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ABSTRACT. In this paper, we introduce a new class of metrics on a Riemannian manifold, which is obtained by
deforming the metric of this Riemannian manifold into a Cheeger-Gromoll-type metric. We first investigate the
Levi-Civita connection for this metric. Then we characterize the Riemannian curvature, the sectional curvature,
and the scalar curvature. Finally, we explore a class of harmonic and biharmonic maps.
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1. INTRODUCTION

Let (M™, g) be an m-dimensional Riemannian manifold and J (M) the module of C* tensor fields of type (r, s) over
the ring of real-valued C* functions on M. We denote by V the Levi-Civita connection of g which is defined by the
Koszul formula

26(VxY,Z) = Xg(Y,Z)+Yg(Z,X)—-Zg(X,Y) +8(Z [X. Y] + g(Y. [Z,X]) - g(X, [, Z]) (1.1)
for all vector fields X, Y and Z on M.
The Riemannian curvature tensor R and the Ricci curvature Ric of (M™, g) are defined respectively by

R(X,Y)Z = VyVyZ - VyVxZ - Vixn1Z,

Ric(X, ¥) = TrR(x, X)Y = )" g(R(e;, XY, e0),
i=1
for all vector fields X, Y and Z on M, where {e;};=;.... ,, be a local orthonormal frame on M.
The map
g 30m) - Bl

w P fw)

defined by
gH(w), ¥) = w(Y)

forall Y € 5(1)(M) is C*(M)-linear isomorphism.
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m m
Locally for all w = Z widx' € S?(M), we have f(w) = Z gij w;0j, where (g") is the inverse matrix of the matrix
i=1 ij=1
(gij)- The gradient of a smooth function f on M is defined by

gradf = #idf.

» 18 a local orthonormal frame on (M", g), then the grad f is expressed by

=1,..,,

gradf = Z ei(fei.
i=1
The divergence of a vector field X on M, is defined by

divX = Tr,(VX) = Z (V. X, e).
i=1
The Laplacian of f is expressed by

m

Af = div(gradf) = )" g(Vogradf,e) = > (eiei(f) = Voei(f))-

i=1 i=1
The rough Laplacian of X is defined by

n

AX = ~Try(V’X) = = » (Vo Ve, = Vi, )X,
i=1
Consider a smooth map ¢ : (M™,g) — (N", h) between two Riemannian manifolds, then the second fundamental
form of ¢ is defined by
(Vd§)(X,Y) = V3dp(Y) — dp(VxY).

Here, V is the Levi-Civita connection on M and V? is the pull-back connection on the pull-back bundle ¢! TN. The
tension field of ¢ is defined by

T(¢) = TrVdg = ) (VEdg(e;) - dp(V.ey)).
i=1

The map ¢ is called harmonic if and only if 7(¢) = 0. For more details see [12, 13, 15]. In recent years, this topic has
been widely developed by many authors [1,4,7-10, 14,16, 17].
The bitension field of ¢ is also defined by

72(9) = A7(¢) — TrgRY (7(9), dp(+))dp(),

where
A?T(9) = ~Trg(VOYr(g) = D (VEVE - Ve (9,
i=1 o

and

m

Tr R (7(9), dp(x))dp(x) = Z RY(x(9), dg(en)dg(er).

i=1

A?1(¢) denotes the rough Laplacian of 7(¢) on the pull-back bundle ¢~' TN and RY denotes the curvature tensor of the
target manifold N.

The map ¢ is biharmonic if and only if 72(¢) = 0. Biharmonic maps are a generalization of harmonic maps, meaning
that every harmonic map is biharmonic. Therefore, it’s interesting to construct proper biharmonic maps, also known as
non-harmonic biharmonic maps see [2,3,5,6,9, 11].

In previous work [10], we introduced a new class of metrics on the Riemannian manifold (M™, g), which are defined
as follows:

GX,Y) = fe(X,Y) + g(&, X)g(£, Y)
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for all vector fields X, Y and &£ on M such that £ is a unit parallel vector field on M and &(f) = 0, where f be a smooth
function on M. The several properties of the Riemannian manifold associated with this metric were explored. A class
of proper biharmonic maps is also characterized.

