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1. Introduction

The fact that the universe is expanding at an accelerating rate was first confirmed by supernova obser-
vations in the late 1990s, and this phenomenon has raised profound questions about the fundamental
nature of cosmic evolution [1]. This expansion contradicts predictions based on Newtonian and General
Relativity theories, suggesting that the expansion should slow down due to matter’s gravitational
effects. Observations show that the force behind the accelerated expansion of the universe is dark

energy. This component is not directly observed but makes up much of the universe’s energy density.

Dark energy, proposed as the source of this acceleration, constitutes approximately 68% of the total
energy density of the universe and remains one of the greatest puzzles of modern cosmology [2]. Among
the theories of dark energy, the most common is the A-Cold Dark Matter (ACDM) model, which
assumes that dark energy is a cosmological constant (A) [3]. However, this model is under theoretical
scrutiny due to its inability to explain why the cosmological constant has a very small but nonzero
value [4]. In addition, the idea that dark energy could vary over time has led to the development of

alternative models to explain the expansion rates in the history of the universe [5].

Among these models, one of the notable approaches is the holographic dark energy (HDE) concept.
The holographic energy model is based on the holographic principle, which suggests that the energy
density and entropy are directly related to the boundary conditions of the universe [6]. The theoretical
foundation of HDE is based on Bekenstein-Hawking entropy and the universal energy bounds of the
holographic principle [7]. The formulations of HDE that express the energy density in the universe

are generally associated with the concept of entropy. Different definitions of entropy have led to the
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diversification of HDE models [8]. Among them, Rényi entropy plays an important role in understanding
the dynamic nature of dark energy. Rényi entropy is a generalized form of the standard Bekenstein-
Hawking entropy, which allows for the dark energy density to have an evolving structure over time [9].
HDE models structured with Rényi entropy provide a powerful framework for understanding the

dynamics of dark energy in anisotropic and complex cosmic environments [10].

Many cosmologists have developed Rényi Holographic Dark Energy (RHDE) models in modified gravity
theories in recent studies. Bhardwaj and others examined the RHDE model within the f(T) modified
gravity framework [11]. Saha et al. have presented cosmological models of dark energy defined for
RHDE in the DGP brane-world cosmology with and without interactions between cosmic fluids in
their studies [12]. Alam et al. have studied RHDE and its behavior in an anisotropic and homogeneous
Bianchi type-I Universe within the f(G) gravity framework [13]. Bharali and Das have investigated
the dynamics of the Bianchi type VI space-time within the framework of RHDE f(R,T) gravity
theory [14]. Saleem et al. [15] have studied the Rényi, Sharma-Mittal, and generalised holographic dark
energy distributions in the LRS Bianchi I metric in f(Q) theory. Sardar et al. [16] have Tsallis, Rény,i
and Sharma-Mittal analysed holographic dark energy models for the non-flat metric in Horava-Lifshitz
gravitation theory. Rényi’s holographic dark energy model was analyzed using the framework of
F(Q,C) theory in the FRW universe by Sarddar et al. The Rényi holographic dark-geometry model
was studied in the FRW universe in the framework of f(Q, C) theory by Samaddar et al. [17]. Aktag
and Aygiin [18] Barrow investigated the holographic dark energy model for Bianchi I space-time in
Lyra and General relativity theories. Moreover, the RHDE solution for the FRW metric was obtained
by Aktas and Yilmaz [19] in General relativity theory.

Finstein’s General Theory of Relativity has successfully explained cosmological phenomena, but it
has some shortcomings in explaining components such as dark energy and dark matter. Therefore,
various alternative gravity theories have been developed to extend Einstein’s equations. One such
theory is the f(R,T) gravity theory, which provides a generalization based on the Ricci scalar (R) and
the trace of the energy-momentum tensor (7°) [20]. This theory provides a flexible structure to study
the dynamic interactions between matter and geometry and goes beyond the standard gravity theories

used in cosmology.

