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SOME HERMITE-HADAMARD AND SIMPSON LIKE
INEQUALITIES FOR s-GEOMETRICALLY CONVEX FUNCTION

MEVLUT TUNC*, EBRU YUKSEL**

(Communicated by Nihal YILMAZ OZGUR)

ABSTRACT. In the paper, the authors establish and generalize some new in-
tegral inequalities of Hermite-Hadamard and Simpson type for functions the
power of the absolute of whose first derivative is s-geometrically convex.

1. INTRODUCTION

In this section, we will present definitions and some known results used in this

paper.
Let I be an interval in R. Then f: 1 — R, () # I C R is said to be convex if
(1.1) flte+(1—=t)y) <tf(zx)+ (1 —1)f(y)

for all z,y € I and ¢ € [0, 1].
Let f: I C R — R be a convex mapping defined on the interval I of real numbers
and a,b € I, with a < b. The following double inequality:

(1.2) f(a;rb>§ia/abf(z)do:§f(a);f(b)

holds. This double inequality is known in the literature as the Hermite-Hadamard
inequality for convex functions, see the papers and books [2]-[4], [6]-[10], [13]-[16].

The Simpson inequality proposes that the mapping f : [a,b] — R is assumed to
be four times continuously differentiable on the interval and f®* to be bounded on
(a,b), that is,

(1.3)
i@ soear (0] - s [ r@ad < g ] o

where Hf(‘*)Hoo = SUDPye(a,h) |f@ (t)] < oo. For some results which generalize,
improve and extend the inequality (1.3), see the papers [1], [5], [11], [12].
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Definition 1.1. [8] Let s € (0,1]. A function f:1 C Ry =[0,00) — Rq is said to
be s-convezx in the second sense if
(1.4) fllz+1-t)y) <t°f(x) + (1 -1)f(y)
for all x,y € T and t € [0,1].

It can be easily checked for s = 1, s-convexity reduces to the ordinary convexity
of functions defined on [0, o).

Recently, in [15], the concept of geometrically and s-geometrically convex func-
tions was introduced as follows.

Definition 1.2. [15] A function f : I € Ry = (0,00) — Ry is said to be a
geometrically convex function if

(1.5) Fy ) <f @I IF )l

for all x,y € I and t € [0,1].

Definition 1.3. [15] A function f: I C Ry — Ry is said to be a s-geometrically
convex function if

(1.6) faty ) < @) 1@
for some s € (0,1], where z,y € I and t € [0,1].

If s =1 in (1.6), the s-geometrically convex function becomes a geometrically
convex function on R .

Example 1.1. [15] Let f(z) = 2°/s, x € (0,1], 0 < s < 1, ¢ > 1, and then the
function

(1.7) | (2)[* = 2l
is monotonically decreasing on (0, 1]. For ¢ € [0, 1], we have
(1.8) (s=1qt" =) <0, (s=1)q((1—1)"—(1—-1) <0,

Hence, |f’ (z)|? is s-geometrically convex on (0, 1] for 0 < s < 1.

In recently [16], Zhang et al. proved some Hermite-Hadamard type inequalities
for s-geometrically convex functions as followings:

Theorem 1.1. [16] Let f : I C Ry — R be a differentiable on I° such that
f € L([a,b]) for 0 < a < b < co. If |f'(x)|? is s-geometrically convex and
monotonically decreasing on [a,b] for ¢ > 1 and s € (0, 1], then

o) [r(“5) - ks [ @ <2 (;)/G (5,391 @) g2 (0)
(1.10)

O I0 L rwa <P54 (2) T a0 @)
where
(1.11)

1 1
= a=1 =, a=1,
g1 (CY) = { ozlna2:a2¢+1) a 7& 1: g2 (CY) = { 04711’%0471 o ;é 1,

[Ina] lna)?
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sq/2

)

f7(b)
fr(a)