Moreover, in a different work [18], we presented a novel class of metrics on the anti-para Kidhler manifold (M™, ¢, g)
characterized by:

G(X.Y) = g(X.Y) + 6°g(X. p&)g(¥, ¢€)
for all vector fields X, Y on M, where ¢ is positive constant and £ is unit vector field on M such that g(Vx(¢€),Y) =
g(Vy(¢é), X). In addition to characterizing various Riemannian manifold properties related to this class of metrics, we
looked at a class of harmonic maps.

Motivated by the aforementioned study, we present a new category of metrics on the Riemannian manifold. (M™, g),
denoted as g, defined by:

8(X.Y) = g(X. Y) + ag(X, )8(Y. §),
for all vector fields X, Y and £ on M, where « is a positive constant and £ is a vector field such that g(Vxé&,Y) = g(Vyé, X)
and V denote the Levi-Civita connection of (M™, g).

In this paper, we present the Cheeger-Gromoll type deformation of the metric g on a Riemannian manifold (M™, g).
After describing the introduction, in Section 2, we provide the basic properties of the Cheeger-Gromoll type deforma-
tion of metric g, including the Levi-Civita connection of this metric (Theorem 2.2). In Section 3, we investigate all
types of curvature. Initially, we examine the curvature tensor (Theorem 3.1) and the sectional curvature (Theorem 3.3).
Furthermore, we characterize the Ricci tensor (Theorem 3.5), the Ricci curvature (Theorem 3.7), and the scalar cur-
vature (Theorem 3.9). In Section 4, we explore the harmonicity of a mapping between Riemannian manifolds, one of
which is endowed with a Cheeger-Gromoll type deformation of the metric of this manifold (Theorem 4.1 and Theorem
4.3). In the last section, we study the biharmonicity of the identity map between Riemannian manifolds, one of which
is endowed with a Cheeger-Gromoll type deformation of the metric of this manifold (Theorem 5.1 and Theorem 5.3),
where we establish the necessary and sufficient conditions under which the identity map is a proper biharmonic map
(Theorem 5.2 and Theorem 5.4).

2. CHEeEGER-GROMOLL TYPE DEFORMATION OF METRIC g

Definition 2.1. Given a Riemannian manifold (M™, g). We define the Cheeger-Gromoll type deformation of metric g
on M noted g by

8(X,Y) = g(X, Y) + ag(X,£)g(Y, ), 2.0

for all vector fields X and Y on M, where « is positive constant and £ is a vector field of gradient-type on M, i.e.
g(Vxé&,Y) = g(Vyé, X) and V denote the Levi-Civita connection of (M™, g).

Note that, if « = 0 or & = 0, then’g = g. In the following, we consider @ # 0, ¢ # O and 1 = 1 + cy|§~‘|2, where |.|
denote the norm with respect to (M"™, g).
If w is a covector field on M such that & = #w, then we can write formula (2.1) in the form:

8(X,Y) =g(X, Y) + aw(X)w(Y)
for all vector fields X and Y on M. In this case, the metric g is written in the form
g=g+awlw.
We will compute the Levi-Civita connection V for (M™,g), so we will need the following result.
Xg(¥.2) = 3g(VxY,Z) +3(Y.VxZ) + ag(Y,)8(Z, Vx¢) + ag(Z,§)g(Y, Vxé), (2.2
for all vector fields X, Y and Z on M.
Theorem 2.2. Given a Riemannian manifold (M™, g), the Levi-Civita connection v of (M™,g), is expressed by:

VY = VXY+%g(VX§-‘, Y)é, 2.3)

for all vector fields X and Y on M, where A = 1 + a|¢%.
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Proof. From Koszul formula (1.1), (2.1) and (2.2), we have
2%(VxY,Z) = Xg(Y, Z) + YZ(Z,X) - ZZ(X, Y) + Z(Z.[X, Y]) + §(X.[Z. X]) - 3(X, [Z Y])
=8(VxY,Z) + g(Y,VxZ) + ag(Y,§)8(Z, V&) + ag(Z,£)8(Y, V&) + g(VyZ, X) + g(Z, VyX)
+a8(Z,£)8(X, Vyé) + ag(X,§)8(Z, Vyé) — g(VzX,Y) — (X, V2Y) + §(Z, VxY) — ag(X,§)g(Y, Vz&)
—ag(Y,£)8(X, Vz§£) - 8(Z, VyX) +8(Y, VzX) — g(Y, VxZ) — g(X, VyZ) + g(X,VzY)
= TRV 2) + 2 g(Vaé, VIEE 2).
This completes the proof. o
Note that by (2.3), we find:
Vxé = Vit + Zg(VaE L 24)
for all vector field X on M.

