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Abstract
In this paper, we introduce a new generalization for the gamma function as hyper-gamma function. Some
identities and integral representation are obtained for the this new generalization.
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1. Introduction

There are a few special functions in mathematics that have particular significance and many applications in
many branches such as probability, statistics, physics, engineering, and other mathematical sciences. One of those
functions is the Euler’s gamma function. For 2 > 0, the Euler’s gamma function is defined as

I'(z)= /e_ttx_ldt.
0

For extensions of the gamma function to complex variables and for the basic properties see [12, p. 235-264]. The
recursion formula for the gamma function
F(xz+1)=2al(x)

is well known [12] and this yields
I(z+n) = (2)

where (z),, is the Pochhammer symbol defined as

I (z)

n

(x)g=1and (z), =z (@ +1)(x+2)---(x+n—-1).

The gamma function has very extensive literature, especially; recently, numerous papers have been published
concerning with inequalities for the gamma and related functions [1,2,3,4]. Anderson et all. [3] obtained

logl'(1+%) 1

M g 2 a1
Anderson and Qiu [2] proved that
lim logl'(x) __ (1.2)

z—oo (z —1)log (z — 1)

and for x > 1,
g2t <P (2) < 271 (1.3)
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where 7 is the Euler-Mascheroni constant.
Gamma and related functions have some generalizations [5,6,7,8]. For example, Chaudhry and Zubair [5] have
introduced the following extension for the gamma function

oo

L, (z) = /eftfpt_ltzfldt
0
where Re(p) > 0.

In this paper, we introduce a new generalization for the gamma function as nth hyper-gamma function of order
r defined as

(s ZI‘(T D(s), (r>1,n>0and Re(s) > 0)

where F((J") (s) =T (s), i) (s) =T'(s+n)and I (s) is the classical gamma function. We give the name "hyper-
gamma function” to our generalization because its representation is similar to the representation of hyperharmonic
number see [9,10].

In section 2, we study some properties of Ty (s). Moreover, we give two limits and an inequality concerning

with T{ (s).

2. The main results

Theorem 2.1. Let T/ (s) be nth hyper-gamma function of order r. If r > 1 and m > 0, then

n
Fglm—s-r)(s):Z( 7l+7’*?l)71 )F;m)(s)

r—
p=0

Proof. Let (a,) and (a") be two real initial sequences. The entries af

mined recursively by the formulas

corresponding to these sequences are deter-

0 o n __ .n
a, = an, aj=a (

n > 0)
ap = ap ' +ap_ (n>1,k>1)

n

The entries al have the following symmetric relation[10, relation 2]:
k
ko n+k—i—1 i n+k—t—1 0
a, = E_l < n—1 >a0+ E ( ay . (2.1)

It is clear that T\’ (s) has the recurrence relation as follows: I'\” (s) = T ™" (s) + T")| (s). Hence, If we select
ad = '™ (s) and ap = I‘ém'm) (s)=T(s),n>1,thenal, = T ") () and from relation (2.1) we have

F;mm(s):z”:( n—&-:;:i'—l )F(SHZ”:( n—i—::i‘—l )Fgm(s)

i=1 t=1
r—1 n—1
n+r—i—2 n+r—t—2 m
zf(s)Z( M )+Z( o )r;}(s). (2.2)
=0 t=0

With selections k =7 —i — 1and b =n —t — 1, the Eq. (2.2) is written as

—(n+k-1 b1
Fglm+r)(s):1“(s)z< "1 )+Z( S )Fn"i)b(s)
k=0 b=0
From the following nice combinatorial identity [11, p. 160]

r—1
n+k—1 n+r—1
S =) @3)

k=0
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we have
T () = (”*;‘1)r@ﬂ+§f(bi711)nzu@
b=0
- 2" e
- ("I e
where p = n — b. Thus the proof is completed. O

Corollary 2.1. The following identities hold

i)rg>(s):;[(”+::f_1)r(s+p)} (2.4)
i) T (s) :r@)ij [( ”ﬂf:f‘ 1 )(s)p] 2.5)
p=0
where (s),, denotes the Pochhammer symbol.
i) T (1)2( nroped )p!. 2.6)

)T (5) =T (5) 32 (5),

p=0
) T{7 (5) = (r+5) T (s).
vi) T (1) = 2.

