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WELL POSEDNESS OF FIXED POINT PROBLEM FOR
MAPPINGS SATISFYING AN IMPLICIT RELATION IN G, -
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ABSTRACT. The purpose of this paper is to prove a general fixed point theorem
in Gp - metric space for mappings satisfying an implicit relation. If G} - metric
is symmetric, we prove that the fixed point problem is well posed.

1. INTRODUCTION

In [13], [14], Dhage introduced a new class of generalized metric spaces, named D
- metric spaces. Mustafa and Sims [25], [26] proved that most of the claims concern-
ing the fundamental structures on D - metric spaces are incorrect and introduced
an appropriate notion of generalized metric space, named G - metric spaces. In
fact, Mustafa, Sims and other authors [1], [17], [20], [21], [22], [23], [24], [25], [26],
[27], [39], [40], [41], [42], [43], [44] studied many fixed point results for self mappings
in G - metric spaces under certain conditions.

In 1994, Mathews [20] introduced the concept of partial metric space as a part
of study of denotional semantics of data flows and proved the Banach contraction
principle in such spaces. Recently, in [2], [5], [9], [16], [17] and in other papers,
some fixed point theorems under various contractive conditions in partial metric
spaces are proved.

Quite recently, Zand and Nezhad [46] introduced a generalization and unification
of G - metric space and partial metric space, named G,, - metric space. In [8], some
fixed point theorems in G}, - metric spaces are proved. Other results are obtained
in [9] and [10].

The notion of well posedness of fixed point problem have generate more interest
to several mathematicians, for example in [12], [18], [38].

Several classical fixed point theorems and common fixed point theorems have
been unified considering a general condition by an implicit relation in [29], [30] and
in other papers. Recently, the method is used in the study of fixed points in metric
spaces, symmetric spaces, quasi - metric spaces, b - metric spaces, ultra - metric
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spaces, convex metric spaces, reflexive spaces, compact metric spaces, paracompact
metric spaces, in two and three metric spaces, for single - valued mappings, hybrid
pairs of mappings and set - valued mappings. Recently, the method is used in the
study of fixed points for mappings satisfying contractive/extensive conditions of
integral type, in fuzzy metric spaces, probabilistic metric spaces and intuitionistic
metric spaces. Also, the method allows the study of local and global properties of
fixed point structures.

The study of fixed points for mappings in G - metric spaces is initiated in [33],
[34], [35], [36], [37] and in other papers. The study of fixed point for mappings
satisfying an implicit relation in partial metric spaces is initiated in [45].

In [3], [4], [5], [6], [31], [32] the authors studied well posedness of fixed point
problem for mappings satisfying implicit relations.

The purpose of this paper is to prove a general fixed point theorem for map-
pings satisfying an implicit relation in G, - metric space. We prove that for these
mappings, if G, - metric is symmetric, the fixed point problem is well posed.

2. PRELIMINARIES

Definition 2.1 ([28], [46]). Let X be a nonempty set. A function G : X® — Ry is
called a G, - metric on X if the following conditions are satisfied:

rx=y=zifG (33 Yy, z) = Gp(.’)C7.7J,CL') = Gp(y»yvy) = G;D(zvz’z)a

10 < Gp(z,x x) < Gp(z,z,y) < Gp(z,y,2) for all x,y,z € X with y # z,
1 Gp(z,y, 2) = Gp(y, z,x) = ... (symmetry in all three variables),

G( )<G(:z:aa)+G( a,y,z) — Gpla,a,a) for all z,y,2,a € X.
is called a G, - metric space.
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Definition 2.2 ([46]). Let (X, G)) be a G, - metric space and {z,,} a sequence in
X. A point z € X is said to be the limit of the sequence {x,} or z,, = z (z, is G,
- convergent to z) if lim,, ,—00 Gp(T, Tn, Tm) = Gp(z, T, T).

Theorem 2.1 ([8]). Let (X,G,) be a Gy, - partial metric space. Then, for any
{zn} € X and x € X, the following conditions are equivalent:

a) {z,} is G, - convergent to x,

b) Gp(xn, Tpn,z) = Gp(z,x,2) as n — oo,

¢) Gp(xn, z,x) = Gp(z, z, ) as n — co.

