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Abstract

In this paper, motivated by S. Araci, et al. [Symmetric identities involving g-Frobenius-Euler polynomials under
Sym (5), Turkish Journal of Analysis and Number Theory, Vol. 3, No. 3, pp. 90-93 (2015)], we obtain not
only new but also some interesting identities for generalized Carlitz’s twisted g-Bernoulli polynomials
attached to x using the bosonic p-adic g-integral on Z,, under symmetric group of degree five.
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1. Introduction

As well known that the ordinary Bernoulli polynomials, B,,(x), are defined by the following Taylor series
expansion about ¢ = 0:

iB @ =t et () < 2m) (1.1)
~ Tl T et — 1 ’ '

Upon setting « = 0 in the Eq. (1.1), we have B, (0) := B,, popularly known as n-th Bernoulli number (see, e.g., [2, 4,
7, 9-14]).

Let N be the set of natural numbers, N* = N U {0} and p be a fixed odd prime number. Throughout the
present paper, the symbols Z,, Q, Q, and C,, shall denote topological closure of Z, the field of rational numbers,
topological closure of Q and the field of p-adic completion of an algebraic closure of Q,, respectively. The normalized

"o

absolute value according to the theory of p-adic analysis is given by |p|,, = p~'. The notation “¢" can be considered

as an indeterminate a complex number ¢ € C with [¢| < 1, or a p-adic number ¢ € C, with |[¢ — 1|,

1
< p T
and ¢” = exp (zlogg) for [z|, < 1. The ¢ number of z (or ¢ analog of ) is described as [z], = 11%‘1;. Clearly,
limg 1 [2], = x cf. [2-14].
For

g€ UD(Zy) ={9glg : Z, — C, is uniformly differentiable function },
the bosonic p-adic ¢g-integral on Z,, of a function g € UD (Z,) is defined by Kim [7]:

im —— Z g (z)q". (1.2)

S [PN],

I(9) = /Z g (z) dug (z)
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Thus, in view of the Eq. (1.2), we have

q—1
aly(9) ~ o) = (=1 £ O+ f (0)

where g1 () = g(« + 1). For more details, one can take a close look at the references [3, 7, 12].
For d € Nwith (p,d) =1, let

X =X;= li%nZ/dp"Z and X; =7Z,,

X = |J (a+dpz,)

0<a<dp
(a,p)=1

and
a+dp"Z,={r e X |z=a( moddp")}

where a € Z liesin 0 < a < dp™.
Note that
[ 9@ diy @) = [ g(a)duy ), forg € UD (2,).
X

Zp

Let x be a primitive Dirichlet’s character with conductor d € N. One can find the wholly detailed study of
Dirichlet’s character y in [1].
LetT, = U Cpv =limy_,o Cpn, where Cpn = {( : (pN = 1} is the cyclic group of order p”. For ¢ € T, we
N>1
indicate by ¢, : Z,, — C,, the locally constant function  — ¢*. For ¢ € C,, with |1 — ¢| , <land ¢ € T}, the Carlitz’s
generalized twisted ¢-Bernoulli polynomials attached to x with Witt’s formula are defined by the following bosonic
p-adic g-integral on Z,, with respect to j4, in [12]:

/Z X @) ¥ [+ 4]l ditg (4) = Brxac@) (n>0). (1.3)

P

Substituting = 0 into the Eq. (1.3) gives 3, y.q.c(0) := Bn,x.q,¢ that are called n-th Carlitz’s generalized twisted
g-Bernoulli number attached to x.
By using the p-adic ¢-integral, we have

" .y T+1
s (@) = W X0 C s ()
=0

In recent years, some investigations including Bernoulli numbers and polynomials and thier types have been
studied and investigated by many mathematicians. For instance, Acikgoz et al. [2] introduced a new generalization
of Bernoulli numbers based on the theory of the multiple g-calculus and they developed some theirs properties.
Kim et al. [7] constructed ¢-Bernoulli numbers and polynomials by using p-adic ¢-integral equations on Z,. Also
Kim [8] studied on the weighted ¢-Bernoulli numbers and polynomials. Kupershmidt [9] introduced reflection
symmetries for the ¢g-Bernoulli numbers and the Bernoulli polynomials. Luo et al. [10] gave g-extension of several
well-known formulas in ordinary calculus. Additionaly, Mahmudov [11] introduced and investigated a class of
Bernoulli polynomials based on g-integer. Furthermore, he derived g-analogues of some well-known formulas
including Srivastava-Pinter addition theorem.

