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We show a number of inequalities in the reproducing kernel Hilbert space (RKHS) in this study. Stronger 

boundaries between the Berezin radius and the numerical radius on the Berezin number of the bounded 

linear operator described in the RKHS than those found in the literature are obtained by using a few 

auxiliary theorems while analyzing the Berezin radius. 
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1. INTRODUCTION 

We represent complex-valued functions on an existing set 𝑋 in a Hilbert space ℋ = ℋ(𝑋) which means 

evaluation at any given point in 𝑋. As a reproducing kernel Hilbert space, we establish a Hilbert space ℋ =

ℋ(𝑋) of complex-valued functions on a given set 𝑋 such that evaluation at each point of 𝑋 is a continuous 

functional on 𝐻. The Hilbert function space ℋ has been shown to have a reproducing kernel according 

to the Riesz representation theorem. This means that for all 𝜌 ∈ 𝑋, is present a function 𝑘𝜌(𝑧) ∈ ℋ which 

means 〈𝑓, 𝑘𝜌〉 = 𝑓(𝜌) for all 𝑓 ∈ ℋ and 𝜌 ∈ 𝑋. The reproducing kernel of the space 𝐻 is the term presented 

to this function. We demonstrate the normalized reproducing kernel by �̂�𝜌 =
𝑘𝜌

‖𝑘𝜌‖
. The Dirichlet space 𝒟2(𝔻), 

Hardy space ℋ2(𝔻), Bergman space ℒ𝛼
2 (𝔻), where 𝔻 = {𝑧 ∈ ℂ: |𝑧| < 1} is the unit disc, and the Fock space 

ℱ(ℂ) are the important RKHSs. For instance, Aronzajn (1950) extends a comprehensive account of the theory 

of RKHSs and reproducing kernels. Reproducing kernels plays an essential role in a number of pure and 

applied mathematics fields, which includes wavelets, frame theory, fractal theories, and signals (for example, 

see Jorgensen's book (Jorgensen, 2006) and its references). 

The 𝐶∗-algebra of any bounded linear operator described on a complex Hilbert space (ℋ, 〈. , . 〉) is shown with 

symbol ℒ(ℋ). For each of the bounded linear operator 𝑁 on ℋ (that is, for 𝑁 ∈ ℒ(ℋ)) its Berezin symbol �̃� 

mailto:07hamdullahbasaran@gmail.com
https://doi.org/10.54287/gujsa.1655950
http://dergipark.org.tr/gujsa
https://doi.org/10.54287/gujsa.1655950
https://orcid.org/0000-0002-9864-9515
https://orcid.org/0000-0002-9864-9515


563 
H. BAŞARAN  

GU J Sci, Part A 12(2) 562-582 (2025) 10.54287/gujsa.1655950  
 

 

is denoted by (can observe, Berezin (1972) and Karaev (2006)) 

 

�̃� = 〈𝑁�̂�𝜌, �̂�𝜌〉, 𝜌 ∈ 𝑋.  

 

Because of the Cauchy-Schwarz inequality |�̃�(𝜌)| ≤ ‖𝑁�̂�𝜌‖ ≤ ‖𝑁‖ for all 𝜌 ∈ 𝑋, that scalar-valued function 

is bounded on 𝑋. An operator's Berezin symbol constitutes significant details with regard to the operator. As 

an example, has become commonly accepted that each of the operator within the RKHSs that is analytic 

functions (like the Dirichlet, Fock, Hardy, and Bergman spaces) is uniquely established by the Berezin symbol, 

i.e., 𝑁1 = 𝑁2 iff �̃�1 = �̃�2 (see, for example, Engliš (1995) and Zhu (1990)). 

 

The Berezin set corresponding to the operator 𝑁 ∈ ℒ(ℋ)) is described 

 

𝐵𝑒𝑟(𝑁) = 𝑅𝑎𝑛𝑔𝑒(�̃�) 

 

and Berezin radius of 𝑁 is the number defined by 

 

𝑏𝑒𝑟(𝑁) = 𝑠𝑢𝑝{|𝜉|: 𝜉 ∈ 𝐵𝑒𝑟(𝑁)} 

 

(see Karaev (2006, 2013)). The Berezin norm of operators 𝑁 ∈ ℒ(ℋ) is denoted by 

 

‖𝑁‖𝐵𝑒𝑟 = 𝑠𝑢𝑝𝜌∈𝑋‖𝑁�̂�𝜌‖. 

 

It becomes simplicity to demonstrate that actually ‖𝑁‖𝐵𝑒𝑟 chooses a new operator norm in ℒ(ℋ(𝑋)) (since 

the set of reproducing kernels {𝑘𝜌: 𝜌 ∈ 𝑋} span the space ℋ(𝑋)). It is straightforward that 𝑏𝑒𝑟(𝑁) ≤

‖𝑁‖𝐵𝑒𝑟 ≤ ‖𝑁‖ (refer to Aronzajn (1950) and Berezin (1972) for further details on reproducing kernel Hilbert 

spaces and the Berezin symbol). 

 

The following are given 𝑊(𝑁) and also 𝑤(𝑁) which stand for the numerical range and numerical radius of 

𝑁: 

 

𝑊(𝑁) = {〈𝑁𝑓, 𝑓〉: 𝑓 ∈ ℋ 𝑎𝑛𝑑 ‖𝑓‖ℋ = 1} 

and 

 

𝑤(𝑁) = 𝑠𝑢𝑝{|〈𝑁𝑓, 𝑓〉|: 𝑓 ∈ ℋ 𝑎𝑛𝑑 ‖𝑓‖ℋ = 1}. 

It is clear that 𝐵𝑒𝑟(𝑁) ⊆ 𝑊(𝑁) and 𝑏𝑒𝑟(𝑁) ≤ 𝑤(𝑁) (the numerical radius of operator 𝑁). There are some 

intriguing qualities of an operator's numerical range. As an instance, it is widely acknowledged that the closure 
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of an operator's numerical range includes its spectrum. For essential characteristics of the numerical radius, 

we refer to Abu-Omar and Kittaneh (2015), Bhatia (2007), Bhunia et al. (2022), Bhunia et al. (2023a), Furuta, 

(2001), Kittaneh (1952), Kittaneh et al. (2015), Stojiljkovic and Gürdal (2025), Sababheh and Moradi (2023), 

Yamakazi (2007), Yang and Xu (2023). 

