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Abstract

In this paper we introduce two kinds of Chlodowsky-type g-Bernstein-Schurer-Stancu- Kantorovich
operators on the onbounded domain. The Korovkin type statistical approximation property of these
operators are investigated. We investigated the rate of convergence for this approximation by means of
the first and the second modulus of continuity. The rate of convergence is investigated by using Lipschitz
classes of functions and the modulus of continuity of the derivative of the function. Then, we obtain
point-wise estimate the Lipchitz type maximal function.
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1. Introduction

The approximation theory is gaining importance, specifically the g-calculus due to its applications in various
areas like Mathematics, Physics and Mechanics. Lupas [15] initiated the application of g-calculus in area of the
approximation theory, and introduced the ¢g-Bernstein polynomials. In 1997, it was Philips [18] who proposed and
studied other g-Bernstein polynomials. Due to slow convergence of Bernstein polynomials some results on the
expansion of g-Bernstein polynomials in orthogonal bases have been obtained in [4]. Proceeding further, several
studies [5, 10, 16, 17], continued to obtain different properties of ¢-Bernstein polynomials and Durrmeyer variants.
Approximations of vector values using g-Durrmeyer operators applied to random and fuzzy approximation are
discussed in [9]. Agrawal et al. [2] introduced the Stancu type generalization of the Bernstein- Schurer operators.
Other important operators are ¢-Bernstein types Integral Operators discussed in [5, 14].

Several studies investigated the g-analogue polynomials properties using statistical approximation. For instance
in [19] ¢g-Bernstein-Schurer; in [14] g-Bernstein-Schurer-Stancu-Kantorovich; [11] g-Baskakov-Kantorovich; in [1]
g-Szasz-King type operators are discussed and statistical approximation properties are demonstrated.

To motivate our paper, we take into consideration Karsli and Gupta [13] findings and their introduction of
new operators to obtain local approximation properties and the rate of convergence. In theory of approximation,
convergence is significant. This paper motive is to obtain a local approximation theorem and rate of convergence of
Chlodowsky type g-Bernstein-Schurer-Stancu-Kantorovich operators and the weighted approximation properties.
The results, turns out to have an order of approximation slightly better compared to the classical Chlodowsky-
Bernstein-Stancu type operators in a certain subspace of continuous functions.

First, let us give some basic definitions and notations from g¢-calculus. Let ¢ > 0, for each nonnegative integer £,
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the g-integer [k], and the g-factorial [k],! are defined by

k] { %—g’ﬂ)/(l—@ : i

and
Mﬂ | — [kb[k‘*lb...[”q, k Z 1
a 1, k=1,
respectively. Then for ¢ > 0 and integers n, k; n > k > 0, we have:
[k+1], =1+4qlkly, and [k]q+ "n—k = [n]g.

For integers n, k; n > k > 0, the g-binomial coeficients is defined by

{n] B [n]q!
k|, [k]g![n — K]
For an arbitrary function f(x), g-differential is given by:

dof (x) = flqz) — f(x).

The g-Jackson integral in the interval [0, b] is defined as:

b o0
[0t == a3 et 0 <q <1,
0 J=0

provided that sums converge absolutely. Suppose 0 < a < b. The g-Jackson integral in a generic interval [a, b] is

defined as , )
f@)dgt = [ f(t)dgt — [ f(t)dgt, 0<q<1.
o= [ soss- |

More details regarding g-calculus can be found in [12].
Qiu Lin in [14] introduced the ¢-Bernstein-Schurer-Stancu-Kontorovich operators X :;;/3 (f;q;z) : C[0,14p] — C[0,1],
as follows

1

n+p n+p k—1
K (Figga) = Z{ i }x (1 qx/ <n+1+6] Tht1+Al, o

k=0 s= O 0

0<z <1 foranyn € Nandp € Ny and 0 < o < . H. Karsli and V. Gupta [13] introduced the g-Bernstein
Chlodowsky polynomials as follow:

n+p k n+p - kn+p—k—1 .z

s=0 n

where b, is a positive increasing sequences with the property lim b, = co, lim [an 0.
n—oo n—oo

Recently, the Chlodowsky type ¢-Bernstein-Stancu-Kantorovich operators introduced by authors in [20] as

- ELPNE (i) [t

k=0 s=0

wheren € Nandp e Npand o, €e Nwith0<a<3,0<z2<b,, 0<q¢g<]1.

