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Abstract
In statistical and reliability theory, the transmuted distributions are the present day re-
searcher’s interest because these distributions will fit the data in a better manner by
involving a new parameter namely transmuted parameter. This paper aims to produce
another transmuted distribution based on the new modified weibull distribution using
the quadratic rank transmutation map. Further, the properties such as moments, mo-
ment generating function, Estimation of parameters, order statistics are derived for the
proposed distribution along with the hazard and survival functions.
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1. Introduction and Preliminaries
In Statistical and Reliability theory, life distributions plays a major role in explaining the na-

ture and behavior of the data along with its properties. Of these life distributions, weibull distri-
bution has gained attention from researchers of various subject domains such as reliability engi-
neering, medicine, hydrology and many more. In recent years, generalisations of the basic form
of weibull distribution are made and one such generalisation is the new modified weibull distri-
bution [2]. In this paper, a generalisation of new modified weibull distribution is proposed by
making use of an interesting idea, known in the literature as transmutation. The transmutation of
new modified weibull distribution is derived using the quadratic rank transformation map [15].
The main focus of the rank transmutation map (RTM) is to meet the needs of parametric families
of distributions and it can be used to investigate a novel technique for introducing skewness or
kurtosis into a symmetric or other distribution by considering wider statistical applications. That
is the RTM is a tool for the discovery of new families of non - Gaussian distributions. We use it
to modulate a given base distribution for the purposes of modifying the moments, in particular
the skew and kurtosis. An important example will be to take the base distribution to be normal,
but there is wide latitude in the choice of the base distribution. An attraction of the approach is
that if the CDF and inverse CDF (or quantile function) are tractable for the base distribution, they
will remain so for the transmuted distribution [15].
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A random variable ‘X’, is said to have transmuted distribution if its cumulative distribution
function (cdf) and probability density function (pdf) are given by (1.1) and (1.2).

G(x) = (1 + δ)F (x)− δF (x)2 (1.1)

g(x) = f(x) [(1 + δ)− 2δF (x)] (1.2)

where f(x) and F(x) are the pdf and cdf of the subject distribution and δ is the transmuted param-
eter which lies between -1 and 1. The effect of the quadratic rank transmutation map (QRTM)
is to introduce skew to a symmetric base distribution. There is no specific requirement that the
base distribution F be symmetric. However, if the F distribution is symmetric about the origin,
in the sense that F (x) = 1 − F (−x), we have the result that the distribution of the square of the
transmuted random variable is identical to that of the distribution of the square of the original
random variable [15]. For more information and basic properties of the quadratic rank transmu-
tation, one can refer Shaw and Buckley [15].

In literature, so many new distributions are continuously been derived by many researchers
in the context of transmutation. Here, we outline some existing transmuted distributions with
subject distribution as Weibull in the literature. Aryal and Tsokos [9] proposed the transmuted
weibull distribution in the case of two parameter and they studied the mathematical properties
of the distribution and also provided the maximum likelihood estimation procedure. Elbatal and
Aryal [4] proposed the transmuted additive weibull distribution based on the quadratic rank
transmutation map and they have studied the subject distribution extensively by providing the
properties and the estimation of parameters.

The transmuted inverse weibull distribution is proposed by Elbatal [10] and given many re-
duction forms for subject distribution by varying the parameter values. Shuaib Khan and Robert
King [12] derived the transmuted modified weibull distribution and the least squares procedure
is used to estimate the parameter and also given the explicit expressions for the quantiles of the
distribution. Ebraheim [1] has been introduced the Exponentiated Transmuted Weibull Distri-
bution (ETWD). The ETW distribution has the advantage of being capable of modeling various
shapes of aging and failure criteria. Furthermore, Ebraheim showed that eleven lifetime distribu-
tions such as the Weibull, exponentiated Weibull, Rayleigh and exponential distributions, among
others follow as special cases.

