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Abstract

In this paper, we investigated special Smarandache curves in terms of Sabban frame drawn on the surface
of the sphere by the unit Darboux vector of involute curve. We created Sabban frame belonging to this
curve. It was explained Smarandache curves position vector is composed by Sabban vectors belonging
to this curve. Then, we calculated geodesic curvatures of this Smarandache curves. Found results were
expressed depending on the base curve. We also gave example belonging to the results found.
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1. Introduction and Preliminaries

The involute of the curve is well known by the mathematicians especially the differential geometry scientists.
There are many essential consequences and properties of curves. Involute curves have been studied by some authors
[3, 7]. Whose position vector is composed by Frenet frame vectors regular curve is called a Smarandache curve
[10]. Special Smarandache curves have been studied by some authors [1, 2, 5, 8, 9]. K. Taskoprii, M. Tosun studied
special Smarandache curves according to Sabban frame on $? [11]. Senyurt and Caligkan investigated special
Smarandache curves in terms of Sabban frame of spherical indicatrix curves and they gave some characterization
of Smarandache curves [4]. Let o : I — E* be a unit speed curve, we defined the quantities of the Frenet-Serret
apparatus, respectively

_ O[N(S)
la”(s)]l
K(s) = [T'(s)ll, 7(s) = (N'(s), B(s)). (1.2)

we have an orthonormal frame {T', N, B} along . This frames is called the Frenet frame of «.. This curve the Frenet
formulae are, respectively, [7]

, B(s) =T(s) AN(s), (1.1)

T'(s) = r(s)N(s)
N'(s) = —r(s)T(s) + 7(s) B(s) (1.3)
B'(s) = =7(s)N(s).

For any unit speed curve « : I — E3, the vector W is called Darboux vector defined by
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W =7T + kB.

If we consider the normalization of the Darboux, we have

sin p =

T K
T, COS( = 0
Wl W]

and

C = sin T + cos 9B
where Z(W, B) = ¢, [6]. Let a : I — E3 unit speed and o* : I — [E3 be the C?— class differentiable two curves. If

the tangent vector of the curve « is orthogonal to the tangent vector of the curve o* which is called involute of the
a. According to definition, if the tangent of the curve « is denoted by T" and the tangent of the curve a* is denoted
by T, we can write [7]

(T, T*) = 0. (1.4)

If the curve a* is involute of «, then we may write that [7]

a*(s*) = a(s) + (¢ — s)T(s). (1.5)

Leta : I — E?and o : I — E? be the C?-class differentiable unit speed two curves and the amounts of
{T'(s),N(s),B(s)} and {T™*(s*), N*(s*), B*(s*)} are entirely Frenet- Serret frame of the curves « and the involute
o, respectively, then [3]

T =N
N* = —cos T + sinpB (1.6)
B* =sin¢T + cos pB.

where Z(W, B) = . For the curvatures and the torsions we have

oW ) W
e = s|x Kle = s [[W]]?

ds* .
where Fr |c — s|&. From (1.9) equation, we have

S

’ W / /\//271/[/2
sing” = ——2 coscp*=7” ” , 90*':( L ) o+ W (1.8)
@+ W2 @+ W2 Ve + W] g

Let (o, a*) be a curve pair in E3. For the vector C* is the direction of the involute curve a* we have

i w / s ||W
o — sm;ﬂll I T4 ;0 N+ COb;PH I _B. (1.9)
V)2 + W V) + W] V) + W]
where the vector C is the direction of the Darboux vector W of the base curve «, [3]. Let v : I — S? be a unit speed
spherical curve. We denote s as the arc-length parameter of . Let us denote by

V(s) =7(5), t(s) =7"(s), d(s) =(s) Ni(s) (1.10)

{7(s),t(s),d(s)} frame is called the Sabban frame of v on S?. Then we have the following spherical Frenet formulae
of ~

Y'(s) = t(s), t'(s) = —y(s) + Ky(s)d(s), d'(s)=—rg(s)t(s) (1.11)

where , is called the geodesic curvature of the curve v on S? which is, [11]

rg(s) = (t'(s),d(s)). (1.12)
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2. On The Darboux Vector Belonging To Involute Curve
A Different View

In this section, we investigated special Smarandache curves created by Sabban frame {C*,T¢-,C* A T}, that
belongs to drawn on the surface of the sphere by the unit Darboux vector of a a* curve are defined. We found some
results. These results will be expressed depending on the base curve. Let «.. (s¢+) = C*(s*) be a unit speed regular
spherical curves on S?. We denote sc- as the arc-length parameter for drawn on the surface of the sphere by the

unit Darboux vector of involute (C*). Sabban frame for (C*) is

. (5..) =C"(s")
Differentiating (2.1), we found

ds... .
Tox dc* = " cos *T* — p*' sinp*B*
s
and we can write
dSC* _ o
ds*

Hence we have
Tox = cos p™T* —sin p* B*

and
C* NTg« = N*.
From the equation (1.10), we have
C* = sinp*T* 4+ cosp*B*
Tox = cose™T* —sinp*B*
C*NTc« = N*.