(1.12) o=

and

G1(s,¢;91 (o) , 92 (@)
1 (@)1 [g1 (@] + |f (a) £ (B)** [g2 ()] 7, |f ()] <1,
= S I (@) lg1 @]V +|f' (a >|1‘S/2\f'< W2 g2 (@)Y, 1f () <1<|f (a)],
@)1 B [gr (@] 4 [ (@) f/ B) g2 ()], 1< [ (B)]
Theorem 1.2. [16] Let f : I C Ry — R be a differentiable on I° such that

f € L([a,b]) for 0 < a < b < oo. If |f'(z)|* is s-geometrically conver and
monotonically decreasing on [a,b] for ¢ > 1 and s € (0, 1], then

f<a+b> _a/ [z <q_1>11/qG2(3,Q;93(0¢))

2g—1
b - _ 1-1/q
(1.14) ‘f(a);—f(b) - bia/ f(z)dx| < b—a ( q-1 ) G2 (s,¢; 93 (@)
where « is the same as in (1.12),

(1.13)

2g—1

1, a=1,
gs(a) =9 a1 a#1

Ina”

and
(L7 @ + 1" (@) 1 B) lgs (@], 1f (@) <1,
Ga (5,0:95 () = & [If @I+ 11 (@'~ )] [gs ()], 17 ) <11/ ()],
(177 @17 )+ 177 (@) 1 ) ) [gs (@]9, 1< 17 0]

2. LEMMAS
In order to prove our main theorems, we need the following lemmas.

Lemma 2.1. [14] Let f : I C R — R be differentiable function on I°, a,b € I, with
a<b. If f € Lla,b] and A\, u € R then

(2.1)
AM(a)+pf®d) 2—=X—p. . [(a+bd 1 b
2 R f(Q)b—a/af(x)dx

b—a [! b b
= 4a/0{(1)\t)f'<ta+(1t)a;r)+(,ut)f <t;r+(1t)b)]dt
Lemma 2.2. [14] For x > 0 and 0 < y <1, one has

z+1 1— z+1

(2.2) /|y7t| it = Y +x(+1y) ,

/t| B i it ) [ ) i
, Y (z+1)(z+2)
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Lemma 2.3. 3] If0< ¢ <1<pu,0<a,f<1, then

(2.3)

(pocﬁ < L)0015 and uaﬂ < Mﬂa-&—l—ﬁ'

In this study, we will generalize the following theorems for s-geometrically convex
functions by using the above three lemma and elementary analytical rules.

3. GENERAL INEQUALITIES FOR S-GEOMETRICALLY CONVEX FUNCTIONS

Theorem 3.1. Let f : I C Ry — Ry be differentiable on I°, a,b € I, with
a < b, and f' € L([a,b]). If |f' (z)| is s-geometrically convexr and monotonically
decreasing on [a,b], and 0 < s <1, 0< A\ pu <1, then

(3.1)

Af(a) + pf (b) 2—A My
(S
M

) _a/abﬂx)da: <
VA

. If’(a)sf’(b)l A Z)+ | O Eu(s:2),  |f () <1
xq 1 (@) If’(b)liMsx(s,Z)Hf’( a)'” Slf’(b)l Eu(s:2), If (O <1<|[f(a)l;
(@) £ (0)'72 Ma(s: 2) + |f (@) £/ (0)]' 2 B (s:2), 1< |f" ()l

where

My (s;Z)

E,(s;:2)

and Z (u,v)

(C1HA+AZ(5,5)Z(53) - 1+2[2(5.3)] - 2(5.3)
Iz (3,3)]
(p=pZ(55)+2(5:35)mZ(5.5) - 1+2[Z2(5.3)]" - 2(5.5)
Wz (33)])

= @" 1 ®I", u,v>0.

