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Abstract
In this paper after a short description of Hessian manifolds, we establish new curvature inequalities
between a Hessian manifold and its submanifolds.
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1. Introduction

Among the many Riemannian metrics that may exist on a flat manifold, Hessian metrics are the most compatible
with the flat structure. A Riemannian metric on a flat and affine manifold is called a Hessian metric if it is locally
expressed by the Hessian of functions with respect to the affine coordinate systems. A pair of a flat structure and a
Hessian metric is called Hessian structure and a manifold equipped with a Hessian structure is said to be a Hessian
manifold. Typical examples of of these manifolds are regular convex cones and the space of all positive definite real
symmetric matrices [1-3] Hirohiko Shima introduced Hessian sectional curvature and its relations with Kaehlerian
manifold. He also proved the theorems and gave important remarks on the spaceform of Hessian manifolds. In
the light of these studies Yi ldiri m Yilmaz and Bektas obtained some curvature conditions, results and integral
inequalities on this type of manifolds, [4, 5, 8]

In this paper we focus on some new curvature estimates on Hessian manifolds and its submanifolds analogous
with [6, 7].

2. Preliminaries

Let M™ be a Hessian manifold with Hessian structure (D, g).We express various geometric concepts for the
Hessian structure (D,g)in terms of affine coordinate system ', ..., 2™ with respect to D, i.e Ddz’ =0

i) The Hessian metric ;
_ 0%u
997 daiowi
ii ) Let ~y be a tensor field of type (1, 2) defined by

¥ (X,Y) = vxY - DxY
where V is the Riemannian connection for g . Then we have
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Yijk = Vjik = Vkji

where I, are the Christoffel s symbols of V.
iii )Let @ be a tensor field of type (1, 3) defined by

Q = D'y
and call it the Hessian curvature tensor for (D, g ) .Then we have
= Pk
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Qijrt = Qitkj = Qrjit = Qjitk = Quuij-

iv ) The Riemannian curvature tensor for V is given by ;

Qijrl =

7 i T T T
Rjkl = VYrkVil — VriVjk

1
Rijr = 5 (Qjirt — Qijt) - (2.1)
Definition 2.1. For a non-zero contravariant symmetric tensor &, of degree 2 at x, we set

and call it the Hessian sectional curvature in the direction &, [1].

Theorem 2.1. Let (M , D, g) be a Hessian manifold of dimension > 2. If the Hessian sectional curvature h (§,) depends
only x then (M , D, g) is of constant Hessian sectional curvature .(M , D, g) is of constant Hessian sectional curvature c if
and only if

c
Qijrt = 5 (959Kt + gugrj) - (2.2)

Corollary 2.1. If a Hessian manifold (M , D , g) is a space of constant Hessian sectional curvature c , then the Riemannian
manifold (M , g) is a space of constant sectional curvature — ¢, [1].

3. Curvature equations between a Hessian manifold and Its Submanifolds

Let M™ be an n-dimensional submanifolds of (n + p) — dimensional Hessian manifold M™*?. We choose a local
field of orthonormal vectors such that ey, ..., e,, are tangent to M/™. We use the following convention on the ranges
ofindices: 1 <i,5,k,..<n,n+1<a,8,7,...<p.

We denote by hf; the components of the second fundamental form of M™ with respect to the frame ey, ..., €n, ..., €nyp

the the mean curvature vector H of M " the square H? of the mean curvature H of M" and the square S of the
length of the second fundamental form are given , respectively by

1 - « o (03
ﬁ = gagﬂh e Where h® = % his 3.1)
1~ a2
o2 = — c?:l (h®) (3.2)

n n

§=30 |2 ()7 = 3080 Sa=20 (1) (33)

a i,j 5,J
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S and H? are independent of the choice of the orthonormal basis.
And for S and H? we have
(ha)® <nS, ,nH?>< S (3.4)
Let X be an arbitrary unit vector tangent to M™ at a point z € M ™. We denote the the Ricci curvature of M™ in
the direction of X by Ric (X, X) and the Ricci curvature of M " in the some direction X by Ric (X, X) . Supposing
that the local frame ey, ..., ey, ...€,+p is chosen that e,, = X. Then the Ricci curvature Ric (X, X) = Ric(ey, ey) of
M™ at a point x € M"™ is equal to

Ric (e, en) ZKW (3.5)

where K, is the sectional curvature of M™ at x € M™ for the 2—plane section spanned by e; and e,,.