3. CuURVATURES OF CHEEGER-GROMOLL TYPE DEFORMATION OF METRIC g
We will compute the Riemannian curvature tensor R of (M™,g) as outlined below.

Theorem 3.1. Given a Riemannian manifold (M™, g), the Riemannian curvature tensor R of (M™,'g), is expressed by:

. 2
R(X,Y)Z = R(X,Y)Z + %g(Vyf, Z)Vx¢ - %g(fo, Z)Vyé + % (8(Vx¢,2)8(VyE, &) — g(Vyé, 2)g(Vxé, ) &

- %g(R(X, Y)Z, £)é 3.1)

for all vector fields X, Y and Z on M, where V and R denotes respectively the Levi-Civita connection and the curvature
tensor of (M™, g).

Proof. For all vector fields X, Y and Z on M, we have
R(X, V)Z = VxVyZ — VyVxZ - Vix 1 Z. (3.2)
Using (2.3) and (2.4), we obtain
- = — a
VxVyZ = Vx(VyZ + 28(VzE, Y)é)
a a a a
= VxVyZ + zg(Vy-f, Z)Vxé + ;g(VYZ’ Vx&)§é + Zg(VXZ, Vy&E¢ + zg(vxvy-f, Z)¢

2
- 8(V1£. D)8(Vxé. 6. (3.3)

By replacing X by Y in (3.3), we find

~ = @ a a a
VyVxZ = VyVxZ + zg(fo, Z)Vyé + zg(VXZ, Vyé)é + zg(VyZ, Vx&E + zg(vyvxf, 2)¢
2

- Z58(VxE. 2)3(VrE. . (3.4)

We also find
VixnZ = VixnZ + %g(v[x,nf, 2)§. (3.5)
Substituting (3.3), (3.4) and (3.5) into (3.2) we find (3.1). O

Corollary 3.2. Given a Riemannian manifold (M™, g). If & is unit vector field, then the Riemannian curvature tensor
R of (M™,g) is expressed by:

a
+a

ROGNZ = RXNZ + =8V 2)Vx6 = T —8(Vaé. DVyé - T —gRULVZ.EK,
+a l+a

for all vector fields X,Y and Z on M.
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Theorem 3.3. Given a Riemannian manifold (M™, g). If K (resp., E) denote the sectional curvature of (M™, g) (resp.,
(M™,g)), then we have

1
1+ ag(X. £)* + ag(Y.&)?
for all X and Y two vector fields orthonormal with respect to g.

Proof. We have,

K(X.Y) = (KOG Y) = So(Vx 1) + Zg(Vré. VIg(Vaé X)), (3.6)

ZRX, V)Y, X)

KX, Y) = —2>— - ) (3.7
X, X)g(Y,Y) - (X, V)
On the one hand, we have
ZRX, V)Y, X) = g(R(X, V)Y, X) + ag(R(X, V)Y, ©)g(X, &). (3.8)
From (3.1) with direct computation we get
gR(X, Y)Y, X) = g(R(X, V)Y, X) — %g(x, £8R(X, V)Y, &) + %g(fo, X)g(Vyé,Y) - %g(vxg, Y)?
2 2
+ ‘;—zg(x, E)g(VyE, E)8(Vxé, Y) - %g(x, E)g(Vx&, 6)g(Vyé, Y), (3.9)
—_ 2
2g(X, )3R(X, V)Y, &) = %g(x, £R(X, V)Y, &) - %g(x, £)8(Vyé, £)g(Vxé, Y)
2
+ %g(x, £)8(Vxé, E)8(VyE, ). (3.10)
Substituting (3.9) and (3.10) into (3.8), we find
BRXDYX) = gREXDY.X) + “g(Vyé. Vg(Vaé. X) — S8(Vxé, V)% (3.11)
On the other hand, we have
XXX Y) - 8(X, Y)Y = 1 + ag(X, &) + ag(¥, &) (3.12)
Finally, substituting (3.11) and (3.12) into (3.7) we find (3.6). |

.....