 

It is often known that 

 

1

2
‖𝑁‖ ≤  𝑤(𝑁) ≤ ‖𝑁‖ (1) 

 

and  

 

𝑏𝑒𝑟(𝑁) ≤ 𝑤(𝑁) ≤ ‖𝑁‖ (2) 

 

for any 𝑁 ∈ ℒ(ℋ(𝑋)). Hence, studying of the recently discovered numerical properties 𝐵𝑒𝑟(𝑁), 𝑏𝑒𝑟(𝑁), and 

‖𝑁‖𝐵𝑒𝑟, we will be essential for a detailed examination of both this numerical radius and range of operators 

based the RKHSs. 

 

For 𝑁 ∈ ℒ(ℋ), the Berezin norm of 𝑁 is defined as: 

 

‖𝑁‖𝑏𝑒𝑟 = 𝑠𝑢𝑝{|〈𝑁�̂�𝜌, �̂�𝜑〉|, 𝜌, 𝜑 ∈ 𝑋 }, 

 

Here, �̂�𝜌 and �̂�𝜑 represent normalized reproducing kernels of the space ℋ. It is essential to remember that the 

norm ‖. ‖𝑏𝑒𝑟 does not always imply the submultiplicative property. See Bhunia et al. (2023b), Karaev et al. 

(2016), Karaev et al. (2011) and Yamancı et al. (2020) for an examination of the fundamental properties and 

facts with respect to Berezin number. 

 

The Cauchy-Schwarz inequality, which indicates that 

 

|〈𝑥, 𝑦〉| ≤ ‖𝑥‖‖𝑦‖, 𝑥, 𝑦 ∈ ℋ (3) 

 

is belongs to the foremost significant and useful inequalities in operator theory. Buzano (1974) established an 

extension (3) involving it has been shown that 

 

|〈𝑥, 𝑒〉〈𝑒, 𝑦〉| ≤
1

2
(‖𝑥‖‖𝑦‖ + |〈𝑥, 𝑦〉|) (4) 
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for any 𝑥, 𝑦, 𝑒 ∈ ℋ with ‖𝑒‖ = 1. It is easy to see that (4) may be expressed for any 𝑒 ∈ ℋ in the form as 

follows: 

 

|〈𝑥, 𝑒〉〈𝑒, 𝑦〉| ≤
‖𝑒‖2

2
(‖𝑥‖‖𝑦‖ + |〈𝑥, 𝑦〉|). (5) 

 

Using the (3) yields 

|〈𝑥, 𝑒〉〈𝑒, 𝑦〉| ≤ ‖𝑒‖2‖𝑥‖‖𝑦‖, 

 

which is important to remember here. As a consequence, (5) includes a more appealing bound than the one 

which ensues from using (3) twice. In close connection with Buzano's inequality (4), Dragomir (2016) 

presented that 

 

|〈𝑇𝑥, 𝑇𝑦〉| ≤
‖𝑇‖2

2
(‖𝑥‖‖𝑦‖ + |〈𝑥, 𝑦〉|). 

 

for any 𝑇 ∈ ℒ(ℋ). 

 

In the present article, we prove several inequalities in RKHS. When analyzing the radius of Berezin we find 

stronger bounds on 𝑏𝑒𝑟(𝑁) than those obtained in inequality (2). Following that, that is utilized Lemma 2.8 

for demonstrating the final inequality. 

2. MATERIAL AND METHOD 

The following lemmas from the literature will be required in order to reach our conclusions. The first lemma 

is proven by Sababheh et al. (2024). 

 

Lemma 2.1. LetP, R, S ∈ ℒ(ℋ), where P and R are positive. Then the next statements are equivalent to 

one another: 

 

(i)  [
𝑃 𝑆
𝑆∗ 𝑅

] is a positive operator in ℒ(ℋ ⊕ ℋ). 

(ii) [
𝑃 𝑆∗

𝑆 𝑅
] is a positive operator in ℒ(ℋ ⊕ ℋ). 

(iii)  |〈𝑆𝑥, 𝑦〉| ≤ 〈𝑃𝑥, 𝑥〉〈𝑅𝑦, 𝑦〉 for all , 𝑥, 𝑦 ∈ ℋ. 

(iv)  There exists a contraction O (i.e. ‖𝑂‖ ≤ 1) such that 𝑆 = 𝑅
1

2𝑂𝑃
1

2. 

The following two lemmas are proven by Kittaneh (1997; 1988). 

 

Lemma 2.2. Let 𝑃, 𝑅 ∈ ℒ(ℋ) be a positive operators. Then 
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‖𝑃 + 𝑅‖ ≤ 𝑚𝑎𝑥{‖𝑃‖, ‖𝑅‖} + ‖𝑅
1

2𝑃
1

2‖. 

 

Lemma 2.3. Let 𝑃, 𝑅, 𝑆 ∈ ℒ(ℋ), where P and R are positive and RS = SP. If [
𝑃 𝑆∗

𝑆 𝑅
] is positive in 

ℒ(ℋ ⊕ ℋ), then [
𝑓2(𝑃) 𝑆∗

𝑆 𝑔2(𝑅)
] is also positive, where f, g are nonnegative continuous functions on 

[0, ∞), such that f(t)g(t) = t for every t ∈ [0, ∞). 

 

Since 𝑃|𝑃| = |𝑃∗|𝑃 (see, (Pečarić et al., 2005)) Lemma 2.3, implies 

 

[
𝑓2(|𝑃|) 𝑃∗

𝑃 𝑔2(|𝑃∗|)
] ≥ 0 for any 𝑃 ∈ ℒ(ℋ).                                          (6) 

 

The following lemma is obtained by use to inequality (7) and a more eleborate version inequality (6) which is 

associated with the product of three operators. 

 

Lemma 2.4. Let 𝑃, 𝑅, 𝑆 ∈ ℒ(ℋ) and S positive. Then 

 

|〈𝑃𝑆𝑅𝑥, 𝑦〉| ≤
‖𝑆‖2

2
(|〈𝑃𝑅𝑥, 𝑦〉| + ‖𝑅𝑥‖‖𝑃∗𝑦‖)                                          (7) 

 

for any 𝑥, 𝑦 ∈ ℋ (see, (Sababheh et al., 2024)). 

 

We provide a new equivalent assertion about the positivity of a specific operator matrix in the following 

theorem, which may be added to the claims in Lemma 2.1. 

 

Lemma 2.5. Let 𝑃, 𝑅, 𝑆 ∈ ℒ(ℋ) and P and R positive and any x, y ∈ ℋ. Then [
𝑃 𝑆∗

𝑆 𝑅
] is a positive operator 

in ℒ(ℋ ⊕ ℋ) iff 

 

|〈𝑆𝑥, 𝑦〉| ≤ √〈𝑅
1

2|𝑂|𝑅
1

2𝑥, 𝑥〉 〈𝑃
1

2|𝑂∗|𝑃
1

2𝑦, 𝑦〉                                         (8) 

 

for some contraction O (see, (Sababheh et al., 2024)). 

