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1. Introduction

In 1989, Robert Lowen [10] introduced theory of approach spaces which are generalization of metric spaces and
topological spaces, based upon point-to-set distances rather than point-to-point distances. The most fundamental
motivation was to solve the problem of infinite product of metric spaces. The another motivation for introducing
approach spaces is to unify metric, uniformity, topological concepts and theories of convergence.

There are various ways to generalize the usual 7 axiom of topology to set-based topological category and the
relationship between different forms of generalized T; axiom in topological category have been studied in [9] and
[14] and [15]. In 1991, Baran [4] introduced local T; axiom of topology to set-based topological category to define
the notion of closedness in set-based topological category that have been used in the notion of regular, completely
regular and normal objects ([6], [7]). Another use of the local Tj axiom is to define local Hausdorff objects in a
topological category [5].

In this paper, we characterize local T} distance-approach spaces and gauge- approach spaces and examine how
these are related to each other. Finally, we investigate the relationship between these local T; approach spaces and
usual Ty approach space defined in [13].

2. Preliminaries

Recall, [1], [2] or [3], that a functor I/ : E — Set is called topological , or that E is a topological category over
Set, (the category of set), if I is concrete, i.e., faithful and amnestic (i.e., if U(f) = id and f is an isomorphism, then
f =id), has small (i.e., set) fibers, and every U-source has an initial lift or, equivalently , each U-sink has a final lift.

Note that a topological functor I/ : E — Set has a left adjoint , is called discrete functor, and U/ has a right
adjoint is called indiscrete functor. Recall, in [1] or [2], that an object X € E is indiscrete if and only if every map
UY) — U(X) lifts toamap ¥ — X for each object Y € E and an object X € E is discrete if and only if every map
U(X) — U(Y) lifts to amap X — Y for each object Y € E.

Let X be asetand p € X. Let X Vv, X be the wedge at p [4], i.e., two disjoint copies of X identified at p, in
other words, the pushout of p : 1 — X along itself (where 1 is a terminal object in Set). More expressly, if i; and
iz : X = X V,, X denote the inclusion of X as the first and second factor, respectively, then i1p = isp is a pushout
diagram. A point x in X Vv,, X will be denoted by x;(z2) if « is in the first (resp. the second) component of X v, X.
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The fold map at p, V,, : X vV, X — X is defined as V,(z;) = « for i« = 1,2. The principal p-axis map
A, X Vy X — X?isdefined as A,(z1) = (z,p) and A,(z2) = (p, x) [4] or [8].
Note that the principal p-axis map (i.e.,A,) and fold p-axis map (i.e., V,) are the unique maps appearing from the
above pushout diagram for which Ayi; = (id,p) : X — X2, Ayio = (p,id) : X — X?,and V,i; = id; j = 1,2,
respectively.

Definition 2.1. Let (X, 7) be a topological space and p € X.

1. For each point x distinct from p, there exists a neighborhood of p missing x or there exists a neighborhood of
missing p, then (X, 7) is said to be Ty at p [8].

2. If a topological space (X, 7) is Ty at p for all points p, then (X, 7) is called T} [8].

Theorem 2.1. A topological space (X, 1) is Ty at p if and only if the initial topology induced by {A, : X V, X — (X%, 7.)
and V,, : X V, X — (X, P(X))} is discrete where . is the product topology on X2.

Proof. 1t is given in [8]. O
In the view of Theorem 2.1, Baran [4] gave the following definition.

