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ON TRIGONOMETRIC FUNCTIONS AND NORM IN THE
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Abstract. In this paper, the plane with the generalized taxicab metric is

considered and the trigonometric functions and the norm are defined. Then,
the cosine and the sine functions are developed by using the reference angle

with respect to the generalized taxicab metric. It is shown that Schwarz’s
inequality is valid under restricted case of dTg -metric. Finally, the area of

any triangle in the plane with the generalized taxicab metric is given as the

geometrical interpretation that contains the trigonometric functions and norm.

1. Introduction

The Minkowski metric of order k (k ≥ 1) is for distance between two points
A = (x1, y1) and B = (x2, y2) determined by

dk(A,B) = (|x2 − x1|k + |y2 − y1|k)
1
k .

Minkowski metric family include taxicab metric, dT , for k = 1 and Euclidean
metric, dE , for k = 2. Taxicab geometry was introduced by Menger [11] and
developed by Krause [10]. Taxicab geometry has been studied and developed by
some mathematicians. The taxicab plane, R2

T , is almost the same as the Euclidean
plane R2. The points and lines are the same, and the angles are measured the
same way, but the distance function is different. The unit circle with the equation
|x|+ |y| = 1 is a square with oriented at 45◦ angle to the coordinate axes in R2

T for
all points (x, y).

In [14], Lawrence J. Wallen altered taxicab distance by redefining in order to get
rid of possibly misleading symmetry. For two points A = (x1, y1) and B = (x2, y2)
in R2, the (slightly generalized) taxicab distance function is defined dTg

(A,B) =
a |x2 − x1| + b |y2 − y1| ,where a, b > 0. Also, it is shown that the distance dTg

determines a metric. Note that the generalized taxicab metric is the taxicab metric,
when a = b = 1. The analytical plane with the distance dTg will be denoted by

R2
Tg
. In R2

Tg
, the unit circle with the equation a |x| + b |y| = 1 is a diamond that
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its vertex vectors are v1 = ( 1
a , 0), v2 = (0, 1

b ), v3 = (− 1
a , 0) and v4 = (0,− 1

b ). The
shortest distance dTg between the points A and B is the union of the line segments
with the same slopes as vi and vi+1 , i = {1, 2, 3, 4}, when the vector AB is in
the sector obtained by extending the vectors vi and vi+1. If the slope of the line
segment AB is equal to the slope of vi, i = {1, 2, 3, 4}, then the dTg

-distance of AB
is constant a or b multiple of the Euclidean distance between A and B, [3]. Also,the
group of isometries of the plane with generalized taxicab metric is studied in [9].

The unit circle has a different point set and a different figure in different metrics.
So, the values of trigonometric functions change according to the metric which we
use. The trigonometric functions on the unit circle of Taxicab, the Chinese Checker,
the Maximum metrics and the Generalized Absolute metrics have been defined and
developed in [2,4,5,6,7,8,13].

In the present paper, the trigonometric functions are defined using the gener-
alized taxicab metric. And, several trigonometric identities of these functions are
given. Also, the definitions of trigonometric functions are developed by using the
reference angle and the change of the generalized taxicab length of a line segment
after rotations is studied. Later on, the norm is introduced using trigonometric
functions and the Schwarz’s inequality is looked at. Finally, the area of any trian-
gle is given by using norm and trigonometric functions in the plane with generalized
taxicab metric.

2. Trigonometric Functions in R2
Tg

We want to give the standart definitions of the trigonometric functions on unit
circle in R2

Tg
as in [4,6,7,8]. In plane geometry, trigonometric functions are defined

as x = cos θ, y = sin θ for all points (x, y) on the unit circle, where θ is the angle with
initial side the positive x−axis and terminal side the radial line passing through
point (x, y). Since the slope of radial line passing through point (x, y) does not
change, tangent function does not depend on the metric. So, the trigonometric
functions can be defined according to the generalized taxicab metric in terms of
the standard Euclidean tangent function. Thus, the slope of the radial line goes
through the point (cosTg

θ, sinTg
θ) on the unit circle in R2

Tg
is

(2.1) tan θ =
sinTg

θ

cosTg
θ

= tanTg
θ.

For the definitions of sine and cosine, it is necessary to find only the point that
is called (cosTg

θ, sinTg
θ) is on the line that makes an angle θ with the positive

x−axis and on the unit circle in R2
Tg

. The equation of the line joining (x, y) and

(0, 0) is y = (tan θ)x. Solving the system{
y = (tan θ)x
a |x|+ b |y| = 1

we have the following chain of results

|x| = 1

a+ b |tan θ|
=
∣∣cosTg

θ
∣∣

|y| = |tan θ|
a+ b |tan θ|

=
∣∣sinTg

θ
∣∣ .
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If it is made appropriate choice of sign for the absolute value based on the quadrant,
cosine and sine functions in R2

Tg
are given as follows

cosTg
θ =

cos θ

a |cos θ|+ b |sin θ|
(2.2)

sinTg
θ =

sin θ

a |cos θ|+ b |sin θ|
(2.3)

The graphs of cosine and sine functions in R2
Tg

are presented in the following

figures.