Proof. From Lemma 2.1 and since |f’ (z)| is s-geometrically convex and monoton-
ically decreasing on [a, b], we get

b—al
<
- 4
B b—a
o 4
b—a
<
- 4
b—a
<
- 4

)\f(a);uf(b)+2_)‘_“f<a+b) —bla/abf(x)dx

1 1
/ [1—X—t¢ f’(ta+(1t)a;rb>‘dt+/ |
LJO 0

2 2

f! (t;err(lt)b)‘dt]
il (;aJr 22tb>‘dt}
’ a5b22t>’dt]

1+t  1—t !
/|17 —t f’( ;r a+2b>'dt+/ |
0

1
/|L——ﬂf(f#f?ﬂﬁ+/|u

/“qufﬂu%@W#Vu%wlf ﬁ+/Wuuv<n@Vu%w“?Vﬁ]
LJ O
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When |f’ (a)] <1, by using (2.3), we get

(3.2)
/\f()+uf()+2—A "y ( ) —a/f
< =t / L=A=tlly @] F >|f’<>|%‘dt+/o |u—t||f’<a>|<5>s|f'(b>|<25t>sdt}
b—a =t = ! _ "(a RV 2soot
< [ e @ o a [ - @ o l
b=a iy i [ 11— x— sl (@) /F (% T T
= @ oF [Cexsdir @/ e ar oF [l @/ o o

In a direct calculation yields,

/ll—A—tllf’(a)/f’(b)\%tdt

((14a+22(59))mZ (5,5 -1+2[2(5.5)] - 2(5.9))

= M (s;2)
and
/O = t1f (a) /1 (B)] % dt

((p—nz(5,5) +2(5.5)mZ (5

= E.(s;2)

If (3.2) is rewritten, we have

)\f(a)+uf(b)+2—>\ /,L <a+b) ! /f

2 2

< PZNP @7 O Ma(5:2) + 1 () B (5:2)]

When |f' ()] <1 <|f'(a)|, from (2.3), we get

Af(a);uf(b)Jr?—A My <a+b) b—a/f

2 2
v a7 @13 (Y
< D[ n-as i@ 1o dt+/0|u A @ 1 0107 a
—af [ SyAles = ' Stil s L 25—st
< b4 _/ |17/\*t||f’(a)| 5 T |f/(b)| 5 dt+/0 \u*t||f'(a)\2+ |f (b)| > dt:|
= @ 0 M 2) 417 @ O B (5:2)]
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When 1 < |f’(b)|, by virtue of (2.3), we get

Af(a);uf(b)+2—;—uf(a+b) /f

QU1|1_A—tllf’(a)|( V) a

/ =t 1 (@) 1 )7 dt}

4a U A — ]| (@) ()
+/01|u—t|f’(a)|’;+1s|f,() ]

= S r@rer sz 41 @ 67 B(s2).

IN

Tdt

IN

The proof of Theorem 3.1 is complete. (]

If taking A = p in Theorem 3.1, we derive the following corollary.

Corollary 3.1. Let f : I C Ry — Ry be differentiable on I°, a,b € I, with
a<b, and ' € L([a,b]). If |f' (z)| is s-geometrically convex and monotonically
decreasing on [a,b], and 0 < s <1, 0< A <1, then

(3.3)

W+(1—A)f(“b) /f

@ OP MO sZ2) + 1 O ENs2), | (a)] <
X L@ 012 M (A 53 2) + 1 (a)] 7L (b )l E\s2), [f(0)] S 1< [f" (a)];
1

/(@) S O T2 M5 2) + 1S (@) f 0) T2 ENs2), 1< ()]

where Z (u,v), My (s;2), Ex (s;Z) are defined in Theorem 3.1.

@

S

If letting A = p = 1/2, 2/3, 1/3, respectively, in Theorem 3.1, we can deduce
the inequalities below.