Definition 2.2. (cf. [4]) Let U : £ — Set be topological, X an object in ¥ with U(X) = B and p be a point in B.
X is Ty at p if and only if the initial lift of the U-source {4, : BV, B — U(X?) = B*and V, : BV, B —
UD(B) = B} is discrete, where D is the discrete functor which is a left adjoint to U.
3. Local 7;, Approach Spaces

Definition 3.1. (cf. [10], [11] or [13]) Let X be a set and 2* be power set of X. A map § : X x 2% — [0, o] is called
distance on X if § satisfies the followings:

(i) VAC XandVz € A, §(z,A) =0
(i) V2 € X and 0, the empty set, d(z, () = co
(ili) Vz € X,VA,B C X, §(z, AU B) = min(d(z, A), §(x, B))
(iv) Vo € X,VA C X,Ve € [0,00], 6(x, A) < §(x, A)) 4 ¢, where A©) = {2 € X|6(x, A) < €}
The pair (X, ¢) is called distance-approach spaces.

Recall [16] that an extended pseudo-quasi metric on a set X isamap d : X x X — [0, oo| providing forall z € X,
d(z,z) =0and forall z,y,z € X, d(z,y) < d(x,2) + d(z,y).

Definition 3.2. (cf. [10], [11]) Let X be a non-empty set and let pgM et*>* (X) be the set of all extended pseudo- quasi
metricson X , D C pgMet>(X) and d € pgMet> (X), then
(i) © is called ideal if it is closed under the formation of finite suprema, i.e., if d,d’ € © there exists d”’ € D such that
d\d <d.
(ii) ©® dominates d if V2 € X, e > 0 and w < oo there exists a d5“ € D such that d(z,.) Aw < d5¥(x,.) + eand if ©
dominates d then © is called saturated.

If ® is an ideal in pgMet*> (X) and saturated, then ® is called gauge. The pair (X, ®) is called gauge-approach
spaces.

The transition from gauge-approach space to distance-approach space is provided by

0(x, A) = sup inf d(z,a)
de® a€

and conversely, from distance-approach space to gauge-approach is given as [11]

D={dVACX: iggd(.,a) <d(.,a)}.
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Definition 3.3. Let (X, J) and (X', §’) be distance-approach spaces (resp. (X, D) and (X', ®’) be gauge-approach
spaces ). Forallz € X and A C X, if §'(f(z), f(A)) < 6(x,A) (resp. forall d € D, d'(f x f) € D), then
f:(X,6) = (X',d) is called a contraction map [12] or [11].

The category App of approach spaces has as objects the pairs (X, §) distance-approach spaces or (X,9) gauge-
approach spaces, and as morphisms contraction maps. Note that App is a topological category over Set [10] or
[11].

Remark 3.1. (i) A source {f; : (X,d) — (X;,d;)} is initial in distance-approach space if and only if for all
reX,ACX,i(z,A) = suppcria) minpep supicr 0;(fi(x), fi(P)) where R(A) is the set of finite partitions
of A with subsets of A [10] or [11].
(i) A source {f;:(X,0) — (X;,9;)} is initial in gauge-approach space if and only if for any ¢ € I, H,; is a basis for
gauge in X, then initial gauge on X is defined by [11]

H={supd;o(fi x fi): K €2D) Vie K,d; € H,}.
ieK

(iii) The discrete distance-approach structure § on X is givenasforallz € X and A C X
A
5(z, A) = {0, T €
oo, x¢ A
[10] or [11].
(iv) The discrete gauge-approach structure ® on X is © = pgMet>(X) (all extended pseudo-quasi metric space)
[11].
Example 3.1. Every metric space is an approach space [11].
Let (X, d) be a metric space, A C X and 4 : X x 2% — [0, o] be a function defined as §4(z, A) = infue 4 d(z, a).
It is easy to show that d, is the distance-approach structure on X.
Example 3.2. Every topological space is an approach space [11].

Let (X, 7) be topological space and A C X. Define the function d, : X x 2% — [0, 0] by

0, r€A
5T(I7A){OO J,‘%Z

where A is the closure of A. It can be easily seen that d is the distance-approach structure on X.