Let us consider 7T, M" as an n-plane section of M™*? at a point z € M™ spanned by the n— orthonormal vectors
€1, ..., e, then the n— Ricci curvature Ricr, v (X, X) of M™*P for the n-plane section T, M™ in the direction of
X =episequal to

Ricr, i (X, X) ZKW (3.6)

where K, is the sectional curvature of M"*? at z € M" for the 2-plane section spanned by the vectors e; and
en.-
Using Gauss equation B
Rijri = Kijri + hiphiy — hihfy (3.7)
then the Ric (e, e,) of M™ atx € M™ is equal to the following

Ric(en, en) ZKerZ ,mZh Z ] (3.8)

=1

or

Ric (e, en) = Ricryarn (ensen) + Y | B
«

Zh Z ] (3.9)

i=1
In [6] the author estimates for the Ricci curvature of a submarufold M™ of an arbitrary Riemannian manifold
M™P _ After routine calculations we get similar results for Hessian manifolds as follows:

Theorem 3.1. Let M™ be an n— dimensional submanifold of an (n + p) dimensional Hessian manifold M™*?. For the Ricci
curvature Ric (X, X) of M™ at a non-totally geodesic point x € M™ in the direction of a unit vector X tangent to M" we
have

_— n?H?
Ric (X, X) < RZ’CTTAI" (X, X) + 1 (3.10)
Ric(X,X) > Ricrun (X,X)+ (n—1) z/\a,\a
= Ricr o (X, X) + (3.11)
(n—1) mH?— S — (n—2) nH? (S —nH?)
n n—1

where ¢ and XS are two different eigenvalues of each one of the matrices (hg;) of the second fundamental form. The

equality in (3.10) is held only when all the matrices (h) of the second fundamental form with respect to an orthonormal basis
€1, ..., en =X, ..., €nyp are of the form

hiy hiy o b O

Ry RS e RS,y O
A (312

E?,nfl E%nfl ngl,nfl 9

0 0 0 h
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whereﬁ‘{‘l —&-E%Q + .. +7Lz,1’n71 = %", ﬁ%— arbitrary 1 <i < j<n—1.
The equality in (2.11) is fulfilled if and only if the matrices (71%) are the following

A0 .00
0 A ... 0
. . (3.13)
An
where
as (n— 1) A§ + A% = ho and (n — 1) (A$)* + (A3)? = S..
For the proof of the Riemannian version of the theorem we refer to [6] .
Corollary 3.1. If
"I < e (%,X) (3.14)

then Ric (X, X) < 0atx € M" for the unit vector x € T, M™. Particularly when the ambient space M™*? is a space form
on positive curvature then
. -1
Ric(X,X) <0 if H? < ("niz)c

Corollary 3.2. If

—lg =2 T EI (S —nl) > 0 (3.15)

n n

then Ric(X,X) > Ricy,mn» (X, X) at x € M™ in the direction of x € T, M™.

2(n—1)H2 - "

Corollary 3.3. If

n n

“lgy _2\/n(n—1)H2(S—nH2)20 (3.16)

n n

Ricram (X, X) >2(1—n)H? +

then Ric(X,X) > 0 for x € T, M™. Next we may expess the following theorem

Theorem 3.2. Let M™ be an n-dimensional submanifold isometrically immersed in an (n + p) — dimensional arbitrary
Hessian manifold M"?. The equality

n—1

Ric (X,X) = RZ’CTEJW" (X,X) +

(3.17)

[QnHz_s_m_z) H(S—H)]

n n—1

is fulfilled at a non-totally geodesic point x € M™ in the direction of a tangent unit vector X € T, M" if and only if the
following conditions are satisfied:

i) Each one of the matrices (h;) of the second fundamental form of M™ has exactly (n — 1) eigenvalues equal to \§ and
are equal to the corresponding A% from (3.13).
i11) The vector X is their common eigenvector corresponding to their simple eigenvalue X{.
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4. Submanifold of a Hessian space form

In the case when the ambient space M"*? is a space form with curvature — <, then we may compute the equation
(3.10) and (3.11) as follows by using (3.17) and )