In the present paper, we consider the Carlitz’s generalized twisted ¢-Bernoulli polynomials attached to x and
present some not only new but also interesting symmetric identities for these polynomials arising from the fermionic
p-adic g-integral on Z,, under symmetric group of degree five shown by Ss.
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2. Symmetric identities involving /3, , , (z) under S;

Let( € T}, g € C, with |¢g — 1] » < 1, w; € N be natural numbers where i € Z liesin 1 <4 < 5 and x be the trivial
character. From Egs. (1.2) and (1.3), we discover

Wijw2w3way
/ X (y) ¢ 2.1)
L
Xe[wlw2w3w4y+wlw2w3w4wsz+w5w4w2w3i+w5w4w1w3j+w5w4w1w2k+w5w3w1w28}qtdﬂqwlw2w3w4 (y)
1 it
— : W W2wW3WeY W1 W2W3WaY
= lim — E X (¥) ¢ q

N—oo [p ]qw1w2w3w4 Y=0

e[wl WaW3WaY+W] WaW3W4W5LHW5W4W2W3T+W5WaW1 W3J+Wswawi wa2k+wswzwi wa s]qt

1 dws—lp

= 1 wiwawzwy (I+dwsy) w1w2w3w4(l+dw5y)
= lim ¢
N—o0 [WsdpN] wywpwguws = =

[wiwawzws (I+dwsy)+wi wrwzwsws T +ws wawaw3i+ws wawi waj+wswswi wek+wswawiwas] t
e a,

which gives

dwlfl d’u]zfl dwgfl dw4 1

§ E § § erwuuzw3z+w5w4w1w3]+wrw4w1w2k+wrw;;wlwgs (2 2)
[w1w2w3w4 i

XX (Z) % (J) % (k) % (S) % (l) qwsw4w2w3i+w5w4w1wsj+w5w4w1wzk+w5w3w1wzs x / Cwlwzwsww
Z

D

X e[w1 W W3W4Y+W1 W2 W3 W4 WsTHWsWAW2W3T+WswWaw1 w3 J+wswawy wek+wswszwi wa S]qtdu
q

wiwawawy (y)
dwi—1 dws—1 dws—1 dwg—1 dws—1 p

1
- ]\}gnoo [w1w2w3w4w5dp ; g Z Z Z Z

= s=0 =0 =

XCwlw2w3w4(l+dw5y)+w5w4w2w3i+w5w4w1w3]+w5w4w1w2k+w5w3wlw25X (Z) X (]) X (k)
XX (S) X (l) qw1w2w3w4(l+dwsy)+w5w4w2wsi+w5w4w1w3j+“’5w4w1w2k+w5w3w1w2s

[wiwswzwa (I+dwsy)+wi wrwzwaws T+ws wa w2 wW3i+wWs Waw1 W3 j+wswawi wek+wswzwiwas] t
e a-,

Note that the equation (2.2) is invariant for any permutation o € S5. Thus, we get the following theorem.

Theorem 2.1. Let ¢ € T),, g € C, with |q — 1|p <1, w; € Nwithi € {1,2,3,4,5} and x be the trivial character. Then the
following

dwg(1y—1 dwg(2)—1 dwy(3y—1 dwgy(4)—

Z Z Z Z X X (7) x (k) x (s) x (1)

wo(l W (2)Wo (3)Wo(4) ],

X Cwo‘(s) We(4)We (2) wa(s)lera(s) W (4)Wo (1) Wo (3)J TWo (5)Wo (4) Weo (1) We (2) kW (5) W (3) Wo (1) Wo (2)

We (5) W (4)Wo (2) Yo (3) 0o (5) Yo (4) Yo (1) Wo (3) I H W0 (5) Yo (4) Wo (1) Wo (2) KT W0 (5) Vo (3) Wo (1) Yo (2) S

X / X (y) exp ([wa(l)wU(Z)wa(S)wa(4)y + Wo (1) Wo (2) Wo (3) Wo (4) We (5) T + Wo (5) W (4) We (2) Wo (3)
ZP

o (5) W (4)We (1) Wo(3)] + Wo(5) Wo (1) W (1) Wo(2) K + Wo(5) W (3)Wo(1) Wo(2)Slqt)

X (MW@ WD L w, 1) we @) e @ ve@ (Y)

holds true for any o € S.