Apart from Weibull distribution as a subject distribution, there are many new transmuted
distributions have been proposed by many authors in the literature. Some of which are pre-
sented here. Faton Merovci [5] developed a transmuted exponentiated exponential distribution
using the quadratic rank transmutation map to generalize the exponentiated exponential distri-
bution. Further, the properties and the estimation of parameters are discussed for the proposed
distribution. Faton Merovci et. al. [8] is proposed a transmuted generalized inverse Weibull
distribution and studied its properties. Faton Merovci [6] is proposed a transmuted Rayleigh dis-
tribution and provided a comprehensive description of the mathematical properties of the subject
distribution along with its reliability behavior. Further, Manisha and Montip [11] introduced the
beta transmuted Weibull distribution, which contains a number of distributions as special cases.
The distribution and moments of order statistics along with estimation of the model parame-
ters are studied. Faton Merovci [7] derived the transmuted generalized Rayleigh distribution
using quadratic rank transmutation map and the properties of the proposed distribution are de-
rived and investigated. Recently, Shuaib Khan and Robert King [13] has been introduced the
transmuted modified Inverse Rayleigh distribution by using quadratic rank transmutation map,
which extends the modified Inverse Rayleigh distribution. Further, they derived the quantile,
moments, moment generating function, entropy, mean deviation, Bonferroni and Lorenz curves,
order statistics and maximum likelihood estimation.
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In this paper, we derive a new transmuted distribution based on new modified weibull distri-
bution which is proposed by Almalki and Yuan [2].

2. Proposed Distribution

Almalki and Yuan [2] introduced a new modified Weibull (NMW) distribution. It generalizes
several commonly used distributions in reliability and lifetime data analysis, including the modi-
fied weibull distribution, the additive weibull distribution, the S-Z modified weibull distribution
of Sarhan [14] , the weibull distribution, the exponential distribution, the Rayleigh distribution,
the extreme value distribution and the linear failure rate (LFR) distribution by Bain [3].
The cumulative distribution function and probability density function of the new modified weibull
distribution is given in (2.1) and (2.2)

F (x) = 1− e−αxθ−βxγeλx

x ≥ 0 (2.1)

f(x) =
[
αθxθ−1 + β(γ + λx)xγ−1 eλx

]
e−αxθ−βxγeλx

(2.2)

where α, β, θ, γ and λ are non-negative with θ and γ being shape parameters and α and β being
scale parameters and λ is the acceleration parameter.

A random variable X is said to have the transmuted new modified weibull distribution (TN-
MWD) with parameter α, β, θ, γ, λ & −1 ≤ δ ≤ 1 and its cumulative distribution function is
defined using equations (1.1) and (2.1) as follows,

G(x) =
[
1− e−αxθ−βxγeλx

] [
1 + δ − δ

[
1− e−αxθ−βxγeλx

]]
(2.3)

The probability density function of the transmuted new modified weibull distribution is obtained
by substituting (2.2) in (1.2),

g(x) =
[
αθxθ−1 + β(γ + λx)xγ−1 eλx

] [
e−αxθ−βxγeλx

] [
1 + δ − 2δ

[
1− e−αxθ−βxγeλx

]]
(2.4)

where θ and γ are shape parameters; α and β are scale parameters; λ is the acceleration parameter
and δ is the transmutation parameter. The new modified weibull distribution is a special case for
δ = 0. This TNMWD is a generalised distribution which fits and analyze more complex data
and this distribution has the flexibility to have many other distributions as the parameters of the
subject distribution varies. The following are some sub models for the TNMWD (Table 1).

The probability density and cumulative distribution functions of TNMWD will exhibit differ-
ent behavior depending on the values of the parameters when chosen to be positive (Figures 1 &
2).

3. Reliability Analysis

In this section, the survival and hazard functions for TNMWD are presented.
Survival function
The survival function for the transmuted new modified weibull distribution is defined in equa-
tion (3.1),

S(x) = 1−
[
1− e−αxθ−βxγeλx

] [
1 + δ − δ

[
1− e−αxθ−βxγeλx

]]
(3.1)

Hazard Function
The hazard rate function of the TNMWD is defined as follows,

h(x) =
f(x)

1− F (x)