Theorem 3.1. A distance-approach space (X, 0) is Ty at p if and only if for all z € X with x # p, §(z,{p}) = o< or
o(p{x}) =

Proof. Letz e X,z #pu=z1 € XV, Xand A = {p, 2} C X vV, X. Let 6 be an initial structure on the wedge
XV, X induced by 4, : X V,, X = U(X?%,6%) = X?and V,, : X V,, X = U(X,d4s) = X where §? is the product
structure on X? induced by m,m 1 X 25X projection maps and g4 is the discrete structure on X. Let P; = {4}
and Py = {{p}, {z2}} be the partitions of A. Note that

it Sup{3uis (T (1), ¥y (B)), 81 4y (1), 71 4, (B)), 3 Ay (), ma Ay (B)}
Sup{(sdiS(xv {CC,p})7 o(z, {p})7 (p, {pa x})}

sup{0,6(z, {p})}
d(z, {p});

and
;11 Ap(B)), 0(m2Ap(u), m2Ap(B))}

}7 Sup{(sdis (z, {:,C}), o(z, {p})7 (p, {x})}}
;T Ap(B)), 6(maAp(u), m2Ap(B))}

}rsup{dais (2, {}),0(x, {p}), 0(p, {x})}}

min sup{3ais (V(u), Vp(B), 0(m Ay (u
1)

min{sup{dais(z, {p}), é(z, {p}), é(p, {x}
Bngglzsup{%is(Vp(U),Vp( ))s 0(m1Ap(u

= min{sup{dus(z, {p}),0(z, {p}),d(p, {x}

min{oo, sup{d(z, {p}),(p, {x})}}
= sup{d(z,{p}),d(p, {=})}.

—_ O —
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since d4is(z, {p}) = oo and z # p. Since u ¢ A and (X, ) is Ty at p,

00 =6(u,A) = sup minsup{dais(V,(u), V,(B)),d(mAp(u), 11 4,(B)),
PeR(A) BEP

6(maAp(u), m2Ap(B))} = sup{d(z, {p}), sup{d(z, {p}), 6(p, {})}}

and consequently, we have either §(z, {p}) = co or §(p, {z}) = .

Conversely letu € XV, X, A C XV, X and forall z € X with x # p, 6(x, {p}) = co or §(p, {z}) = co. Let § be an
initial structure on the wedge XV, X induced by 4, : XV, X — U(X?2,6%) = X?and V, : XV, X — U(X,d4i5) = X
where §2 is the product structure on X2 and ,;5 is the discrete structure on X, and 71, : X? — X are projection
maps.

If A=0,then §(u,A) = 6(u,0) = cc. Suppose A # 0. Let P = {A;, Aa, ..., A, } be any finite partition of A. If
Vp(u) =p € Vp(Ag), thenu =p; = ps € A C Aforsome k € {1,2,...,n}. Note that

5ais(Vol), Vip(AR)) = Sais(p, V(A1)
07

S(miAp(u), mAy(Ar)) = 6(p,m1Ap(Ax))
= 0
= O(meAp(u), m2Ap(Ax)),

and

5dis(Vp(u),Vp(Ai)) = §dis(p7vp(Ai))

= o©
sincep ¢ V,(4;) fori #k,i=1,2,...,n,

§(m1Ap(u), m Ap(Ai)) = 6(p, m Ap(Ai))
and

5(ma Ay (), ma Ay (A1) = 8(p, 2 Ay(AL)).
By Remark 3.1 (i),

6(u,A) = sup minsup{duis(Vy(u), Vy(B)),d(m1 Ay (u), mAp(B)), §(maAp(u), m2Ay(B))}
PeR(A) BEP
= sup{min{0, sup{o0, §(p, m Ap(A4i)), 6(p, T2 Ap(Ai)) } } }
= sup{min{0, co}}
0

and consequently, d(u, A) = 0.
IEV,(u)=p¢ Vy(Ag), thenu=py =ps ¢ A, C Aforallk € {1,2,...,n}.