This paper is organized as follows. In Section 2, we introduce the Chlodowsky type g-Bernstein-Schurer-
Stancu-Kantorovich operators and evaluate the moments of these operators. In section 3 we obtain the statistical
approximation properties of Korovkin type. In Section 4 we obtain the rate of convergence of the approximation,
given in the previous section, by means of modulus of continuity of the function, elements of Lipschitz classes and
the modulus of continuity of the derivative of the function. In Section 5 we obtain results of Local Approximation
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2. Construction of the operators

Let b,, be increasing sequence of positive real number and let them satisfy the properties: lim b, = oo that the

n—oo

sequence [n]
an

,} is a sequence of real numbers such that 0 < g, < 1foralln

and lim g, = 1. We can introduce the Chlodowski-type g-Bernstein-Schures-Stancu-Kantorovich operators for a
n—oo

function f as follows:

1

TA (f:q,2) %p W(g o /f Lalktalgba @.1)
" R n+1+ﬁ] n+1+8l, ) " '
= 0
k n+p—k—1
where p,p k(g z) = ["17] - (%) . 1:[0 (1-¢°%),0 <z <by,neN,andp € Ny and a, 3 a real parameters

satisfying the conditions 0 < a < 5. Clearly, Tffp’ﬁ ) (f; g, x) are positive linear operators.

To evaluate the main results, first let’s formulate and proof some lemma’s as follows:

Lemma 2.1. The moments of operators Téf;;ﬁ ) (f;q, ) are obtained for f(t) = t*, i =0,1,2 we have:
i) T (Lga) =1,
.. n B a+1 »
i) T (50,2) = e + gty + 0 fol).

o, 2031 4 plg-[n+p—1 n-+
iii) Téyp )(tQ;q,m) _ g [[n+p1]i£ﬂ§ p—1]q 224 [n[+1i]§]2b

b2 o
ﬁq"‘“-&-qaw'(?[a]q"’q )):|x+[n+1n+ﬁ]3([31]q+2q[éh]q+q2'[a]3)'

1 1 1
Proof. It is obvious that: Ofl gt = 1,{1& cdgt = ﬁgﬁ cdgt = -
n+p—k—1
i) Let’s take into consideration the Binomial identity (1 — z)"*?~%* =[] (1 — ¢°z), then we have:
s=0
(a8) £ i
T%" (Lig,2) = 32 prapr(@a) - [dgt = 1.
k=0 0
ey / q-lk+al,-b
T I Jktaly b,
ll) q,T an"rl)k q;T ’I’L+ 1 +ﬁ + [n+ 1 +ﬁ]q q
0
n+p n+p
1 1 qlk + a]gby
= Prtpk(G®)  ——————— o b + Pr+p Q5 T) v 5 =
Z +pk(452) m+1+8], [2, kZ:O +p(45) [n+1+ 8],
a+1
¢ n + p] bn < 1 >
PESE AN TE e NP

using the equality which completes the proof of i)
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iii) After the calculation we obtain:

n—+p 1 2
(a 5 q- [k + algb, _
T 1Qa an-‘rpk q;T !(n+1+ﬂ + [n—f—l—i—ﬁ]q dqt—
n+p 1 k‘—l—
B n+1+ﬁ§zpn+p’ e ([3] +20- [2}?]q+q2,[k+a]g):
k=0
_ by Ly 264 o], + 26,4 g
T 182 By Rl iz TR a2 b,
b2 2
[+ plg + 7[n+7{q+ 2 [[0‘]3 +2[alg - ¢%[n +plg - bi + ¢ [n+plg - bﬁ + gt b%
q n n n
. _ _ 2a+3.[n+p]q~[n+p—1]q 2 [n + plg )
ot plo-ln+p l]q]q m+1+8, it
2 a1 a+2 e b% 1 QQ'[Q] 27 12
o (ot ot (- M ) "

Lemma 2.2. For the operators T\ defined by (2.1), we have

(a0, 8) Lo [n+plq o 2-(1+a)[n+pl, (14a)?
0<S;1£b L™ (- a)%ae) < bi{([nﬂ—fﬁ]qqq He 1) + [n+1+/3]qp T F AR }

Proof. Using Lemma 2.1 and the linearity of the operators, we have:
a,B 2y _ pla,B) (42. a,B) (4. 4 2(,B) (1. - ) —
T7(z,p )((t_x) ) _Trg,,p )(t a(bx) _Q‘rTé,p )(tqux)—’_x Té,p )(Lq’x) -