Corollary 3.2. Let f : I C Ry — Ry be differentiable on I°, a,b € I, with
a <b, and f" € L([a,b]). If |f' (z)| is s-geometrically convexr and monotonically
decreasing on |a,b], and 0 < s < 1, then

()

/" (a )gf’(b)I'EMUz (:2)+|f O Eryz (5:2),  |f (a

(@) <1;
Q@ E 1P B Mo (5:2) + 11 @) |F O Brjz (5:2). 1 B) <1< |f (@)
£ (@) ' O My (5:2) + | (@) f B F Brja(5:2). 1< 15 03

b—a
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b—a
4

<

. ) Mas (s; Z)+\1f'( N Eays(s52),  |f (a)l <1,
x| @ 2 If (b)|§1 g/ s2)+1f (@) |f (b)1|8{52/3 (:2), If ( <1
|f"(a) /(D)7 2 Mays (s;2) + |f (a) f (D)2 Eyy3(s;Z), 1< |f

f(a)+f(b)+f<a+b} e [ @
)

< |f(a)l;
O

b—a

O 1 O Maga (5:.2) + 17 (@) 1 O Eyja (5:2), 1 ()] <1< 1 ()
£ @) £ (O] % Maga (5:2) + | (a) £ 0) 7 Euga (5:2), 1< 11 0)];

where Z (u,v), Mx(s;Z), E,(s;Z) are defined in Theorem 3.1.

{ 1f (@) f' 0)|7 Myys (5: 2) + | O)" Bas (5:2) . |f' (@)l < 13
" (a)

Theorem 3.2. Let f: I C Ry — Ry be differentiable on 1°, a,b € I with a < b,
0<\u<1,and f' is integrable on [a,b]. If |f' (z)|? is s-geometrically convex and
monotonically decreasing on [a,b], for ¢ > 1 and s € (0,1], then

(3.7)
Af(a);uf(b)+2—;—uf<a+b> _a/ fe

(@ O (B2E2) " 2 g2
@) PO (M)l_% BY (s,4:2)
@I 61 (S22) 0 g2
P @ 1 O (£ 7 B g 2)
(@) ' (B2E0) 7 0 s g2

; [f (@) <15

<1< (a)];

- ST EE Iy ; IRV OIE
1 @ O ()T B (.0 2)
where
M)\(S7qaZ)
_ (CAZ(E )2 () -1+2[Z2(3 D) T - 2(3 %)
[nZ (3,%))°
EM(S,Q,Z)

and Z (u,v) = |f" (@)" |f" ®0)]"", u,v > 0.



8 MEVLUT TUNC*, EBRU YUKSEL**

Proof. From Lemma 2.1 and since |f’ (x)|? is s-geometrically convex and monoton-
ically decreasing on [a,b], by using well known power mean inequality, we get

Af(a);ruf(b)+2_)‘_“f(a+b) _bla/:f@)dw

2 2

“l(/:u—A—W(/lu—A
() [
b [(“‘Af“z) q (/1|1—A—t||f’<a>|q“2“)s |f'<b>|q<12">sdt)le
+<”“‘ ) ([ @ |f’<b>|q(22”>sdt)1.

When |f (a)] <1, by (2.3), we get

/|1— — 17 @ ) o CF)

< / L= A=l @) | ) a
= /|1f — 1 (@) /5 ) F at
— I @ f o)?
LAz (3 )z (3. 3) -2 (2 (3. 9] -2 (3. 9)
| 7 (5,91
= [ (a) J' O My (5,0:2)
and
/ =1 @ 1 @) a
: / =1 @ 17 )0 a
= @s O [ il @ o a
— 1@ <>|Sq
Rz () 12 (2. 4) 2 (3.) 142 (2 (3.3)]" ~2(2.9)
[z (%, 3]

= | (@) O E.(s,0:2).
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When |/ (B)] < 1< |f (a)], by (2.3), we get

A|1—A—ﬂu%wﬁ“¥fu%wf“¥fm

/JH—A—HU%MM*%”“SMf@WdE”ﬁ
0

7 @0 1 ) /'u— A—tl1f (a) /' )| % at
= |f/ (a)|Q(1—%) |f/( )| M)\ (S,q; Z)