=

[
αθxθ−1 + β(γ + λx)xγ−1 eλx

] [
e−αxθ−βxγeλx

] [
1 + δ − 2δ

[
1− e−αxθ−βxγeλx

]]
1−

[
1− e−αxθ−βxγeλx

] [
1 + δ − δ

[
1− e−αxθ−βxγeλx

]] (3.2)



128 R. Vishnu Vardhan, S. Balaswamy

Table 1. Sub models of Transmuted New Modified Weibull Distribution
Model δ λ β γ θ α Probability Density Function

NMWD 0 - - - - -
[
αθxθ−1 + β(γ + λx)xγ−1eλx

]
e−αxθ−βxγeλx

MWD 0 0 - - - -
[
αθxθ−1 + βγxγ−1

]
e−αxθ−βxγ

WD 0 0 0 0 - -
[
αθxθ−1

]
e−αxθ

RD 0 0 0 0 2 - [2αx] e−αx2

ED 0 0 0 0 1 - αe−αx

Ext.V.D 0 - 1 0 0 0
[
βλeλx

]
e−eλx

SZ.MWD 0 0 - - 1 -
[
α+ βγxγ−1

]
e−αx−βxγ

TRD - 0 0 0 2 1
2σ2

x
σ2 e

−x2

2σ2

[
1− δ + 2δe

−x2

2σ2

]
RNMWD 0 - - 1

2
1
2 - 1

2
√
x

[
α+ β(1 + 2λx)eλx

]
e−α

√
x−β

√
x eλx

LF Rate D 0 0 - 2 1 - [α+ 2βx] e−αx−βx2

AWD 0 0 - - - -
[
αθxθ−1 + βγxγ−1

]
e−αxθ−βxγ

T=Transmuted, N=New, M=Modified, W=Weibull, Ext=Extreme, V=Value,
R=Rayleigh, E=Exponential, L=Linear, F=Failure, A=Additive, D=Distribution

Figure 1. Probability Density Function of the Transmuted New Modified Weibull Distribution

The hazard function can have many different shapes, including bathtub (Figure 3). It is de-
sirable for a bathtub shaped hazard function to have a long useful life period, with relatively
constant failure rate in the middle. A few distributions have this property, so does the Trans-
muted New Modified Weibull Distribution as shown in Figure 3.

4. Statistical Properties

In this section, statistical properties of TNMWD including moments and moment generating
function are discussed.
Moments
It is necessary to provide the mean and variance through the method of moments when a new
distribution is proposed. Therefore, we derive the explicit expressions for the rth order moments
associated with (3.1) which is as follows,
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Figure 2. Cumulative Distribution Function of the Transmuted New Modified Weibull
Distribution

Figure 3. Hazard Function of the Transmuted New Modified Weibull Distribution

E(xr) =

∫ ∞

0

xrdF (x)

E(xr) = r

∫ ∞

0

xr−1
{
1−

[
1− e−αxθ−βxγeλx

] [
1 + δ − δ

[
1− e−αxθ−βxγeλx

]]}
dx

E(xr) = r

∫ ∞

0

xr−1e−αxθ−βxγeλx

dx − rδ

∫ ∞

0

xr−1e−αxθ−βxγeλx

dx

+ rδ

∫ ∞

0

xr−1e−2αxθ−2βxγeλx

dx (4.1)
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Consider, r
∫∞
0

xr−1e−αxθ−βxγeλx

dx

r

∫ ∞

0

xr−1e−αxθ−βxγeλx

dx =
∞∑

n=0

∞∑
m=0

(−β)n(λn)m

n!m!
r

∫ ∞

0

xnγ+m+r−1e−αxθ

dx

=
r

θ

∞∑
n=0

∞∑
m=0

(−β)n(λn)m

n!m!
α−(nγ+m+r)/θΓ

(
nγ +m+ r

θ

)
(4.2)

for r = 1, 2, . . ., where Γ(·) is the gamma function.
In a similar manner, the explicit expression for rδ

∫∞
0

xr−1e−2αxθ−2βxγeλx

dx is given as follows,

rδ

∫ ∞

0

xr−1e−2αxθ−2βxγeλx

dx =
rδ

θ

∞∑
n=0

∞∑
m=0

(−2β)n(λn)m

n!m!
(2α)

