by M; and My are totally geodesic
submanifolds of M.
Now, if we put F = m, — 0, , then we can easily see that

F?=n}_—n0,—0ome+o2=1

(3.1) 3(FX,Y) = (X,FY)

forany X, Y €T’ (TM ) . If we denote the Levi-civita connection on M by V, then
it can be seen that

(3.2) (VxF)Y =0,

for any X,Y € I'(TM), that is, F is parallel with respect to V [16].
Let M be a submanifold of a Riemannian ( or semi-Riemannian) product mani-
fold M = My x M. If F(TM) = TM, then M is called an invariant submanifold[16].

4. SCREEN TRANSVERSAL LIGHTLIKE SUBMANIFOLDS OF SEMI-RIEMANNIAN
PropucTt MANIFOLDS

In this section, we introduce screen transversal lightlike submanifolds of semi-
Riemannian product manifolds. We investigate the integrability of distributions, give
a necessary and sufficient condition for the induced connection to be a metric con-
nection.

Lemma 4.1. Let M be a lightlike submanifold of semi-Riemannian product man-
ifolds (M,g) and let FRadTM C S(TM%*) . Then, FltrTM is also subvector
bundle of screen transversal bundle.

Proof. Let us assume that [trT M is invariant with respect to F , i.e., F(ltrTM) =

ltrTM. By the definition of a lightlike submanifold, there exist vector fields £ €

I(RadTM) and N € T'(itrT M) such that g (£, N) = 1. Also from (3.1) we get
g(&N)=g(F¢§ FN)=1.

However, if FN € T'(ltrTM) then by hypothesis, we get g (F¢, FN) = 0.Hence,
we obtain a contradiction which implies that F'N does not belong to ltrT M. Now,
suppose that FN € T'(S(T'M)). Then, in a similar way, from (3.1) we have

1=g(N)=g(F§FN)=0
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since F¢€ € I' (S(TM™)) and FN € T (S(IT'M)). Thus, FN does not belong to
S(T'M).We can also obtain that FN does not belong to RadT'M. Then, from the
decomposition of a lightlike submanifold, we conclude that FN € I'(S(TM*)). O

Definition 4.1. Let M be a lightlike submanifold of semi-Riemannian product
manifolds (M , g) .Then

F(RadTM) C S(TM™)
we say that M is a screen transversal lightlike submanifold of semi-Riemannian
product manifolds M.

Definition 4.2. Let M be a screen transversal lightlike submanifold of semi-
Riemannian product manifolds M. Then

(i) We say that M is a radical screen transversal lightlike submanifold if F/(S(TM)) =
S(TM).

_ (ii) We say that M is a screen transversal anti-invariant lightlike submanifold of

M if F(S(TM)) c S(TM™).

If M is screen transversal anti-invariant submanifold, we have

S(TM*') = FRadTM & FlitrTM L FS(TM)_LD.
where Dy is a non degenerate orthogonal complementary distribution to
FRadT'M @ FltrTM LFS(TM)

in S(TM~). For the distribution Dy, we have the following.

Proposition 4.1. Let M be screen transversal lightlike submanifold of semi- Riemannian
product manifolds M. Then , the distribution Dq is invariant with respect to F.

Proof. Using (3.1), we have
9(FX,8) =g(§, FN) =0,
which show that FFX does not belong to ltrT M
g(FX,N) = g(X,FN)=0,

g(FX,F€&) = g(X,F*¢) =g(X,§) =
g(FX,FN) = g(X F2N)—g(X N)_O
g(FX,Z) = g(X,FZ)=
g(FX,FZ) = (X,FzZ):g(X, Z)=0
for X € I'(Dy), § € T'(RadTM), N € T'(trTM), Z € T'(S(TM)). Hence, the
distribution Dy is invariant with respect to F. (I

Let M be screen transversal anti-invariant lightlike submanifold of semi-Riemannian
product manifolds M. Let S and R be projection transformations of S(TM) and
RadT M, respectively. Then, for X € T'(TM) we have

(4.1) X = SX + RX

on the other hand, if we apply F to (4.1), we find
FX = FSX+FRX,
FX = 5X+45X

for 51X € I (S(TM)), S2X €T (S(T'M4)).
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Also, for any v € T'(¢r(T'M)) we can find
FV =BV +CV

where BV € T'(TM) and CV € T'(tr(TM)).
Let F1, Fy, F3, Fy be the projection morphisms on FRadT M, FS(TM), F(ltr(TM))
and Dy, respectively. Then, for V € T'(S(TM~)) we have

(4.2) V=FRV+FEV+ FV 4+ FV.

Applying F to (4.2), we get

(4.3) FV =FRV 4+ FEV + FFV + FF,V.

If we put F'Fy = By, FFy = By, FF3 = Cy, FF, = Co, we can rewrite (4.3) as
(4.4) FV = B1V + BV + C1V + CsV,

where B1V € T'(RadT M), BsV € T'(S(TM)), C1V € T'(ltr(TM)), CoV € T'(Dy).