IA

and
A|ﬂ—ﬂwcmd91fwwe¥fﬁ
/dm—tv'aﬂ*““”]fwvdg”w

= 1 @I ) o ”/’m—ﬂu<>/f<w%

= 1 @ O B (5.4 Z) -
When 1 < |f (b)], by (2.3), we get

1 1+t 1-t\s
A|1—A—ﬂﬁ%@ﬁ“f>u%mﬁ“f>w

IN

< /1 1= A=t |f (o) O] pr gy alsC0) 1] g
- /)“— — 1 (@) /1 1 ae
= |f'(@)f (W( 3 M, (s.4: 2)
and
/'M—ﬂu (@) 15 )5 at
=< / I — |f/ (a)|q[7+175] |f/ (b)|Q[S(%)+175] dt
F @I o F/|u 1 a) /()] % dt
= | @I O B (5.4 2).
As a result, the proof of Theorem 3.2 is complete. 0

If taking A = p in Theorem 3.2, we derive the following corollary.

Corollary 3.3. Let f : I C Ry — R, be differentiable on I°, a,b € I, with
a<b, and f' € L([a,b]). If |f'(x)|? is s-geometrically convex and monotonically
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decreasing on [a,b], for g >1 and 0 < s <1,0< <1, then

(3.8)
- b;a (( )\;2+>\2>1_§ )
, e
+|J{//(< ))|1 (s)||1/(z)_;|\4511/zs<q’ Z)Z) OIS (@)l
@l s gz SO

where Z (u,v), My (s,q;Z), E, (s,q;Z) are defined in Theorem 3.2.

If letting A = u = 1/2, 2/3, 1/3, respectively, in Theorem 3.2, we can deduce
the inequalities below.
Corollary 3.4. Let f : I C Ry — Ry be differentiable on I°, a,b € I, with
a<b, and f' € L([a,b]). If |f' (z)|? is s-geometrically convex and monotonically
decreasing on [a,b], for ¢ > 1 and 0 < s < 1, then

(3.9)
1[f(a)+ f(b) a+b 1
2{ 2 +f(2)]_ba/af(x)d$
< 414 (b — a)
= 6
' (a) '<>|%Mf//§<s,q;z> < 1
FIF (@) £ O E};;l(/s gz, o TWIsh
@721 (b)) My (5,42 , ,
; b)| <1< a)|;
I @ U 1//38%2)7 F @) <1< 11 (a)
F'(a) f <>|1‘5M3//§<s,q,z> L<1f Bl
@I OB (56 2), B

(3.10)

r@esor ()] -k [ rwe

5(b—a) (181
< — X
D) 5

1 (@) f )1 My (s.0:2) + | (a) £ B By (s.0:2) | (a)] <13
@21 ) My)d (s,0:2) + |f/ (@) | O Byd (s,0:2), 1F (B <1< |f (a);
1 (@) 1" O ™% Myl (5,0 2) + 11 (@) | (0)| Byl (5,4 2), 1< |f/ (b))
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(3.11)
Hr@esmear (0] - 5 [ 1w

5(b—a) <18)1/‘?
< —_ X
- 72 5
f(a) f <>|§Mf//§<s,q;2>+|f’<a>f'<b>|SEig§<s,q, z), |f’
1/q

(a
@1 E 1 O)F Mg (s,0:2) + 1 @) 1F O By (5,0 2) 5 1 (b
£ (a) £ )% M (5.0 2) + 1F (@) 1 O EYd (s.0: 2) 1

S [f" (@)l
JOIE

)
)

<

q\/\ I/\

where Z (u,v), My (s,¢;2), E, (s,q;Z) are defined in Theorem 3.2.

Theorem 3.3. Let f: I C Ry — Ry be differentiable on I°, a,b € I with a < b,
0<\u<1,and f' is integrable on [a,b]. If | f' (z)|? is s-geometrically convexr and
monotonically decreasing on [a,b], for p,q > 1 with % + % =1 and s € (0,1], then

(3.12)

AMa)+pf®) 2—=X—p, (a+d
2 T f( 2 ) b—a /f
(@) ' O)F B? + |1 0" F”, [ (@) <15
@121 ) B+ 1 @ ) E 1 0l < 1< If (a)l;
£ (a) £ (b)]' 1/p+|f’()Il’slf/(b)lFﬁ/p, 1< |/ (),