Figure 1. y = cosTg x for a = 5, b = 2

Figure 2. y = sinTg
x for a = 5, b = 2

In R2
Tg

, the trigonometric identities will differ from their Euclidean analogues in

most cases. If the secant and cosecant functions are defined as in Euclidean plane,
then cscTg θ = 1

sinTg θ
, secTg θ = 1

cosTg θ
. The cotangent function is not based on the

generalized taxicab metric as tangent function. The cofunction identities of these
functions are similar to their Euclidean analogues. That is, cosTg (π2 − θ) = sinTg θ
and sinTg (π2 − θ) = cosTg θ.

Using the identities tan(−θ) = − tan θ and cot(−θ) = − cot θ in (2.2) and
(2.3),one can verify the identities cosTg

(−θ) = cosTg
θ and sinTg

(−θ) = − sinTg
θ.

It is well known that the Pythagorean identity is the relation between sine and
cosine functions. In the meaning of the generalized taxicab metric , the Pythagorean
identities are obtained by using unit circle in R2

Tg
as follows:

a
∣∣cosTg

θ
∣∣+ b

∣∣sinTg
θ
∣∣ = 1,
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a+ b |tan θ| =
∣∣secTg

θ
∣∣ ,

a |cot θ|+ b =
∣∣cscTg θ

∣∣ .
Unlike the Euclidean case, there is a non-uniform change in arc length as the

angle θ is increased by a fixed amount in the generalized taxicab metric. So, it is
necessary to develop the trigonometric functions defined on the unit circle in R2

Tg

for any angle θ using the reference angle α of θ [13].

Definition 2.1. Let θ be the angle with the reference angle α which is the angle
between θ and the positive direction of the x- axis on unit circle in R2

Tg
. The cosine

and sine functions of the angle θ with the reference angle α, Tg cos θ and Tg sin θ,
are defined as

Tg cos θ = cosTg (α+ θ). cosTg α+ sinTg (α+ θ). sinTg α
Tg sin θ = sinTg

(α+ θ). cosTg
α− cosTg

(α+ θ). sinTg
α .

One can easily see that Tg cos θ = 1
a cosTg

θ and Tg sin θ = 1
a sinTg

θ for α = 0.
Consequently, the general definitions of trigonometric functions can be given by

defining angles with the reference angle in the generalized taxicab metric.

3. The Length of a Line Segment Under Rotations in R2
Tg

It is well known that all rotations, translations and reflections preserve the Eu-
clidean distance. But the length of a line segment under rotations changes in
non-Euclidean metrics as in [12]. In R2

Tg
, all translations and the rotations with

the angle θ ∈ {0, π} for a 6= b or θ ∈ {0, π2 , π,
3π
2 } for a = b preserve dTg

-distance

[9]. Also, dTg
(l) 6= dE(l) for a2 + b2 6= 1 and m 6= ± b

a such that m is the slope of
the line segment l. Thus, the change of a line segment length after rotation is given
by the following theorem:

Theorem 3.1. Let any two points be A and B in R2
Tg
, and let the line segment

AB be not parallel to the x-axis and α be the angle between the line segment AB
and the positive direction of x-axis. If A′B′ is the image of AB under the rotation
with the angle θ, then dTg

(A′, B′) is equal to

dTg (A,B)

√√√√ cos2
Tg
α+ sin2

Tg
α

cos2
Tg

(α+ θ) + sin2
Tg

(α+ θ)
= dTg (A,B)

a |cos(α+ θ)|+ b |sin(α+ θ)|
a |cosα|+ b |sinα|

.

Proof. Since all the translations are preserve in dTg
-distance, the line segment AB

can be translated to line segment OX such that dTg (A,B) = dTg (O,X) = k. Let
the line segment OX ′ be the image of OX under rotation with the angle θ. If α is
the reference angle of θ, then X = (k cosTg

α, k sinTg
α). Let dTg

(O,X ′) be k′. Then
X ′ = (k′ cosTg

(α + θ), k′ sinTg
(α + θ)). Using the equality of Euclidean lengths of

the line segments OX and OX ′ one get

dTg (A′, B′) = dTg (O,X ′) = k

√√√√ cos2
Tg
α+ sin2

Tg
α

cos2
Tg

(α+ θ) + sin2
Tg

(α+ θ)
= k

a |cos(α+ θ)|+ b |sin(α+ θ)|
a |cosα)|+ b |sinα|

.