−(nγ+m+r)/θ
Γ

(
nγ +m+ r

θ

)
(4.3)

on substituting equations (4.2) & (4.3) in equation (4.1), the rth order moments are given below,

E(xr) =
r

θ

∞∑
n=0

∞∑
m=0

(−β)n(λn)m

n!m!
α−(nγ+m+r)/θΓ

(
nγ +m+ r

θ

)

− rδ

θ

∞∑
n=0

∞∑
m=0

(−β)n(λn)m

n!m!
α−(nγ+m+r)/θΓ

(
nγ +m+ r

θ

)

+
rδ

θ

∞∑
n=0

∞∑
m=0

(−2β)n(λn)m

n!m!
(2α)

−(nγ+m+r)/θ
Γ

(
nγ +m+ r

θ

)
(4.4)

When δ = 0 in equation (4.4), we have the rth order moments for the new modified weibull
distribution of Almalki and Yuan [2] which is as follows,

E(xr) =
r

θ

∞∑
n=0

∞∑
m=0

(−β)n(λn)m

n!m!
α−(nγ+m+r)/θΓ

(
nγ +m+ r

θ

)

Moment Generating Function
In this subsection we derived the moment generating function (mgf) of transmuted new modi-
fied weibull distribution as follows.
If X follows transmuted new modified weibull distribution with |δ| ≤ 1, then the moment gener-
ating function of X is given by,

MX(t) =
∞∑

n=0

∞∑
m=0

∞∑
k=0

(−β)n(λn)mtk+1

n!m!k!θ
α−(nγ+m+k+1)/θΓ

(
nγ +m+ k + 1

θ

)

− δ

∞∑
n=0

∞∑
m=0

∞∑
k=0

(−β)n(λn)mtk+1

n!m!k!θ
α−(nγ+m+k+1)/θΓ

(
nγ +m+ k + 1

θ

)

+ δ
∞∑

n=0

∞∑
m=0

∞∑
k=0

(−2β)n(λn)mtk+1

n!m!k!θ
(2α)

−(nγ+m+k+1)/θ
Γ

(
nγ +m+ k + 1

θ

)
(4.5)

The moment generating function for the transmuted new modified weibull distribution is de-
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rived as,

MX(t) =

∫ ∞

0

etxdF (x)

MX(t) =

∫ ∞

0

tetx
{
1−

[
1− e−αxθ−βxγeλx

] [
1 + δ − δ

[
1− e−αxθ−βxγeλx

]]}
dx

MX(t) =

∫ ∞

0

tetxe−αxθ−βxγeλx

dx − δ

∫ ∞

0

tetxe−αxθ−βxγeλx

dx

+ δ

∫ ∞

0

tetxe−2αxθ−2βxγeλx

dx (4.6)

Consider,
∫∞
0

tetxe−αxθ−βxγeλx

dx

∫ ∞

0

tetxe−αxθ−βxγeλx

dx =
∞∑

n=0

∞∑
m=0

(−β)n(λn)m

n!m!

∫ ∞

0

tetxe−αxθ

xnγ+mdx

=
∞∑

n=0

∞∑
m=0

∞∑
k=0

(−β)n(λn)mtk+1

n!m!k!θ
α−(nγ+m+k+1)/θΓ

(
nγ +m+ k + 1

θ

)
(4.7)

In a similar manner, the explicit expression for
∫∞
0

tetxe−2αxθ−2βxγeλx

dx is given as follows,

δ

∫ ∞

0

tetxe−2αxθ−2βxγeλx

dx = δ
∞∑

n=0

∞∑
m=0

∞∑
k=0

(−2β)n(λn)mtk+1

n!m!k!θ
(2α)

−(nγ+m+k+1)/θ
Γ

(
nγ +m+ k + 1

θ

)
(4.8)

on substituting equations (4.7) & (4.8) in equation (4.6), the moment generating function for the
transmuted new modified weibull distribution is as same as given in equation (4.5).