Ric(X,X) < (1—n) g + ”252 (4.1)
Ric(X,X)Z(l—n)z—kn;l [QnHQ—S—(n—Q) ”Hz(:__l’””Hz)l (4.2)
Ric(X,X) = (n—1) |2H? - %s _ - 2), [nH? Sf__l”m) - ﬂ (4.3)

Applying Theorem 2.1 to an arbitrary submanifold M™ of a space form M"*? (—<) gives the following

Theorem 4.1. Let M™ be a non-totally geodesic submanifold isometrically immersed in a Hessian space form M7 (<) .
The equality

_ 2 _ 2
minRic (X, X) = (n— 1) lQHQ - %s _n - 2) \/"H (nS_ 1"H )—Z] (4.4)

when X runs over all unit tangent vectors of M™ at a point x € M™, holds for all points x € M™ if and only if the normal
bundle of M™ is flat, each one of the matrices (h;) has exactly (n — 1) eigenvalues equal to the corresponding \§ and one
equal to A from (3.13) and the vector X, for which the minimum of Ric (X, X) is achieved, is their common eigenvector
corresponding to their simple eigenvalue 3.

Now let us consider a Hessian domain (2, D, g = Ddyp) in R™ of constant Hessian sectional curvature ¢ as
indicated [1].

Proposition 4.1. The following Hessian domains are examples of spaces of constant Hessian sectional curvature 0.

2.

)

2

(1) Euclidean space (R“, D,g=Dd (1/2

(2) (Rn, D,g=Dd (é&)) .

Proposition 4.2. Let c be positive real number and let 2 be given by

n—1
n n n ¢ i\2
Q:{(gjl’,..,l‘)ER T >§;(x) },

and let ¢ be a smooth function on ) defined by

Then (Q, D, g = D?p) is a simply connected Hessian manifold of positive constant Hessian sectional curvature c.

Hence the following theorem can be proved as a consequence of the properties above.

It is really surprising that (©,¢9) is  isometric to  hyperbolic  space  form

(H (—%),g) of constant sectional curvature —c/4;

H = {(¢,..&7L¢) eR" " >0},
1 n o 4 )
= de)? + = (dem)? } .
g (gn)z{Z(fHJU}

i=1
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Proposition 4.3. Let ¢ be a smooth function on R™ defined by
1 - A
= _—_1 —cx 1

where c is a negative constant. Then (RTZ D, g= 152ap) is a simply connected Hessian manifold of negative constant Hessian

n+1
sectional curvature c. The Riemannian manifold (R", g) is isometric a domain of the sphere > €% = —2 defined by £4 > 0
i=1
forall A, [1].
Then we re-formulate the (4.1)-(4.4) as follows:
Corollary 4.1. Let the ambient space be one of the following space indicated below
(1) Euclidean space (R”, D,g = Dd (1/22 (ml)Q)) .
i=1
2) (Rm D,g=Dd (Ze))
i=1
then we get
2H2
Ric(X,X) < t T
Corollary 4.2. If (Q,9) is isometric to hyperbolic space form

(H (—%),4g) of constant sectional curvature —c/4;

H = {(&,.,7hetP) eRP|¢P >0},

g = 1{§(d§i)2+4(dé‘”)2}~
(ente)® | & c

.Let us take ambient space as M P = (Q, g) then

1
Ric (X, X) > (1—n)§—|— r

lgnm_s_(n_z) H<S—H>]

n—1

and

n—2) [nH?(S—nH?) ¢
n n—1 4

Ric(X,X) = (n - 1) lQHQ_i‘S_( _¢

Corollary 4.3. Let o be a smooth function on R"*? defined by
1 jax A
=—-1 T4

~ ~ n+1
where c is a negative constant. Then (R”“’, D, g= D2gp> is isometric a domain of the sphere Y €% = —2 defined by €4 > 0
i=1

for all A. If the ambient space is (R"*p, D, g= ﬁ%o) we get
c n—1

1 +

Ric(X,X)> (n—1)

[2711{2 —S—(n-2) W]

Ric(X,X) = (n—1)

1
2H? — -85 —
n

(n—2) [nH?(S—nH?) c]
+ .
n n—1 4
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