0ais(Vp(u), Vp(Ar)) = dais(p, Vp(Ak))
= o
since V,,(u) = p ¢ V,(Ax), and consequently 6(u, A) = oo.
Suppose that V,,(u) = x for some = € X with x # p. It follows that u = z7 or u = zo. If u ¢ A, then u ¢ Ay, for
allk € {1,2,...,n} and V,(u) = = ¢ V,(Ax). It follows that

8ais(Vp(u), Vp(Ar)) = bais(z, Vp(Ar))

= &

and consequently, 0(u, A) = cc.
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Suppose that u = 1,22 € A, then 3k, m € {1,2,...,n} such that z; € A and =5 € A,,. Note that

0ais(Vp(71), Vp(Ar)) = dais(x, Vp(Ar))
— 0
since & € V,(Ay)),
6(mAp(z1), mAp(Ar)) = O(x,mAp(Ar))
= 0
since m Ay (21) = & € m Ay(Ag),
O(maAy(w1), maAp(Ak)) = 0(p, m2Ay(Ar))
= 0

since mo A, (z1) = p € mA,H(Ax), and

5dis(vp(1’2)7 Vp(Am)) = édis(x» vp(Am))

= 0
since € V,(A4n)),
6(m Ap(z2), M Ap(Am)) = 0(p,m1Ap(Am))
= 0
since m1 Ap(z2) = p € mAL(Ap),
0(maAp(x2), meAp(Ar)) = 6(x, meAp(Am))
= 0
since moAp(x2) = x € mAp(Ay,), and
Oais(Vp(u), Vp(4;)) = ais(z, Vp(4;))
= o®©

since ¢ V,(A;) for j # k and j # m, and
5(m Ap(u), mAp(4;)) = 6(x, mAp(4;)),

6(maAp(u), maAp (A )) = d(p, m2Ap(A;)).
It follows that

u,A) = sup minsup{dus(Vp(u), Vy(B)),d(mAp(u), mAy(B)),d(meA,(u), meAy(B))}
PeR(A) BEP

sup{min{0, sup{oo, §(p, é(z, m1 Ap(4;)),d(p, m2A,(A;))}}}

sup{min{0, c0}} = 0.

Suppose that u = 21 ¢ A, and 2o € A. Let P; = {{z2}, 41, Aa, ..., A, } be any partition of A such that A, C A4,
ke{1,2,..,n}.

dais(Vp(u), Vp({a2})) = bais(w, {z})
= 0,
6(m1Ap(u), mAp({22})) = 6(x, {p})

and
6(moAp(u), maAy({22})) = 6(p, {2}),
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and
8dis(Vp(w), Vp(Ak)) = 6ais (v, Vp(Ax)) = o0

since z ¢ V,(Ax), k € {1,2,....,n},
o(m Ap(u), mAp(Ar)) = 6(x, 1 Ap(Ak))

and
d(meAp(u), maAp(Ax)) = 6(p, m2Ap(Ax))-

Note that
Bnéigl sup{dais(Vp (1), Vp(B)), §(m1 Ap(u), m1 Ap(B)), 6(m2Ap(u), m2Ap(B))}

= min{sup{0,§(z, {p}),d(p, {z})},

sup{oo, 5(56’ ﬂ-lA:D(B))a 6(197 WQAP(B))}}

min{sup{d(z, {p}), 6(p, {})}, 00}
sup{d(z,{p}),d(p, {z})}.

Let Py = {41, As, ..., A, } be the partition of A such that A;, C A, and =5 € A, for some k € {1,2,...,n}.

Sais(Vp(w), Vp(Ak)) = ais(z, Vp(Ar))
=0

i x € V,(Ag),
since k 5(77114;)(”)’ ﬂlAp(Ak:)) = (5(1‘, 7"'IA;D(A]f))

and
6(maAp(u), m2Ap(Ag)) = 0(p, m2Ap(Ag)).

Forj#k,j=1,2,...,n,
6ais(Vp(u), Vp(A5)) = bais(w, Vp(4;))

= o

i x ¢ Vp(4;),
since = ¢ ( 5(7T1Ap(u),7T1Ap(Aj)) = (5(x,7T1Ap(Aj))

and
6(meAp(u), m2Ap(A4;))) = 6(p, m2Ap(4;)).