This is the conclusion that follows directly from Lemma 2.5 and inequality (6). 

 

Lemma 2.6. Let 𝑁 ∈ ℒ(ℋ) and let x, y ∈ ℋ. If f, g are nonnegative continuous on [0, ∞) obtaining 
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f(𝑡)𝑔(𝑡) = 𝑡 (𝑡 > 0), then 

 

|〈𝑁𝑥, 𝑦〉| ≤ √〈𝑔(|𝑁∗|)|𝑂|
1

2𝑔(|𝑁∗|)𝑥, 𝑥〉 〈𝑓(|𝑁|)|𝑂∗|
1

2𝑓(|𝑁|)𝑦, 𝑦〉                     (9) 

 

for some contraction O (see, (Sababheh et al., 2024)). 

 

The following two lemmas are proven by using Lemma 2.1. 

 

Lemma 2.7. Let 𝑁 ∈ ℒ(ℋ) with the polar decomposition 𝑁 = 𝑈| 𝑁|, where U is a partial isometry, with 

0 ≤ r ≤ 1. Then for any x, y ∈ ℋ, 

 

|〈𝑁𝑥, 𝑦〉| ≤
‖𝑁‖

1
2

2
(|〈𝑈| 𝑁|

1

2𝑥, 𝑦〉| + √〈|𝑁|𝑟𝑥, 𝑥〉〈|𝑁∗|1−𝑟𝑦, 𝑦〉)                           (10) 

 

and 

 

|〈𝑁𝑥, 𝑦〉| ≤
‖𝑁‖1−𝑟

2
(|〈𝑈| 𝑁|𝑟𝑥, 𝑦〉| + √〈|𝑁|𝑟𝑥, 𝑥〉〈|𝑁∗|𝑟𝑦, 𝑦〉)                          (11) 

 

(see, (Sababheh et al., 2024)). 

 

Lemma 2.8. Let N ∈ ℳn. If f, g are nonnegative continuous based [0, ∞) obtaining f(t)g(t) = t (t > 0), 

then for all vectors x, y ∈ ℂ, 

 

(i) |〈ℜNx, y〉| ≤
1

2
√〈(f 2(|N|) + f 2(|N∗|))x, x〉〈(g2(|N|) + g2(|N∗|))y, y〉                       (12) 

 

and 

 

(ii) |〈ℑNx, y〉| ≤
1

2
√〈(f 2(|N|) + f 2(|N∗|))x, x〉〈(g2(|N|) + g2(|N∗|))y, y〉                       (13) 

 

(see, (Sababheh et al., 2024)). 

3. MAIN RESULTS 

In this part of the paper, we obtain Berezin radius inequality. We offer some bounds for the Berezin radius. 
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Let's present the first theorem. 

 

Theorem 3.1. Assume ℋ = ℋ(X) to be an RKHS. Given the polar decomposition N = U| N|, let N ∈ ℋ. 

Then for any 0 ≤ r ≤ 1, 

 

ber(N) ≤
‖N‖

1
2

2
(ber (U| N|

1

2) +
1

2
‖|N|r + |N∗|1−r‖ber)                       (14) 

 

and 

 

ber(N) ≤
‖N‖1−r

2
(ber(U| N|r) +

1

2
‖|N|r + |N∗|r‖ber),                       (15) 

 

where U is a partial isometry. 

 

Proof. Suppose �̂�𝜌 be a reproducing kernel that has been normalized. If we write 𝑥 = 𝑦 = �̂�𝜌 in the inequality 

(10), then we get 

 

|〈Nk̂ρ, k̂ρ〉| ≤
‖N‖

1
2

2
(|〈U| N|

1
2k̂ρ, k̂ρ〉| + √〈|N|rk̂ρ, k̂ρ〉〈|N∗|1−rk̂ρ, k̂ρ〉) 

                                                    ≤
‖N‖

1
2

2
(|〈U| N|

1

2k̂ρ, k̂ρ〉| +
〈|N|rk̂ρ,k̂ρ〉+〈|N∗|1−rk̂ρ,k̂ρ〉

2
) 

                                                    ≤
‖N‖

1
2

2
(|〈U| N|

1

2k̂ρ, k̂ρ〉| +
1

2
〈(|N|r + |N∗|1−r)k̂ρ, k̂ρ〉) 

 

Thus, we obtain 

 

|〈Nk̂ρ, k̂ρ〉| ≤
‖N‖

1
2

2
(|〈U| N|

1
2k̂ρ, k̂ρ〉| +

1

2
〈(|N|r + |N∗|1−r)k̂ρ, k̂ρ〉). 

 

Using the inequality above, by calculating the supremum over 𝜌 ∈ 𝑋, we obtain 

 

𝑏𝑒𝑟(𝑁) ≤
‖𝑁‖

1
2

2
(𝑏𝑒𝑟 (𝑈| 𝑁|

1
2) +

1

2
‖|𝑁|𝑟 + |𝑁∗|1−𝑟‖𝑏𝑒𝑟). 

 

If we write 𝑥 = 𝑦 = �̂�𝜌 in the inequality (11), then we get 
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|〈𝑁�̂�𝜌, �̂�𝜌〉| ≤
‖𝑁‖1−𝑟

2
(|〈𝑈| 𝑁|𝑟�̂�𝜌, �̂�𝜌〉| + √〈|𝑁|𝑟�̂�𝜌, �̂�𝜌〉〈|𝑁∗|𝑟�̂�𝜌, �̂�𝜌〉)                        (16) 

                                                 ≤
‖𝑁‖1−𝑟

2
(|〈𝑈| 𝑁|𝑟�̂�𝜌, �̂�𝜌〉| +

〈|𝑁|𝑟�̂�𝜌,�̂�𝜌〉+〈|𝑁∗|𝑟�̂�𝜌,�̂�𝜌〉

2
) 

                                              (by arithmetic-geometric mean inequality) 

                                                 ≤
‖𝑁‖1−𝑟

2
(|〈𝑈| 𝑁|𝑟�̂�𝜌, �̂�𝜌〉| +

1

2
〈(|𝑁|𝑟 + |𝑁∗|𝑟)�̂�𝜌, �̂�𝜌〉). 

 

Thus, we have 

 

                              |〈𝑁�̂�𝜌, �̂�𝜌〉| ≤
‖𝑁‖1−𝑟

2
(|〈𝑈| 𝑁|𝑟�̂�𝜌, �̂�𝜌〉| +

1

2
〈(|𝑁|𝑟 + |𝑁∗|𝑟)�̂�𝜌, �̂�𝜌〉). 