_( sags nAplgIntp—1]  ¢*" - [n+pl >2
_<q [n+1+ B2 2 [n+1+ 8], YA

i (g o))

by, b2 -[a]q 2 2
“2 v (o o) o i (S o)

if we take the supremum on [0, b,], and considering [+ pl, - [n 4+ p — 1], - ¢ < [n + p]Z, we have:

2 2
o, n+plq o 2-(1+a)[n+plq 14+«
Ty (t =) 0) < b%{ ([n[+1£]ﬁ]q gt - 1) + ([n+1)4[rB]3m + [7E+t+?@]g } u

We now redefine T,(fp’ﬁ ) (f;q; x) as follows:

1
T3 (fr0,0) = S0 puswila 3x)gf ([n+t1bf;+ﬁ + b )d t.

For the redefined operators, let us give the following Lemma.

Lemma 2.3. ForT,(L,,B)(tZ q,x),1=0,1,2, one has
i) Th7 (1q,2) =1,
i) T35 (¢, 2) = [n[+J{]’q’]+5 qx+[n+1] 3 ([] +q(34)

.. s n n 1]4 n q%n
i) T 1% g, ) = PEREgle - o + irtplens, B2+ 20 +1)] @

b2 1 2 o 2 92
B (CESIPEE [[3] B, T ]

Proof.
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i) It is obvious that Tn ”6)(1' g,z)=1

n+p 1
i) TP (g anﬂ, G ({( et qﬂ[ﬂi{f;) dgt =
B 1 by, qbn n+Pn+p} [n+p—1]q![k'q+o< ( ),
TR AU+ B A, 48 Kln+p—klt ekt =
1 by gln +plg % gab, _ [n+plg bn (1 )
D A, 8 Aty B b Al 8 et 48 Ty, 8\, T
n-+p 1 2
k by,
lll) T(a ﬁ aqa an-FP kg5 0/ ( + q[’f’l;[ _ﬂ_ql—]:cj_)ﬁ ) dqt =
B b2 1 2« 2bi[n + g (1 P02 [n+ plgln +p+ 1], 22
‘m+m+ﬂ&u+mJ”?ﬂ+m+u ﬂPQ%+Q)+ i+ 1,97 0
_ n+plgn+p—1l4 5 o [n + plgbn [2(] } b2 1 2qa 5 o
iy +87 O arn, + 07 @, Y e B, e, ™

Lemma 2.4. For the operators T,(f;’ﬁ ) we have:

sup T (t -0 g tply e 20+ a)ntpldy 1+
p TGP “§(m+ah+ﬁ 1>b2 Tt 1, +8)  (ntd,+0)

0<a<b,
Proof. Based on linearity and positivity of operators and the Lemma 2.3, we have:

T (¢ — o) qyw) = TP (15 s ) — 20T8%P) (4 2) + 2 TL%P (1,5 2) =

n,p n,p

x2<[n+p}q[n+p 1]q372 [n+ plg q+1> x<([ [n + plb,

(n+1,+8?2 1 " “(n+1],+8) 1], + B)?
2 o %y (1 B[l 2%
(mq+q”’ h%Hh+6<Pb+q)>>+d ]+6)[H o, ted

Then:

= ng 20+ a)ln+ Pl (1+a)
=\

(a,B) N2, .
oJup LT (- e)hee) <\ GU s (nt1,+8)  (ntl,+h)

3. Statistical approximation of Korovkin type

First, we introduce some notation and the basic definitions used in this paper. Let A = (a;,) be a non-negative
infinite summability matrix. For a given sequence z : = (z,) the A-transform of z, denoted by Az := ((Ax);), is
given by (Az); = 377, ajnz,, provided the series converges for each j. A is said to be regular if lim;(Az); = L
whenever lim;(x); = L. Then « = (z); is said to be A-statistically convergent to Li.e. st4 —lim;(x); = L if for every
e>0,lim; 35 . 11> @jr = 0[7, 8]. Replacing A by C1 then A is a Cesaro matrix of order one and A-statistical
convergence is reduced to the statistical convergence. For A = I, the identity matrix then A-statistical convergence
is called ordinary convergence.

