Research Article

GU J Sci, Part A, 12(2): 562-582 (2025) 10.54287/gujsa. 1655950

Gazi University 2
Journal of Science P R TII T Oa.
RRRARR  Cocos T ARRARR
PART A: ENGINEERING AND INNOVATION .'.':!::%;m-é!....!
AZB N A

http://dergipark.org.tr/gujsa

Some Applications of Berezin Radius Inequalities

Hamdullah BASARAN'"

! Antalya, Tiirkiye

Keywords

Abstract

Reproducing Kernel
Hilbert Space

Operator Norm

We show a number of inequalities in the reproducing kernel Hilbert space (RKHS) in this study. Stronger
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1. INTRODUCTION

We represent complex-valued functions on an existing set X in a Hilbert space H = H (X) which means
evaluation at any given point in X. As a reproducing kernel Hilbert space, we establish a Hilbert space H =
H (X) of complex-valued functions on a given set X such that evaluation at each point of X is a continuous
functional on H. The Hilbert function space H has been shown to have a reproducing kernel according
to the Riesz representation theorem. This means that for all p € X, is present a function k,(z) € H which

means (f, k,) = f(p) for all f € H and p € X. The reproducing kernel of the space H is the term presented

to this function. We demonstrate the normalized reproducing kernel by 12,, = ﬁ. The Dirichlet space D? (D),
p

Hardy space H 2(ID), Bergman space L2(ID), where D = {z € C:|z| < 1} is the unit disc, and the Fock space
F (C) are the important RKHSs. For instance, Aronzajn (1950) extends a comprehensive account of the theory
of RKHSs and reproducing kernels. Reproducing kernels plays an essential role in a number of pure and
applied mathematics fields, which includes wavelets, frame theory, fractal theories, and signals (for example,
see Jorgensen's book (Jorgensen, 2006) and its references).

The C*-algebra of any bounded linear operator described on a complex Hilbert space (H,(.,.)) is shown with

symbol L(H). For each of the bounded linear operator N on # (that is, for N € L(H)) its Berezin symbol N
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is denoted by (can observe, Berezin (1972) and Karaev (2006))
N =(Nk,,k,),p € X.

Because of the Cauchy-Schwarz inequality |1\7 (p)| < ||N lEp || < ||N|| for all p € X, that scalar-valued function
is bounded on X. An operator's Berezin symbol constitutes significant details with regard to the operator. As
an example, has become commonly accepted that each of the operator within the RKHSs that is analytic
functions (like the Dirichlet, Fock, Hardy, and Bergman spaces) is uniquely established by the Berezin symbol,
i.e., N, = N, iff N; = N, (see, for example, Englis (1995) and Zhu (1990)).

The Berezin set corresponding to the operator N € L(F)) is described
Ber(N) = Range(IV)
and Berezin radius of N is the number defined by
ber(N) = sup{|¢|: ¢ € Ber(N)}

(see Karaev (2006, 2013)). The Berezin norm of operators N € L(H) is denoted by
”N”Ber = SuppEX”NEp”'

It becomes simplicity to demonstrate that actually ||N|| g, chooses a new operator norm in L(.‘]—[ 0.4 )) (since
the set of reproducing kernels {kp: pEX } span the space H(X)). It is straightforward that ber(N) <
[[N|lger < IIN]| (refer to Aronzajn (1950) and Berezin (1972) for further details on reproducing kernel Hilbert

spaces and the Berezin symbol).

The following are given W (N) and also w(N) which stand for the numerical range and numerical radius of

N:

W(N) = {(Nf,f):f € H and ||f |5 = 1}

and

w(N) = sup{Nf, f): f € H and ||fllsc = 1}.
It is clear that Ber(N) € W(N) and ber(N) < w(N) (the numerical radius of operator N). There are some

intriguing qualities of an operator's numerical range. As an instance, it is widely acknowledged that the closure
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of an operator's numerical range includes its spectrum. For essential characteristics of the numerical radius,
we refer to Abu-Omar and Kittaneh (2015), Bhatia (2007), Bhunia et al. (2022), Bhunia et al. (2023a), Furuta,
(2001), Kittaneh (1952), Kittaneh et al. (2015), Stojiljkovic and Giirdal (2025), Sababheh and Moradi (2023),
Yamakazi (2007), Yang and Xu (2023).