Definition 2.3 ([46]). Let (X,G)) be a G, - partial metric space.

1) A sequence {x,,} of X is called a G, - Cauchy sequence if lim,, »— 00 Gp(Zn, T, Tm)
exists and is finite,

2) A G - metric space is said to be G, - complete if and only if every G,
Cauchy sequence in X converges to « € X such that limy, 100 Gp(@Tn, Tm, Tm) =
Gp(z,z,x).

Lemma 2.1 ([8]). Let (X,G,) be a G, - metric space. Then:

1) If Gp(z,y,2) =0 thenx =y = z,

2) If x #y then G,(y,z,z) > 0.

Definition 2.4 ([46]). A G, - metric on X is said to be symmetric if G,(z,y,y) =
Gp(y,z,x). In this case (X, G,) is said to be symmetric.

Lemma 2.2 ([8]). Let (X,G,) be a G, - metric space and {x,} a sequence in X.
Assume that {x,} is G, - convergent to a point x € X with Gp(z,z,x) =0. Then
limy, 00 Gp (2, 4, y) = Gp(2,y,y) for all y € X.
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Moreover, lim,, ;00 Gp(Zn, Tm, z) = 0.

3. IMPLICIT RELATIONS

Definition 3.1. Let Fw be the set of all continuous functions F(t1, ..., t5) : R} — R
satisfying

(Fy) : F is non - increasing in variable ts, t4, t5,

(Fy) : There exists hy € [0,1) such that for all u,v > 0, F(u,v,v,u,u+v) <0
implies uv < hjv,

(F3) : There exists he € [0,1) such that for all ¢,¢ > 0, F(¢,t,¢',t,t +t') <0
implies t < hot'.

In the following examples, property (F}) is obviously.

Example 3.1. F(ty,...,t5) = t1 — ate — bty — cty — dt5, where a,b,c,d > 0 and
a+b+c+2d<1.

(Fy) : Let w,v > 0 be and F(u,v,v,u,u+v) =u—av—bv—cu—du+v) <0
which implies u < hqv, where 0 < hy = 1“_'?2’13) < 1.

(F5) : Let ¢,¢' > 0 be and F(t,t, ¢, t,t+t') =t —at —bt' —ct —d(t+t') <0
which implies ¢ < hat’, where 0 < hy = % < 1.

Example 3.2. F(ty,...,t5) = t1 — kmax{ts, t3,t4, £}, where k € (0,1).

(Fy) : Let u,v > 0 be and F(u,v,v,u,u + v) = u — kmax{u,v, “JQFU} <0. If
u > v, then u(1 — k) < 0, a contradiction. Hence, u < v which implies u < hyv,
where 0 < h; =k < 1.

(F3) : Let ¢,/ > 0 be and F(t,t,',t,t + ') = t — kmax{t,#, %} < 0. As in
(Fy) it follows that ¢ < hot’, where 0 < ho = k < 1.

Example 3.3. F(t1,...,t5) = t; — kmax{to, t3,t4,t5}, where k € (O, %)

(Fy) : Let u,v > 0 be and F(u,v,v,u,u+v) = u — k(u + v) < 0 which implies
ughlv,wher60§h1:ﬁ<1.

(F3) : Let t,t' > 0 be and F(¢,¢, ¢, t,t +t') =1t — k(t +¢') < 0 which implies
t < hot!, where 0 < hy = £ < 1.

Example 3.4. F(t1,...,t5) = t; — ats — bmax{ts, t4} — cts, where a,b,¢ > 0 and
a+b+2c<1.

(Fy) : Let u,v > 0 be and F(u,v,v,u, u+v) = u—av—bmax{u,v}—c(u+v) <0.
If w > v, then u[l — (a + b+ 2¢)] <0, a contradiction. Hence v < v, which implies
ughlv,wher60§h1:%<l.

(F3) : Let t,¢' > 0 be and F(t,t,t', ¢, ¢ +t') =t —at —bmax{t,t'} —c(t+t') <0.
Similar as in (Fy), we obtain 0 < hy = % < 1.