Let R denote the set of real numbers. A real function p is called a weight function if it is continuous on R and
| llim p(x) = o0, p(x) > 1forall z € R.

| —0o0

Let us denote by B,,(R) the weighted space of real-valued functions f defined on R with the property |f(z)| <
Myp(x) for all x € R, where M is a constant depending on the function f. We also consider the weighted subspace
C,(p) of B,(R) given by

C,(R) = {f € B,(R) : f continuous on R}

endowed with the norm || - ||, where || f ||,= sup ‘J; g;‘, B,(R)and C,(R) are Banach space.
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The concept of statistical convergence in approximation theory by linear positive operators was used by Gadijev
and Orhan [8]. They proved the Bohman-Korovkin-type approximation theorem for statistical convergence.

Theorem 3.1. (see [8]). If the sequence of linear positive operators A,, : Cla,b] — C|a, b] satisfies the conditions:
sta =l || An(ei;-) = ei [ofap= 0,

forei(t) =t', i =0,1,2, then for any f € C[a,b],
sta —lim || An(f;-) = f llcfan= 0.

Using A — statistical convergence Duman and Orhan proved the following Bohman-Korovkin-type theorem
([6], theorem 3.1).

Theorem 3.2. Let A = (ajy,);n be a non negative regular summability matrix and let (L,,), be sequences of positive linear
operators from C,, (R) into B, R, where p, and p, satisfy:

lim 2 =o, (3.1)

Then sty —lim | L,F, — F, ||,,= 0, v = 0,1, 2. where F,(x) = ~£.&)
of the first order, Theorem 3.2 implies

Corollary 3.1. ([6]) For any sequences (T,,),,>1 of linear positive operators acting from C,,(R*) into C,, (R*), A > 0 one
has

StA - hrrbn || Tnf - f ||P/\: Oa f € Cpo (R+) (32)

if and only if
sta —lim || The; —€; [|po=0,1=0,1,2, (3.3)

where pg = 1 + z2.
Let ¢ = gn, 0 < g, < 1, be sequences satisfying the following conditions:

bn
sta —limg, =1, sta —limgq, =a (a<1), sta— limW =0. (3.4)
n n n Njq
Theorem 3.3. If ¢ = (g,,) satisfy condition (3.4), for each function f € C,,(R™"), one has:
sta—lm | T2 (f1q:2) = f [lp= 0.

Proof. For all f € C,,(R*"), the operator T\%” (f: ¢, ) is defined on [0,b,]. We extend it on R in the classical

manner. Let T,(ﬁ;ﬁ ) be defined as follows

~ (a,8) e, .
T(avﬁ) — Tn,p <f7 q; :C) fO?" S Ib”
n,p (fa‘Ll') { f(x), T e R+\Ia".
For each n € N the norm || Tfl?;’m(f; ¢;x) — f ||, coincides with the norms of the element (T,S?;;ﬁ)(f; g;x)— f)in
the space B,, [0,b,] where py = 1+ 22**, for A\ > 0. Applying Corollary 3.1 to operators 7,, = 77, the proof of

n,p

Theorem will be finished. In this respect, it is sufficient to prove that under one hypothesis, the operators verify the
conditions given in (3.3). From Theorem 3.1, it is enough to prove that st4 — lim,, || T,(l?‘p’ﬁ ) (ei;q,x) — €' || o= 0 for
e; = t' fori = 0,1, 2. It is clear that

stq — limy, ” Té?ﬁﬁ)(l;qa‘r) -1 ||P0: 0.
From Lemma 2.1 case ii) we have

757 (t g, @) — ) T (t g, ) — @ _

L R = e
atl
- ogsgtlgb,, 1 —I—le { Tn +[1n—:r§]]§ -1 I} + [n—l—?n—l—ﬁ]q([zl]q +qlaly) <
atl
< (M—l b”+[n+in+6]q ([21}(1+q[oz]q> <
< m ~1[bn+ 1+ a) 5
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We denote 6,, = e ntply 1|-b,,andy, = (1 + a). From (5), we get st 4 — lim,, 6,, = st4 — lim,, 7y, = 0.
ERE=P [nlq &

Now, for a given € > 0, let’s define the following sets:
1= {0 T (s w) = @ 1> e
o (et )

Ty = { (a+1 /2}

Then, from (3.5), we obtam T Q T5 U T3, so which implies that Y~ anr < > ank + > ank and hence
keTy keT, keTy

sty — hm || K'n, 7B)(taq’ru iy ||P0: 0.