)Tl/q ( )

where
u—1

rw={ 5 L2 =@ o

and
)p-i-l

B VR
A p+1 e p+1

Proof. From Lemma 2.1 and since |f’ (x)|? is s-geometrically convex and monoton-
ically decreasing on [a,b], by using Hélder’s inequality, we get

Af(a);ruf(b)Jr?—;—uf(aer) _a/ fa

< 2 [(/01|1—)\—t|1’dt>;</01 Gk dt)
([ ([irewya)'
< 7 [(/OlllAtl”dt); (/ (17 @) 1 (b)(lzt)s)th>é

+(/01u—t|”dt);(/ol(| @ 1) tf)th)é].
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It is know that for 0 < A\, < 1, by using Lemma 2.2, we have

! APFL 4 (1 — )P
L—X—1t)|dt = =F
[ ia=a-n) 1 )

and

p+1

1 +1 p+1
+
[ = opan= 2Lt g
Therefore, we have

(3.13)

2 2 2

< b;“[(””pﬂ pH) (/ 7 @) g o) )é
+<”p+1+p+1 p+l> (/ @) )Iq(zzt)sdt);].

When |f’ (a)] <1, from (2.3), we get

1 1+4t\S 1—t\s 1 1t .
/ |f/ (a)|q(T) ‘f, (b)‘q(T) dt < / |f/ a SQ(T) |f/ (b)|sq(T) dt
0

Af(a)+uf(b)+2_>‘_“f<a+b) _bia/bﬂx)dw

|
N‘_Q
‘.e
U
SN

and

/ P @ 1 el a < [ @1 F 1o a

When |f' (b)] <1< |f'(a)], by virtue of (2.3), we get
L a0 g a(A50)° ! ! (@)1= g 5a0=0/2
L@ o= a < [ @

= 1@ Sq/2/|

= 17 @ @) S A

a) /1 (b)[**? dt
3)

%)’

M"Q N

59
P
InZ (3
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t 2-t\s 1
/ 7@l e e < [ @t o a

= @I sq/| ®)F at

a(1-s) Z (%, )*1
|f' (a)] | ()™ ™z (38,2

mem

When 1 < |f’ (b)|, by virtue of (2.3), we get

1—t)s 1
/ |f |¢1 |f ( )|q(T) dt / |f/ (a)|4[5((1+t)/2)+1—5] |f/ (b)|4[5(1—t)/2+1—5] dt
0

If (a) f’ (1- 8/2)q/ If |Sqt/2dt
)—1

j
2 )
Z(%.9)

IN

= I (@) f )2

wmwm

2-¢t)\s 1
/ @ e e < [y @ et

= 1@ \q/| a)
) -

_ (a4 a(1=s) | pr b (7(17 .
1f" (a)] \f()\i( )

As a result, the proof of Theorem 3.3 is complete. ([

/o

wam

If taking A = p in Theorem 3.3, we derive the following corollary.

Corollary 3.5. Let f : I C Ry — Ry be differentiable on I°, a,b € I, with
a < b, and f" € L([a,b]). If |f' (z)| is s-geometrically convexr and monotonically
decreasing on |a,b], for p,q > 1 with % + % =1and0<s<1,0<A<1, then

g [HOLIO ey 1P,
< @F;/PTIM (u) x
A5 @7 1) 7 (@) <
P @2 @ + 1 @ L@ 1 )|§1<|f’ a)l;
F @) F O+ 1 @ 1 O], L<[f ()],

where wu, T (u), F\ are defined in Theorem 3.5.

If letting A = p = 1/2, 2/3, 1/3, respectively, in Theorem 3.3, we can deduce
the inequalities below.