Then from the equation (1.11) we have the following spherical Frenet formulae of (C*) is:

c* = Te-
W*
(TC*)/ — —C*+ H */HC*/\TC*
. w
ey = W

From the equation (1.12), we have the following geodesic curvatures of (C*) is

W=

o

I€g = <Té*7c* /\TC*> > K:g —
B1-Smarandache curve can be defined by
S
V2

or substituting the equation (2.4) into equation (2.7), we reach

Bi(sc+) = —=(C* +Tc-)

1
B1(s*) = 7 ((sin ©* 4 cos p*)T™ + (cos p* — sin @*)B*).

Differentiating (2.7), we can write

©*'(cos p* + sin *)

*x/ * . * *
5 p* — W
o lcosg —sing') Wl

Tp, (s¥) =
2 2 2
20%7 + [ W2 207+ [W||? 20%7 + [ W2

Considering the equations (2.8) and (2.9), it easily seen that

B*.

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)
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W™ |[(cos ™ +sing”) ., o*'

[W=|[(cos p* + sin*)

B1 ANTp, (s%) = — N* + B*. (2.10)
VRIWeI2 £ a2 4 VW2 + a4
Differentiating (2.9), where
Y1 =-2— (lel\) + (HWH) (HWIH)
- W=]y2 W= \4 W= W]
X2__2_3( o’ ) _( S0*/‘) _( o~ ) (“P*l‘> (211)
w* w3 W*[\/
- Q(lel\) + (HW/H) + (HSDMH)
including we can reach,
*/\4 2 3 * * */\4 2 */\4 2 * 3 *
7 () = ¢ )'V2(xising na LU0 A €1( )'V2 Yo G )*V2(x1cos ¢ X2 5YT) g5 19)
()2 + (9+1)2) (=2 + (9+2) (=12 + (92)
From the equation (2.10) and (2.12), 551 geodesic curvature for involute curve 51 (s*) is
KDY = (Th B ATp,)
1 W=l [
= p " X2+ 2X3 (2.13)
<2+(HW H)Q) ( o o )

From the equation (1.6) and (1.9), Sabban apparatus of the 5;-Smarandache curve for base curve are

and

Bi(s) =

W) = ¢)sing,, ¢ +IWI__ (W)=

/
w)cossoB

(=Wl = " )nsing — /W% + " cos

V2P F2WI2 /207 +2[W? 2072 + 2[W2

n(e" = W1

VIWIE + @21+ 207

\/W 1774
n W% + ¢ sin o — (]| ||+<p)cossoB

(B1 A Tp,)(s)

T, (s)

Xl

VIWIR +¢2V/1 + 202

VIWIZ+ @21+ 212

o' — W]

(IW]| + ¢') sine — 2n ||WH2+<,0’Qcos<pT_
V2 + 42 /W2 + o
(IIWH+90 cos ¢ + 29 \|W|\2+¢’QSIH¢B

V2 + 42 /W] + ¢

V2+ 42 /W2 + ¢

n*V2(x1¢ — X[ W)

— Xa' )" V2sing — Xyn' VAW + 20 cos .

(1 4222/ [WI* + ¢

X1 |lW
L@l

(142022 /[ WI? + 72

— X' )n*V/2 cos ¢ + Xan* 2HW||2+2gp’QSin<pB

(142022 [[WJ? + ¢
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1 1 1
B _ -
Kot = -X1 — —Xa2 + 2X3), (2.14)
g (2+,7i2)%(77 ot 5)
where
1 (¢ ¢’ !
- = = cos p(c— s) (2.15)
n ||W || ( /4,0/2 + |W||2)
and

-2 @16
X3 =25+ 55 + -
B2-Smarandache curve can be defined by
1
scx) = —=(C* 4+ C* ANT¢- 2.17
Ba(sc+) \/5( o) (2.17)
or from the equation (1.6), (1.8) and (2.4), we can write
W . _ 12 W 2 / W 72 W 2 o
sa(s) = IWlsing — V7 T WP eos . ¢ Wleoso+ VPP T WPsing
V207 + 2| W2 V207 + 2| W2 V207 + 2| W2
Differentiating (2.18), we can write
I 1974 /
To(s) = =250 p o WL ¢leosy g (2.19)

WP +e2  VIWIRE+e? VWP + 2
Considering the equations (2.18) and (2.19), with ease seen that

_ — W sing — \/[|W]|2 + ¢2 COSP @' N4+ VIWI2 + ¢2sinp — HW||cos<pB.