5. Maximum Likelihood Estimation

Let x1, x2 . . . , xn be a sample of size ‘n’ from transmuted new modified weibull distribution.
Then the likelihood function ‘L’ is given by,

L =
n∏

i=1

[
αθxi

θ−1 + β(γ + λxi)xi
γ−1 eλxi

] [
e−αxi

θ−βxi
γeλxi

] [
1 + δ − 2δ

[
1− e−αxi

θ−βxi
γeλxi

]]

The log-likelihood function for the TNMW distribution is,

logL =
n∑

i=1

log
[
αθxi

θ−1 + β(γ + λxi)xi
γ−1 eλxi

]
− α

n∑
i=1

xi
θ − β

n∑
i=1

xi
γeλxi

+
n∑

i=1

log
[
1 + δ − 2δ

[
1− e−αxi

θ−βxi
γeλxi

]] (5.1)
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The partial differentiation with respect to the parameters of log-likelihood function are given as
follows,

∂ logL

∂δ
=

n∑
i=1

1[
1 + δ − 2δ

[
1− e−αxi

θ−βxi
γeλxi

]] {1− 2
[
1− e−αxi

θ−βxi
γeλxi

]}
∂ logL

∂α
=

n∑
i=1

1

[αθxi
θ−1 + β(γ + λxi)xi

γ−1 eλxi ]

{
θxi

θ−1
}
−

n∑
i=1

xi
θ

+
n∑

i=1

1[
1 + δ − 2δ

[
1− e−αxi

θ−βxi
γeλxi

]] {2δe−αxi
θ−βxi

γeλxi
(
−xi

θ
)}

∂ logL

∂θ
=

n∑
i=1

1

[αθxi
θ−1 + β(γ + λxi)xi

γ−1 eλxi ]

{
αxi

θ−1 + αθxi
θ−1 log(xi)

}
− α

n∑
i=1

xi
θ log(xi)

+
n∑

i=1

1[
1 + δ − 2δ

[
1− e−αxi

θ−βxi
γeλxi

]] {2δe−αxi
θ−βxi

γeλxi
(
−αxi

θ log(xi)
)}

∂ logL

∂β
=

n∑
i=1

1

[αθxi
θ−1 + β(γ + λxi)xi

γ−1 eλxi ]

{
(γ + λxi)xi

γ−1eλxi
}
−

n∑
i=1

xi
γeλxi

+

n∑
i=1

1[
1 + δ − 2δ

[
1− e−αxi

θ−βxi
γeλxi

]] {2δe−αxi
θ−βxi

γeλxi
(
−xi

γeλxi
)}

∂ logL

∂γ
=

n∑
i=1

1

[αθxi
θ−1 + β(γ + λxi)xi

γ−1 eλxi ]

{
βxi

γ−1eλxi + βγxi
γ−1eλxi log(xi)

}
− β

n∑
i=1

xi
γeλxi log(xi)

+
n∑

i=1

1[
1 + δ − 2δ

[
1− e−αxi

θ−βxi
γeλxi

]] {2δe−αxi
θ−βxi

γeλxi
(
−βxi

γeλxi log(xi)
)}

The above partial derivatives are to be solved by equating to zero using the numerical meth-
ods. Hence, the Newton-Raphson’s algorithm is useful to obtain the maximum likelihood esti-
mates θ̂, γ̂, α̂, β̂, λ̂ and δ̂ by directly maximizing the log-likelihood function (5.1). For the trans-
muted new modified Weibull distribution pdf, all the second order derivatives exist. Thus we
have the inverse dispersion matrix as

θ̂
γ̂
α̂

β̂

λ̂

δ̂

 ∼ N




θ
γ
α
β
λ
δ

 , Σ


with

Σ = −E


Vθθ Vθγ Vθα Vθβ Vθλ Vθδ

Vγθ Vγγ Vγα Vγβ Vγλ Vγδ

Vαθ Vαγ Vαα Vαβ Vαλ Vαδ

Vβθ Vβγ Vβα Vββ Vβλ Vβδ

Vλθ Vλγ Vλα Vλβ Vλλ Vλδ

Vδθ Vδγ Vδα Vδβ Vδλ Vδδ



−1

Here Vii, i = θ, γ, α, β, λ, δ denotes the second order derivative of log-likelihood function with
respect to the parameters.
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By solving this inverse dispersion matrix, the solutions will yield the asymptotic variance and co-
variances of these maximum likelihood estimators of the parameters. Therefore, the 100(1− ζ)%
confidence intervals for the parameters are approximately given as follows,