Theorem 2.2. The nth hyper-gamma function of order r, Ty (s) , has the following integral representation

(o}

) (s) = /efuauasfldu

0

where o = lzn: ( n+::§)_1 )(8)41'

p=0

—1
Proof. Let a be as a = [Z ( ntr=p-1 ) (s)p] . Then by using the representation in (2.5) of N (s), we

=0 r—1
obtain - -
tS
I (s)=a T (s) =a? /e_tts_ldt = /e_t—tdt.
a
0 0

If we make change of variable ¢ = u®, we have dt = au®"'du and

e U’

e au®tdu

() =

au®

o

e " w1 du.

0\8 0\8
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Theorem 2.3. For the nth hyper-gamma function of order r, T'\” (s) , we have
STW () =T () T (s+n+1).

Proof. By using the representation in (2.4) of " (s), we obtain

T

S - F5 (I e

k=1 k=1p=0
- - n+k—p—1
— Z (s+p) Z( k_11) )1
p=0 k=1

If we use the nice combinatorial identity in (2.3) we have

Sres = S ("I )T
k=1

p=0
n+1 ntr—
= Z( Tlp)I‘(s—&—p)—F(s—ﬁ—n—i—l)

= T (s)=T(s+n+1).

Thus the proof is completed. O

Theorem 2.4. For the nth hyper-gamma function of order r, ry (s) , the following identities hold

i)fjpfiﬁ (s) = nD{* (s5) =T (s)
ii)iprw (s) = 0V ()~ TV (8)+ (n+ )l (n+s+1).
Proof. i) It is clear that
ipr;ﬁ (s) = T (s)+20 (s) 4305 (s) + -+ (n— )T () +nl) ()

F[()T) (s) + FgT) (s) + I—\ér) (s) 4+ ngr) (s) — Fér) (5)
+ F(()T) (s)+ FgT) (s) + Fgr) ()4 -+ Fg”) (s) — Fér) (s) — FgT) (s)

+ T3 () + 177 (5) o+ T () = T () =TV () =+ = T3 (s).
Hence
n n n—1
i (s) = nY I (s) =Y TTH (s)
p=1 p=0 p=0
= Al (s) =T (s)
The proof of ii) is similar to the proof of 7). O

Theorem 2.5. For the nth hyper-gamma function of order r, r{ (s), the following limits hold
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logTy) (14+5) 1

N lim —— T 2) -
2 o0 slog s 2
log T
i) lim — 08T ()

s=oo (s —1)log (s —1)

Proof. i) From Corollary 2.1 ii), we have

(1) =r (e DT ) 03))

p=0
Hence
n n+r—p—1
log(T(1+2 {( ) 1+3 }
e m(reen ST s,
lim ——=~ = lim
S$—00 SlOgS 5—00 SlOgS
n n+r—p-—1
log >° K >(1+ )]
logT' (1 + 2 — r—1 P
= limerlim P=0 .
s—>00 slog s s—>00 slog s
Since
n n+r—p—1 s
B[S )
lim —2— =0
S—00 SIOgS

and from the Eq. (1.1), we obtain

logTy) (1+3

fi 08T (143) 1
5300 slog s 2

The proof of ii) is similar to the proof of 7).

Theorem 2.6. For s > 1, the following inequalities hold

("5 )@ < (M0 )

r r

where ~y is the Euler—Mascheroni constant.

Proof. For s > 1, it is true that

("8 e = w3 ree

p=0 p

r—1
p=0

By considering combinatorial identity in (2.3), the last inequalities above are written as

< n+r >F(s)§1“£f)(s)§ ( ni_r >F(8+”)'

r
By using the inequalities in (1.3) for > 1,

2= P () < 27,

< n+r >S(17)51 < Fglr) (S) < < TL:T ) ($+n)s+7z—1 )

we have

r

< (n—|—7‘—p—1 )F(s+n).
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3. Conclusion

In this work, we define a new generalization for the gamma function and study some properties of this new

generalization. We think that our study can be a reference to future researches on the bounds for values of r{ (s)

and relations of other generalizations and functions with r) ().
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