Example 3.5. F(t1,...,t5) = t3—atat3—bt3—ct?, where a, b, ¢ > 0 and a+b+4c < 1.
(Fy) : Let u,v > 0 be and F(u,v,v,u,u+v) = u? — av? — bv? — c(u +v)? < 0.
If u > v, then u?[1 — (a + b+ 4c)] <0, a contradiction. Hence u < v, which implies
u < hiv, where 0 < hy =vVa+b+4ec < 1.
(F3) : Let t,¢’ > 0 be and F(t,t,t', t,t +t') =t —att' —bt> —c(t +t')? < 0. If
t > t' then t?[1 — (a + b+ 4¢)] < 0, a contradiction. Hence ¢ < ¢/, which implies
t < hot’, where 0 < ho = Va +b+4c < 1.

Example 3.6. F(t1,...,t5) = t1 — aty — btg — cmax{2t4,t5}, where a,b,¢ > 0 and
a+b+2c<1.
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(Fy) : Let u,v > 0 be and F(u,v,v,u,u+v) = u—av—bv—cmax{2u,u+v} <0.
If u > v, then u[l — (a + b+ 2¢)] <0, a contradiction. Hence u < v, which implies
u < hiv, where 0 < h; =a+b+2c< 1.

(F5) : Let t,t' > 0 be and F(t,¢, ¢, t,t +t') =t —at — bt' — cmax{2¢t,t +t'} <O0.
If ¢ >t/ then ¢[1 — (a + b+ 2¢)] < 0, a contradiction. Hence ¢ < ¢/, which implies
t < hot', where 0 < hg = a+b+2c < 1.

Example 3.7. F(t1,...,t5) = t3 — t1(ata + bts + ct4) — dt2, where a > 0,b,c,d > 0
and a+b+c+4d < 1.

(Fp) : Let u,v > 0 be and F(u,v,v,u, u+v) = u?—u(av+bv+cu) —d(u+v)? < 0.
If u > v, then u?[1 — (a + b+ c + 4d)] < 0, a contradiction. Hence u < v, which
implies v < hyv, where 0 < h; =Va+b+c+4d < 1.

(F3): Let t,t' > 0be and F(t,t,t',t,t+t') =t> —t(at +bt' +ct) —d(t +1')? < 0.
As in (Fy) we obtain ¢t < hot’, where 0 < ho =va+b+c+4d < 1.

Example 3.8. F(tl, ...,t5> =t —aty — bts — cmaX{2t4 +t5,t1 +t4 + t5}7 where
a>0,b>0,c>0and a+b+4c < 1.

(Fy) : Let u,v > 0 be and F(u,v,v,u,u+v) = u—av—bv—c(3u+v) < 0 which
implies v < hyv, where 0 < hy = “fr_ib;rcc < 1.

(F3) : Let ¢,/ > 0 be and F(¢,¢t,t',t,t +t') =t —at — bt' — ¢(3t +¢') < 0 which
implies t < hot’, where 0 < hy = % < 1.

4. FIXED POINT THEOREMS

Theorem 4.1. Let (X,G)) be a G - metric space and let T : X — X be a mapping
such that:

F(G,(Tz, Ty, Ty),Gp(x,y,y), Gp(z, Tz, Tx),
Gp(y, Ty, Ty), Gp(x, Ty, Ty) + Gp(y, Tz, Tx)) < 0

for all x,y € X, where F satisfy property (Fs3). Then, T has at most a fized point.