It is known that the induced connection on a screen transversal anti-invariant
lightlike submanifold immersed in semi-Riemannian product manifolds is not a
metric connection. The condition under which the induced connection on the sub-
manifold is a metric connection is given by the following theorem.

Theorem 4.1. Let M be a screen transversal anti-invariant lightlike submanifold
of semi-Riemannian product manifolds M. Then , the induced connection V on M
is a metric connection if and only if

BoVLFE=0
for X e I'(TM) and £ € T'(RadTM).

Proof. From (3.2), we have
VxFY = FVyY.

Taking Y = FE in the above equation, we find

—ApeX + V5 FE+ DY (X, F¢) = F(Vx&+ (X, €) + h*(X,€)).
If we apply F to this equation and from (4.4), we have

—FApeX + FV%FE¢ + FDY(X, F¢) = Vx&+ h' (X, €) + h*(X, )

—FApeX + BiV4FE+ BoVSFE

+C V5 F€ + C, V5 F¢ + FDY(X, F¢)

Then, taking the tangential parts of the above equation, we obtain

Vx& =B VY FE+ BoVL FE.

) — VxE+ (X, ) + (X, €)

Thus, proof is completed. O

Theorem 4.2. Let M be a screen transversal anti-invariant lightlike submanifold of
semi-Riemannian product manifolds M. Then the radical distribution is integrable
if and only if

FY =VyFX
VX,Y € T(RadT M) and Z € T(S(TM)).
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Proof. By the definition of a screen transversal anti-invariant lightlike submanifold,
I'(RadT M) is integrable if and only if g([X,Y],Z) =0 for X,Y € I'(RadT M) and
Z € T(S(TM)). Since M is a semi-Riemannian product manifold, using (3.1) and
(3.2) we find

9([X,Y],2) = g(@XY,Z)—g(?YX,Z)
= g(FVyY,FZ) - g(FVyX,FZ),
= g(VyFY,FZ)—g(VyFX,FZ).
Using (2.6), we have

d([X,Y],Z2) = g(—ApyX +V%FY +D'(X,FY),FZ)
—g(—ApxY + V5 FX + DYY,FX),FZ)
= g(VXFY,FZ)—g(VyFX,FZ)
= g(V4XFY -V FX,FZ).
Thus, the proof is completed. [

In the similar way, we have the following.

Theorem 4.3. Let M be a screen transversal anti-invariant lightlike submanifold
of semi-Riemannian product manifolds M. Then screen distribution is integrable if
and only if

VXFY =V FX,g(VXFY -V} FX,FN)=0
VX,Y e T(S(TM)) and N € T'(ltr(TM)).

5. RADICAL SCREEN TRANSVERSAL LIGHTLIKE SUBMANIFOLDS OF SEMI
RIEMANNIAN PRODUCT MANIFOLDS

In this section, we study radical screen transversal lightlike submanifolds of a
semi-Riemannian product manifold. We first investigate the integrability of distri-
butions, give a necessary and sufficient condition for the induced connection to be a
metric connection. We also study the geometry of totally radical screen transversal
lightlike submanifolds.

Theorem 5.1. Let M be a radical screen transversal lightlike submanifold of semi-
Riemannian product manifolds M. Then the screen distribution is integrable if and

only if
(X, FY)=hr(Y,FX)

VX,Y e T(S(TM)).
Proof. Screen distribution is integrable if and only if ([ X, Y], N) = 0and VX, Y €
I'(S(TM)),we find
9([X,Y],N) = ¢g(VxY,N)—-g(VyX,N)
g(FVxY,FN) - g(FVy X, FN)

= ¢(VxFY,FN)— g(VyFX,FN)

Using (2.4), we have
g([X,Y],N) = g(h*(X,FY),FN)—g(h*(Y,FX),FN)

g(h*(X,FY)—h*(Y,FX),FN).

Thus, the proof is completed. ([
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Theorem 5.2. Let M be a radical screen transversal lightlike submanifold of semi-
Riemannian product manifolds M. Then the radical distribution is integrable if and

only if

VX,Y € T(RadT M) and Z € T(S(TM)).
Proof. By the definition of radical screen transversal lightlike submanifold, T'(RadT M)

is integrable if and only if ¢([X,Y],Z) = 0 for Z € T(S(TM)) and VX,Y €
I'(RadT M). Then, from (3.1) and (2.6) we have

9(X.Y],2) = ¢g(F[X,Y],FZ)
= g(FVxY,FZ)-g(FVyX,FZ),
= g(VxFY,FZ)—g(VyFX,FZ),
using (2.6) we have
9(X.Y],2) = g(-Apy X +VXFY + DX, FY), FZ)
—g(=Ap Y + V5 FX + DY(Y,FX),FZ)
thus we find
g( [X,Y] 7Z) =g (AF)(Y - AFyX,FZ) =0.
Thus the proof is completed. (I
Proposition 5.1. Let M be a radical screen transversal lightlike submanifold of

semi-Riemannian product manifolds M. Then the distribution Dy is invariant with
respect to F.