From Lemma Lemma 2.1 case iii) we have

) T(a,ﬁ)(tz.q z) — 22| |T(a,B)(t2.q z) — 22|
Tp(a, B) (2 g 2) — 2° || py= su 1T — < su - )
| T p(c, B) (75 ¢5 @) oo me[o};) 1+ a2 _Oﬁxgbn 14 a2
2a+3 _
<y ! { A plalntp =1y ], [Epl
0<z<b, 1+ 2 [n+ 1451 n+ 1+ Ay

2
2,*

2 «
a+1 +qonr2(2[O[]q Jrqa)) x4 [n+lin+ ﬂ]Q <[31]q + 2([]2[]q]q +q2[a](21) }

/‘\

el | R, @200t Pl b, 1+
Sl n+1+82 [n+1+ ]2 [n+1+8]2, [n+1+ 813,
[+ pl7, 4>+ (3+2a)bn( [l ) (1+a)?,
-1 1+ =)+ bn: n n n,
[ +1+ﬁ]qn ’ [n](In [n]‘hl [n]gn : +6 +’y

from (3.4) and [n+plg, = [n]q, + @n[Plg., v+ 1+ Blg, = [nlg, +qn[8 + 1], then we have st —lim o, = st —lim §,, =
st — lim~, = 0. "
Lete § 0. Then, we define the following sets:

U= {kll 57 (15 052) = 22 g0 e}

Uy ={k: o, >¢/3},

Us={k:Br>¢€/3},

Us ={k:v = ¢€/3}.

Clearly, U C U; U U, U Us, which implies that > anr < > apk + D, ank + Y. ang. Thus,
keU keU; keUs keUs

sta— lim || TSG7 (125 g,2) — 22 || o= 0. u

n— oo

Theorem 3.4. If ¢ = (¢»), satisfy (3.4), thenVf € C, (RT),
sta —1im || TSP (f;q:2) = f o= 10

Proof. Let T\%"”) be defined as:

. (0 8)

) _ ) (Tnp™ f)(@) for 0<z<by

np (f10:) { f(:E)7 xz > by.
For each n € N, the norm || T;,(,‘f‘ # )( fig;x) — f ||, coincides with the norm of the element (T;;p f — f) in the space
B,,[0,by), forany A > 0.
Applying Corollary 3.1 to the operators T, = T;f;’ﬂ ), the proof of Theorem will be finished. In this respect, it is
sufficient to prove that, under our hypotheses, the operators verify the conditions given at (3.3). From Theorem 3.1,
it is enough to prove that st 4 — lim,, || T,Sf;;ﬁ) (ei3q.x) — € || po= 0fore; =t i=0,1,2. From Lemma 2.3 case (i), we
can easily get

sta =Ty || T3 (10,2) = 1 50=0.
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From Lemma 2.3 case (ii) we have

*(,8) Fx(a,f3)
e - ) (t.0,2) — o]
TO‘B)t; Lx) — - 5 | (t;q, ) x|: S |Tn,p 34,
H ( q .T) x Hpo IG[BII::)O) 1+ 22 0<;1£)b 1+ 22
[n+plqeg
< 1, + 1‘ T+ Grtlrs ([21q +dlo ]qa) [n +plgg
< sup 5 < —1{b,
0<z<b, 1+2x [n + 1}q +8
by, 1 [n + plgan br,
+ — +qa>S—1bn+ 1+ a).
[n+1],+8 ([Q]q g n+1],+ 8 [n]qn( )
(3.6)
We denote 6,, = [gfli]fﬁ —1] by, and w, = [Tf’]—’;n(l + ).

From (3.4), we obtain st 4 — lim,, 6,, = lim,, w,, = 0, Now for a given € > 0, let us define the following sets;
0= {k:lTo5 P g0)— |2 e},
ﬁlz{k: (%—1)5@6/2},
Ug_{k'(a[_‘—]ﬂ>€/2}

From (3.6), one can see that U C U; U Us, which implies that > anr < > ank + D, ank and hence

kel kel keUs
sta — hm I Tn aﬁ)(tﬂﬂx) — @ [|py=0.
Similarly,
I TGP (8% g) — 2 | i 5 052) - 2’ 4% g) - 2‘ <
qx)—x = su = su -
mp po 0§x<aoo 1+ a2 Oﬁmgbn 14 a2
P g L }
“u 1|zt —1" | = 4+ °2a+ 1) | 2+
20 T [ (ER R [PPSR

[N+ plgbn(3 +2a) (1 + )2

T, 182 B,

b2 [ 1 2qa 2] } ( [n + plgq >2
s e T T | S s 1
(ln+1qg+8)* [Blg  [2q [n+1+ 5
From (3.4) we obtain st — lim «i;, = st — lim 3, = st — lim~,, = 0.
n n n
Here for a given € > 0, let us define the following sets:
K =k T2 (¢ gs) = 22 5,2 0}
Ky ={k:a,>¢€/3},
Ky = {k: By >¢/3},
Ks={k:v >¢€/3}.