�

The following corollary shows how one can find the the generalized taxicab
length, after a rotation of a line segment with an angle θ in standard form.
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Corollary 3.1. Let the line segment AB is parallel to the x-axis. If A′B′ is the
image of AB under the rotation with an angle θ then

dTg
(A′, B′) =

dTg
(A,B)√

cos2
Tg
θ + sin2

Tg
θ
.

Proof. Using the value α = 0 in the previous theorem, the corollary is obtained. �

4. The Norm in R2
Tg

In [14] , According to dTg, the norm of a vector v =
−−→
OP ( O is the origin) is

defined by

‖v‖Tg
= dTg

(O,P ) = a |x|+ b |y| ,

where v = (x, y) in R2. If the vector v lies in the sector determined by vi and
vi+1, then ‖v‖Tg

= ti + ti+1 where ti, ti+1 are nonnegative real numbers such that

v = tivi + ti+1vi+1. Now, it will be given that the norm can be stated by using the
standard inner product and trigonometric functions in R2

Tg
.

Definition 4.1. Let v = (x, y) be any vector in R2
Tg
. Then the norm of v is defined

by

‖v‖Tg
=

√
〈v, v〉

cos2
Tg
α+ sin2

Tg
α
,

where α is the reference angle of v.

Corollary 4.1. ‖v‖Tg
= dTg (O, v).

Proof. If v = (x, y) = (dTg
(O, v) cosTg

α, dTg
(O, v) sinTg

α) is used where α is the
reference angle of v,

dE(O, v) =
√

cos2
Tg
α+ sin2

Tg
αdTg (O, v).

If dE(O, v) =
√
〈v, v〉 and above definition are used,

‖v‖Tg
= dTg

(O, v)

is obtained. �

Also, If the vector v lies in the sector determined by vi and vi+1, then ‖v‖Tg
=

ti + ti+1 where ti, ti+1 are nonnegative real numbers such that v = tivi + ti+1vi+1.
From Corollary (4.1) and Definition (4.1),

‖v‖Tg
= dTg

(O, v) = ti + ti+1 =

√
〈v, v〉

cos2
Tg
α+ sin2

Tg
α
.

As in Euclidean geometry, it is easily seen that the norm function ‖.‖Tg
satisfies

the following properties. So, it is given without proof.

Proposition 4.1. Let u = (x1, y1), v = (x2, y2) and w = (x3, y3) be any three
vectors in R2

Tg
and r ∈ R. Then
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(i) ‖v‖Tg
≥ 0 and ‖v‖Tg

= 0⇔ v = 0,

(ii) ‖rv‖Tg
= |r| . ‖v‖Tg

,

(iii) ‖v + w‖Tg
≤ ‖v‖Tg

+ ‖w‖Tg
,

(iv) ‖v − w‖Tg
≥ ‖v‖Tg

− ‖w‖Tg
,

(v) ‖v − w‖Tg
≥ ‖v − u‖Tg

− ‖u− w‖Tg
.

It is very well known that Schwarz’s inequality is an important property shared
by inner product and the norm. Now, it is shown that Schwarz’s inequality is valid
for some restricted cases of dTg in R2

Tg
.

Proposition 4.2. (Schwarz’s inequality) If v = (x1, y1) and w = (x2, y2) be any
two vectors in R2

Tg
and a ≥ 1, b ≥ 1, then

|〈v, w〉| ≤ ‖v‖Tg
‖w‖Tg

.

Proof. If v = 0, then |〈v, w〉| = 0 and ‖v‖Tg
= 0. The equality holds. Let v 6= 0, it

is known that

(4.1) |〈v, w〉| = |x1x2 + y1y2| ,

(4.2) ‖v‖Tg
‖w‖Tg

= (a |x1|+ b |y1|)(a |x2|+ b |y2|)

If the right-hand sides of (4.1) and (4.2) are observed,

ab |x1y2|+ ab |x2y1|+ a2 |x1x2|+ b2 |y1y2| ≥ |x1x2 + y1y2|
is valid when a ≥ 1, b ≥ 1. This completes the proof. �

In the following theorem, the area of the triangle
4

ABC is given by using the
norm and trigonometric functions in R2

Tg
.

Theorem 4.1. Let
4

ABC and θ be any triangle in R2
Tg

and the angle between AC

and BC . Then the area A of the triangle
4

ABC is

A =
1

2
‖AC‖Tg

‖BC‖Tg
Tg sin θ.

Proof. Since all the translations preserve dTg
-distance, the point C can be taken

the origin. One can obtain the following relation between Tg sin θ and sin θ

(4.3) Tg sin θ =
‖OA‖ ‖OB‖
‖OA‖Tg

‖OB‖Tg

sin θ.

From (4.3) and 2A = ‖AC‖ ‖BC‖ sin θ for 0≤ θ ≤ π,A = 1
2 ‖AC‖Tg

‖BC‖Tg
Tg sin θ.

�
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