ATz, )(s
a1 Tu)(e) 2AWT? +272 2AWTZ + 272 2AWTZ + 272
(2.20)
Differentiating (2.19), we can write
—V2||W || sin g — \/2[W]Z + 24 cos 2/
() — V2| W] sin o IWIP? + 2" cos o, V2 N
(= DVIWI]? + ¢ (= DVIIWI]? + ¢
V2IWIE + 207 sin g — 1v/2 ‘
L V2AWIP 4202 sing — nv2|Wilcos o 2.21)
(n = DVIWI]? + ¢
K52 geodesic curvature for base curve S (sg, ) is
1
e = 21 (2.22)
n—1
Bs-Smarandache curve can be defined by
1
‘S*:iT*ﬁ—C*/\T* 223
Bs(sc+) \/i( c o) (2.23)
or from the equation (2.4), (1.6) and (1.8), we can write
— '« _ 2 w2 2 W12 si A
By(s) = 5P~ VP + W] cose, W N4 Ve E [WPsing — ¢'cosp o (2.24)

V2¢"2 + 2| W2 V29" + 2| W2 V29" + 2| W2
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Differentiating (2.24), we reach

Tﬁ.?

(s)

(' = nlWl)sing = VIWP + ¢ cos o,

ne' + |[W]|

V2TV + 72
(" —nllW|)) cos o + /||W]|? + ¢'? sin<pB

V2TV + P

+

Considering the equations (2.24) and (2.25), it is easily seen

(ﬂ?) /\TB3)(S) =

QW + n¢') sing — n/[|W||2 + ¢'2 cos o

V2+ 72 /WIR + ¢

20" —n|W||

Via+ 22 /W2 + ¢

L

VA +22/[W]2 + ¢

2|Wl| +ne') cosp + /[ WP + ¢ sing

Via+ 22 /[W]? + ¢

Differentiating (2.25), where

including we have

T, (s)

01=—+2—=5+2

(G| |W|| + 719" )n*V2sin o — T30

1 1 11 1 1

/

n oo n 7t

1 1
S, Ga=-1-35 -2 — =, G3=—— —2— +—

2+ )2V + W]

AW +27cos o, (¢ ~lWIDn'v2

2+ 722/ + W2

_’_(EQHWH + 710 ) V2 cos o + T3t /2| W2 + 202 sin<pB

2+ Ve + W2

Ki* geodesic curvature for base curve B3(sg,) is

B3 1

g (2+ni2)%

Ba-Smarandache curve can be defined by

_ L

1
= 7(2551 — T2 +03).

54(8()*) = (C*+TC* —|—O*/\TC*)

V3

or from the equation (1.6), (1.8) and (2.4), we can write

(W]l - ) sing — o + [W]Pcos o,

Differentiating (2.31), we reach

Tj,(s)

Ba(s) =
4( ) 34,0/2+3“W||2
LW = ) cosp + /g7 T [W[Psing
3¢’ + 3| W2
(1 =n)¢’ —nl|W|) sinp — /W2 + g2 cos ¢

¢ + W]

V3¢ + 3[[W?

(n = DIWI = ny'

_|_

V201 =+ )V [W]? + o2

(n—=1)¢" = nlW]l) cos + /[[W]? + ¢ sing

V20 =0+ 2/ [W]? + ¢

V20 =0+ VW2 + ¢

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
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Considering the equations (2.31) and (2.32), it is easily seen

(2 =)W + (1 +n)¢)sing — (2n — 1)\/[[W]]2 + ¢ COSP (2= — (1 +n)|W]|
V6 — 61+ 612/ [[W]2 + ¢’ V6 — 61+ 672 \/[[W]]? + ¢
(2.33)

(/84 A T54) (8> =

+((2 — )W + (1 +1)¢’) cos + (2n — 1)/ [|[W]|2 + "2 sing
V6 =61+ 6n2\/[[W]2 + ¢

Differentiating (2.32), where

Pr=—2+4] —ds +2,5 +2,(2; — 1)
o 1 1 1 1 1 1

p2__12+27_:{_477_21+277_i_ 17—4—71(14—7—7) (234)
p3:2;—4n—2+47]—3—2n_4+7(2—;)

including we can write

T () = PuWI = 5o 0" V3sin e — pan' VBIWIP + 362 cosp . (pug’ + Pl WIDn' V3
. 41—+ n2)2 /% + W2 41—+ n2)2 /% + [W]?

(2.35)

(P = Poe')n' V3 cos ¢ + P IWIP + 3¢ sinp
41 —n+n?)2/e? + W]

K+ geodesic curvature for base curve f4(sp,) is

+

h (25 = Do+ (1= )po + (2 - %)ﬁs.
! V21 —n+n?)E

Example. Let us consider the unit speed spherical curve:

(2.36)

2 1 2 1 4
as) = {3 sin (2s) — o sin (85),—5 cos (2s) + 10 (8s), R sin (3s)}

in the context of definitions, we reach (C*) curve (see Figure 1) and Smarandache curves according to Sabban frame
on S%. B4, B2, B3 and B4 (see Figure 2).

Figure 1. (C*)-curve
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[71
[8]

[91

[10]

[11]

Py -curve

Ps-curve

Figure 2. Smarandache curves
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