,,,,,

e =¢e€;, ey =

1
e, = izl m—1, (3.13)
Vi -n°

is a local orthonormal frame on (M™,g).

Theorem 3.5. Given a Riemannian manifold (M™, g). If Ricci (resp. Ricci) denote the Ricci tensor of (M™, g) (resp.,
(M™,'g)). Then, we have

Ricci(X) = Ricei(X) - %R(x, ) + %(divf - %g(vga £)Vxé - %(Ric(x, £)+ C—;diVé‘g(fo, £)

a a? @
—Zg(fo, Ve))E + ﬁg(Vxéi Vel - ZVfof’ (3.14)
for all vector field X on M.

Proof. Given a local orthonormal frame {e;};=1 ., on (M™,g) defined by (3.13). Then, we have

Ricei(x) = > R(X,2)e;
i=1
m—1

~ 0% ~
=) R(X, e;)e; + mR(x, EE. (3.15)

i=
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From (3.1), with direct calculation we find

m—1 2

ZR(X ei)e; = Ricci(X) + lefof - vagf + 2 8(Vxé, Ved)é - lefg(fo §E

i=1
2 2

. 1% o' 1%
- lec(X, &E - HR(X, &E - A= g(ng OVx&+ 10— l)g(Vx&f)Vg& (3.16)
o> o>
T ROCOE = i REOE + 5 8Teb OVxE = s eVaE Vet (3.17)
Substituting (3.16) and (3.17) into (3.15), we find (3.14). |

Corollary 3.6. Given a Riemannian manifold (M™, g). If £ is unit vector field, then the Ricci tensor Ricci of (M™,g) is
expressed by:

Ricci(X) = Ricci(X) — %R(X, - 5 _C:aRic(X, £)é

. 0%
lefVX.f - 1 " avaénf,

a
+
1+«
for all vector field X on M.

Theorem 3.7. Given a Riemannian manifold (M™, g). If Ric (resp. ﬁg) denote the Ricci curvature of (M™, g) (resp.,
(M"™,g)). Then, we have

— . a a . a?

Ric(X,Y) = Ric(X, Y) - zg(R(X, EY) + zg(Vxéi Y)dive - ﬁg(ng, §E(Vx&,Y)

a? @
+ Eg(fo, H8(Vy¢, 6 - Zg(fo, Vyé), (3.18)
for all vector fields X and Y on M.

Proof. Given a local orthonormal frame {e;};=1..,» on (M"™,g) defined by (3.13). Then, we have

Ric(X, Y) = g(Ricci(X), Y)
= g(Ricci(X), ¥) + ag(Ricci(X), £)g(¥, £). (3.19)

From the formula (3.14), with direct calculation we get:

2
(RICCi(X), ) = Ric(X, Y) — %g(R(X, HEY) + %g(fo, Y)divé — %g(vgf, £)g(VxE,Y) - %Rie(x, £)g(V.é)
2 2 2

- F8VxEDSLEAVE + Ha(VaE Ve)g(Xe6) + 5 8(Va O8(VrE.8)
- % 8(Vx&, Vyé), (3.20)
(R0, (1. 6) = aRieCX. 0501, + (Vs v )ive - " Vrie(x 501,69
- j—jg(fo, Veorsre - T4 A' CAZD vie )0 E)dive. (321)
Substituting (3.20) and (3.21) into (3.19), we find (3.18). O

Corollary 3.8. Given a Riemannian manifold (M™, g). If ¢ is unit vector field, then the Ricci curvature Ric of (M™,g)
is expressed by:

Ric(X, ¥) = Ric(X, ¥) - —g(R(X §EY) + —g(fo Y)dive - —g(Vx§ Vyé),

for all vector fields X and Y on M.
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Theorem 3.9. Given a Riemannian manifold (M™, g). If o (resp., o) denote the scalar curvature of (M™, g) (resp.,
(M"™.g)). Then, we have