It is often known that
1
EIINII < wV) <INl (1)

and

ber(N) < w(N) < |IN|] 2
forany N € L(H (X)). Hence, studying of the recently discovered numerical properties Ber(N), ber(N), and
[|N||ger-» we will be essential for a detailed examination of both this numerical radius and range of operators

based the RKHSs.

For N € L(H), the Berezin norm of N is defined as:

Here, Ep and IE(p represent normalized reproducing kernels of the space H . It is essential to remember that the
norm ||. ||pe, does not always imply the submultiplicative property. See Bhunia et al. (2023b), Karaev et al.
(2016), Karaev et al. (2011) and Yamanci et al. (2020) for an examination of the fundamental properties and

facts with respect to Berezin number.
The Cauchy-Schwarz inequality, which indicates that

[ < llxllllyll, x,yeH 3)

is belongs to the foremost significant and useful inequalities in operator theory. Buzano (1974) established an

extension (3) involving it has been shown that

1
[, eXe, ) < > (lxllllyll + 1€, 1) “)
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for any x,y,e € H with ||e]| = 1. It is easy to see that (4) may be expressed for any e € H in the form as

follows:
llell® 5
[{x, e){e, y)| < > (lx Iy I+ 1€, y)D. (5)
Using the (3) yields

I(x, e)Xe, ) < llel?llxllIyll,

which is important to remember here. As a consequence, (5) includes a more appealing bound than the one
which ensues from using (3) twice. In close connection with Buzano's inequality (4), Dragomir (2016)

presented that

ITI?
2

(Tx, Ty)| < (lxlHiy Il + 1€ y)D.

forany T € L(H).

In the present article, we prove several inequalities in RKHS. When analyzing the radius of Berezin we find
stronger bounds on ber(N) than those obtained in inequality (2). Following that, that is utilized Lemma 2.8

for demonstrating the final inequality.

2. MATERIAL AND METHOD

The following lemmas from the literature will be required in order to reach our conclusions. The first lemma

is proven by Sababheh et al. (2024).

Lemma 2.1. LetP,R,S € L(H), where P and R are positive. Then the next statements are equivalent to

one another:

() [5* ;] is a positive operator in L(H @ H).

(ii) [g i;

(iii) |(Sx, y)| < (Px,x){(Ry,y)forall, x,y € H.

] is a positive operator in L(H @ H).

1 1
(iv) There exists a contraction O (i.e. ||0]| < 1) such that S = Rz0Px.

The following two lemmas are proven by Kittaneh (1997; 1988).

Lemma 2.2. Let P, R € L(H) be a positive operators. Then
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1 1
RzPz||.

IP + RIl < max{||P||, IR} + |

p S

Lemma 2.3. Let P,R,S € L(H), where P and R are positive and RS = SP. If [S R

is positive in

2
P
L(H @ H), then [f § ) is also positive, where f, g are nonnegative continuous functions on

S* ]
g*(R)
[0, ), such that f(t)g(t) = tfor every t € [0, ).

Since P|P| = |P*|P (see, (Pecaric¢ et al., 2005)) Lemma 2.3, implies

2P pP*

.| = 0forany P € L(H). 6
P g*(P'D y ©

The following lemma is obtained by use to inequality (7) and a more eleborate version inequality (6) which is

associated with the product of three operators.

Lemma 2.4. Let P,R,S € L(#) and S positive. Then

lIsil?

[(PSRx, y)| < == ([(PRx, y)| + [[Rx||[[P*yI]) (7)

for any x,y € H (see, (Sababheh et al., 2024)).

We provide a new equivalent assertion about the positivity of a specific operator matrix in the following

theorem, which may be added to the claims in Lemma 2.1.

Lemma 2.5. Let P,R,S € L(H) and P and R positive and any x,y € H.Then [g 5}; ] is a positive operator

in L(H @ ) iff

1 1 1 1
[(Sx, y)| < \/(REIOIREx,x) (Pz|0*|Pzy, y) ®)

for some contraction O (see, (Sababheh et al., 2024)).

This is the conclusion that follows directly from Lemma 2.5 and inequality (6).

Lemma 2.6. Let N € L(H) and let x,y € H. If f, g are nonnegative continuous on [0, ) obtaining
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f(t)g(t) =t ( > 0), then

)| < (N DIOEGINDx, ) SFANDIOEF VDY, ) ©
for some contraction O (see, (Sababheh et al., 2024)).

The following two lemmas are proven by using Lemma 2.1.