Corollary 3.6. Let f : I C R, — R, be differentiable on I°, a,b € I, with
a<b, and ' € L([a,b]). If |f' (z)| is s-geometrically convex and monotonically
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decreasing on [a,b], for p,q > 1 with % + é =1land0<s<1,0< A<, then

00 ()] 1

< =9 ey

(3.15)

8(p+1)¥
[ (@) ' (B)F + 17 ()] 1/ (@) < 1;
@ E O+ @ 1O, 17O <1< (@)
£ (a) £ ()% + | (@) £ ()], 1< | Ol
a b
319 | lr@+ o+ ()| - [ rwa
(b—a) [ 2+ 41 \7, .
s <3p+1(p+1)> TS () x
/(@) f' )+ 1 ) (@) <15
@ EF @)1 + 1 @1 O, 1) <1< f (@)
£ @) £ O 1 ()] 1 ()] L< | ()]
Ban) g lr@r s ar (0] -
(b—a) [ 241 \* .
s Ty <3p+1(p+1)> TV ()
EROPROIEEFOIR /" (@) < 1;
@2 F @) + 1 @ 1 O, 1 b >| <1<|f (a);
£ @) F O+ 1 @ | 0], 1< |f ()],

where w, T (u) are defined in Theorem 3.3.

Theorem 3.4. Let f : I C Ry — R, be differentiable on I°, a,b € I with a < b,
0< X\ pu<1, and f' is integrable on [a,b]. If |f' (z)| is s-geometrically convex and
monotonically decreasing on [a,b], for s € (0,1] and w, B > 0 with w + 5 =1, then

(3.18)
M@)+uf)  2=A—p, (a+b )
2 * 2 f( ) _a/ f(=
F(w, )+ F (w, ) /
+5T (v;s, ) {If’ (a) £/ (0)|%F +|f' (b)|%] : If'(a)] <1
S o @ : PO <1< (@)
AT (v55,8) |1 (@) 1f ®)F + 17 @7 [F ®IF] <1<|f (a));
Pl Elas) 1 . L<[f ()]
BT (v, B) || @) 1 O + 17 @17 |7 @)F] <1 Ol
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where
s ={ B U2L o=@ w,
and

OJ2 1 1 w2 1
Flon) = =5 (A + (1= 0F) Flop) = = (u + 0 - ).

Proof. From Lemma 2.1, and since |f’ ()| is s-geometrically convex and monoton-
ically decreasing on [a, b], and by using Cauchy’s inequality, we get

Af(a);uf(b)+2—/2\—uf(a+b) /f

. b;alw/01|1_A_t|s 1f’(ta+(1—t)a;b>ﬁdt
o [ -t HE (1_0());4

< bj{w/ll—x—twdtw 01 f’(a%b%)%dt
/m—t\ )‘l*dt]

< [/1 A1 dtw/ (|f’ ?If’(b)l(lgt)?)%dt

On the other hand, we have

/1|1—A—t|idt— w? (Al+1+(1—x)%“)—p(w A)
w o —w+1 - )

1
w/ \,u—tﬁdt:
0

Then, we have

and
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When |f (a)] <1, from (2.3), we get

s [ (@O o)

IN

and

5/ (@ e a

=

When |f/()|§1§| (a)|, by virtue of (2.3
s [ (@ o) e <

o+
Wl

B/ @O e <

When 1 <|f" (b )| by using (2.3), we get

s [ (@ o) e <

o+

B/ 7@ @) a <

The proof of Theorem 3.4 is complete.

B

B
B

B

B
B

B/ @) )T at

Bl (a / 1 (a) /1 B dt
B (a) ' )| T (v;5.5).

1 st
5[ 17 @ 17 o)
517 OF [ 17 @5 0
mf()w(vsm

, we get

ﬂ/ £ (a) 5 | )T dt

BIf (@) F |7 (b / I (a) [ (B)] %5 dt
BIF (@) F |1 B T (v;5,8)

1 st4+2—2s 2s—st
/0 P @ | )T e
1—s s 1 st
£ @I @ [ 15/ ) a
0
1 (@) 7 |f 0)|7 T (v;5,8).