(4.1)

Proof. Suppose that T has two distinct fixed points v and v. Then, by (4.1) we
have successively
F(Gp(Tu,Tv, Tv), Gp(u,v,v), Gp(u, Tu, Tu),
Gp(v,Tv, Tv), Gp(u, Tv,Tv) + Gp(v, Tu, Tu)) <0,
F(GP(U7U7U)’ Gp(u>v7v)7 Gp(u,u, u),
Gp(v,v,v), Gp(u,v,v) + Gp(v,u,u)) <O0.
By (GPQ),
Gp(u,u,u) < Gp(v,u,u)
and
Gp(v,v,v) < Gp(u,v,v)
By (F1) we have
F(Gp(u,v,v),Gp(u,v,v), Gp(v,u,u),
Gp(u,v,v), Gp(u,v,v) + Gp(v,u,u)) <O0.
By (F3) we obtain
Gp(u,v,v) < hoGp(v,u, u).
Similarly, we obtain
Gp(v,u,u) < hoGp(u,v,v).
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Hence
Gyp(u,v,0)(1 = h3) <0,
a contradiction.
Hence, we get u = v by using Lemma 2.1. O

Theorem 4.2. Let (X,G,) be a G, - complete metric space and let T : X — X
be a mapping satisfying inequality (4.1), for all x,y € X, where F € Fyw. Then, T
has a unique fized point.

Proof. Let xg € X be an arbitrary point of X. We define z, = Tx,_1,n = 1,2, ...
. Then by (4.1) we have successively

F(Gp(Txn—la Txn, Txn)v Gp(l'n—la Tn, xn)a Gp(xn—lv Txp—1, Twn—l),
Gp(l'n, Ty, Txn)a Gp(xnfla Txy, Txn) + Gp((En, Txy-_1, Txnfl)) <0,
F(Gp(mna Tni1, anrl)a Gp(mnfla Tn, xn)v Gp(xnfla T, xn)v
Gp(xn7xn+lvmn+1)7 Gp(xnflafnJrlvanrl) + Gp(irnvxn»xn)) S 0.
By (GPy) we have
Gp(mnflaxnlea ‘rn+1) S Gp(xnflu (Enyxn) + Gp(xnyanrlaanrl) - Gp(xnawnaxn)'
By (F1) we obtain
F(Gp(l‘n; Tn41, anrl)a Gp(xnfly Tn, .’L’n), Gp(xnfly Ly $n),
Gp(mnvxn+l7xn+1)7 Gp(xn—laxn7$n) + Gp(xnvxn-‘rhxn-‘rl)) S 0.
By (F») we have
Gp(xnaxn+1axn+l) § hle(xn—laxnaxn)-
Therefore,
(42) Gp(x'mmn—&-laxn-&-l) < hle(xn—lvxn7xn) <..< h?Gp(xmxl;ml)-
By (4.2) and (GPs) we obtain for m > n that
Gp(mn;xmaxm) S Gp(xnaxn+1;xn+l) + Gp($n+17xn+2axn+2) +
+.. 4+ Gp(Tm—1,Zm, Tm)

S h?(l—‘rhl+...+h;n71)Gp($0,(E1,.’IJ1)
hn
< g —1h1 Gp(zo, 21, 21).
Consequently,
lim G(xp, T, Tin) =0
n,m—oo

and thus {z,} is a G}, - Cauchy sequence. Since (X,G,) is Gp, - complete metric
space, there exists z € X such that

(4.3) HIE G(Xny Ty T ) = li_>m G(z,zpn,xn) = Gp(z,2,2) = 0.

We prove that z is a fixed point of T'.
By (4.1) we have successively
F(Gp(T2y, T2, T2),Gp(2n, 2,2), Gp(xn, T2, Txy),
Gp(2,T2,Tz),Gp(x, T2, T2) + Gp(2, Ty, Txy)) <0,

F(Gpy(T2n, T2, T2),Gp(2n, 2,2), Gp(Zn, Tni1, Tnyi),
Gp(2,T2,Tz),Gp(xy, T2, Tz) + Gp(2, Tpt1, Tnt1)) < 0.
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By Lemma 2.2, (4.2) and (4.3), letting n tend to infinity we obtain
F(Gp(2,T2,T%),0,0,Gp(2,T2,Tz),Gp(2,T2,Tz)) <0.