 

Taking the supremum over 𝜌 ∈ 𝑋 in the above inequality, we get 

 

𝑏𝑒𝑟(𝑁) ≤
‖𝑁‖1−𝑟

2
(𝑏𝑒𝑟(𝑈| 𝑁|𝑟) +

1

2
‖|𝑁|𝑟 + |𝑁∗|𝑟‖𝑏𝑒𝑟). 

 

The proof has become completed. 

 

Remark 3.2. If we put r=1/2 and apply Theoem 3.1 in Huban et al. (2022a), we get the following inequalities. 

 

(i) ber(N) ≤
‖N‖

1
2

2
(ber (U| N|

1

2) +
1

2
‖|N|

1

2 + |N∗|
1

2‖
ber

) 

 

(ii) ber(N) ≤
1

2
(ber(U| N|) +

1

2
‖|N| + |N∗|‖ber). 

 

Now, we will introduce theorem related to three operator. 

 

Theorem 3.3. Assume ℋ = ℋ(X) to be an RKHS. Let P, R, S ∈ ℒ(ℋ) and S be positive. Then 

 

ber(PSR) ≤
‖S‖

2
(ber(PR) +

1

2
‖|P∗|2 + |R|2‖ber)                        (17) 

 

and 

 

ber(PSR) ≤
‖S‖

2
(ber(PR) +

1

2
(‖P‖ber‖R‖ber + ‖PR‖ber)) .                       (18) 

 

Proof. From inequality (6), we have 
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|〈𝑃𝑆𝑅�̂�𝜌, �̂�𝜌〉| ≤
‖𝑆‖

2
(|〈𝑃𝑅�̂�𝜌, �̂�𝜌〉| + ‖𝑅�̂�𝜌‖‖𝑃∗�̂�𝜌‖)                                         (19) 

                                                                  ≤
‖𝑆‖

2
(|〈𝑃𝑅�̂�𝜌, �̂�𝜌〉| + √〈|𝑃∗|2�̂�𝜌, �̂�𝜌〉〈|𝑅|2�̂�𝜌, �̂�𝜌〉) 

                                                                  ≤
‖𝑆‖

2
(|〈𝑃𝑅�̂�𝜌, �̂�𝜌〉| +

〈|𝑃∗|2�̂�𝜌,�̂�𝜌〉+〈|𝑅|2�̂�𝜌,�̂�𝜌〉

2
) 

                                                                  (by arithmetic-geometric mean inequality) 

                                                                  ≤
‖𝑆‖

2
(|〈𝑃𝑅�̂�𝜌, �̂�𝜌〉| +

1

2
〈(|𝑃∗|2 + |𝑅|2)�̂�𝜌, �̂�𝜌〉) 

 

Here, we get 

 

|〈𝑃𝑆𝑅�̂�𝜌, �̂�𝜌〉| ≤
‖𝑆‖

2
(|〈𝑃𝑅�̂�𝜌, �̂�𝜌〉| +

1

2
〈(|𝑃∗|2 + |𝑅|2)�̂�𝜌, �̂�𝜌〉). 

 

Using the inequality above, by calculating the supremum over 𝜌 ∈ 𝑋, we obtained 

 

𝑏𝑒𝑟(𝑃𝑆𝑅) ≤
‖𝑆‖

2
(𝑏𝑒𝑟(𝑃𝑅) +

1

2
‖|𝑃∗|2 + |𝑅|2‖𝑏𝑒𝑟). 

 

Now, lets prove the second inequality. If 𝑃 = 0 or 𝑅 = 0, the result follows trivally. Therefore, assume that 𝑃 

and 𝑅 are nonzero. In inequality (15), if we replace 𝑃 and 𝑅 by √
‖𝑅‖𝑏𝑒𝑟

‖𝑃‖𝑏𝑒𝑟
𝑃 and √

‖𝑃‖𝑏𝑒𝑟

‖𝑅‖𝑏𝑒𝑟
𝑅, respectively, we 

reach 

 

𝑏𝑒𝑟(𝑃𝑆𝑅) ≤
‖𝑆‖

2
(𝑏𝑒𝑟(𝑃𝑅) +

1

2
‖

‖𝑅‖𝑏𝑒𝑟

‖𝑃‖𝑏𝑒𝑟

|𝑃∗|2 +
‖𝑃‖𝑏𝑒𝑟

‖𝑅‖𝑏𝑒𝑟

|𝑅|2‖
𝑏𝑒𝑟

). 

                                                 ≤
‖𝑆‖

2
(𝑏𝑒𝑟(𝑃𝑅) +

1

2
(‖𝑃‖𝑏𝑒𝑟‖𝑅‖𝑏𝑒𝑟 + ‖|𝑃∗|𝑅‖𝑏𝑒𝑟)) 

                                                 (by Lemma 2.2) 

                                                 ≤
‖𝑆‖

2
(𝑏𝑒𝑟(𝑃𝑅) +

1

2
(‖𝑃‖𝑏𝑒𝑟‖𝑅‖𝑏𝑒𝑟 + ‖𝑅𝑃‖𝑏𝑒𝑟)), 

 

in where 

 

‖|𝑃∗||𝑅|‖𝑏𝑒𝑟
2 = ‖(|𝑃∗||𝑅|)∗(|𝑃∗||𝑅|)‖𝑏𝑒𝑟 = ‖|𝑅||𝑃∗|2|𝑅|‖𝑏𝑒𝑟 = ‖|𝑅||𝑃𝑃∗||𝑅|‖𝑏𝑒𝑟 = ‖𝑃∗|𝑅|‖𝑏𝑒𝑟

2  

 

and 
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‖𝑃∗|𝑅|‖𝑏𝑒𝑟
2 = ‖𝑃∗|𝑅||𝑅|𝑃‖𝑏𝑒𝑟 = ‖𝑃∗𝑅∗𝑅𝑃‖𝑏𝑒𝑟 = ‖|𝑅𝑃|‖𝑏𝑒𝑟

2 = ‖𝑅𝑃‖𝑏𝑒𝑟
2 . 

 

This completes the proof. 

 

Corollary 3.4. Let 𝑃, 𝑅, 𝑆 ∈ ℒ(ℋ) and 𝑆 be positive. Then 

(i) 𝑏𝑒𝑟(𝑃𝑆𝑅) ≤
‖𝑆‖

2
(𝑏𝑒𝑟(𝑃𝑅) +

1

2
‖|𝑃∗|2 + |𝑅|2‖𝑏𝑒𝑟) 

(ii) 𝑏𝑒𝑟(𝑃𝑆𝑅) ≤
‖𝑆‖

2
(𝑏𝑒𝑟(𝑃𝑅) +

1

2
(‖𝑃‖𝑏𝑒𝑟‖𝑅‖𝑏𝑒𝑟 + ‖𝑃𝑅‖𝑏𝑒𝑟)). 