Studies under the f(R,T') theory to model dark energy are mostly based on isotropic geometries in the
literature. However, examining anisotropic models to understand the conditions of the early universe
and explain the expansion dynamics is also important. In this context, the f(R,T') theory provides a
strong framework to examine the dark energy density and the expansion rate of the universe under
anisotropic scenarios. Anisotropic models play a critical role in understanding the expansion dynamics
that arose in the early universe and reconstructing the physical conditions of that era. The Bianchi I
metric, as a homogeneous but anisotropic model of the universe, allows for different expansion rates
along the three orthogonal axes of space. The Bianchi I metric has important advantages in explaining
the possible anisotropic effects and energy distributions, especially in cases where isotropic models
fall short, particularly in the early universe. When holographic dark energy models are studied in the
context of an anisotropic universe, one can understand how the dark energy density responds to the

expansion rates and how this response affects the level of anisotropy.

This study analyzes the Rényi entropy-based holographic dark energy model in the context of f(R,T)
gravity theory, using the anisotropic Bianchi I metric as a model. Our aim is to understand the effects
of RHDE on the dynamics of an anisotropic universe, explain cosmic acceleration, and contribute to
the expansion of entropy-related holographic dark energy models. The rest of the paper is organised as
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follows: Section 2 presents the field equations in f(R,T') theory for the Bianchi I metric. In section 3,
solutions of the field equations are obtained, and the solutions are discussed in detail with the help of

graphs. In the last section, future work is mentioned.
2. Filed Equations in f(R,T) Theory

f(R,T) theory was put forward by Harko et al. in 2011 [20]. In this study, the authors made 3
suggestions for the f(R,T) function. If f(R,T) = MR+ \oT is taken as suggested by Harko et al. in
this study, the field equations are obtained as follows [16]. Here A\; and Ay are constants. If A\; = 1 and
Ao = 0 are taken, the GRT field equations are obtained.
Gir = (/\QJ;8 W) Tie+ (P + Z) %9% (2.1)
1 1

The homogeneous anisotropic Bianchi I metric is expressed as follows.

ds?’= —A?dz?—B2dy?—C?dz?+dt* (2.2)

where A, B, and C are functions of cosmic time. From (2.2), we obtain the Hubble parameter,

expansion scalar, and spatial volume as follows,

1(A B C
H—3<A+B+o)

9_ é+§+g
A B C
V= a’=ABC

Here, the dot is the derivative of cosmic time concerning £. As is well known, the universe is filled with
a hypothetical fluid known as holographic dark energy. Its energy-momentum tensor,

where u; is the 4-velocity and p,, is the energy density of matter. Moreover, energy momentum tensor
for RHDE T}[,

Tfi= (pr+P) uiuj—Pgi; (2.4)
Here pg is the energy density of RHDE and P is the pressure. In this study, it is assumed that
the universe is filled with both holographic dark energy and matter. From (2.3) and (2.4), the total

energy-momentum tensor can be written as follows:
E’J‘:Tz‘T‘Fﬂ? = (pm + pp+P) uiuj—pgi; (2.5)
From (2.1), (2.2) and (2.5), the field equations in the f(R,T') theory are obtained as follows.
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3. Results and Discussions

The system of equations (2.6) - (2.9) consists of four equations in six unknowns (A, B, C, pm, pr, P).
In order to obtain an exact solution of this equation, we need two additional equations.

Firstly, by estimating the Hubble horizon as an IR cut-off, we can get the energy density of the RHDE
as follows [21]
3c? . H?

T 147 HZ 31)

PR

2

Here, ¢ is a numerical constant and £ is a free parameter known as the real non-extensive parameter.

Secondly, the Hubble parameter can be used. The Hubble parameter, which shows how fast the
universe is expanding, is critical in cosmology, and this information can be used to calculate the age of
the universe. This study takes the preferred Hubble parameter in the following form [22].

g

H= 3.2
Vita (32)
Here, o and [ are constants.
Energy density of Renyi holographic dark energy from (3.1) and (3.2), we get
3 204
ch (3.3)

T (tra) €4 57) (tha)
From (3.3), (2.6) - (2.9), the metric potentials A, B and C are obtained as follows, respectively.