Then we obtain K’ C K7 U Ky U K3, which implies that Y~ anx < > anr+ D>, ank+ Y. ank,and hence
keEK kEK, kEK> kEKs3

stA—hm I Tnaﬁ)( 43T )_xz Hpozo'

4. Order of convergence

Let f € Cg[0, +00) such that f is uniformly continuous for any ¢ > 0. The usual modulus of continuity for f is
defined as

w(f;0) = sup Lf(t) = f(=)].
[t —z| <§
t,x €[0,400)

For f € Cg[0,+00) and any ¢, = € [0, +00), we have:
1f(t) = f(@)| <w(f; |t — ),

so for any 6 > 0 we get:
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w(f,9), [t—z| <9
w(f |t —z]) < { w(f, =2 jt—a] >

In the light of w(f; Ad) < (1+ A) - w(f;0) for A > 0, it is clear that we have:

[f(t) = f@)] < (1 +0672(t — 2)*) w(f, 0),
for any ¢,z € [0, +00) and 6 > 0.

Theorem 4.1. If f € Cg[0,+00), and q = ¢, be sequences such that 0 < g, < 1, we have:
T33P (Fr0:0) = f(2)] < 20(f3 4/ 0n (),
where, 6,,.q(x) = Th%" ((t — 2)%, ¢, ).
Proof. The fact that Té?‘p’ﬁ ) (f:q; x) is positive linear operator, and applying the property of modulus continuity:

|t — |

[f(t) = f(@)] < w(f,8) (75— +1), foranyd >0,

we have

TP (Fiaz) — f@)] < ITGPf@) = f@)lga) < w(f;0)(T%57 (Lg,2) + 6T£“p5 (It = z|;q,2)).

From Holder inequality, we know that: l + 1 =1,9g=2andp = 2 we get:
T35 (s q50) = ()] < w(f3 (T30 (1) + {T(a Dt —2)%q,2))} 2
Let’s choose § = 6, 4 = {T%” ((t — 2)2; ¢, 2)) }1/2, then we have:
|T7(L(,1p,8)(f7 ¢;x) — f(r)] < 2w(f; 5n,p($))~ u
Theorem 4.2. Let (g,,) be sequence of real numbers such that 0 < g, < 1 and nlgglo qn = 1. If f € Cp[0,00) and w(f’;0)
are modulus of continuity of f'(x) in [0, C]. Then,

(t Vgl | B0V
148l In+ 1451 o
where M is a positive constant and u,, = mifg’iq, Up = [n+?7n+ﬁ]q (ﬁ + q[a]q)

T3 (fs a52) = ()] < M (C lun — 1] + vn)+2 {02 (un —1)* +C

Proof. Using Langrange’s theorem we have:

th,, qlk + o, B b, q[k+a]qbn7x 1gY —
f([n+1+ﬁ]ﬁ[n+1+mb”>f(x’([n+1+mq+[n+1+mq )“9)

B thy, glk +algbn N\ o thy, alk+ b N iay
([n+1+ﬁ]q+[n+1+6]q )f()+<[n+1+ﬁ]q+[n+1+ﬁ]q )(f(e) f(@))

qlk+a]q
+ [n+1+ﬁ]

TP (fra2) = flo) = £/ (@) TGP (= 2),q,2) + TP (8 =) - (f(0) = f'(2)); ¢, ).

where z <0 < +1 AT . Using the last equality, we can write the following inequality:

Hence,

T35 (frq50) = (@) < | @)T857 (¢ = @) q,2) + TGP (18— 2] - [f/(9) = /()]s . 2)

< M(Clun =11+ 0,) + TG = 2l ) - S @) 0.0).
Applying the following well known property of modulus of continuity
[£(5) = @) < w(f,0)(1+ 152), for any 6 > 0,
we have
1

7457 (s 50010 < M (C = 110, ) 1 720) [T (1 = o) + ST (0~ 2)%0,2)].

qlk+alq b

Note: |9 — 33‘ < [n+1+ﬁ]q + n+1+8], 7"
Using the Cauchy-Schwarz inequality for the second term, then we have:

T8 (s 50) = £@)] < 0 (Cl = 10, ) s(30) {TG2 (0 - 20}

-

1/2 (f 5) aﬁ)(( CE)Q;%x)'
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Now, if we get:

(@B) (¢ _ 2. s, 2, (+a)n+p by (1 + )
0<51:11<)CT ((t—=x) ,q,x)gxgé]f)c]{m (up, —1)" +x Tl qb"+[n+1+ﬂ}2
2 e, ~ta)ntpl ba(l+a)?
SO (un =17+ C [n+1+ 8, b”+[n+1+5]3'
Thus,
@) (. 1 - oo ey (Lt a)n ) b2 2]
T35 (frq,2)—f(2)] < M[C |y — 1|+vn]+w(f', 6) [C (un —1)"+C [n+1+ﬁ]gqb"+[n+1+ﬁ}g(1+a)

w(f’,9) 2 (1+a)[n+pl, bp(1+)?
+5{CQ(“n_1) C[n+1+ﬁ]3 o [n+1+ﬁ}3}'

1/2
Let’s write: § — {02 (un —1)° + C(l[:iﬁ;]p]qb + E&Té)];} , then we have:

A+a)n+pl, 2A+a)2 7
[n+1+Blg [n+1+5]§} w(f,0). W

Lemma 4.1. Let (g,,) be sequences of real numbers such that 0 < q,, < 1, lim ¢, =1, if f € Lipg(y)and z € [0,C], C >
n— oo

\T & ﬁ)(f,q,a:)—f(xﬂ < M(C’ |tn — 1+vn> —|—2{02 (up, — 1)2—|—C'

0. Then we have,
a/2
I TP (f, a.2) = f) oo < K{CT7(L“’B)((1? - x)Q;q,z)} :

Proof. By the linearity and monotonicity of the operators T,(l h) (f,q,z), we have,

I35 (f 4, 2) — ( )| <T(“’ﬂ)|f() ( )l ¢ ) < K- T33P (|t — 27 q,2).
Using Holder inequality with p; = =, and p; = then -+ 5 = 1. We can write:

59 (F.0,0) — 1) < K - (CTED (¢~ 2)%.072 TP (10.0)F

This implicates
a/2
| TP (f,0,2) = £) lewa, < K {CTSGA((t - 2)%0,2)}

Theorem 4.3. Let 0 < a < 1 and E by any subset of the interval [0, +00). Then, if f € Cg[0,+c0) is locally Lip(a), i.e the
condition
lf@&) = f()| <Ljt—=x|*, t€E and z€[0,+0),
(4.1)
holds, then, for each x € [0 +oo) we have:
I T&E(f.q,2) — fla)| < L{TP((t — 2)?, ¢, 2) + 2d"(X, E) },
where L is a constant dependmg onaand f and d(X, E) is the dzstance between X and E defined as:

d(X,E)=inf{|t—z|:t € E}.

Proof. Let E denote the closure of E in [0, +c). Then, there exist a point 2oy € E such that d(z¢, E) = |z — zo|.
Using the triangle inequality
[f(t) = f(@)] < [f(t) = fxo)| + |f(x) = f(xo)l;

by monotonicity of operators T.2+# and (4.1) we get:
TGO, 0,2) — 1@)| S TGS - Feol, 0. 2) + TG (@) — fo)l . 2) <
< L{TEI (It = 2ol 0,2) + o — w0l } < L{TLG (= al* + |2 = 0", 2) + |0 — 0] | =

= LT (1t - 2l q,2) + 2l — w0l }

: T Jor e oo 1 1 1
Using Holder’s inequality with -~ = &, -~ =1— -~ we get,

EN a1
Tr(L,O;z”B)(f’ q,) — f(%)‘ <L { [TT(L?;ﬁ)Ot — x|ap17q7x)} P1 [T,(Li;ﬂ)(lql,%m)} T 2d(X, E)a}

~ {150 -]+ 2 )}
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the desired result mediately. |

5. Local approximation

Let C5[0, +00) be the space of all real-valued continuous and bounded functions f on [0, +00), endowed with

thenorm || f ||= sup |f(z)]
z€[0,4+00)

The Petree’s K — functional is defined by:
Kalfi0)= _inf (I f =g+ 1" I

0, +00)
where C3[0, +00) = {g € Cp[0,+00) : ¢, ¢g" € Cp[0,+00)} .
By [3] there exists an absolute constant M > 0 such that
K>(f,8) < Mws(f;V5),
where § > 0 and the second-order modulus of smoothness is defined as:

wg(f;\/g)z sup  sup |f(z+2h) —2f(z+h)+ f(x)],
0<h<6 z€[0,+00)

where f € Cp[0,+00) and § > 0. Also, we let

wa(f;0) = sup  sup |f(z+h)— f(z)|
0<h<6 z€[0,+00)