2 2
7= 0~ 2TRic(E.£) + LAve - 2 g(Vet v + 2 Vet~ SV

Proof. Given a local orthonormal frame {e;};=1 ., on (M™,g) defined by (3.13). Then, we have

.....

nm
7= ) Ric(@.2)
i=1

m—

p— . .
From the formula (3.] 8) and dlI'CCt CalCu]atlon we get,

m—1 2

Z Ric(e;, €;) = Z (Ric(er, ) = Z8(R(ei, )¢, €) + Tdiveg(V.e) = 58(Vet D8(Voi.e)

b T, DRV - LV EY,)

a2A-1) a’21-1)
e )R (&, 6) - Wg(vgf ,O)divé + (dwf)
*21-1) X0
mlvffl - ZIVfl , (3.23)
o2 o2
/l(/l )Rl &8 = /l(/l )Rlc(f ,6) + 2= lefg(fo - mg(vgﬁ Veé). (3.24)
By substituting (3.23) and (3.24) into (3.22), the proof is complete. O

Corollary 3.10. Given a Riemannian manifold (M™, g). If € is unit vector field, then the scalar curvature o of (M™,’g)
is expressed by:

g =0 —

(d1V§)2 |V§|2

29 Rictt.£) +
a

In the following, we study the harmonicity and biharmomclty of a mapping between Riemannian manifolds, one of
which is endowed with a Cheeger-Gromoll type deformation of the metric of this manifold.

4. HarmonIiciTY CONCERNING THE CHEEGER-GROMOLL TYPE DEFORMATION OF THE STARTING METRIC OR THE ARRIVAL
METRIC

4.1. Harmonicity of the Map ¢ : (M",g) — (N", h).
We study the harmonicity of the smooth map ¢ : (M™,g) — (N", h), where g is the Cheeger-Gromoll type deformation
of metric g and V its Levi-Civita connection.

Theorem 4.1. The map ¢ : (M™,’g) — (N", h) is harmonic if and only if
() = S(divE - Zg(VeE,)dIE) + TVA(E.£).
where T(¢) is the tension field of ¢ : (M",g) — (N", h).

Proof. Given a local orthonormal frame {e;};-;
the map ¢ : (M™,g) — (N", h).

non (M™,g) defined by (3.13). We compute the tension field 7(¢) of

.....

m

T(g) = ). (V2do(@) - dp(Vze),

i=1
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where V¢ is the pull-back connection induced by ¢ : (M™, g) — (N", h).
Using (2.3) and direct calculations, we obtain

_ S = = 1 1 1 = 1
T(p) = ) (Vido(e) - dp(Veen) - (VE,dplen) = dp(Ve, em)) + (ﬁVZ’m len) — —=dé (Y, ﬁem))

i=1

-2 v d(e;) - gw (Vesei + 2o(V. &, e0€) - ”—;1 (V2. dten) — 6 (Voen + S o(V., . cni))

a(l-1)
A2

A-1
= 7(¢) - %diVEdqb(E) - S Vddenen) + 8(Ve, & en)d(&)

2

= 7(¢) — TdivEdp(E) - TVAHEE) + 5 8(Veb, OAIE).
Hence,
— a, .. a @
(¢) = 7(¢) - Z(lef - 78(Vet, £))de(&) - 7 VA&, £)- 4.1
By setting (4.1) equal to zero, the proof is complete. O

As a direct consequence of (4.1), we find that the tension field of the identity map I : (M™,g) — (M™, g) is given
by:

- a, .. a
() = —z(dlvf - Zg(vgf, &)E.
Corollary 4.2. The identity map I : (M",g) — (M"™, g) is harmonic if and only if
) a
dive = Zg(Vet. &),

4.2. Harmonicity of the Map ¢ : (M"™, g) — (N”,E). _ _
We study the harmonicity of the smooth map ¢ : (M™,g) — (N", h), where h is the Cheeger-Gromoll type deformation
of metric 4 and V its Levi-Civita connection.

Theorem 4.3. The map ¢ : (M™,g) — (N”,Z) is harmonic if and only if
T(8) = =S Trh(Vy 6. B0 © 6,
where T(¢) is the tension field of ¢ : (M™, g) — (N", h).
Proof. Let {e;}i=1...» be a local orthonormal frame on (M™, g), we calculate the tension field 7(¢) of the map ¢ :

(M™,g) — (N, h).