Note that
min sup{6ss(V (), ¥ (B)), 8(m Ay (), Ay (B)), 6(ma Ay (0). w2 4, (B))

= min{sup{O, 5($7 ﬂ-lA,’D(Ak))v 5(]77 7T2AP(A/€))}’ SuP{oo7 5(37’ FlAP(Aj))v 5<p, 7"-2‘417(AJ’))}}
— min{sup{6(z, m1 Ay (Ar), 6(p, T2 Ay (Ax)}, o5}
= sup{d(z, m Ap(Ax)),6(p, m2A,(Ak))}.

By Remark 3.1 (i)

o(u,4) = sup minsup{duis(Vp(w), Vp(B)), d(mdp(u), mAp(B)), d(maAp(u), m2Ap(B))}
PeR(A) BE

= sup{ min sup{dais(Vp(w), Vp(B)), d(mdp(u), mAp(B)), d(m2 Ay (), m2Ap(B))},
it Sup{3uis (V (1), ¥ (B)), 81 4y (1), 71 4, (B)), 3l Ap (), ma Ay (B)) 1
= sup{sup{é(m, {p})7 a(p, {CL‘})}7 sup{§(sc, WlAP(Ak))7 6(p, 7T2AP(AIC))}}

= o

since by assumption d(x, {p}) = oo or d(p, {z}) = cc.
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Suppose u = x5 ¢ A, and z1 € A. Let Py = {{z1}, 41, Aq, ..., A, } be the partition of A such that A, C A,
ke{l,2,...,n}

6ais(Vp(u), Vp({z1})) = dais(z, {2})
= 0,
(miAp(u), mA,({21})) = d(p, {z})

and
6(meAp(u), mA,({21})) = d(z, {p}),

and

Sais(Vp (1), Vp(Ak)) = ais(z, Vp(Ar))
since x ¢ V,(Ar), k€ {1,2,...,n},
6(mAp(u), m1Ap(Ag)) = d(p, m1Ap(Ax))

and
6(moAp(u), m2Ap(Ay)) = 0(z, m2 Ap(Ak)).

Note that

min sup{Suis(V,(u), V,(B)). 6(m1 Ay (u), 11 Ay (B)), 6(ma Ay (), maAy(B))}

BeP

= min{sup{0,d(z, {p}), 6(p, {x})},sup{o0, d(p, m1 A,(B)), s (z, T2 Ap(B))}}
min{sup{d(z, {p}),d(p,{z})}, oo}
= sup{d(z, {p}),d(p, {z})}.

Let Py = {A1, Ay, ..., A, } be any partition of A such that Ay, C A, and 1 € A, forsome k € {1,2,...,n}.

Sais(Vp(u), Vp(AR)) = Sais(z, Vp(Ar))
=0

since x € V,(Ag),
6(mAp(u), m1Ap(Ag)) = d(p, m1Ap(Ax))

and
§(maAp(u), m2Ap(Ax)) = 6(x, T2 Ap(Ag)).

Forj+#k,j=1,2,..,n,
0ais(Vp(u), Vp(4y)) = dais(z, Vy(Aj)) = o0

since x ¢ V,(4;),
6(m1Ap(u), m1Ap(A4;)) = 6(p, mAp(4;))

and
6(m2Ap(u), m2Ap(A;)) = 6(x, m2Ap(4;)).