5/ @) o)
BIf (@) |1 (b w/|f V1 )| dt
BIF (@) | 0 T (v;5,8),

1 st4+2—2s 2—st
/0 (@) o) at
P @71 (b /|f ) /F ()% dt

@] 1 O T (0:5,8).
O

If taking A = p in Theorem 3.4, we derive the following corollary.
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Corollary 3.7. Let f : I C R — Ry be differentiable on I°, a,b € I with a < b,
0 < A<1, and f' is integrable on [a,b]. If |f' (x)|? is s-geometrically convex and
monotonically decreasing on [a,b], for s € (0,1] and w,B > 0 with w + 5 =1, then

(3.19)

Ml(a)+pf®)  2=A—p, (atb I
2 T f<2>_b—a/af(m)dx

b—a

<
-4

2F (w, ) + BT (v, 8) | (@) £ B + [ OIF ], If (@) <
%8 2F (w, ) + BT (wis, B) [If (@) 7 1F G +1f @] 7 1F O)F ], 17 0 <1< 1f (@)
2F (w, ) + BT (5, 8) [If' (@) 7 1f 01 +1f @) 7 1 O], 117 0,
where T (v;s, ), F (w,A) are defined in Theorem 3.4.

If letting A = p = 1/2, 2/3, 1/3, respectively, in Theorem 3.4, we can deduce
the inequalities below.
Corollary 3.8. Let f: I C R, — Ry be differentiable on I°, a,b € I with a < b,
0< X\ u<1,and f' is integrable on [a,b]. If |f' (z)|? is s-geometrically convex and
monotonically decreasing on [a,b], for s € (0,1] and w,B > 0 with w + S =1, then

(3.20)
L[ f(a)+ f(b) a+b 1P
[ () s e
sy + BT (v, 8) I (@) /)7 + £ O], 1F (@) <15
x Wiwﬂ)ﬂﬁ(vs B)[If @I 17 B +1f @7 f O] 17 B <1< @)
sy + BT (v,8) [ @1 1 0] + 11 @ % 1f B)IF], 1< O);
(3.21)
a b —a
slr@rror s (5] -2 [ rwar <2
2l ) st s ) [ @ O 1 O], 1 @) <
SR e Colie) W T 17 @I 17 G + 17 @17 17 0] @) <11 @)
2G4 BT ) [ @I 17 OFF +17 @I 1 0], 1 <10
(3.22)
a b —a
sl@rrorar (5] -2 [ roa| <t
2l ) st s ) [ @ @ 1 O], 1 @) <

2w 2(2w+1+1) / S5 | fr 55 / =2 5 ’ ’
< § 2l ) BT s, 8) 1 @I 17 1 4 1 @1 1P O] Gl <121 @

2w 2(2w+1+1)

S AT Wi, B) (I @1 1 OF + 11 @7 1 ®)F], 1< 0);
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where T (v;s,3) as in the Theorem 3.4.

If letting A = p = 1/2, 2/3, 1/3, and w, 8 = 1/2 respectively, in Theorem 3.4,
we can deduce the inequalities below.
Corollary 3.9. Let f: I C R, — Ry be differentiable on I°, a,b € I with a < b,

and f' is integrable on [a,b]. If |f' (z)|? is s-geometrically convex and monotonically
decreasing on [a,b], for s € (0,1], then

(3.23)
1[f(a)+f(b) a+b —a
()]
6+ T (v5s.3) [lf’ (@) /' ®) + 11 (b)\ﬂ L @l<
XN 6+ T (s 3) (17 @ OF + 17 @F 1 OF], 1 @) <1< I @)
4T (i, 3) (I @ F OF 17 @F 17 OF] 1< O

b—a

ﬂ>+f<ww(“+§}

QPP O + 1 @P 1 0] 17 @) <117 )

%+T@S*HV%)’@F+WwWﬂ,IfMMSh
[ Bl B[
T (vis

aﬂﬁm OPT I @PTF O] <10l

IS

1 a+b

posms(t22)]-
247 (5, 1) [If (@) f O + 11 ()

x{ 24T (vi5,3) [If (@)

24T (s 3) [IF/ @F OGP+ 17 @P I O] 121805

where T (v;s,B) as in the Theorem 3.4.
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