 

Corollary 3.5. Let 𝑃, 𝑅, 𝑆 ∈ ℒ(ℋ) and 𝑆 be positive. Then 

 

𝑏𝑒𝑟(𝑃𝑆𝑅) ≤
‖𝑆‖

2
(𝑏𝑒𝑟(𝑃𝑅) + ‖𝑅‖𝑏𝑒𝑟‖𝑃∗‖𝑏𝑒𝑟). 

 

Proof Taking the supremum over 𝜌 ∈ 𝑋 in inequality (19), we have desired inequality. 

 

Corollary 3.6. Let 𝑃, 𝑅 ∈ ℒ(ℋ). Then 

 

𝑏𝑒𝑟(𝑃𝑅) ≤
1

2
‖|𝑃∗|2 + |𝑅|2‖𝑏𝑒𝑟.                                                       (20) 

 

Proof. When we write 𝑆 = 1 in inequality (17), we have 

 

𝑏𝑒𝑟(𝑃𝑅) ≤
1

2
(𝑏𝑒𝑟(𝑃𝑅) +

1

2
‖|𝑃∗|2 + |𝑅|2‖𝑏𝑒𝑟). 

 

Here, we get 

 

𝑏𝑒𝑟(𝑃𝑅) ≤
1

2
‖|𝑃∗|2 + |𝑅|2‖𝑏𝑒𝑟. 

 

Remark 3.7. If we replace 𝑃 by 𝑃∗ in inequality (20), we have 

 

𝑏𝑒𝑟(𝑃∗𝑅) ≤
1

2
‖|𝑃|2 + |𝑅|2‖𝑏𝑒𝑟. 

 

 

(see, (Huban al et., 2022b)). 
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Corollary 3.8. Let 𝑁, 𝑀 ∈ ℒ(ℋ). Then 

 

𝑏𝑒𝑟(𝑁𝑀) ≤
‖𝑁‖

1
2

2
‖|𝑁∗| + |𝑀|2‖𝑏𝑒𝑟 

 

and 

 

𝑏𝑒𝑟(𝑁𝑀) ≤
‖𝑁‖

1
2

2
(

1

2
‖|𝑁∗| + |𝑀|2‖𝑏𝑒𝑟 +

1

2
‖𝑀‖𝑏𝑒𝑟‖𝑁‖

𝑏𝑒𝑟

1
2 ). 

 

Proof. Let 𝑁 = 𝑈| 𝑁| be the polar decomposition of 𝑁. 𝑃 = 𝑈| 𝑁|
1

2, 𝑆 = | 𝑁|
1

2 and 𝑅 = 𝑀, in Theorem 3.4, 

we have 

 

𝑏𝑒𝑟(𝑁𝑀) ≤
‖𝑁‖

1
2

2
(𝑏𝑒𝑟 (𝑈| 𝑁|

1

2𝑀) +
1

2
‖|𝑁∗| + |𝑀|2‖𝑏𝑒𝑟)                                          (21) 

 

and 

 

𝑏𝑒𝑟(𝑁𝑀) ≤
‖𝑁‖

1
2

2
(𝑏𝑒𝑟 (𝑈| 𝑁|

1
2𝑀) +

1

2
(‖𝑈| 𝑁|‖𝑏𝑒𝑟‖𝑀‖𝑏𝑒𝑟 + ‖𝑀𝑈| 𝑁|

1
2‖

𝑏𝑒𝑟
)) 

                                       ≤
‖𝑁‖

1
2

2
(𝑏𝑒𝑟 (𝑈| 𝑁|

1

2𝑀) +
1

2
(‖𝑁‖

𝑏𝑒𝑟

1

2 + ‖𝑀‖𝑏𝑒𝑟))                                              (22) 

 

In addition, we get 

 

|〈𝑈| 𝑁|
1
2𝑀�̂�𝜌, �̂�𝜌〉| = |〈𝑀�̂�𝜌, | 𝑁|

1
2𝑈�̂�𝜌〉| 

                                  ≤ ‖𝑀�̂�𝜌‖ ‖| 𝑁|
1

2𝑈�̂�𝜌‖                                              (23) 

(by Cauchy-Schwarz inequality) 

                                                 ≤ √〈|𝑀|2�̂�𝜌, �̂�𝜌〉〈𝑈|𝑁|𝑈∗�̂�𝜌, �̂�𝜌〉 

                                      ≤
〈|𝑀|2�̂�𝜌,�̂�𝜌〉+〈𝑈|𝑁|𝑈∗�̂�𝜌,�̂�𝜌〉

2
 

(by arithmetic-geometric mean inequality) 

                                      ≤
1

2
〈(|𝑀|2 + |𝑁∗|)�̂�𝜌, �̂�𝜌〉. 
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Here, we reach 

 

|〈𝑈| 𝑁|
1
2𝑀�̂�𝜌, �̂�𝜌〉| ≤

1

2
〈(|𝑀|2 + |𝑁∗|)�̂�𝜌, �̂�𝜌〉. 

 

Using the inequality above, by calculating the supremum over 𝜌 ∈ 𝑋, we get 

 

𝑏𝑒𝑟(𝑁𝑀) ≤
1

2
‖|𝑁∗| + |𝑀|2‖𝑏𝑒𝑟. 

 

We now come together inequality (21) and inequality (22).to present the desired outcome. 

 

Corollary 3.9. Let 𝑁, 𝑀 ∈ ℒ(ℋ). Then 

 

𝑏𝑒𝑟 (𝑈| 𝑁|
1
2𝑀) ≤ ‖𝑀‖𝐵𝑒𝑟 ‖| 𝑁|

1
2𝑈‖

𝐵𝑒𝑟
≤ ‖𝑀‖𝐵𝑒𝑟 ‖| 𝑁|

1
2𝑈‖

𝐵𝑒𝑟
≤ ‖𝑀‖𝐵𝑒𝑟‖𝑁‖𝐵𝑒𝑟. 

 

Proof. From inequality (23), we have 

 

|〈𝑈| 𝑁|
1
2𝑀�̂�𝜌, �̂�𝜌〉| ≤ ‖𝑀�̂�𝜌‖ ‖| 𝑁|

1
2𝑈�̂�𝜌‖. 