We observe that

[w1wawswaY + W1 WewW3WWsT + W5WaWaWsi + WswWawiws) + wswawiwek + w5w3w1w25]q (2.3)

W5 .  Ws . 5 W5
= [w1w2w3w4]q y+wsr+ —i+ —j+ —k+ —s
w1 w2 w3 Wa | qwiwpwgwy
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From Egs. (2.1) and (2.3), we obtain

/ X (y) e[wlw2w3w4y+w1w2w3w4w5z+w5w4w2w3i+w5w4w1w3j+w5w4w1w2k+w5w3w1w25]qt (2.4)
Z

P
X CONWRIWIY gy (1)

o0
j— n
= ) [wiwswswa];
n=0
w w w ws " n
. 5 . 5 . 5 5
. / X (y) ¢y fwsr + —i+ —j + —k + S} dptgurwawsws (y) | —
Zyp w1 w2 w3 Wy | guywywgwuy n!
o0 tn
n
= E [U}1w2w3w4]q Bn,x,q“’l"”?“’?:“%7C“’1“’2“’3“’4 WL + 72 + —_ + 7]{; + - E'
2 4 '
n=0

By Eq. (2.4), we have

. . n
/ [wiwawzway + W1 wWawW3wW4WsT + Wswawewsi + Wswawiwsj + wwawiwak + w5w3w1w25]q (2.5)
ZP

b ' (y) Cw1w2w3w4ydqul wawgzwy (y)

Ws . ws . Ws Ws

n

= [w1w2w3w4]q B x,qw1wawswa ¢wiwawgwy <’LU533‘ + U}iz + ’wij + wik + wfs , (n>0).
1 2 3 4

Therefore, by Theorem 2.1 and Eq. (2.5), we have the following theorem.

Theorem 2.2. Let ¢ € T), q € Cp with |¢ — 1|, <1, w; € Nwithi € {1,2,3,4,5} and x be the trivial character. Then the
following

dw,,(l)fl dwU(Q)fl dw,,(g)fl dw,,(4)71
n 1 .
[wo(l)wa(Q)wa(B)wa' #)]q Z Z Z Z (4) x (k) x (s)
‘ =
Xchr(s)“’am)wo<2>wo<3>’+wa<s>wo<4>wa<1>“’a<3>7+“’o<5>wo<4>wa<1>“’a<2>’€+wa(5>“’a<3>wo<1>wo<2>s

X qu(S) W (4)Wo (2)Wo (3) it Wo (5) Wo (4) We (1) Wo (3) J TWeo (5) W (4) Wo (1) Wo (2) K+ Wo (5) We (3) W (1) Wo (2) S

We(5) . Wes(5) . We (5 We (5
X5n’xﬁqwa‘(1)wa(?)wa(S)wo‘(4) U)o (2) Vo (3) Vo (4) (’wg(g,)x + ( )Z + ( )J + ( )k + ( )S

W (1) We(2) Wq (3) We(4)
holds true for any o € Ss.

We obtain, by using the definition of [z],, that

{y+w5x+z+ +k+s] (2.6)
W4 | quwiwawzwy
n n—m
n [’U)5]q . . n—m
- Z ) \ [orwamwswi]. [wawzwai + wiwzwsj + wiwawsk + wiwawss) o
m=0 q

% qm(w5w4w2w3i+w5w4w1w3j+w5w4w1w2k+w5w3w1w25) [y + w5x];7}ulw2w3w4 ,

which yields

dw1—1 dwa—1 dwz—1 dwg—1

[w1w2w3w4 § E § E erw4w2w31+w5w4w1w3]+w5w4w1w2k+w5w3w1w25 (27)
0 —

i=0
wrw4u12u137+wrw4wl1U3j+wrw4w1w2k+u)rw3w1w2 GX (’L) % (]) % (k‘) % (S)

n

Ws. W5 . Ws Ws
y) (R oy s + —i+ —j+ —k 4+ —s dprgurwawsws (Y)
w1 w2 ws w.
=0

4 ] guiwawzws

( ) wlwgwgwdngl [w5]27m Bm,x’qwlwzwng;’gw1w2w3w4 ('lU5-T) én,m,q“’L’),CwS (wlvw% w3, Wy ‘ X)u
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where

Cn,m,q,g‘(wh W2, W3, W4 | X) (28)
dw1—1 d’wg—l dw3—1 dw4—1

=Y 3 > ST qremswsitwwswaitunwawaktwreawssy () y (5 x () X (s)
1=0 7=0 k=0 s=0

. . n—m
WoW3Wyi + wiwswaj + wiwowsk + ’LU1U)2U}33]q

> q(m+1)(w2w3w4i+w1w3w4j+w1w2w4k+w1w2w3s) [
As a result, by (2.8), we arrive at the following theorem.

Theorem 2.3. Let ( € T}, g € C, with |q — 1|p < 1,w; € Nwithi € {1,2,3,4,5} and x be the trivial character. For n > 0,
the following expression

n
n m—1 n—m
> () e wae e wow];  [wom)];
m=0

Xﬁm,XA,qu(l)wo(z)wa(g)“)"(4),CWU(I)U)U(Q)“]U(?’)“}”(4) (wo_(s)x)
ch,m7qw0(5) Nt ©) (wo(l)a Wq(2)s Wo(3)s Wo(4) | X)

holds true for some o € Sb.
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