Note that
Jgnei}?lz sup{dais(Vp(u), Vp(B)), 6(mAp(u), mAp(B)), 6(meAp(u), mAp(B))}

= min{sup{0, §(p, m Ap(Ax)), 0(z, m2Ap(Ax))}, sup{oo, d(p, m1 Ap(4;)), 6(x, m2 A, (A;)) }}
min{sup{d(p, m1 A, (Ax)), 6(z, m2A,(Ax))}, o0}
= sup{d(p, 1 Ap(Ak)), 6(z, m2Ap(Ar))}.
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By Remark 3.1 (i)

S(u,4) = sup minsup{das(Vy(u), V,(B)), (miAy(w), mAy(B)), 8(ma Ay (u), 724, (B)))
PecR(A) BE

= SuP{g,Iéigl SuP{(Sdis (Vp(u), VP(B))7 5(7T1Ap(u)a WIAP(B))a 5(772‘417(“)7 WQAP(B))}a
0 Sp{3is(V, (1), ¥ (B)), 61 Ay (1), 71 Ay (B)), s Ay ), w24y (B)) )
= sup{sup{d(z, {p}),0(p, {z})}, sup{0(p, m1 Ap(Ax)), 6 (x, m2 Ap(Ar))}}

= &

since by assumption d(x, {p}) = oo or é(p, {z}) = co. Hence, forallu € X v, X and A C X Vv, X, we have

— 0, u€eA
6(U’A)_{oo ug A

i.e.,, by Remark 3.1 (iii) § is the discrete structure and by Definition 2.2 (X, ) is Ty at p. O

Theorem 3.2. A gauge-approach space (X, D) is Ty at p if and only if for all x € X with v # p, 3d € D such that
d(x,p) = oo or d(p, x) = oc.

Proof. Let (X,D) be Ty at p, z € X and = # p. Let D be the initial gauge structure on X V,, X induced by
Ay XV X - U(X?%,9%) =X%and V,, : XV, X — U(X,Dais) = X where ©? is product structure on X? induced
by m,m 1 X 25X projection maps and D 4 is discrete structure on X. Assume that Hy;s = {d4;s} is a basis for
discrete gauge where dg; is the discrete extended pseudo-quasi metric on X. Let H be gauge basis of ® and d € H,
and H = {du;} be initial gauge basis of © where dg;; is the discrete extended pseudo-quasi metric on X V,, X. Note
that

d(m Ap(21), mAp(22)) = d(z,p),
d(maAp(21), M Ap(22)) = d(p, ),
ddis(vp(ﬂ?l), Vp(wg)) = ddis(fL’,J}) =0.

Since x1 # Ta, dgis is the discrete extended pseudo-quasi metric on X V,, X and (X, D) is Ty at p, by Remark 3.1 (ii)

00 = dais(a1,2)
= sup{dais(Vp(21), Vpp(22)), d(m1 Ap(21), 1 Ap(22)), d(m2Ap(21), T2 Ap(22)) }
= sup{0,d(z,p), d(p,x)}
and consequently, d(z,p) = oo or d(p, z) = cc.
Conversely, let H be initial gauge basis on X V,, X induced by 4, : X vV, X — U(X%,D?) = X?and V,, :

X Vp X = U(X,D4is) = X where D45 = pgMet™ disEretg gauge on X and D2 be the product structure on X 2
induced by 71,7 : X? — X projection maps. Suppose d € H and u,v € X V,, X.

1. If u = v, then

d(u,v) = sup{dais(Vp(u), Vp(w)), d(m Ap(u), mAp(u)), d(meAp(u), m2 Ap(u))}
= 0.

2. Ifu#v,if Vp(u) # Vp(v) implies dgis(Vp(u), Vp(v)) = co. By Remark 3.1 (ii)

d(u,v)

sup{dais(Vp(u), Vp(v)), d(miAp(u), 1 Ap(v)), d(ma Ap(u), m2 Ap(v)) }
sup{oo, d(m1 Ap(u), T Ap(v)), d(m2 Ap(u), T2 Ap(v)) }

= Q.
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3. Suppose u # v and Vp,(u) = Vp(v). If V,(u) = p = V,(v) implies u = p; = p» = p = v, a contradiction since
u#v. IfV,(u) =z = V,(v) for some z € X with x # p, then v = 27 and v = z3 or u = z2 and v = x; since
u #v. Letu =z and v = zo.

d(WIAp(u)ﬂTlAp(v)) = d(WIAp(ml)aﬂ'lAp(xﬂ)
= d(2,p), d(maAy (), 72 Ay (v))
= d(mAp(z1), m2Ap(72))
d(p,x)
and
dais(Vp(21), Vp(22)) = dais(, )

it follows that

d(u,v) = d(xq,)
= sup{dais(Vp(21), Vp(22)), d(m1Ap(21), T14p(22)), d(m2 Ap (1), M2 Ap(22)) }
= Sup{ovd(pa ZL’),d(ZL’,p)}.