(—vtg“w(tm)) (c1+eg)e OVITaL (—262- 22 ) /iFa—68°(t+a)
A=cie 3viFas? (3.4)
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(*’%Fa+ﬂ(t+a)) (,‘1676[-} v t+a+(—ﬂ2—%)\/t+a+6/33(t+a)

C=e¢ 3Vitap? (3.6)

Here, ¢; — ¢4 are arbitrary constants. Energy density of matter is,

_ 3c2p B (3 + c3e1 + 3) Aje120Vita
pm (t+a)(r(t+a)é+ ) 87+ A
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Moreover, pressure is
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The equation of the state parameter is denoted as w. From (3.3) and (3.8), we obtain the equation of

the state parameter for the universe model we have analyzed as follows.

37182 B A1 (16743X2)8 n (c3+czer+cd)e128VEtay,
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In order to draw the graphs of our solutions, the values of the constants must be known. We can
use some observational data to determine the values of the constants in solutions. In this study, four

different observational values in Table 1 below were used to obtain the graphs.

Table 1. Values of the constants
Data Set [ B c E A\ A2 c1 c2 c3

SN Ia [23] 1 04814 5 14 1 —8r+1 1 1 1

SN Ia+H(z)+ BAO/CMB [24] 1.6 02770 12 14 1 —8r+1 1 1 1
SN Ia + BAO + H(z) [25] 13 03762 8 14 1 —8r+1 1 1 1

CC+SN Ia + BAO + R18 [26] 1.6 0.2963 10 14 1 —8r+1 1 1 1

The graphs of the metric potentials with the help of equations (3.4)-(3.7) and the values of the constants

in Table 1 are as follows:
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Figure 1. Variation of A against cosmic time

The metric potential A shows a similar trend in all data sets. When Figure 1 is examined, it is seen
that A shows acceleration in the range of 5-10 Gyr and a linear increase after 20 Gyr. SN Ia data
shows a slightly faster acceleration and a higher potential when used alone. CC 4+ SN Ia + BAO + R18
data present the earliest acceleration and the highest late period value. SN Ia + H(z) + BAO/CMB
and SN Ta + BAO + H(z) sets stand out with more balanced and soft increases.
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Figure 2. Variation of B against cosmic time

The metric potential B starts from very low levels in all data sets. Differences between data sets
gradually become apparent between 5-10 Gyr. When Figure 2 is examined, it is understood that the
acceleration is earlier and stronger in SN Ia and CC + SN Ia + BAO + R18 data in this range. As a
result, although all data sets show a similar growth trend, CC 4+ SN Ia + BAO + R18 shows a faster
and higher increase.
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Figure 3. Variation of C against cosmic time



Battaloglu and Aktas / Rényi Entropy Based Dark Energy Models in Bianchi I Cosmology 68

Although the change of C potential in the Bianchi I metric with time shows a similar trend in general
in four different data sets, significant differences are noted in the acceleration timing and late period
values. The CC + SN Ia + BAO + R18 data set showed an earlier acceleration than the other sets.
SN Ia data, when used alone, showed a rapid increasing trend. This situation indicates that Type Ia
supernovae are a strong cosmological indicator. SN Ia + H(z) + BAO/CMB and SN Ia + BAO +
H(z) data sets have a more balanced and stable growth. When 5-10 Gyr in Figure 3 is examined, the
separation in the acceleration curves begins, and CC 4+ SN Ia + BAO + R18 and SN Ia data show a
more pronounced acceleration in this period. The 20-30 Gyr interval is when the growth rate between
different data sets becomes clear. CC 4+ SN Ia + BAO + R18 stand out as reaching the highest
potential. This comparison clearly shows the influence of different observational data on cosmological
models and how the anisotropic expansion in the Bianchi I metric evolves at different speeds.
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Figure 4. Variation of w against cosmic time