 

Given the inequality above, by calculating the supremum over 𝜌 ∈ 𝑋, we get 

 

𝑏𝑒𝑟 (𝑈| 𝑁|
1
2𝑀) ≤ ‖𝑀‖𝐵𝑒𝑟 ‖| 𝑁|

1
2𝑈‖

𝐵𝑒𝑟
 

(by |𝑈|2 ≤ 1) 

                                                                                 ≤ ‖𝑀‖𝐵𝑒𝑟 ‖| 𝑁|
1

2𝑈‖
𝐵𝑒𝑟

 

                                                                                 ≤ ‖𝑀‖𝐵𝑒𝑟‖𝑁‖𝐵𝑒𝑟. 

 

Corollary 3.10. Let 𝑁 ∈ ℒ(ℋ) with the polar decomposition 𝑁 = 𝑈| 𝑁|. Then for any 0 ≤ 𝑟 ≤ 1, 

𝑏𝑒𝑟(𝑁) ≤
‖𝑁‖1−𝑟

2
(𝑏𝑒𝑟(𝑈| 𝑁|𝑟) + ‖𝑁‖𝑏𝑒𝑟

𝑟 ).                                              (24) 

 

Proof. Let �̂�𝜌 be a normalized reproducing kernel. If we write 𝑥 = 𝑦 = �̂�𝜌 in the inequality (11), then we have 

 

|〈𝑁�̂�𝜌, �̂�𝜌〉 ≤|
‖𝑁‖1−𝑟

2
(|〈𝑈| 𝑁|𝑟�̂�𝜌, �̂�𝜌〉| + √〈|𝑁|𝑟�̂�𝜌, �̂�𝜌〉〈|𝑁∗|𝑟�̂�𝜌, �̂�𝜌〉). 

https://doi.org/10.54287/gujsa.1655950


574 
H. BAŞARAN  

GU J Sci, Part A 12(2) 562-582 (2025) 10.54287/gujsa.1655950  
 

 

 

In the inequality above, by computing the supremum over 𝜌 ∈ 𝑋, we have 

 

𝑏𝑒𝑟(𝑁) ≤
‖𝑁‖1−𝑟

2
(𝑏𝑒𝑟(𝑈| 𝑁|𝑟) + √‖|𝑁|𝑟‖𝑏𝑒𝑟‖|𝑁∗|𝑟‖𝑏𝑒𝑟) 

                                                   ≤
‖𝑁‖1−𝑟

2
(𝑏𝑒𝑟(𝑈| 𝑁|𝑟) + √‖𝑁‖𝑏𝑒𝑟

𝑟 ‖𝑁‖𝑏𝑒𝑟
𝑟 ) 

(by ‖|𝑁|‖𝑏𝑒𝑟 = ‖|𝑁∗|‖𝑏𝑒𝑟 = ‖𝑁‖𝑏𝑒𝑟) 

                                                   ≤
‖𝑁‖1−𝑟

2
(𝑏𝑒𝑟(𝑈| 𝑁|𝑟) + ‖𝑁‖𝑏𝑒𝑟

𝑟 ). 

 

Thus, we obtain 

 

𝑏𝑒𝑟(𝑁) ≤
‖𝑁‖1−𝑟

2
(𝑏𝑒𝑟(𝑈| 𝑁|𝑟) + ‖𝑁‖𝑏𝑒𝑟

𝑟 ). 

 

Remark 3.11. Let 𝑁 ∈ ℒ(ℋ) with the polar decomposition 𝑁 = 𝑈| 𝑁|. When we write 𝑟 =
1

2
 in inequality 

(24), it has been demonstrated by Başaran and Gürdal (2023) with the following inequality 

 

𝑏𝑒𝑟(𝑁) ≤
‖𝑁‖

1
2

2
(𝑏𝑒𝑟 (𝑈| 𝑁|

1

2) + ‖𝑁‖
𝑏𝑒𝑟

1

2 ).                                              (25) 

 

Corollary 3.12. Let 𝑁 ∈ ℒ(ℋ). Then for any 0 ≤ 𝑟 ≤ 1, 

 

𝑏𝑒𝑟(𝑁) ≤
‖𝑁‖1−𝑟

2
‖|𝑁|𝑟 + |𝑁∗|𝑟‖𝑏𝑒𝑟.                                              (26) 

 

In particular 

 

𝑏𝑒𝑟(𝑁) ≤
‖𝑁‖

1
2

2
‖|𝑁|

1
2 + |𝑁∗|

1
2‖

𝑏𝑒𝑟
. 

 

Proof. Suppose �̂�𝜌 be a reproducing kernel that has been normalized. In the inequality (9), if we choose 𝑓(𝑡) =

𝑔(𝑡) = 𝑡
𝑟

2 and 𝑥 = 𝑦 = �̂�𝜌, then we reach 

|〈𝑁�̂�𝜌, �̂�𝜌〉| ≤ √〈|𝑁∗|
𝑟
2|𝑂|

1
2|𝑁∗|

𝑟
2�̂�𝜌, �̂�𝜌〉 〈|𝑁|

𝑟
2|𝑂∗|

1
2|𝑁|

𝑟
2�̂�𝜌, �̂�𝜌〉 

                                                        ≤ √〈|𝑁∗|
𝑟

2|𝑁∗|
𝑟

2�̂�𝜌, �̂�𝜌〉 〈|𝑁|
𝑟

2|𝑁|
𝑟

2�̂�𝜌, �̂�𝜌〉 

https://doi.org/10.54287/gujsa.1655950


575 
H. BAŞARAN  

GU J Sci, Part A 12(2) 562-582 (2025) 10.54287/gujsa.1655950  
 

 

                                                        ≤ √〈|𝑁|𝑟�̂�𝜌, �̂�𝜌〉〈|𝑁∗|𝑟�̂�𝜌, �̂�𝜌〉. 

Here, we get 

 

|〈𝑁�̂�𝜌, �̂�𝜌〉| ≤ √〈|𝑁|𝑟�̂�𝜌, �̂�𝜌〉〈|𝑁∗|𝑟�̂�𝜌, �̂�𝜌〉 

 

From the above inequality, if 𝑁 = 𝑈| 𝑁| is the polar decomposition of 𝑁 ∈ ℒ(ℋ), then we get 

 

|〈𝑁�̂�𝜌, �̂�𝜌〉| = |〈𝑈| 𝑁|�̂�𝜌, �̂�𝜌〉| 

                                                                                   ≤ √〈|𝑁|𝑟�̂�𝜌, �̂�𝜌〉〈|𝑁∗|𝑟�̂�𝜌, �̂�𝜌〉 

                                                                                   ≤
〈|𝑁|𝑟�̂�𝜌,�̂�𝜌〉+〈|𝑁∗|𝑟�̂�𝜌,�̂�𝜌〉

2
 

(by arithmetic-geometric mean inequality) 

                                                                                   ≤
1

2
〈(|𝑁|𝑟 + |𝑁∗|𝑟)�̂�𝜌, �̂�𝜌〉. 