θ̂ ± Z ζ
2

√
V̂θθ; γ̂ ± Z ζ

2

√
V̂γγ ; α̂± Z ζ

2

√
V̂αα

β̂ ± Z ζ
2

√
V̂ββ ; λ̂± Z ζ

2

√
V̂λλ; δ̂ ± Z ζ

2

√
V̂δδ

where Z ζ
2

is the upper ζth percentile of the standard normal distribution.

6. Random Number Generation
The random numbers from the transmuted new modified weibull distribution can be done

using the method of inversion as follows,[
1− e−αxθ−βxγeλx

] [
1 + δ − δ

[
1− e−αxθ−βxγeλx

]]
= u (6.1)

where u ∼ U(0, 1). Further, the above equation can be reduced to the following expression

αxθ + βxγeλx + log

(
(δ − 1) +

√
(1− δ)2 − 4δ(u− 1)

2δ

)
= 0 (6.2)

The above equation has no closed form solution in x. Therefore, the random numbers can be
generated by numerical methods only.

7. Order Statistics
If X(1) ≤ X(2) ≤ . . . ≤ X(n) denotes the order statsitics of a random sample X1, X2, ...Xn from

a continuous population with the cdf GX(x) and pdf gx(x) then the pdf of X(j) is given by

gX(j)
(x) =

n!

(j − 1)!(n− j)!
gX(x) [G(x)]

j−1
[1−G(x)]

n−j

gX(j)
(x) =

n!

(j − 1)!(n− j)!

[
αθxθ−1 + β(γ + λx)xγ−1eλx

]
[
e−αxθ−βxγeλx

] [
1 + δ − 2δ

(
1− e−αxθ−βxγeλx

)]
[
1− e−αxθ−βxγeλx

]j−1 [
1 + δ − δ

(
1− e−αxθ−βxγeλx

)]j−1

{
1−

[
1− e−αxθ−βxγeλx

] [
1 + δ − δ

(
1− e−αxθ−βxγeλx

)]}n−j

Therefore, the pdf of the largest order statistic X(n) is given by

gX(n)
(x) =n

[
αθxθ−1 + β(γ + λx)xγ−1eλx

] (
e−αxθ−βxγeλx

)
[
1 + δ − 2δ

(
1− e−αxθ−βxγeλx

)] [
1− e−αxθ−βxγeλx

]n−1

[
1 + δ − δ

(
1− e−αxθ−βxγeλx

)]n−1

and the pdf of the smallest order statistic X(1) is given by

gX(1)
(x) =n

[
αθxθ−1 + β(γ + λx)xγ−1eλx

] (
e−αxθ−βxγeλx

)
[
1 + δ − 2δ

(
1− e−αxθ−βxγeλx

)]
{
1−

[
1− e−αxθ−βxγeλx

] [
1 + δ − δ

(
1− e−αxθ−βxγeλx

)]}n−1
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8. Conclusion
In Statistical and Reliability theory, life distributions plays a major role in explaining the na-

ture and behavior of the data along with its properties. Of these life distributions, weibull distri-
bution has gained attention from researchers of various subject domains. In this paper, we have
introduced a new generalisation of new modified weibull distribution called the transmuted new
modified weibull distribution. The subject distribution is derived using quadratic rank transfor-
mation map. The main focus of the quadratic rank transmutation map is to meet the needs
of parametric families of distributions and it can be used to investigate a novel technique for
introducing skewness or kurtosis into a symmetric or other distribution by considering wider
statistical applications. Statistical properties such as moments and moment generating functions
are presented. Further, estimation of parameters of TNMWD are obtained using maximum like-
lihood estimation procedure. The behavior of TNMWD is studied using the hazard and survival
functions. It is shown that the proposed distribution possesses a bath-tub shaped curve, which
serves the practical needs of the experimenter to make use of this TNMWD for studying the
monotone hazard rates and fitness of the parameters.
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