Figure 4 shows the variation of the equation of state parameter w with time. Since the equation of
state parameter is used to determine the dynamical properties of dark energy, this parameter plays a
critical role in cosmological models. The values of the EosS parameter for Planck + Pantheon + BAO,
WMAP + eCMB + BAO + HO + SNe and 68% Planck TT,TE,EE+lowE+lensing+SNe+BAO are
-1.03 £0.03 [27], -1.084 +0.063 [28] and -1.028 £0.031 [27], respectively. Furthermore, if the value of
the EoS parameter of our model is calculated for today, it is -1.45827, -1.16293, -1.11914, -1.39217 for
SN Ia, SN Ia + H(z) + BAO/CMB, SN Ia + BAO + H(z) and CC + SN Ia + BAO + R18 models
respectively. Accordingly, it can be observed that our SN Ia + H(z) + BAO/CMB and SN Ia + BAO
+ H(z)models are compatible with the observational data. When the graph is analysed, it is seen that
w takes negative values. This shows that the universe model we obtained is compatible with dark
energy studies. In particular, w = —1 corresponds to the cosmological constant model (ACDM). If w is
more negative than this value in the graph (e.g., w < —1), this indicates a ‘phantom energy’ scenario.
If w > —1 but negative, this indicates ‘quintessence’ models.
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Figure 5. Variation of pgr against cosmic time

As can be seen from Figure 5, pgr follows a markedly decreasing trend with time. This is an expected
behaviour in cosmological models. Because as the universe expands, the dark energy density is expected
to change. However, the unique aspect of the RHDE model is that it describes this energy density
in terms of entropy and space-time relation. The curves obtained with different observational data
(such as SN Ia, H(z), BAO/CMB) are very close. This shows that the model agrees quite well with
the observations. The fact that pr approaches zero, especially in the later stages, indicates that the
universe will have an increasingly sparse energy density, and dark energy will dominate in the long run.
For holographic models based on Rényi entropy, this decay pattern can provide essential clues about
the parameters of the model. This graph is very valuable for analyzing the dynamical structure of
RHDE and its consistency with observations. In particular, paying attention to how the energy density
decreases in which period and the agreement of observational data with the model strongly support
this study.

Figure 6 shows that the pressure is negative. This is an expected feature in dark energy models.
Negative pressure appears to be the main reason for the accelerating expansion of the universe. This is
consistent with the cosmological constant (A) or dynamical dark energy models. In the graph, the
curves obtained with different observational data (such as SN Ia, H(z), BAO/CMB) overlap greatly.
This suggests that the model is in good agreement with observational data. The fact that the pressure
approaches less negative values with time indicates that the expansion rate of the universe may settle
down to a certain level while the dark energy becomes dominant. This negativity in the pressure of
RHDE supports the cosmological effect of entropy-based models. How the pressure changes with time
provides important information about the dynamical nature of dark energy and provides a critical
observation for testing energy-momentum relations in the framework of Rényi entropy.
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Figure 6. Variation of P against cosmic time

4. Conclusion

This study investigates the behaviour of RHDE matter distribution in the homogeneous and anisotropic
Bianchi I universe model within the framework of f(R,T) theory. This study analyses the dynamics
of RHDE in an anisotropic universe and investigates its effect on the expansion rates. The solutions
obtained using the Hubble parameter and the energy density of the RHDE are compared with four
different data sets and supported by graphs. The results show that the accelerating expansion of the
Universe is consistent with the RHDE and that the equation of state parameter w takes negative
values. In particular, some data sets w values are close to the ACDM model, while the others support
the ‘phantom energy’ or ‘quintessence’ scenarios. Furthermore, it is observed that the RHDE exhibits
a decreasing energy density with time and that negative pressure explains the acceleration of the
universe. These findings emphasise that anisotropic models play an important role in understanding
the conditions of the early universe. In future studies, it will be useful to investigate other holographic
dark energy models in different space-time metrics within the framework of f(R,T) theory. This work
can be presented as a master’s or doctoral thesis using a different holographic dark energy.