Here, we obtain 

 

|〈𝑈| 𝑁|�̂�𝜌, �̂�𝜌〉| ≤
1

2
〈(|𝑁|𝑟 + |𝑁∗|𝑟)�̂�𝜌, �̂�𝜌〉. 

 

Given the inequality shown above, by computing the supremum 𝜌 ∈ 𝑋, We obtain 

 

𝑏𝑒𝑟(𝑁) ≤
1

2
‖|𝑁|𝑟 + |𝑁∗|𝑟‖𝑏𝑒𝑟. 

 

Given that we combine this with inequlity (15), we find the desired result. Since |𝑁|
1

2 ≤ ‖𝑁‖
𝑏𝑒𝑟

1

2 𝐼, we get 

|𝑁|
1

2 ≤ ‖𝑁‖
1

2|𝑁|
1

2. Similarly, |𝑁∗|
1

2 ≤ ‖𝑁‖
1

2|𝑁∗|
1

2. Hence, 

 

〈|𝑁|�̂�𝜌, �̂�𝜌〉 ≤ ‖𝑁‖
1

2 〈|𝑁|
1

2�̂�𝜌, �̂�𝜌〉 and 〈|𝑁∗|�̂�𝜌, �̂�𝜌〉 ≤ ‖𝑁‖
1

2 〈|𝑁∗|
1

2�̂�𝜌, �̂�𝜌〉. 

 

Here, we have 

 

|〈𝑁�̂�𝜌, �̂�𝜌〉| ≤ √〈|𝑁|�̂�𝜌, �̂�𝜌〉〈|𝑁∗|�̂�𝜌, �̂�𝜌〉 

(by mixed Cauchy-Schwarz inequality of Kato (1952)) 

                                                                         ≤ √〈|𝑁|
1

2�̂�𝜌, �̂�𝜌〉 〈|𝑁∗|
1

2�̂�𝜌, �̂�𝜌〉 
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                                                                         ≤ ‖𝑁‖
1

2√〈|𝑁|
1

2�̂�𝜌, �̂�𝜌〉 〈|𝑁∗|
1

2�̂�𝜌, �̂�𝜌〉 

                                                                         ≤ ‖𝑁‖
1

2
〈|𝑁|

1
2�̂�𝜌,�̂�𝜌〉+〈|𝑁∗|

1
2�̂�𝜌,�̂�𝜌〉

2
 

                                                                         ≤ ‖𝑁‖
1

2
1

2
〈(|𝑁|

1

2 + |𝑁∗|
1

2) �̂�𝜌, �̂�𝜌〉. 

 

Thus, we get 

 

|〈𝑁�̂�𝜌, �̂�𝜌〉| ≤ ‖𝑁‖
1
2

1

2
〈(|𝑁|

1
2 + |𝑁∗|

1
2) �̂�𝜌, �̂�𝜌〉. 

 

Using the inequality shown above, by computing the supremum 𝜌 ∈ 𝑋, We are arriving at 

 

𝑏𝑒𝑟(𝑁) ≤
‖𝑁‖

1
2

2
‖|𝑁|

1
2 + |𝑁∗|

1
2‖

𝑏𝑒𝑟
. 

 

Remark 3.13. Let 𝑁 ∈ ℒ(ℋ) with the polar decomposition 𝑁 = 𝑈| 𝑁|. When we write 𝑟 =
1

2
 in inequality 

(24), it has been demonstrated by Başaran and Gürdal (2023) with the following inequality 

 

𝑏𝑒𝑟(𝑁) ≤
‖𝑁‖

1
2

2
(‖|𝑁|

1
2 + |𝑁∗|

1
2‖

𝑏𝑒𝑟
). 

 

The next statement has been given by Theorem 3.1 in the case 𝑇 =
1

2
. 

 

Corollary 3.14. Let 𝑁 ∈ ℒ(ℋ) with the polar decomposition 𝑁 = 𝑈| 𝑁|. Then 

 

𝑏𝑒𝑟(𝑁) ≤
‖𝑁‖

1
2

2
(𝑏𝑒𝑟 (𝑈| 𝑁|

1

2) + ‖|𝑁|
1

2 + |𝑁∗|
1

2‖
𝑏𝑒𝑟

).                                              (27) 

 

The inequality (25) is refined by the inequality (27). Because ‖|𝑁|
1

2 + |𝑁∗|
1

2‖
𝑏𝑒𝑟

≤ 2‖𝑁‖
𝑏𝑒𝑟

1

2 . 

 

Theorem 3.15. Assume ℋ = ℋ(X) to be an RKHS. Suppose that N ∈ ℒ(ℋ). If f, g are nonnegative 

continuous function on [0, ∞) obtaining f(t)g(t) = t (t > 0), then 
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𝑏𝑒𝑟(𝑁) ≤
1

2
‖𝑔(|𝑁∗|)|𝑂|

1
2𝑔(|𝑁∗|) + 𝑓(|𝑁|)|𝑂∗|

1
2𝑓(|𝑁|)‖

𝑏𝑒𝑟
 

 

for some contraction O. 

 

 Proof From the inequality (9), we get 

 

|〈𝑁�̂�𝜌, �̂�𝜌〉| ≤ √〈𝑔(|𝑁∗|)|𝑂|
1
2𝑔(|𝑁∗|)�̂�𝜌, �̂�𝜌〉 〈𝑓(|𝑁|)|𝑂∗|

1
2𝑓(|𝑁|)�̂�𝜌, �̂�𝜌〉 

                                                ≤
〈𝑔(|𝑁∗|)|𝑂|

1
2𝑔(|𝑁∗|)�̂�𝜌,�̂�𝜌〉+〈𝑓(|𝑁|)|𝑂∗|

1
2𝑓(|𝑁|)�̂�𝜌,�̂�𝜌〉

2
 

(by arithmetic-geometric mean inequality) 

 

                                                ≤
1

2
〈[𝑔(|𝑁∗|)|𝑂|

1

2𝑔(|𝑁∗|) + 𝑓(|𝑁|)|𝑂∗|
1

2𝑓(|𝑁|)] �̂�𝜌, �̂�𝜌〉. 

 

Thus, we have 

 

|〈𝑁�̂�𝜌, �̂�𝜌〉| ≤
1

2
〈[𝑔(|𝑁∗|)|𝑂|

1
2𝑔(|𝑁∗|) + 𝑓(|𝑁|)|𝑂∗|

1
2𝑓(|𝑁|)] �̂�𝜌, �̂�𝜌〉. 