By (Fz) we obtain G(z,T%,Tz) = 0. By Lemma 2.1 (a), we obtain z = Tz.
Hence z is a fixed point of T'. By Theorem 4.1, z is the unique fixed point of 7. [

Corollary 4.1. Let (X,G)) be a complete G, - metric space such that

Gp(Tz, Ty, Ty) < kmax{G,(z,y,y), Gp(xz,Tx,Tx),
Gp(y, Ty, Ty), Gp(w,Ty,Ty)Jng(y,Tm,Tx) ),

where k € (0,1). Then T has an unique fized point.
Proof. The proof it follows by Theorem 4.1 and Example 3.2. (]

(4.4)

Example 4.1. Let X = [0,00), Gp, : X3 — R defined by Gp(x,y, z) = max{z,y, z}.
Then (X,G,) is Gp - complete metric space. Let T : X — X be defined by
Tz = 5.

Without loss of generality, we assume that x > y. Then

x T 1
7Gp<x7yay) S ka(x7y7y)7

422 T2
where k € [%7 1) which implies
Gp(Tz, Ty, Ty) < kmax{G,(z,y,y), Gp(z, Tz, Tx),
Gp(:% Ty, Ty), Gy (:zz,Ty,Ty);er (y,Txz,Tx) }

By Corollary 4.1, T has an unique fixed point = 0. Moreover, G,(0,0,0) = 0.

GP(T$7 Tya Ty) =

5. WELL POSEDNESS PROBLEM OF FIXED POINT IN G} - METRIC SPACES

Definition 5.1 ([38]). Let (X,d) be a metric space (X,d) and let f : (X,d) —
(X,d) be a mapping. The fixed point problem of f is said to be well posed if:

1) f has an unique fixed point xq,

2) for any sequence {x, } € X with lim,, o, d(fz,,z,) = 0 we have lim,,_,, d(z,, zo) =
0.

Definition 5.2. A function F' : RS — R has property (F,) if for all u,v,w > 0
and F(u,v,0,w,u +v) <0, there exists p € (0,1) such that v < pmax{v,w}.

Example 5.1. F(t1,...,t5) = t; —ato—btz—ct4—dts, where a,b,c,d > 0, a+c+2d >
Oand a+b+c+4d < 1.

(Fp) : Let w,v,w > 0 be such that F(u,v,0,w,u+v) =u—av —cw —d(u+
v) < 0. If u > max{v,w}, then u[l — (a + ¢+ 2d)] < 0, a contradiction. Hence
u < max{v,w}, which implies u < pmax{v,w}, where 0 <p=a+c+2d < 1.

Example 5.2. F(tq,...,t5) = t; — kmax{ta, t3, t4, %5}, where k € (0,1).

(Fp) : Let u,v,w > 0 be such that F(u, v, 0, w, u+v) = u—k max{v, w, “;”} <
0. If v > max{v,w}, then u(l — k) < 0, a contradiction. Hence v < max{v,w},
which implies u < pmax{v, w}, where 0 <p =k < 1.

Example 5.3. F(tl, ...,t5) =1t — kmax{tg,tg,t4,t5}, where k € (O7 %)

(Fp) : Let u,v,w > 0 be such that F(u,v,0,w,u+v) = u — kmax{v, w,u +
v} < 0. If uw > max{v,w}, then u(l — 2k) < 0, a contradiction. Hence u <
max{v,w}, which implies u < pmax{v,w}, where 0 < p =2k < 1.
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Example 5.4. F(ty,...,t5) = t; — aty — bmax{ts, t4} — ct5, where a,b,c > 0 and
0<a+b+2c<1

(Fp) : Let w,v,w > 0 be such that F(u,v,0,w,u+v) =u—av —bw — c(u+
v) < 0. If u > max{v,w}, then u[l — (a + b + 2¢)] < 0, a contradiction. Hence
u < max{v,w}, which implies u < pmax{v,w}, where 0 <p=a+b+2c < 1.

Example 5.5. F(t1,...,t5) = t? — atats — bt3 — ct?, where a,b,c > 0, a+ 2¢ > 0
and a +b+2c < 1.

(F,):  Letu,v,w > 0 be such that F(u,v,0,w,u+v) = u? —bw?—c(u+v)? <
0. If u > max{v, w}, then u[1—(b+4c)] < 0, a contradiction. Hence u < max{v,w},
which implies v < pmax{v,w}, where 0 < p=b+ 4c < 1.