Lemma 5.1. For f € Cgl0,+c0), we have
ISP U<l £

Proof. Since py1p k(q;z) > 0forall0 < ¢ < 1and z € [0, b,], then from (1) and Lemma 2.1 we get the following:

n—+p
k+ a]4bn,
B ( ‘ N / al dyt < (A (1 = : [
n,p f q,T Zp +p,k q7 f TL+1+B] + [n+1+[3] ||f|| n,p ( 7(],1') ||f||
Theorem 5.1. Forall f € Cp[0,+00), x € (0,b,], ¢ € (0,1) and p € N fixed, there exist ¢ > 0 such that

|T<“ D (fiq,2) — fl2)] < cws (f, Aw(ax)) + W(fs ping(z))
a+1[

_ a* " ntply 2 [n4plgbn(14a) —at1 2 _ n+plq
w}lere )\n,q = 2 (m — 1) X + 4W + [ +1+B] (1 =+ Oé) 5 ﬂnd Mnﬂ = (W — 1) X +
bn
mrira, (@t 1)

Proof. For f € Cp[0, +00) we define operator Ty & (f; ¢, x) : Cg[0, +00) — Cg[0, +00) by
Toie? (F0,0) = To3™ (fi0,2) + (@) = f(wnz +v2)

atl n
where u,, = ﬁx and v, = [nﬂifw]q (ﬁ + [a]qq) :

Then, by Lemma 2.1, we have T;; " ((t — 2); ¢, ) = 0.
For given g € C%[0, 4+00), using Taylor’s formula
y
9(y) = 9(x) = (y — 2)g'(x) + [(y — w)g" (u)du

we obtain:
Yy

*(a, B . _ *(a, . —
15 g 00) = g(a) + T | ([ (- g wdu | sq.0 | =

x

Y Up T+VUn
= g(x) + T\” (/(y—u) "(u)du; ¢, ) / (un® + vy — 1) g" (u)du.

x x

Since,

/( g du</| — )| 1g"( >\du<||g"||/|y—u|du<ug"||< _ 22,

x
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and
UnTH+Vp 2
(i +00 =) @ < " { (0 = D 00}
we get
UnpT+Vn
Ty (g ,2) - g(o)| = |14 (/ <y—u>g”<u>du;q,x)— / (un® + vn — ) g (w)du| <

<l 1 {75 (1~ 0%a50) + {0 = 11 +}}

Hence Lemma 2.1 implies that

a.B) (. _ " q2a+3[n+p]q[n+pfl]qi ¢**n +ply
i gra.0) = ofe)] <l g ) { (T B - o

+ 1> 2+

g (e v el ) =2y, (g o) =

[n—i—l;:ﬂ] ([1} + 2‘[12[‘]3;]4 +q2[a};§) + [(un - 1)x—|—vn].

Thus, | 727 (f,¢,2) |< 3| f | forall f € C3[0, 00).

Now, for f € Cg[0,+oc) and g € C3[0, ), we obtain:

T3P (f,q, ) — f2)] = |TpP) (f, q,2) — f(2) + f (un + v,)

< LSO = g.0.2) = 9@)| + |25 (9. .2) — g(@)| + lg(a) — F(2)

+1f (unz +va) = f(@)| 4 f =g | +Ang(@) | 9" | +@ (f; hnq(2)) -
Now, taking infimum on the right side over all g € C%[0, +00), we get the following result :

Tr(z?;’ﬂ)(fv q,x) — f(m)’ <4K(f; )‘n,q(x)) +w(f, Nn,q(x)) < ew(f; \/ )‘n,q(x)) + w(f; /‘n,q(x))v

where:
a+1 2 2
q [n+p]q ) 2 [n+p]qbn(1 —l—a) a+1 20;, 2
Mpo()=2 (L L2THa 4 14 T (1+a)?
@) <n+1+mq i et Thriea, T
a+1
q“n+pl ) bn
no(@) = [— T80 )y — " (a+1).
tinal?) <[n+1+6]q ERTET
Example 1. For n = 100, and 500, « = 0,8 =5, p=>5, ¢ = ;%5 and b, = Inn, the convergence of Tfff,jﬁ) to f(x) =

z? is illustrated in Figure (a) respectively Figure (b).
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