 

Taking the supremum over 𝜌 ∈ 𝑋 in the above inequality, we have 

 

𝑏𝑒𝑟(𝑁) ≤
1

2
‖𝑔(|𝑁∗|)|𝑂|

1
2𝑔(|𝑁∗|) + 𝑓(|𝑁|)|𝑂∗|

1
2𝑓(|𝑁|)‖

𝑏𝑒𝑟
. 

 

Recall that |𝑂|
1

2 ≤ ‖|𝑂|
1

2‖
𝑏𝑒𝑟

≤ 𝐼. Hence 

 

𝑔(|𝑁∗|)|𝑂|
1

2𝑔(|𝑁∗|) ≤ 𝑔2(|𝑁∗|).                                              (28) 

 

Similarly, we get 

𝑓(|𝑁|)|𝑂∗|
1

2𝑓(|𝑁|) ≤ 𝑓2(|𝑁|).                                              (29) 

 

There, we takes utilization of the fact that 𝑂∗ becomes a contraction also if |𝑁| becomes contraction operator. 

The combination of inequality (28) with inequality (29), The next are the results we obtain. 
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Corollary 3.16. Let 𝑁 ∈ ℒ(ℋ). If 𝑓, g are nonnegative continuous function on [0, ∞) satisfying f(t)g(t) = t 

(t > 0), then 

 

𝑏𝑒𝑟(𝑁) ≤
1

2
‖𝑔(|𝑁∗|)|𝑂|

1

2𝑔(|𝑁∗|) + 𝑓(|𝑁|)|𝑂∗|
1

2𝑓(|𝑁|)‖
𝑏𝑒𝑟

                                (30) 

                                                   ≤
1

2
‖𝑔2(|𝑁∗|) + 𝑓2(|𝑁|)‖𝑏𝑒𝑟. 

 

for some contraction 𝑂. 

 

Remark 3.17. The inequality (30) provides a improvement of (Huban et al., 2022a). 

 

Remark 3.18. If, 𝑁, 𝑀 ∈ ℒ(ℋ), then 

 

𝑏𝑒𝑟(𝑁) ≤
1

2
‖|𝑁||𝑂|

1
2|𝑁| + |𝑀||𝑂∗|

1
2|𝑀|‖

𝑏𝑒𝑟
 

                                                   ≤
1

2
‖|𝑀|2 + |𝑁|2‖𝑏𝑒𝑟 

 

for some contraction O. The above inequality from Lemma 2.7 and positivity [
|N|2 N∗M

M∗N |M|2]. Recall that the 

above result refines (Huban et al, 2022b). 

 

Now, we prove the following theorem by using The Lemma 2.8. 

 

Theorem 3.19. Assume ℋ = ℋ(X) to be an RKHS. Suppose that N ∈ ℒ(ℋ). If f, g are nonnegative 

continuous function on [0, ∞) obtaining f(t)g(t) = t (t > 0), then 

 

𝑏𝑒𝑟(𝑁) ≤
1

2
√‖𝑓2(|𝑁|) + 𝑓2(|𝑁∗|)‖𝑏𝑒𝑟‖𝑔2(|𝑁|) + 𝑔2(|𝑁∗|)‖𝑏𝑒𝑟                       (31) 

 

and 

 

𝑏𝑒𝑟(𝑁) ≤
1

4
‖𝑓2(|𝑁|) + 𝑓2(|𝑁∗|) + 𝑔2(|𝑁|) + 𝑔2(|𝑁∗|)‖𝑏𝑒𝑟. 

 

Proof. Depending on Lemma 8(i), we have 

 

|〈ℜ𝑁𝑥, 𝑦〉| ≤
1

2
√〈(𝑓2(|𝑁|) + 𝑓2(|𝑁∗|))𝑥, 𝑥〉〈(𝑔2(|𝑁|) + 𝑔2(|𝑁∗|))𝑦, 𝑦〉 
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Putting 𝑥 = 𝑦 = �̂�𝜌 and 𝑁 = 𝑒𝑖𝜃𝑁 in the above inequality, we reach 

 

|〈ℜ(𝑒𝑖𝜃𝑁)�̂�𝜌, �̂�𝜌〉| ≤
1

2
√〈(𝑓2(|𝑁|) + 𝑓2(|𝑁∗|))�̂�𝜌�̂�𝜌〉〈(𝑔2(|𝑁|) + 𝑔2(|𝑁∗|))�̂�𝜌, �̂�𝜌〉. 

 

In the inequality above, by computing the supremum over 𝜌 ∈ 𝑋, we have 

 

‖ℜ(𝑒𝑖𝜃𝑁)‖ ≤
1

2
√‖𝑓2(|𝑁|) + 𝑓2(|𝑁∗|)‖𝑏𝑒𝑟‖𝑔2(|𝑁|) + 𝑔2(|𝑁∗|)‖𝑏𝑒𝑟. 

 

If we take supremum over 𝜃 ∈ ℝ and use the fact that 𝑏𝑒𝑟(𝑁) = 𝑠𝑢𝑝𝜃∈ℝ‖ℜ(𝑒𝑖𝜃𝑁)‖, we reach 

 

𝑏𝑒𝑟(𝑁) ≤
1

2
√‖𝑓2(|𝑁|) + 𝑓2(|𝑁∗|)‖𝑏𝑒𝑟‖𝑔2(|𝑁|) + 𝑔2(|𝑁∗|)‖𝑏𝑒𝑟 

as desired. 

 

Let's prove the second inequality. If we use utilize the arithmetic-geometric mean inequality for norm 

inequality (31), we have 

 

𝑏𝑒𝑟(𝑁) ≤
1

4
‖𝑓2(|𝑁|) + 𝑓2(|𝑁∗|) + 𝑔2(|𝑁|) + 𝑔2(|𝑁∗|)‖𝑏𝑒𝑟. 

 

This completes the proof. 

 

Remark 3.20. Among the celebrated upper bounds for ber(N), we get Huban et al. (2022a) 

 

𝑏𝑒𝑟(𝑁) ≤
1

2
‖|𝑁| + |𝑁∗|‖𝑏𝑒𝑟.                                                            (32) 

 

In Theorem 3.19, if we f(t) = g(t) = 𝑡
1

2, then the inequality (31) follows as a particular case of Theorem 3.19. 

Thus, this last theorem presents a generalizations of (31). 

Başaran (2024), Başaran et al. (2019), Başaran and Gürdal (2023), Başaran et al. (2022), Gürdal et al. (2025), 

Gürdal and Başaran (2023), Gürdal et al. (2024), Garayev et al. (2021), and Huban et al. (2021) contain the 

fundamental characteristics and background knowledge on these creative concepts. 
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