Author Contributions

All the authors contributed equally to this work. This paper is derived from the first author’s doctoral
dissertation supervised by the second author. They all read and approved the final version of the

paper.
Conflicts of Interest

All the authors declare no conflict of interest.



Battaloglu and Aktas / Rényi Entropy Based Dark Energy Models in Bianchi I Cosmology 71

Ethical Review and Approval

No approval from the Board of Ethics is required.

Acknowledgment

This work was supported by the Office of Scientific Research Projects Coordination at Canakkale
Onsekiz Mart University, Grant number: FDK-2023-4613.

References

1]

[11]

[12]

[13]

[14]

S. Perlmutter, G. Aldering, G. Goldhaber, R. A. Knop, P. Nugent, P. G. Castro, S. Deustua,
S. Fabbro, A. Goobar, D. E. Groom, I. M. Hook, A. G. Kim, M. Y. Kim, J. C. Lee, N. J. Nunes,
R. Pain, C. R. Pennypacker, R. Quimby, C. Lidman, R. S. Ellis, ..., W. J. Couch, Measurements
of Q and A from 42 High-Redshift Supernovae, The Astrophysical Journal 517 (2) (1999) 517-565.

P. J. E. Peebles, B. Ratra, The cosmological constant and dark energy, Reviews of Modern Physics
75 (2) (2003) 559-606.

S. Weinberg, The cosmological constant problem, Reviews of Modern Physics (1989),
https://doi.org/10.1103/RevModPhys.61.1, Accessed 10 Mar 2025.

S. M. Carroll, W. H. Press, E. L. Turner, The cosmological constant., Annual Review of Astronomy
and Astrophysics 30 (1992) 499-542.

R. R. Caldwell, R. Dave, P. J. Steinhardt, Cosmological imprint of an energy component with
general equation of state, Physical Review Letters 80 (8) (1998) 1582-1585.

W. Fischler, L. Susskind, Holography and cosmology, (1998), https://doi.org/10.48550/arXiv.hep-
th /9806039, Accessed 10 Mar 2025.

M. Li, A model of holographic dark energy, Physics Letters B 603 (1-2) (2004) 1-5.

A. Sheykhi, Thermodynamics of apparent horizon and modified Friedmann equations, European
Physical Journal C 69 (1-2) (2010) 265-269.

H. Moradpour, S. A. Moosavi, I. P. Lobo, J. P. M. Graga, A. Jawad, 1. G. Salako, Thermodynamic
approach to holographic dark energy and the Renyi entropy, European Physical Journal C 78 (2018)
829.

T. Golanbari, K. Saaidi, P. Karimi, Renyi entropy and the holographic dark energy in flat space
time, (2020), https://doi.org/10.48550/arXiv.2002.04097, Accessed 10 Mar 2025.

V. K. Bhardwaj, A. Dixit, A. Pradhan, S. Krishnannair, Renyi holographic dark energy models in
teleparallel gravity, International Journal of Modern Physics A 37 (2022) 2250178.

A. Saha, A. Chanda, S. Dey, S. Ghose, B. C. Paul, Interacting and mon-interacting Renyi
holographic dark energy models in DGP braneworld, Modern Physics Letters A 38 (2) (2023)
2350024.

M. K. Alam, S. S. Singh, L. A. Devi, Renyi holographic dark energy and its behaviour in f(G)
gravity, Astrophysics 66 (3) (2023) 383-410.