Lemma 2.7. Let N € L(H) with the polar decomposition N = U| N|, where U is a partial isometry, with
0 <r <1.Thenforanyx,y € #,

||N||

(V)| < P (01 N Ezx, )| + RN, 20N 7,3 (10)

and

(N, y)] <

~(KUI NI, )]+ AINT X, 2N Ty, 7)) (11)
(see, (Sababheh et al., 2024)).

Lemma 2.8. Let N € M. If f, g are nonnegative continuous based [0, ) obtaining f(t)g(t) =t (t > 0),

then for all vectors x,y € C,

@ [RNxy) <1 J<(f2(|N|) + £2(IN*D)x x)(2(ND + g2(IND)y. ) (12)

and

i) KSNxy)l <3 J<(f2<|N|) +F2(IN*D)x, (g2 (IND) + g2(IN*D )y, y) (13)

(see, (Sababheh et al., 2024)).

3. MAIN RESULTS

In this part of the paper, we obtain Berezin radius inequality. We offer some bounds for the Berezin radius.
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Let's present the first theorem.

Theorem 3.1. Assume H = H (X) to be an RKHS. Given the polar decomposition N = U| N|, let N € H..

Thenforany 0 <r <1,

ber () <20 (ber (U1 NE) + 1IN + NIl (149
and

ber(N) < ™= (ber(U] NI + 2 IINI™ + IN*[7llper ), (15)
where U is a partial isometry.

Proof. Suppose IEP be a reproducing kernel that has been normalized. If we write x = y = Ep in the inequality

(10), then we get

(NK,, k)| < <|(U|N|2kp,kp) \/(|N|rf<p,Ep><|N*|1—rf<p,1Ep>>

||N||2

(Jewr Nk, &y +

_INI(

(IN|"Kp,kp)+(IN"| 1_rﬁ,yﬁp))
2

Nk

(UI NJRp, Rpd| + (NI + IN* DR, R))

[hLIS, we obtain
Nk, k ” ” U|N ; k + = N|* + IN* 1-r k, k
|< p’ p)l ( | | p) 2((' | | | ) p’ p) :

Using the inequality above, by calculating the supremum over p € X, we obtain

G L1 e
ber() = = (ber (U] NI2) + S IINT” + IN* ey ).

Ifwewritex =y = IEP in the inequality (11), then we get
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[(NE, k)| < ””” <|<U|N|rkp,k )| +J(|N|Tkp,k WIN*|"ky, K, >> (16)

< WU (KU I NIRy, By +

|N|Tkprkp>+(|N*|rkp:kp))
2

(by arlthmetlc-geometric mean inequality)

< ||N|| (|(U| Nlrk >| +%((|N|r + |N*|r)]2p,lzp)).

Thus, we have

)] <
[Nk, Fep)| <

(U1 NI R, Rp)| + 2(ANI + IN*IR,, E,))-

Taking the supremum over p € X in the above inequality, we get

NI
2

ber(W) < 2 — (ber(UI NI") + 2 NI+ N[ ller ).

The proof has become completed.

Remark 3.2. If we put r=1/2 and apply Theoem 3.1 in Huban et al. (2022a), we get the following inequalities.

(i) ber(N) < — ”N” ( er (Ul ng) +%||

)

. 1 1 .
(i) ber(N) <1 (ber(UI NI) + 2 [IN] + IN“lllper ).
Now, we will introduce theorem related to three operator.

Theorem 3.3. Assume H = H (X) to be an RKHS. Let P,R,S € L(H) and S be positive. Then
b 1 1010512 4 |R|2
er(PSR) < ==(ber(PR) + 2 [[[P*|* + [R[*|lper (17)
and
S 1
ber(PSR) < "1 (ber(PR) + 2 (1P luer Rllver + IPRIlber)) (1)

Proof. From inequality (6), we have
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[(PSRk,, k,)| < @(I(PRI?,)J?M +||Rk

P*k,||) (19)

"S“<|(PRkp,k )+ P 12Ry, B MIR IR, K, >)

(IP*Izkp,l?p>+(|R|2kp.l?p))

< ISl BL(1PRR,, k)| + _

(by arithmetic-geometric mean inequality)

< BL(|(PREy, k)| +5(UP*12 + IRIDE,, k)
Here, we get
sl ;
PSRk, k)| < (|<PRk,,,k ) += ((IP 2+ RID)k, &, >)