T(¢) =

Ms

> (Vedote) - dp(V..e))

( Mooy dle) = dp(V.e0)

Ms

1

s 0

(Ve e + SHTy & db(en)E o ¢ - dd(V.e0))

1

= > (VEdoten AV e+ THV, 6. die)é o 6).

Ms

Hence,
T(¢) = 7(p) + Tr h(Vd¢(*)§ dg(x))§ o ¢. 4.2)

By setting (4.2) equal to zero, the proof is complete. O
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As a direct consequence of (4.2), we find that the tension field of the identity map I : (M™,g) —
by:

— a .
T(I) = z(dlvf)f.
Corollary 4.4. The identity map I : (M™, g) — (M™,g) is harmonic if and only if

divé = 0.
5. THE BIHARMONICITY OF THE IDENTITY MAP

In the following, we consider £ is a unit vector field.

5.1. The Biharmonicity of the Identity map 7 : (M",g) — (M™, g).

Theorem 5.1. The identity map I : (M™,g) — (M™, g) is a biharmonic if and only if

divéAE = divé Ricci(é) + A(divé)é + 2V grad@ive)é — o

Proof. Let{e;}i=1.. . be alocal orthonormal frame on (M™, g) defined by (3.13). The bitension field of
I:(M",g) —» (M™, g)is given by:

(D) = A'T(I) - TrgRE(), dD)dl.

From (4.1), we have

) = -2 —(dive)é.

First we calculate A’T(I), so using the Theorem 2.2, we find

AT = -2

INgE

(V2 Va((dive)e) - Vg (divé)d)

1+a

1l
—_

i

a . o
= m(A(dlvf)f — diVEAE + 2V graq(aive)é) — (1 T e 2

We also find,

o . 2 —_——
~TRGE(), dDdI = ——divé ; R(,E)e;

9 divéRicci(£).
a

Substituting (5.2) and (5.3) into (5.1), we obtain
o2

(I+a)?*2

) = 1 _C:a(divf Ricci(€) + A(divé)é — divéAE + 2V grad(dive)t) —

Finally, the proof is complete by setting (5.4) equal to zero.

( f(lef) +&E(dive))e.

(M™, g) is given

4.3)

the identity map

5.1

(5.2)

(5.3)

— (3 §<d1v§>2§+§§<dw§))§ (5.4)

O

Theorem 5.2. If div¢ is a non null constant on M, then the identity map I : (M™,g) — (M™, g) is a proper biharmonic

if and only if

A¢& = Ricci(é).
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5.2. The Biharmonicity of the Identity Map / : (M™,g) — (M™,9).
Theorem 5.3. The identity map I : (M™, g) — (M™,g) is a biharmonic if and only if
R . . . a . .
divéAE = divé Ricei(é) + A(divE)E + 2V graddive)é — n adlvf(Rlc(f, & - |V§|2)§.

Proof. Let {e;};=].... m be a local orthonormal frame on (M™, g). The bitension field of the identity map I : (M™, g) —
(M™,g) is given by:

To(l) = AT(I) = Tr R(z(1), d)dl. (5.5)
From (4.3), we have

() =

Y (diver.
(04

With similar calculations as before, we find

Alr(l) = T Z (Ve Ve, (div)6) = Vo, o (dive)e)
o2
= I—(A(dlvf)f lefAf + 2Vgrdd(dlvf)§) ) le§|Vf| 3 (56)
and
~Tr,RE(), dD)dI = l":’a divé ;: R, e))e;
o2

1 d1v§ Ricci(¢) + ETSE dlvf Ric(¢, &)E. 5.7

Substituting (5.6) and (5.7) into (5.5), we find

o2

) = (leS Ricci(€) + A(divé)E — diVEAE + 2V graaqaiver) + lef(RIC(f &) - [VEP)E. (5.8)
Finally, the proof is complete by setting (5.8) equal to zero. O

Theorem 5.4. [f div¢ is a non null constant on M, then the identity map I : (M™, g) — (M™,g) is a proper biharmonic
if and only if

- . a .
A¢ = Ricei(¢) - T—(Ric(¢, &) - [VEP)é.
+a
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