J. Bharali, K. Das, Modified Renyi holographic dark energy (MRHDE) in f(R,T) theory of gravity,
Astrophysics 64 (4) (2021) 512-528.


https://doi.org/10.1103/RevModPhys.61.1
https://doi.org/10.48550/arXiv.hep-th/9806039
https://doi.org/10.48550/arXiv.hep-th/9806039
https://doi.org/10.48550/arXiv.2002.04097

Battaloglu and Aktas / Rényi Entropy Based Dark Energy Models in Bianchi I Cosmology 72

[15]

[16]

[17]

23]

[24]

[25]

R. Saleem, A. Tjaz, S. Waheed, Anisotropic cosmic expansion inspired by some novel holographic
dark energy models in f(Q) theory, Fortschritte der Physik 73 (3) (2025) 2300276.

A. Sardar, S. Maity, U. Debnath, A. Pradhan, Different horizon cut-offs for Tsallis, Renyi and
Sharma-Mittal holographic dark energies in Horava-Lifshitz gravity, Annals of Physics 473 (2025)
169891.

A. Samaddar, S. S. Singh, S. Muhammad, E. E. Zotos, Holographic dark energy models and their
behaviors within the framework of f(Q,C) gravity theory, Journal of High Energy Astrophysics 44
(2024) 1-18.

A. Aktas, S. Aygiin, Barrow holographic dark energy models in Lyra and general relativity theories,
Journal of New Results in Science 13 (2) (2024) 119-127.

A. Aktas, I. Yilmaz, Renyi type holographic dark energy, Journal of New Theory (48) (2024) 40-47.

T. Harko, F. S. N. Lobo, S. Nojiri, S. D. Odintsov, f(R,T) gravity, Physical Review D 84 (2)
(2011) 024020.

V. C. Dubey, A. K. Mishra, U. K. Sharma, Diagnosing the Renyi holographic dark energy model
in a flat Universe, Astrophysics and Space Science 365 (7) (2020) 129.

S. K. J. Pacif, R. Myrzakulov, S. Myrzakul, Reconstruction of cosmic history from a simple
parametrization of H, International Journal of Geometric Methods in Modern Physics 14 (7)
(2017) 1750111.

J. V. Cunha, Kinematic constraints to the transition redshift from supernovae type Ia union data,

Physical Review D 79 (4) (2009) 047301.

M. V. Santos, R. R. R. Reis, I. Waga, Constraining the cosmic deceleration-acceleration transition
with type Ia supernova, BAO/CMB and H(z) data, Journal of Cosmology and Astroparticle Physics
2016 (2) (2016) 066.

L. Xu, W. Li, J. Lu, Constraints on kinematic model from recent cosmic observations: SN la,
BAO and observational Hubble data, Journal of Cosmology and Astroparticle Physics 2009 (7)
(2009) 031.

B. S. Haridasu, V. V. Lukovié¢, M. Moresco, N. Vittorio, An improved model-independent assessment
of the late-time cosmic expansion, Journal of Cosmology and Astroparticle Physics 2018 (10)
(2018) 015.

N. Aghanim, Y. Akrami, M. Ashdown, J. Aumont, C. Baccigalupi, M. Ballardini, A. J. Banday,
R. B. Barreiro, N. Bartolo, S. Basak, R. Battye, K. Benabed, J.-P. Bernard, M. Bersanelli,
P. Bielewicz, J. J. Bock, J. R. Bond, J. Borrill, F. R. Bouchet, F. Boulanger, ..., A. Zonca, Planck
2018 results: VI. Cosmological parameters, Astronomy Astrophysics 641 (2020) A6.

G. Hinshaw, D. Larson, E. Komatsu, D. N. Spergel, C. L. Bennett, J. Dunkley, M. R. Nolta,
M. Halpern, R. S. Hill, N. Odegard, L. Page, K. M. Smith, J. L. Weiland, B. Gold, N. Jarosik,
A. Kogut, M. Limon, S. S. Meyer, G. S. Tucker, E. Wollack, E. L. Wright, Nine-year Wilkin-
son microwave anisotropy probe (WMAP) observations: Cosmological parameter results, The
Astrophysical Journal Supplement Series 208 (2) (2013) 19.



	Introduction
	Filed Equations in f(R,T) Theory
	Results and Discussions
	Conclusion