Using the inequality above, by calculating the supremum over p € X, we obtained

ber(PSR) <u(b r(PR)+ |||1D |2 + |R|? ”ber)

Now, lets prove the second inequality. If P = 0 or R = 0, the result follows trivally. Therefore, assume that P

and R are nonzero. In inequality (15), if we replace P and R by /%P and H:Z::b LR, respectively, we
ber ber

reach

R P
be ‘r'(PSR) <u<b (PR) ‘ ” ”ber N || ”ber

|P*|? IR|?
”P”ber ”R”ber

ber>

N
< B (ber(PR) + 3 (1Pllner IR ner + 1P Rllper))

(by Lemma 2.2)

S
< B0 (ber(PR) + 2 (1P ller IRllper + IRPlber) ).
in where

NP IRIIZer = AP IIRD*UP*IIRDIlber = NIRIP*1?IR Il per = NIRIIPP*|IRllper = IP*IRIIIZer

and
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1P*[RII5er = IP*IRIIRIPllper = IP*R*RPlIper = IIRPII5er = IRPIZer-
This completes the proof.

Corollary 3.4. Let P,R,S € L(H) and S be positive. Then

sl

(i) ber(PSR) < == (ber(PR) + % I1P*? + IRIZIIber)

lsl
2

(i) ber(PSR) <L (ber(PR) + (P lyer IRllper + PR ller) )

Corollary 3.5. Let P,R,S € L(H) and S be positive. Then

ISl :
ber(PSR) < == (ber(PR) + IRllper 1P llper).

Proof Taking the supremum over p € X in inequality (19), we have desired inequality.

Corollary 3.6. Let P,R € L(H). Then
ber(PR) < 2 IIP*[2 + IR P llper- (20)
Proof. When we write S = 1 in inequality (17), we have
ber(PR) < %(ber(PR) + % 1P 1% + IR lper )
Here, we get
ber(PR) < %|||P*|2 + IRl per-
Remark 3.7. If we replace P by P* in inequality (20), we have

* 1 2 2
ber(P R)s§|||P| + |R|*|[per-

(see, (Huban al et., 2022b)).
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Corollary 3.8. Let N,M € L(H). Then

1
iz 2
ber(NM) < T|||N | + M| per

and

be (NM)<u

ber

1
(—IIIN |+ 1M |lper + 5 ”M”ber”N” >

1 1
Proof. Let N = U| N| be the polar decomposition of N. P = U| N|2, S = | N|z and R = M, in Theorem 3.4
we have

1

1
ber(NM) < —— ”N” (ber (UI NIEM) +%|||N*| + |M|2”ber)

(21)
and
IN I| 1 1 1
ber(NM) < = ber (U NIZM ) + 5 (U1 Nllloer IMller + || MUI NIZ]|
er
1
N||z
_n I (ber(UlleM) <||N||ber+||M||ber>> (22)
In addition, we get
1 1
I NZME,, )| = |(MF,, | NIZUR)|
~ 1
< ||Mk, || ||| NIzUR, | (23)

(by Cauchy-Schwarz inequality)

< (MR, E)UINIO Ry, By)

~ (MPR R HUINIU Ry )
- 2

(by arithmetic-geometric mean inequality)

1 AR T
< S(UMI? + IN*Dkp, kp).
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Here, we reach
1 . - 1 2 ~
(UIN[2Mkp, k)| < 5((IMI" + IN"Dkp, kp).
Using the inequality above, by calculating the supremum over p € X, we get
1 . )
ber(NM) < Z[[IN*] + IM|*llper-

We now come together inequality (21) and inequality (22).to present the desired outcome.
Corollary 3.9. Let N,M € L(H). Then

1
| NI2U

1 1
ber <U| N|EM) < IM|lger ||| NI2U

< [IMllger
Ber

< |IM||ger|IN|l ger-

Ber
Proof. From inequality (23), we have
1 . 4 ~ 1.
|(U| N|2Mkp,kp)| < ||Mk,|| ||| N|2Ukp||.