Example 5.6. F(t1,...,t5) = t1 — ate — bts — cmax{2ty,t5}, where a,b,c > 0,
a+2c>0and a+b+2c< 1.

(Fp) : Let u,v,w > 0 be such that F(u, v, 0, w, u+v) = u—av—cmax{2w, u+
v} < 0. If w > max{v,w}, then u[l — (a + 2¢)] < 0, a contradiction. Hence
u < max{v,w}, which implies v < pmax{v,w}, where 0 < p=a+ 2¢ < 1.

Example 5.7. F(t1,...,t5) =t} — t1]aty + bts + ct4] — dt?, where a,b,c,d > 0 and
0<a+c+4d <1.

(Fp) Let u,v,w > 0 be such that F(u,v,0, w, u+v) = u? —u[av+cw] —d(u+
v)?2 < 0. If u > max{v,w}, then u?[1 — (a + ¢ + 4d)] < 0, a contradiction. Hence
u < max{v,w}, which implies u < pmax{v,w}, where 0 <p=a+c+4d < 1.

Example 5.8. F(t1,...,t5) = t1 — aty — btz — cmax{2ty + t5,t1 + t4 + t5}, where
a,b,c>0,a+4c>0and a+ b+ 4c < 1.

(Fp) : Let u,v,w > 0 be such that F(u,v,0,w,u+v) = u—av — cmax{2w +
u+v,2u+w+v} <0. If u > max{v, w}, then u[l — (a +4c)] <0, a contradiction.
Hence u < max{v, w}, which implies © < pmax{v,w}, where 0 <p=a+ 4c < 1.

Definition 5.3. Let (X,G)) be a G - metric space and let T : X — X be a
function. The fixed point of T is well posed if

1) T has an unique fixed point xg,

2) for any sequence {z,} € X with lim, o Gp(xpn, T2y, Tx,) = 0 we have
limy, 00 Gp(x0, Tpn, ) = 0.

Theorem 5.1. Let (X,G)p) be a G, - symmetric space and T : X — X a function
satisfying the conditions of Theorem 4.2, where F' satisfy property (Fy,). Then the
fixed point problem of T is well posed.

Proof. By Theorem 4.2, T has an unique fixed point xy. Let {z,} be a sequence
in X such that lim, oo Gp(zp, T2y, Tx,) = 0. By (4.1) we have successively

F(Gp(Txo, Tz, Txy), Gp(xo, Tn, 2n), Gp(zo, Txo, T'xo),
Gp(xn, Tay, Txy), Gp(xo, Tan, Tay) + Gp(zn, Txo, Txo)) <0,

F(Gp(w05 T$n7 T:I:n)a Gp(x07 Tn, xn), 07
Gp(xna Tx,, Txn)a Gp(x07 Tx,, Txn) + Gp(xna Zo, '7;0)) <0.
Since (X, G)p) is symmetric, then G(zy,, o, z0) = G(z0, Tn, ). Hence,

F(GP(‘TO’ Txy, Txn)v Gp(an Ty Z’n), 0,
Gp(mn7 Ty, T.Tn), Gp(xm Ty, Txn) + Gp(ifo, Tn, xn)) <0.
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Since F satisfy property (F),) then

Gp(zo, Txy, Txy) < pmax{Gp(zo, Tn, Tn), Gp(Tn, TTn, Txn)}
< pmax{Gp(zo, Tn, Tn) + Gp(zn, Tan, Tx,)}.

By (GPFy):
Gp(zo,zn,z0n) < Gplao,Txn, Txn) + Gp(Trn, Tn, Tn)
S p[GP(an x’na 'r’rb) + Gp(m’rh Tx’ru Txn)] + Gp(xna Tx’na T'r’rb)a
which implies
1+p
Gp(ro, T, Tpn) < 17Gp(mercn,Txn)-
-p
Hence,
nh_)n;@ Gp(zo, n, 2s) =0
and the fixed point problem of T is well posed. O

Corollary 5.1. Let (X,Gp) be a G, - symmetric space and T : X — X be a
function satisfying the conditions of Corollary 4.1. Then, the fixed point problem
of T is well posed.
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