Proof is similar to those given in section4.

Theorem 5.3. Let M be a radical screen transversal lightlike submanifold of semi-
Riemannian product manifolds M. Then, the screen distribution defines a totally
geodesic foliation if and only if h*(X,FY) has no components in FRadTM for
X, Y eT(S(TM)).

Proof. By the definition of radical screen transversal lightlike submanifold S(T'M))defines
totally geodesic foliation if and only if ¢ (VxY,N) = 0 for VX,Y € I'(S(TM)),
N e T'(ltr(T'M)). Using (3.1) , we find

g(VxY,N) = g(VxY,N)
= g(FVxY,FN)
using (2.4), we have
g(VxY,N) = ¢ (VXFY + 4 (X, FY) +h* (X, FY), FN)
= g(h*(X,FY),FN)
Thus, proof is completed. ([l

Theorem 5.4. Let M be a radical screen transversal lightlike submanifold of semi-
Riemannian product manifolds M. Then, the radical distribution defines a totally
geodesic foliation on M if and only if h® (X, FY) has no components in FltrTM |,
VX, Y €T (S(TM)).
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Proof. ¢(VxY,Z)=0for X,Y € I(RadTM) and Z € T (S(T'M)) .From (3.1) and
(2.6), we find

qg (ny, Z) =

From (2.7), we have

9(VxY,Z) = —g(Ary X, FZ)
—g(h* (X,FZ),FY) - g (FZ, D" (X,FY))
= —g(h*(X,FZ),FY).

O

The condition under which the induced connection on the submanifold is a
metric connection is given by the following theorem.

Theorem 5.5. Let M be a radical screen transversal lightlike submanifold of semi-
Riemannian product manifolds M. Then the induced connection V on M is a mel-
ric connection if and only if h° (Y, Z) has no components in FltrTM, VY, Z €
r'(S(TM)).

Proof. Since M is a semi-Riemannian product manifold, we have (@ 7 F ) X=0
for Z e T'(S(TM)) and X € T'(RadT M), from which, we have

(5.1) VzFX = FVX.

Taking inner product of equation (5.1) with V € I'S(T'M)), we find
g (V2FX,Y) = g (FV2X,Y) = g (V2 X, FY) .

From the above equation, we have

9(—ApxZ +V4FX + DYZ,FX),Y) = g(VzX,FY)—-g(ApZY)
= g(VzX,FY)

from which, it follows that

9 (AwX,Y) = g (" (X,Y),W)+g (Y. D' (X, W))—g (h°(Z.Y), FX) = g (V2 X, FY).

Thus, proof is completed. ([l
We now give two examples for screen transversal lightlike submanifolds.

Example 5.1. Let M = Rj x R} be a semi-Riemannian product manifold with
semi-Riemannian product metric tensor § = 7*g; ® 0*g2, i=1,2 where g; denote
standard metric tensor of Rj. Let we get

f:M — M,

(x1,29,23) — (z1,22 +23,21,0,21,0,20 — 23,21) .
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Then, we find
Zy = 0x1+ 0xsg — O0xs — Oxg
Zy = Oxg+ Oxr
Zs = 0Ox9 — Oxry.

The radical bundle RadT'M is spanned by Z; and S(TM) = Span{Zs, Zs} for
FZy = Z3. If we choose

1
N = —5 (8331 — 81'5),

we find
g (Zl,N) = 1
Also we obtain
FZl = (9131+(9I3+35E5+81’8:W17
1
FN = —5(8,%1 +8x5):W2.

If we choose
W3 = 0x4 + Oxg,
we obtain
FW3 = W4 = 8334 — 81‘6.
Thus we have FRadTM C S (T'M™*) and FS(TM) = S(T'M). Then M is a radical
screen transversal lightlike submanifold of M semi-Riemannian product manifold.

Example 5.2. Let M = Rj x R} be a semi-Riemannian product manifold with
semi-Riemannian product metric tensor § = 7%¢g; ® 0*g2, i=1,2 where g; denote
standard metric tensor of Rj. Let we get

f:M — M,
(z1,22,23) — (—xl,—xg,xl,\/ixg,xl,o,o,xl,—xg) .
Then, we find
Z1 = —0x1+ 0x3+ Oxs + Oz
Zy = —0xo— 2024 — Oxs.

The radical bundle RadT M is spanned by Z; and S(T'M) = Span{Zs}. If we
choose

N = %(axl —8:55)7

we find
g(Z1,N)=1.
Thus, we obtain
FZ, = —0x1+ 0x3z— x5 — 0xy = W1,
FZy = —8xg— 20z, + 0xg = W,

FN

1
5 (6I1 + 81175) = Wg.
If we choose
Wy = —V20xy — V2014 + Oz,

we obtain

FWy = W5 = —V20x9 — V2024 — 0.
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Thus we have FRadT'M C S (TM™*) and FS(TM) = S(TM=). Then M is a
screen transversal anti-invariant lightlike submanifold of M semi-Riemannian prod-
uct manifold.
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