Given the inequality above, by calculating the supremum over p € X, we get

1 1
ber (VI NIZM ) < Ml ||| MI2U
Ber
(by U < 1)
1
< IMllger || NEV||

< [IMllgerlINTl ger-

Corollary 3.10. Let N € L(H) with the polar decomposition N = U| N|. Then for any 0 <r < 1,

INIt"

ber(N) < "L (ber (U] NI™) + INIIpe). (24)

Proof. Let Ep be a normalized reproducing kernel. If we write x =y = 12,, in the inequality (11), then we have

NIt

|<NEP'EP> S| 2

(1019 B+ JONT R B N1 0 ),
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In the inequality above, by computing the supremum over p € X, we have

IN|IT
ber(N) < ———(ber(UI NI") + /NI Tper 11N Toer )

||N|| (ber(Ul N|") + |N||lr,er“N”Zer)

(by IINIlper = IIN*[llper = lINlIper)

< WU (her (U] NI™) + [INl5.).

Thus, we obtain

1-r
perany < I ” (ber(UI NI™) + IN[[5er).

Remark 3.11. Let N € L(H) with the polar decomposition N = U| N|. When we write r = > L in inequality

(24), it has been demonstrated by Basaran and Giirdal (2023) with the following inequality

1 1 1
ber(N) < 1 <ber (UINE) + IINIIM> (25)
Corollary 3.12. Let N € L(H). Then forany 0 <r <1,

|N||

ber(N) < "2 INE + N7 e (26)

In particular

ber(N) <—|||1v|‘+ N2

ber

Proof. Suppose Izp be a reproducing kernel that has been normalized. In the inequality (9), if we choose f(t) =

glt) =tzandx =y = Ep, then we reach

~ -~ r 1 r.
(K, )] s\/<|1v*|z|0|z|zv 2k, k) (INI2|0* 2IN|2F,, B,)

< \/(IN*IEIN*Iil?p.l?p) (IN[2IN[2kp, kp)


https://doi.org/10.54287/gujsa.1655950

H. BASARAN
GU J Sci, Part A 12Q2)  562-582  (2025) 10.54287/gujsa. 1655950

575

< \/<|N|ri€p,i€p><|zv*|r1€p,Ep>.

Here, we get

(VR Bp)| < (NI, R XIN* 7Ry, )
From the above inequality, if N = U| N| is the polar decomposition of N € L(H ), then we get

|<N’2p";p)| = |<U| N|Ep'lzp>|

< J<|N|r12p,iép><|1v*|rkp,i€p>

< (INI"kep kp)+(IN* "R p K p)
- 2

(by arithmetic-geometric mean inequality)
1 PO
< L(NT™ + IN*I")R, Ry ).

Here, we obtain
~ 1 . PO
(Ul Nlkp, k)| < S (ANTT + Nk, Kp)-
Given the inequality shown above, by computing the supremum p € X, We obtain

1
ber(N) < S [lINT” + IN"I"llper-

1
2

1
Given that we combine this with inequlity (15), we find the desired result. Since |[N|z < |[N][? .

I, we get

1 1 1 1 1 1
[N|z < |[N||z|N|z. Similarly, |[N*|z < [|N||z|N*|z. Hence,
~ 1 1. . ~ 1 i o
(INlky, kep) < |INIIZ{|INIzk,, k) and {IN*|ky, kp) < |INII2 {IN* |2k, kp).

Here, we have

(R, )| < \[<|N|z€,,,12,,><|1v*|kp.12,,>

(by mixed Cauchy-Schwarz inequality of Kato (1952))

1_ ~ l’\ ~
< \/(|N|5kp, ko) (IN*[zkp, kp)
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1 1_ ~ 1 ~
< IINI|2J<|N|2kp,kp>(IN*Izkp,kp)
1 1
2k Rp) HIN 12K p )

2

L(NI2k

< lINllz

< INIZ24(INTz + IN*[2) By, R,

Thus, we get
~ =~ 11 1 IN. <
[Ny, F)| < INIZS ((INTZ + IN*[2) By, ).

Using the inequality shown above, by computing the supremum p € X, We are arriving at

ber(N) <—|||N|z+ NP2

ber

Remark 3.13. Let N € L(H) with the polar decomposition N = U| N|. When we write r = ln inequality

(24), it has been demonstrated by Basaran and Giirdal (2023) with the following inequality

ber(N) <”—(|||N|2 + |N* |2

ber)

The next statement has been given by Theorem 3.1 in the case T = %

Corollary 3.14. Let N € L(H) with the polar decomposition N = U| N|. Then

ber(N) < IVI2 ”N” (ber (vl NE?)

er). 27)

The inequality (25) is refined by the inequality (27). Because |

< 2IINII
ber

ber’

Theorem 3.15. Assume H = H (X) to be an RKHS. Suppose that N € L(H). If f, g are nonnegative
continuous function on [0, ) obtaining f(t)g(t) = t (t > 0), then
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ber(W) < 5 gV "DIORGAN"D) + FUNDIO T2 (N

ber

for some contraction O.