By the assumption d(x, p) = oo or d(p, x) = oo, we get d(u,v) = oco.

Letu =25 and v = 27.

d(mAp(u), mAp(v) = d(mAp(r2), mAp(21))
= d(p,z),

d(maAp(u), m2A,(v) = d(maAp(w2), m2Ap(71))
= d(x,p)

and
dais(Vp(22), Vp(21)) = dais(x, 2) = 0.

It follows from Remark 3.1 (ii) that

d(u,v) = d(za,21)
= sup{dais(Vp(22), Vp(21)), d(m1 Ap(22), m1Ap(21)), d(m2 Ap(22), T2 Ap(21)) }
= sup{0,d(p,x),d(z,p)}.

By the assumption d(x, p) = oo or d(p, x) = oo, we get d(u,v) = occ.

Therefore, Vu,v € X V, X, we have

d(u,v) = {0’ w=v

00, UFV

and by the assumption d is discrete extended pseudo-quasi metric on X V,, X, i.e,, H = {d}, which means
Dais = pgMet™. By Definition 2.2, (X, ) is Ty at p. O

Theorem 3.3. Let (X, ) (or (X,D)) be an approach space and p € X. Then, the followings are equivalent.
1. (X,6) is Ty at p.
2. Forall x € X withx # p, §(x,{p}) = o0 or §(p, {z}) = 0.
3. Forall x € X with x # p, 3d € © such that d(z,p) = oo or d(p, z) = oo.

Proof. It follows from Theorem 3.1 and Theorem 3.2. O
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Let (X, ) be distance-approach spaces and (X, ©) be gauge-approach spaces. Then, topological co-reflection of
a distance ¢ is given by
cis(A)={z e X :0(z,A) =0}

and topological co-reflection of gauge © is defined by (X, 7;) where 74 stands for topology induced by d extended
pseudo-quasi metric [12]. Recall, [13] that a distance-approach space (X, §)(resp. gauge-approach space (X, D)) is
To (we call it as the usual one) if and only if topological space (X, 75) (resp. (X, 74)) is To.

Theorem 3.4. Let (X, 6) (or (X, D)) be an approach space. Then, the followings are equivalent.
1. (X,9)is To.
2. Forallz,y € X,z #vy,6(x,{y}) >00rd(y,{z}) > 0.
3. Forallx,y € X, x # y, 3d € D such that d(x,y) > 0or d(y,x) > 0.
Proof. 1t is given in [13]. O

Remark 3.2. By Definition 2.1 (2) and Theorem 3.1, (X, §) is Ty if and only if for all z,y € X withz # y, §(z, {y}) =
or §(y, {x}) = oo. From this fact and Theorem 3.4, Tj (in our sense) implies T (in the usual sense) but converse
implication is not true. For instance, let X = {z,y} with z # y and define é(z,{y}) = 1 = 0(y,{z}) and
§(z, {z}) = 0= 6(y, {y}). Clearly, (X, ) is Ty (in the usual sense) but it is not 7.

Example 3.3. Let X = {p,x} be a set, A C X. Define

d(p, A) = {
By Theorem 3.1, (X, d) is not Ty at p.

4. Conclusions
In this paper, we gave characterization of local 7 distance-approach spaces and local T gauge-approach spaces.
Moreover, by Theorem 3.1 and 3.2 and Remark 3.2, Tj; approach space implies the T approach space (in the usual
sense) but the converse implication is not true, in general.
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