Proof From the inequality (9), we get

VB, )| < (o (NDIOEGUN Ry B FANDIO TRFANDE )

1 1
< (gUN*DIOIZg(N*Dkpfep)+H{FUNDIO*[ZF(INDE .k p)
= 2

(by arithmetic-geometric mean inequality)

< HgUNDIOEGUNT) + FANDIOTFAND] &y, Ky ).

Thus, we have

" - 1 a A
[(NRs B < 5[ UN"DIORGUND) + FANDIO T2FAND| By )

Taking the supremum over p € X in the above inequality, we have

1
ber(V) < 5 |g(N*DI0IZgGN"D) + FANDIO* 27 (IND

ber

1 1
Recall that |0z < || 0|z

< I. Hence
ber

g(UN*DI0zg(IN*]) < g>(IN"D). (28)

Similarly, we get

FUNDIO*EFUND) < F2(IN). (29)

There, we takes utilization of the fact that 0* becomes a contraction also if |N| becomes contraction operator.

The combination of inequality (28) with inequality (29), The next are the results we obtain.
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Corollary 3.16. Let N € L(H). If f, g are nonnegative continuous function on [0, ©) satisfying f(t)g(t) =t
(t > 0), then

ber(W) <3 |}gUN"DIORgUN"D + FUNDIO*FAND (30)

1 *
< -llg>UN*D) + F2UNDlIper-
for some contraction O.
Remark 3.17. The inequality (30) provides a improvement of (Huban et al., 2022a).

Remark 3.18. If, N,M € L(H), then

1 1 1
ber(W) < 5 | INIlOF2IN| + [M110" [z1M]

ber

1
< 1IMP + NPl er

IN|2 N*M

M*N |M|2]' Recall that the

for some contraction O. The above inequality from Lemma 2.7 and positivity [

above result refines (Huban et al, 2022b).
Now, we prove the following theorem by using The Lemma 2.8.

Theorem 3.19. Assume H = H(X) to be an RKHS. Suppose that N € L(H). If f, g are nonnegative

continuous function on [0, ) obtaining f(t)g(t) = t (t > 0), then

ber(N) < %\/”fz(lNl) + f2UN"Dllperllg*(AND + g*>(UN*Dllper G

and

1
ber(N) < ZIf*(UND + f2(UN"D + g*(ND + g* (N Dllper-

Proof. Depending on Lemma 8(i), we have

1
[(RNx, y)| < E\/((fZ(INI) + £23UN*D)x, x)X(g*UND + g2(UN"D)y, »)
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Puttingx =y = IEP and N = e'N in the above inequality, we reach

e o 1 P P
[(R(eN)kp, k,)| < EJ((fZ(INI) + f2(N"D)k ko) (g2UND + g2(IN*D)k,, Ky ).

In the inequality above, by computing the supremum over p € X, we have

. 1
[% (M) || < 5VIFZAND + 72N Dlloer 1g2AND + g20NDller-

If we take supremum over 8 € R and use the fact that ber(N) = sung]R”iR(ewN )”, we reach

1
ber(N) < E\/IIfZ(INI) + f2UN*Dllperllg?AND + g*(IN*Dllper

as desired.

Let's prove the second inequality. If we use utilize the arithmetic-geometric mean inequality for norm

inequality (31), we have

1
ber(N) < 7 If*(UND + f2UN"D + g*(UND + g* (N Dllper-

This completes the proof.

Remark 3.20. Among the celebrated upper bounds for ber(N), we get Huban et al. (2022a)

ber(N) < SI1INI + IN*Illper- (32)

In Theorem 3.19, if we f(t) = g(t) = t%, then the inequality (31) follows as a particular case of Theorem 3.19.
Thus, this last theorem presents a generalizations of (31).

Basaran (2024), Basaran et al. (2019), Basaran and Giirdal (2023), Basaran et al. (2022), Giirdal et al. (2025),
Giirdal and Basaran (2023), Giirdal et al. (2024), Garayev et al. (2021), and Huban et al. (2021) contain the

fundamental characteristics and background knowledge on these creative concepts.
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